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Abstract: In this paper, we show that the sequences of arithmetic, geometric and harmonic
means of the first n values of the Euler function are all three dense modulo 1. This answers in
the affirmative a question of A. Schinzel.
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1. Introduction

Let ¢(n) be the Euler function of the positive integer n. At the Czech-Slovak
Number Theory Conference in Smolenice in August 2007, the second author asked
whether the sequences of general term

1/n

%z%Z@(m) or  go=| [ etm)

m<n m<n

which give the arithmetic and the geometric means of the first n values of the Euler
function, respectively, are uniformly distributed modulo 1. A. Schinzel modified
these questions by asking whether these sequences are dense modulo 1. This ques-
tion was repeated at the meeting on Uniform Distribution in Luminy in January,
2008. In this paper, we give an affirmative answer to Schinzel’s question. Our
results are the following:

Theorem 1.1. Each one of the sequences of general terms:

(i) sn = Z e(m);

m<n

(i) an =~ 3 olm);

m<n
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1/n

(iii) go = | T] wltm)|
m<n
n
(i) h, = T
Emgn p(m)

is dense modulo 1.

Regarding the sequence (ii), it was shown in [5] that for a large positive real
number z the number of n < z such that s,, is an integer is < z/(log x)?-°%%3. The
exponent 0.0003 was later improved to 0.2 in [1]. These results were extended by I.
Katai 3] to the instance when the Euler function ¢(n) is replaced by a multiplica-
tive function satisfying some technical conditions. This includes the sum of the
divisors function o(n), for example. Some of the above sequences when the Euler
function ¢(n) is replaced by the nth prime number function p,, have been treated
in [4] and [2]. For example, in [4] it was shown that the set of n such that > _ pm,
is a square is of asymptotic density zero although no nontrivial upper bound on
the counting function of the set of such positive integers n < x was given. This
was achieved in [2], where it was shown that for a large positive real number x the
number of such positive integers n < x is < z exp(—co(log z)%/° (log log z) ~1/?) for
some positive constant ¢y unconditionally and < (zlog x)®/% under the Riemann
Hypothesis. A similar result was obtained for the number of positive integers
n < x such that the arithmetic mean of the first n primes is an integer. It was

[ 1
Iso sh in 2] that both s 5 of 1t S d — m
also shown in [2] that both sequences of general terms mz;n Pm and — Z D

m<n
are uniformly distributed modulo 1.
In what follows, we use p and ¢ for prime numbers. We also use the Landau
symbols O and o as well as the Vinogradov symbols >, < and =< with their usual
meaning.
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2. Proof of Theorem 1.1

(i) We let € € (0,1/10) be arbitrarily small and let M be a positive integer depend-
ing on ¢ to be fixed later. For j € {1,..., M} we put ¢; = ¢(j)/j. Let a = 3/
and choose finite disjoint sets of primes P; consisting of primes p > M such that

11 (1— 1) € [@26—*/&] : (2.1)

Co
PEP; p J J
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We shall show that this is possible when ¢ is sufficiently small: this will come from
the condition

2V/ae < ¢j holds for all j =1,..., M, (2.2)

and the fact that the infinite product H (1 — 1) diverges to zero. Put P; = H p.

p>2 pEP;
Let x be a positive real number whose natural logarithm exceeds the largest mem-
ber in Ujlvilpj and let

Q={M < q<logaz}\ UL, P;.

Put Q = H q. We use the Chinese Remainder Lemma to deduce that there exists

qeQ
a positive integer n such that

n=0 (mod M!Q) and n=-j (mod Pj) forallj=1,...,M. (2.3)

The above system is solvable and all its positive integer solutions n form an arith-
metic progression ng (mod N), where

M

N =M(]] P)e-

=1

Here, we take ng to be the least positive integer in the above progression. By the
Prime Number Theorem, keeping M fixed and taking x large, we get that

N =M H p = M'exp((1+0(1))logzx), as x — 0o,
M<p<logzx

therefore we may choose z to be sufficiently large such that N < 22. Let n = ny
(mod N) be in the interval [22, 222). Write n = ng + N/ for some £ > 1. Observe
that for j € {1,..., M} the positive integer n + j is a multiple of both j and P,
which are coprime. Further, if p < logz is a prime and p | n+ j, then p | jF;.
Indeed, let p < logz be a prime factor of n 4+ j. If p < M or p € Q, then since
M!Q | n, we get that p | n, therefore p | (n + j) — n = j, which is what we
wanted. If p > M and p ¢ P;, then p € P; for some i # j. System (2.3) leads
to p | n + 14, therefore p | (n 4+ i) — (n 4+ j) = ¢ — j, which is impossible because
0 < |i — j| < M < p. Note that since n + j < 222, it follows that

log(n + 7) log =
loglog(n +j)  logloga’

wn+j) <«
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Here, for a positive integer m we write w(m) for the number of distinct prime
factors of m. Hence,

eI () D06
I3 )
_ #U) o(B)) <1+O< )) c [@,3\/&] , (2.4)

where the last containment holds by (2.1) provided that x is sufficiently large with
respect to € and M.

I
—

S
~

loglog x

We put S(n) =3_,,-, ¢(m). We use the elementary estimate
S(n) = an® + E(n), (2.5)
where E(n) = O(nlogn), as well as the fact that
t
\/1+t:1+§+0(t2), (2.6)

to deduce that for each fixed j € {0,..., M — 1} we have

. 1/2
VSntj+1 =/ Snij (1 + M)

St
Sy + Pt it o (D7) (2.7)
2y/Sntj n{‘rj

Clearly, by estimates (2.5) and (2.6), we have

n+j+1 1 logn 1 log x
2v/Sn+j 2\/a<+0< n )) 2\/a<+0<x2 ))7

while the error term in the above approximation (2.7) is

Thus, for large z, we get that

Sntjtl = Sntj = V/Sn+jt1 = V/Sntj

S (mare () o (5)
_ gp(n—i—j—.i—l) O(logx).
2y/a(n+j+1) x2
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Using containment (2.4), we get that

£
Sn4j+1 — Snyj € {5,36}

holds for all j =0,..., M — 1 provided that z is sufficiently large. We now choose
M = |5/e| + 1. The above estimates show that

M—-1

Sn+M — Sn = Z (Sn+jt+1 = Sntj) > 1.
§=0

This easily implies that for each interval I C [0,1] of length > 3¢ there exists
j€{1,..., M} such that {s,;} € I, which finishes the proof of (i) because ¢ > 0
was arbitrary. It remains to check that (2.2) is fulfilled with this choice of M
versus €. However, from the minimal order of the Euler function in the interval
[1, M], we know that if M > 3, then

p(m) B
m — loglog M

holds for all m € [1, M], (2.8)

where 3 is some positive constant. Thus, we have that the inequality

g

P> — holds for all j =1,..., M.
cj_loglog(f)/e—kl) oS ionalty Y

Hence, in order for inequality (2.2) to hold, it suffices that

p
2voe < loglog(5/e + 1)

and this last inequality is certainly fulfilled if ¢ is sufficiently small.

(ii) We follow the same method as at (i). First, we note that for each nonneg-
ative integer a there is a positive integer b such that

3 @ > Lbﬂ; @ (2.9)
a<j<b

Indeed, if this were not so, then for some positive integer a we would have
1 pl) _ 4
o
b—a Z T w2

for all b > a. However, passing to the limit when b tends to infinity, the left hand
side above tends to

.1 on) 6 4
Jm 2> S Em

n<x
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which is a contradiction. In fact, using the elementary estimate

Z @ = 2ay + O(logy) (2.10)

n<y

valid for all y > 2 we get easily that for every a > 2 the minimal b satisfying (2.9)
satisfies the estimate b = a + O(loga).

Let now (m;);>0 be the increasing sequence of integers given by mo = 0 and
for i@ > 0, m;41 is the smallest positive integer b such that the inequality (2.9)
holds with @ = m;. The above remark shows that the estimate

mi+1 = m; + O(logm,) holds for all i > 2.
Put

T, = Zmz‘<j§mi+1 G > é
a(mipr —m;) 3
Now let € € (0,1/10) be small and let L be the minimal positive integer such that
M =mp > 7/e. Let 1 = 7/M € (0,1/10). For j € {1,..., M} we let P; be
finite disjoint sets of prime numbers exceeding M with the following property. Let
i1 €{0,...,L — 1} be such that j € [m; + 1,m;41]. We impose that

H 1—1 —ie(e 2e1)
p Ti 1 1)-
per
Note that since T; > 4/3 and €1 < 1/10, we have that 1/T;42e; < 1. Put as at (i)

P; = H p. We now let again x be a large positive real number whose logarithm
pEP;
exceeds all primes in uj.”ilpj put Q for the set of primes M < ¢ < logz which

do not belong to any of the P;’s for j = 1,..., M and set Q = H q. Let n be
qeQ

a positive integer satisfying the system of congruences (2.3). By the arguments at

(i) it follows that if x is large, then we may find such an integer n in the interval

[#2,222). Further, every prime factor of n + j either divides JP;, or exceeds log x.

Let again ¢ be such that j € [m; + 1,m;11]. Thus, for some 0; € (1,2) we have

201 (-)

pliP; pln+j
pliP;

. O(2eer_y
(j) 1 1 log log =
LACVAN S 1—
i \T; +oie log

7 (voe) (0 ()

- +)\j51)

jS)
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where A; € (¢;/2,3c¢;) provided that x is sufficiently large with respect to e.
Observe that

o Sn+mri+1 _ Sneri
n+ mi41 n-+m;

. en+j)  (mig1 —m) ) 3 )

mi<j<mii1 + i+1 ( + 1,)( + i+1 (<ntm;

L 2ol

m;<j<mi;i1

U ) ) + O(nlogn)) (1 o <l>)

(n+m;)? n

S (Sj%)+)\jgl)_(mHl—mi)a—i—O(leng)

m;<j<miq1

logx

mi<j<miy1

An4m;p1 — Ontm;

In the above calculation, we used estimate (2.5). Furthermore, the constants im-
plied by the above O’s depend on e. Put d; = Zmi<jgmi+1 cjfori=0,1,...,L—-1.
Since 1 = 7/M and \; > ¢;/2, we get, by the minimal order of the Euler function
(2.8), that
78 €
1= 9Mloglog M ~ log(log(7/2))

while from the growth condition on the sequence (m;);>0, we also have

7(miy1 —myg)  logM

die1 < i < % < elog(7/e).
Hence, if € is sufficiently small, then the inequalities
die1 € [62,61/2]

hold for all i =0,..., L — 1. In particular, if = is sufficiently large with respect to
€, then the containments

An+mip — On+i € [di€1/2, 2di51]

hold for all i = 0,..., L — 1. Now observe that, by using estimate (2.10), we have

L—-1 c L—-1
1
ntM — an = E (@ntmiry = Anm,) > b} E d;
=0 =0

€1 7
> i Z %= (2aM + O(log M))
1<G<M

_ 20 <1°gM> _ A + O (elog(7/¢))

272 M T on2
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and the last expression above is > 1 provided that € > 0 is sufficiently small. The
above calculations show that for such a small ¢ and for each interval I C [0, 1] of
length £!/2, there exists i € {0,..., L — 1} such that {a,m,} € I which takes care
of (ii).

(iii) We first give an asymptotic evaluation of g, when n tends to infinity. We
use Stirling’s relation as logn! = nlogn —n + O(logn). We have

log gn Z% Z logp(m) = % Z 10gm+ZIOg (1 — %)

m<n m<n plm
1 1 1
:logn—1+0(0gn> +—Zlog (1—_> LEJ
n n p p
p<n
1 1 1 1 1
:logn—l—i—O(Ogn) —|—Z—10g(1——> + 0 —Z_
" pénp P npSnp
o0
1 1 1
:logn—1+z—1og<1——) +O<ogn)
—p p n
p
1
=log(an) + O (ﬂ) ,
n
therefore
1 1 1/p
gn = an+ O(logn), where a=- H (1 - ];) . (2.11)
p=>2

We now turn our attention to the difference g,411 — ¢gn. Using the previous
relation and the fact that ¢/'T = ¢(n)gl, we have

T IO
1
g —gn=| [ ¢ pin+1)71 — | T] ¢(m)
m<n m<n
Observe that
o 1
H ¢(n) =977 = gnexp (O (%)) =an+ O (logn),
m<n
that
1
o 2 1 logn
Hsﬁ(m) :g;[“:exp< log<an<1+0< & ))))
m<n n+1 n
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and certainly that

! logo(n +1) log (n + 1) (logn)?
]_ n — _ :]_ _—
el 1)=e exp( n+1 * n+1 +0 ’

which together give
o p(n+1) (logn)? logn
oot =0 = (oton (S ) +o (B5)) (00 (%

B p(n+1)
= alog (a(n +1)

) +o(1), as n — 0o.

To prove part (iii) of our theorem, it is enough to show that for any £ > 0, one
can find M = |5/¢] + 1 consecutive integers n+ 1,...,n + M such that for every
j€e{1,2,...,M}, one has

e/5 < {gn+j — gn+j—1} < e. (2.12)

We shall first build a family of integers nq,...,nas such that for every j < M we

have j | n; and
e/4 < {alog (M)} <e/2. (2.13)

an;
Then, we shall use again the Chinese Remainder Lemma as in (i) to prove that
there exists n such that for any j, the integer n + j < 222 is the product of n; by
a number of at most O(log 2/ loglog x) prime factors each exceeding log x, so that
(2.13) will imply (2.12).
In a way which bears similarity with our treatment of part (i), we build finite
disjoint sets P; of primes p > M such that

o(j) 1 € ¢
ee (201 (- D)) e 2 9.
@08 aj H ( p) 472
pE’Pj
We then let P; = Hper p and we put n; = jP;. Let again = be a positive real
number whose logarithm exceeds all the members in Ufilfpj, and let again Q be the
set of primes p < log z not in Ujj\/il’Pj. Put Q = qug gandlet N = M'Q H;Vil P;.
By the Chinese Remainder Lemma, there exists an arithmetic progression modulo
N, say ng+ N{ such that n = ng (mod N) is equivalent to n = 0 (mod M!Q) and
n = —j (mod Pj) for all j =1,..., M. If = is large, then N < z2, therefore one
can choose such a value for n such that n+M € [22, 22?]. Clearly, all prime factors
of n+j which are < logx are precisely the prime divisors of n; and certainly there
are at most O(log z/loglog ) of them. This takes care of part (iii).
(iv) This is trivial. Indeed, h,, > n/logn, while
-1 —1

1 n 1 1
R P O A= eVl A =l B P D= ey
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The first factor above is =< logn, while the next two are < (logn)~! showing that

hn+1—hn=O( >:0(1) as n — oo.

logn

These estimates trivially imply that {h,} is dense in [0, 1].
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