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DIFFERENTIAL OPERATORS ON MODULAR FORMS
ASSOCIATED TO THETA SERIES

MIN Ho LEE

Abstract: We construct an operator on modular forms by modifying the derivative operator
using certain theta series. To show that the image of a modular form under this operator is
a modular form we use Jacobi-like forms determined by theta series as well as quasimodular
forms obtained from such Jacobi-like forms.
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1. Introduction

As is well-known, modular forms for a discrete subgroup of SL(2,R) plays an
important role in number theory. Although the derivative of a modular form is
not modular in general, there is a modified derivative operator carrying a mod-
ular form to a modular form constructed as follows. Let My (I'1) be the space
of modular forms of weight & for the modular group I'y = SL(2,Z), and let
E5 be the Eisenstein series of weight two for I'y. Then we obtain the map
Ok : Mi(T'1) = My42(T'1), known as the Serre derivative, by setting

d

() = &~ B

for f € My (T'1). The goal of this paper is to introduce another type of operator on
modular forms involving the derivative which carries modular forms to modular
forms by using certain theta functions.

In [3] Dong and Mason used certain theta series 8y for nonnegative integers k
associated to a vector v € C2? and a symmetric positive definite integral 20 x 20
matrix A with even diagonal entries in order to construct Jacobi-like forms studied
by Cohen, Manin and Zagier (cf. [2], [6]). In this paper, given a nonnegative
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integer «, we prove that the operator

d 2T
_ p2 _ -
Lo =60 dz vtAv 000>

determines the complex linear map
Lo : My(To(N)) = Matao4+2(To(V))

of modular forms for a congruence subgroup I'o(N). The proof is carried out by
using the fact that the coefficients of the Jacobi-like forms determined by 6j are
quasimodular forms.

2. Jacobi-like forms and quasimodular forms

Let H be the Poincaré upper half plane, and let R be the ring of holomorphic
functions on H. The group SL(2,R) acts on H as usual by linear fractional

transformations, so that
az+b

cz+d
for all z € H and v = (2 %) € SL(2,R). By setting

vz =

¢
cz+d’

Iy, 2) =cz+d,  R(v,2) = (2.1)

for the same z and -y, we obtain the maps J, 8 : SL(2,R) x H — C which satisfy
I 2) =323 2), R(LA2) =30 2RO, 2) — /(Y 2))

for all z € H and v,7’ € SL(2,R).
We denote by R[[X]] the complex algebra of formal power series in X with
coefficients in R. If § is a nonnegative integer, we set

R[[X]]s = X°R[[X]], (2.2)

so that an element ®(z,X) € R[[X]]s can be written in the form
o0
Oz, X) =) dr(z) X (2.3)
k=0

with ¢r € R for each k > 0. Given a function f € R, a formal power series
®(z,X) € R[[X]], an integer A, and an element v € SL(2,R), we set

(f Ix M=) =3(v,2) f(2)
3y, 2) e OB (32, 3(, 2) X)),

for z € H.
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We now consider a discrete subgroup I' of SL(2,R). Then a modular form of
weight A for T' is a holomorphic function f € R satisfying

fIxv=f
for all v € I'. We denote by M (T") the space of such modular forms.

Definition 2.1. A formal power series ®(z, X) € R[[X]] is a Jacobi-like form of
weight \ for I if it satisfies

(@ X 7)(2X) = @(2,X)
for all z € H and v € T.

We denote by Jx(I") the space of Jacobi-like forms of weight A for I'. Given
a nonnegative integer ¢, let J5(T')s be the subspace of J,(T') defined by
IA)s = TnT) N R[[X]ls,
where R[[X]]s is as in (2.2).
Definition 2.2. Given integers A and m with m > 0, an element ¥ € R is
a quasimodular form for I' of weight A and depth at most m if there are functions

Yo, Y1, ..., ¥m € R satisfying

m

W A=) =Y ()87, 2)" (2.4)

r=0

for all z € H and v € ', where £(, 2) is as in (2.1). We denote by QM{*(T") the
space of such quasimodular forms.

If ¢ € QM (T') satisfies (2.4), for 0 < k < m we define the complex linear
map

S : QM) = R
by setting
Skt = Yy

Then it induces the map

S, : QP (D) — QM5 (T) (2.5)
(see e.g. [4]). In particular, &,,¢ is a modular form belonging to My_g,,(I') =
QME—2m(F)
Lemma 2.3. Given quasimodular forms

¢eQMIT), ¢ eQMMI),

the function
(Gmw)(em—l(b) - (qus)(Gm—lw)

is a modular form belonging to Mxiy—am+2(T).
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Proof. Since 6,,¢ and &,,9 are modular forms with
6m¢ S M)\72m(r)7 qup € Muf2m(r)>
we see that

(SmY)d = (Gm@)Y) rxtpu—2m 7)(2)
= 3(7,2) A (6m) (12)0(72) — (Gm) (v2)¥(72))
= (6m)(2)(¢ X 1)(2) = (Gm)(2)(¥ |u 7)(2)

> ((€0)(2)(8,0)(=) = (ne)(2)(6,)(2)) /(7. 2)"
r=0

for all v € I" and z € H. In particular,

(GWLw)d) - (6m¢)¢

is a quasimodular form belonging to QM/(’jr_Ml%m(F); hence it follows that

67n—1((6m¢)¢ - (Gm¢)1/}) = (Gmw)(Gm—l(Zﬁ) - (Gmﬁb)(gm—lw)
is an element of M) ,—am+2(T). [ |

Quasimodular forms are linked to Jacobi-like forms due to the fact that each
coefficient of a Jacobi-like form is a quasimodular form. To be more precise, we
consider a Jacobi-like form ®(z, X) € J»(I")5 as in (2.3), and set

0,8(2,X) = ¢

for a nonnegative integer m. Then this formula determines a complex linear map

an s[5 = QMY s, 4 05(1) (2.6)
such that )
(6 0 T13) @ (2, X) = Gk (ém) = 776m—k

for 0 < k < m with &y being as in (2.5). Furthermore, there is a right inverse
to this surjective map, which can be regarded as a lifting map from quasimodular
forms to Jacobi-like forms (cf. [1]).

3. Theta functions

We fix a positive integer o, an element v of C2? regarded as a column vector, and
a symmetric positive definite integral 20 x 20 matrix A whose diagonal entries are
even. For each nonnegative integer k, we consider the theta function 6y : H — C
by

Or(z) = Y (v'AQkemiEAD= (3.1)

(€72
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for all z € H studied by Dong and Mason in [3]. We then define the formal power
series O(z, X) € R[[X]] associated to the sequence {6, }°, of such theta functions
by

oo

Oz, X) = ; W@M(z)xn (3.2)

for all z € H.

Let N be the smallest positive integer such that NA~! is an integral matrix
with even diagonal entries, and let T'o(N) C SL(2,Z) be the associated congruence
subgroup given by

To(N) = {(Z Z) € SL(2,72)

We consider the character € on the set of positive integers defined by the Jacobi

symbol
e(n) = ((_1)(’%“1) (3.3)

¢c=0 (mod N)}

for each positive integer n.

Theorem 3.1 (Dong-Mason). The formal power series ©(z, X) € R[[X]] given
by (3.2) satisfies the transformation property

O(y2,3(7,2)*X) = e(d)3(y, 2)” exp[v' AvR(7,2)X] - O(2, X)  (3.4)

for all z € H and v € To(N), where J(, z) and K(v,z) are as in (2.1) and d is
the (2,2)-entry of the matriz .

Proof. See [3]. |

We now consider the theta function given by (3.1) for k¥ = 0,2 associated to
the vector v € C?? and the symmetric integral matrix A with v*Av # 0, and set

d 2ma
Lo =03— — ———000s. 3.5
Odz  wtAy 072 (3.5)
for a nonnegative integer a.

Theorem 3.2. The differential operator given by (3.5) determines the complex
linear map
Lo : Ma(To(N)) = Mat2o+2(Lo(N)).

for each a > 0.

Proof. By taking the square of ©(z, X) and using (3.4), it can be shown easily
that the formal power series ¥(z, X) € R[[X]] given by

¥z, X) = Z Z( %Zv)”ezég) zgin_2§2§,) Xxm (3.6)

n=0 £=0
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is a Jacobi-like form belonging to Jo,(I'g(N))o. Thus, if we set

Ny 2mi N B0, 00
bn = ;(vt/lv) (20)!(2n — 20)!

for n > 0 and use the linear map (2.6) for A\ = 20 and 6 = 0, we see that

H?nﬂ(Z7X) =&m € QM2777+2m(F0(N))

with

m T

1 1 2mi ™™ 0200202120
SrlEm) = jbm—r = H(vtAv) ZO 20)1(2m — 2r — 20)!

for 0 < r < m. In particular, we have

1
m(gm) = mogv (3-7)

1 2 o9 9 1 omi
Ot60) = gy () 2 =~ G e 09

We now consider a modular form

f € Ma(To(N)),
satisfying
fvz) =3(7,2)%f(2)

for all v € To(N) and z € H. By taking its derivative with respect to z and using

the identity
d
%3(73 Z) = 3(77 Z)ﬁ(r)/a Z)a

we obtain
3 2) 2 f (v2) = a3 (7, 2)R(7: 2) f(2) + 3 (7, 2) (=)
Thus, if we set

77:77

we have

n(yz) = 302 (030, 2)° ?(

2)f(2) +3(1,2)*f(2))
2)*f(2)

ERTLCE)

23(%2)2< ) + (v, 2 )

= 3(%2)2<
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for all v € I'g(IN) and z € H; hence we see that

(112 7)(2) = n(2) + ak(v, 2).

Thus the m-th power ™ of 7 for a positive integer m satisfies

o b =S (M) (L) sy

r=0

for all v € Tg(N) and z € H. In particular, n™ is a quasimodular form belonging
to QM (To(N)) with

6m<77m) — CYm, Gmfl(nm) — mam_lf’/f.
From this, (3.7) and (3.8) we obtain
S (Em)Gm-1(n") = Gn(n™)Gm-1(&m)
_ 1 2 m—1 f/ 2mi m
= — (907’)104 7 - m( )9092&

m! vt Av

am1 2mio

T (m—1)f (agf' - m9°92f)’

which belongs to My12542(T0(N)) by Lemma 2.3; hence it follows that L, f €
Mot 2042(Fo(IN)). u

Remark 3.3. If ¢ is the character given by (3.3) and if x is the corresponding

character on T'o(NV), the theta series 0y is a modular form for T'g(N) of weight o

with character x (cf. [5]). Using this and Theorem 3.2, we see that the operator
~ d 2mia

Lo= 907

dz  vtAv ?

determines the linear map
EO& : MQ(FO(N)) - Ma+o+2(FO(N)7 X)>

where My 4542(T0(N), x) denotes the space of modular forms for I'g(IV) of weight
o + o + 2 with character y.
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