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ON THE TOPOLOGY AND INDEX OF MINIMAL
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Abstract

We show that for an immersed two-sided minimal surface in
R3, there is a lower bound on the index depending on the genus
and number of ends. Using this, we show the nonexistence of
an embedded minimal surface in R? of index 2, as conjectured
by Choe [4]. Moreover, we show that the index of an immersed
two-sided minimal surface with embedded ends is bounded from
above and below by a linear function of the total curvature of the
surface.

1. Introduction

A minimal surface in R? is a hypersurface that is a critical point of
the area functional. As a direct consequence of the maximum principle,
minimal surfaces of R? must be non-compact. Hence, it is natural to
study minimal surfaces of R? under some weaker finiteness assumption,
such as finite total curvature or finite Morse index.

Classically, the only known embedded minimal surfaces of finite total
curvature were the plane and catenoid, but in 1982, Costa [7] found
such an example with genus one and three ends (he only showed it
was embedded outside of a compact set, subsequently Hoffman—Meeks
[19] showed that it was embedded). Later, Hoffman—Meeks [20] con-
structed embedded examples with three ends and any positive genus.
More recently, there have been many new minimal surfaces with finite
total curvature constructed by various authors: for example, Kapouleas
[22] and Traizet [43] have developed (quite distinct) desingularization
techniques, while Weber—Wolf [47] have established a Teichmiiller the-
oretical approach.

As shown by Fischer-Colbrie [11] and Gulliver-Lawson [16, 15], finite
Morse index is actually equivalent to finite total curvature and implies
that the surface is stable outside of a compact set. Work of Osserman
[33] concerning minimal surfaces of finite total curvature then implies
that finite index minimal surfaces are conformal to compact Riemann
surfaces punctured at finitely many points and the Gauss map extends
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meromorphically across the punctures. Moreover, the index of a surface
only depends on the Gauss map: it is equal to the number of eigenval-
ues less than two of the Laplacian induced by the (singular) metric of
constant curvature one, pulled back from S? by the Gauss map (see the
discussion in [29]).

There are a few examples of embedded minimal surfaces whose index
is known:

e The plane has index 0.

e The catenoid has index 1.

e The Costa—Hoffman—Meeks surfaces of genus g > 1 have index

29 + 3 [32, 30].

On the other hand, it does not seem that the index of any of the more
recent embedded examples (as discussed above) is known.

The following bound is our main result. Below, we will demonstrate
how it implies that there are no embedded minimal surfaces in R3 of
index 2.

Theorem 1. Suppose that ¥ — R3 is an immersed complete two-
sided minimal surface of genus g and with r ends. Then

index(X) > g(g +7r)—1.

This improves on the bound index(X) > %g proven by Ros in [36,
Theorem 17]. We note that Choe has proven an interesting lower bound
for the index depending on a geometric quantity he terms the “vision
number” [4]. Moreover, Grigor'yan—Netrusov—Yau have argued in [14,
p. 206] that one may bound the index of an embedded surface from
below by a linear function of the number of the ends.

Our proof of Theorem 1 is inspired by the one used in [36] as well
as ideas of Miyaoka [28]. For minimal hypersurfaces in R"™, n > 4,
the relationship between ends, harmonic functions/forms, and index
has been investigated in [34, 42, 3, 24]. A crucial aspect in the proof
of Theorem 1 is computing the dimension of a space of weighted L?*-
harmonic forms; see [17] for results concerning this question in higher
dimensions.

Assuming “small index” or “simple topology,” several results classi-
fying finite total curvature minimal surfaces have been obtained:

e The plane is the unique two-sided stable (index 0) minimal sur-
faces, as proven independently by Fischer-Colbrie-Schoen [12], do
Carmo—Peng [8], and Pogorelov [35].

e There are no one-sided stable minimal surfaces. Partial results
were obtained by Ross [39] and the full statement was proven by
Ros [36].

e The catenoid and Enneper’s surface are the unique two-sided min-
imal surfaces of index 1, by work of Lépez—Ros [26].
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e The plane is the unique embedded minimal surface of finite index
with one end, by [40, Proposition 1] and the maximum principle.

e The catenoid is the unique embedded finite index minimal surface
with two ends, as proven by Schoen [40].

e The plane and catenoid are the unique embedded finite index min-
imal surface of genus zero, as proven by Lépez—Ros [27].

e The Hoffman—Meeks deformations of the Costa surface are the
only embedded finite index minimal surfaces with three ends and
genus one, by work of Costa [5, 6].

e The Chen—Gackstatter surface is the unique two-sided minimal
surface of genus one and with total curvature at least —8m as
shown by Lépez [25] (see also [46]).

Using Theorem 1, we are able to show the non-existence of embedded
minimal surfaces of index 2. Such result was conjectured to be true by
Choe [4, Open Problem (v)]. We learned of it from David Hoffman.

Theorem 2. There is no embedded minimal surface in R3 with index
equal to 2.

Proof. 1f index(X) = 2, then Theorem 1 implies that

br< 2
T —.
gTr=5

As ¥ has finite total curvature, an embedded end is asymptotic either
to a plane or catenoid by [40, Proposition 1]. As such, if » = 1, then the
maximum principle implies that 3 is a plane, which is stable. Moreover,
by [40, Theorem 3|, if r = 2, then ¥ is a catenoid, which has index 1.
As such r > 3, so the only possibilities are (g,7) € {(0,3),(1,3),(0,4)}.
However, [27] rules out the genus zero possibilities: the only embedded,
complete minimal surfaces in R3 with finite total curvature and genus
zero are the plane and catenoid. Hence, it remains to rule out the
possibility g = 1,7 = 3. By [6], such a surface must be a member of the
Hoffman—-Meeks deformation family of the Costa surface (cf. [18, §4]).
However, [4] (cf. [18, Corollary 7.2]) shows that each member of this
family has index at least 3. q.e.d.

Remark 3. It is interesting to observe that a similar argument in the
index 0 and 1 case allows us to show that an embedded minimal surface
of index 0 must be the plane, while an embedded minimal surface of
index 1 must be the catenoid. As such, this gives an alternative proof
(in the case of embedded surfaces) of the well known results [12, 8, 26].
See also [4, §4].

'By [32], the Costa surface has index equal to 5. It is not clear to us exactly how
the index behaves under deformations of the flat end; fortunately for our purposes, it
is sufficient to notice that the symmetries of the deformation family force the index
to be at least 3.
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Remark 4. Without requiring embeddedness, there are several more
examples of minimal surfaces whose index is known:

e Fnneper’s surface has index 1.

e The Chen—Gackstatter surface has index 3 [29, Corollary 15], as
does the Richmond surface [44].

e The Jorge-Meeks surface [21, §5] with » > 3 ends has index 2r —3
[29, Corollary 15].

e More generally, if the Gauss map of a minimal surface ¥ has
branching values which all lie on an equator of S?, then index (%) =
2d — 1, where d is the degree of the Gauss map [29, Corollary 15].

e There is an immersed minimal surface of genus zero with four
flat ends which has index 4, studied by Kusner [23], Rosenberg—
Toubiana [37, 38] and Bryant [1, 2]; see [29, Corollary 26] and
[18, p. 88].

As pointed out to us by David Hoffman, Theorem 2 and the list of exam-
ples of the index of minimal surfaces raises several interesting questions:

e Is 2 the only number which is not the index of a two-sided minimal
surface?

e Can there exist an embedded minimal surface of nonzero even
index?

e Can there exist an embedded minimal surface of index 37

Pertaining to the first question, note that all odd numbers (as well as
0 and 4) are known to be attained as the index of a two-sided minimal
surface. Moreover, Choe [4, Theorem 7] and Nayatani [31, Corollary
3.3] have independently shown the non-existence of immersed minimal
surfaces with index 2 and genus zero.

Finally, because our lower bound in Theorem 1 depends linearly on
the genus and number of ends, we are able to establish a linear inequality
between the index and finite total curvature of minimal surfaces with
embedded ends. That such a lower bound should hold was conjectured
by Grigor’yan—Netrusov—Yau [14, p. 203] and some partial results along
these lines were proven there. Our bound should also be compared to
the remark by Fischer-Colbrie in [11, p. 132] that there should be an
explicit relation between the index and geometry of the Gauss map.

Theorem 5. For ¥ a two-sided minimal surface in R® with embedded
ends and finite total curvature, we have that

_%Jrg <_$/Zﬁ> < index(X) < (7.7) <—%/En>.

Proof. The upper bound has been proven in [45] (we note that more
refined upper bounds have been proven by Ejiri-Micallef [9]). The lower
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bound follows by combining Theorem 1 with the Jorge—Meeks relation

1
_ — -1
Ir Js K=g+r )
between the total curvature and Euler characteristic of such a surface
[21] (see also [13] and [18, (2.21)]). q.e.d.

It would be interesting to remove the requirement in Theorem 5 that
> has embedded ends. This would require understanding how the spin-
ning of the ends (cf. [18, Definition 2.3]) affects the index. For example,
observe that Theorem 1 gives the useless bound index(X) > —% for
Enneper’s surface, precisely because it does not take into account the
behavior of the end.

1.1. Outline of the paper. In Section 2, we collect several well known
facts about minimal surfaces of finite index. We also construct the cutoff
function which is used repeatedly in the sequel. Then, in Section 3, we
show that one may find weighted eigenfunctions for the Jacobi operator,
which will allow us to plug the test functions constructed in Section 4
into the second variation quadratic form; by allowing functions with
slower decay, we can find good test functions (coming from harmonic
1-forms) which correspond to the ends of the minimal surface, not just
the topology in the compact region. Finally, in Section 5, we prove
Theorem 1.
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his insight and enthusiasm. We acknowledge useful and enjoyable dis-
cussions with Rafe Mazzeo, Mario Micallef, and Rick Schoen concerning
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and encouragement. We additionally thank the referee for a careful
reading and several useful remarks. O.C. was partially supported by
the National Science Foundation Graduate Research Fellowship under
Grant No. DGE-1147470. D.M. thanks Fernando Codd Marques for his
mentorship and the Simons Foundation for its support by way of the
AMS-Simons Travel Grant.

2. Finite index minimal surfaces

For ¥ an immersed two-sided minimal surface in R3 with 0 € X,
we consider the stability operator defined by L := —A + 2k and the
associated quadratic form

Q(6,0) = /E VP + 2.

Here, k is the Gauss curvature of 3. Throughout, we will denote by
Br(0) = {z € R?: |z| < R} the extrinsic ball of radius R and B%(0) =
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{z € ¥ :dy(z,0) < R} the intrinsic ball of radius R. Furthermore, C'
will denote a constant which is allowed to change from line to line.

Definition 6. For R > 0, we define the indez of ¥ N B%(0), denoted
by index(X N B%(0)), to be the number of negative eigenvalues for L on
¥ N B%(0) with Dirichlet boundary conditions. We define the index of
3 to be

index(X) := lim_index(3 N BX(0)),
—r 00
and say that 3 has finite index if this limit is finite.

See [29, 18] for further discussion of finite index minimal surfaces. We
will always assume that ¥ has finite index throughout this paper. Recall
that if ¥ is a two-sided immersed minimal surface of finite index in R3,
then it has finite total curvature [11]. Hence, as a consequence of [33],
we have that ¥ is conformally equivalent to a compact Riemann surface
> of genus g, punctured at finitely many points py, ..., p,; moreover,
the Gauss map extends across the punctures as a meromorphic map. In
particular, such a 3 is properly immersed. This implies that when X
is known to have finite index, then we may also compute the index by
taking the limit of extrinsic balls (we only consider R in the dense set
so that X is transverse to the sphere Sg(0)):

index(X) = Rlim index(X N Br(0)).
—00

Additionally, we have that if F is an end of X, then the homothetic
rescaling E converges, on compact subsets of R\ {0}, to a single
plane through the origin, taken with finite multiplicity. We note that
this implies that the Gauss curvature of ¥ decays at least quadratically,
ie., |k < C(1 + |z[?)~!. By the Gauss equations, this also shows that
the second fundamental form h satisfies |h| < C(1 + ]w\2)_% Here, and
throughout the rest of the paper, we will use |z| to denote the Euclidean
norm of x.

Lemma 7. For every R > 0 sufficiently large, we may find pr €
C2(%) and C > 0 independent of R so that:

1) 0<pr<1,

2) supp pr C Bar(0) N X,

3) opr =1 on Br(0)N X,

4) IVerl < &,

5) lorApr| < 5z on XN (B2r(0) \ Br(0)).

Proof. First, define p(z) to be a smooth function on R? which sat-
isfies 0 < ¢ < 1, suppp C By(0) and ¢ = 1 on Bi(0). Then, let
or(z) = @(F) restricted to ¥. Properties (1)-(3) follow automat-

ically from this definition. Property (4) follows by scaling and the
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fact that ¢ is a smooth function of bounded support. Finally, (5) fol-
lows from a scaling argument, along with the fact each component of
£X N (B3(0) \ B% (0)) converges to a plane through the origin, possibly
with multiplicity (which, in particular, implies that it has uniformly
bounded second fundamental form in the annular region). q.e.d.

3. Weighted spaces

Fix § > 0. We define the weighted space L? ;(X) to be the completion
of smooth compactly supported functions with respect to the norm

17122 5= [ (4270,
_5 »

where |z| is the Euclidean distance. This norm clearly comes from an
inner product, making L? s into a Hilbert space. We also will consider
the space of 1-forms w on ¥ with |w| € L? s; for clarity of notation, we
denote the Hilbert space of such forms by #?4(X). It is convenient to
write .£2(%) instead of .£2,(X) for the space of 1-forms whose norm is
in L2(%).

The natural eigenfunction equation associated to the stability opera-
tor in the weighted space L? s 18

Af =26f +X1+]z))0f =0.

We will refer to these as (—d)-eigenfunctions of the stability operator.
The following Proposition is an extension of [11, Proposition 2] to the
weighted case. It was inspired by the fact that the index of a qua-
dratic form associated to a Schrodinger operator taken with respect to
weighted and unweighted L2-spaces is the same; cf. [41] and the refer-
ences therein.

Proposition 8. Suppose that ¥ has finite index k = index(X) in
the usual L?-sense; see Definition 6. Fizving 6 € (0,1), there exists
a k-dimensional subspace W of L? ;(X) with an L? s-orthornormal ba-
sis of (—0)-eigenfunctions for the stability operator fi,..., fr. Letting
the associated eigenvalues be \i,..., g, each \; < 0 and, moreover,
Q(p,¢) >0 for ¢ € CF°(X) "W, where WL C L2 4(X) is the L? 4(X)
orthogonal complement of W.

Proof. We will adapt the arguments in [11, Proposition 1], except it
is convenient to work in extrinsic (rather than intrinsic) balls, because
of the weighted setting. First, note that there is Ry so that ¥\ Bg,(0)
is stable. We claim that (taking Ry larger if necessary) for R > Ry we
may find a function n which satisfies

n=0 on Bg(0),
n=1 on X\ Bar(0),
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has |Vn| < 6/R, and so that |[Vn[? < 4(%2772) on Bagr(0). As remarked
above, the only difference between our setting and [11, p. 124] is that we
are using extrinsic, rather than intrinsic balls. To find such a function,
choose 77 € C*°(R3) with 7j; = 0 on B1(0), 7; = 1 on R?\ Byr(0) and
|Vrsji| < 2. Then, we may define 77 := 1 — (1 —171)?, and n(z) := (%)
The desired gradient bounds on 7 now follows by a blow-down argument
exactly as in Lemma 7.

Rearranging the stability inequality as in [11, p. 125], we obtain, for
any ¢ € C(3),
(1)

/ ()’ / Y (n6)? /2 PIVS + 206 (Y, V) + 62|V,

and

2 Vol? < Q(o, 2 2,
@) /BR((»| #H= QU 0)+ <32 +BS;1(%) |K|> /Bm(mqS

:=CR

In particular, we have that
~Cal1 + B0l ) < ~Cr [ < Q(o10).

Choose R; > R sufficiently large so that k£ = index(X) = index(X N
B,(0)) for p > Ry. Let {f1,,..., fxp} and {A1,,..., A} denote the
L? 4(B,(0))-Dirichlet eigenfunctions and eigenvalues respectively of an
L? 4(B,(0))-orthonormal basis, constructed by minimizing the Rayleigh
quotient

Q(o, ¢)/\|¢||igé(szp(o))

(note that there are exactly k such eigenfunctions since the L? and L? 5
norms are equivalent in B,). It is not hard to check that this implies
that

Afip—26fip+ Nip(L+ |20 fi, = 0.
Because max{\1,,..., A\ ,} is decreasing with p, there exists ey > 0 so
that \; , < —€p. On the other hand, the inequality we have just proven
shows that \; , > —Cpr(1 + R?)°.
Now, plugging ¢ = f;, into (1) (extending ¢ to be zero outside of
B,(0)), we obtain as in [11, p. 125]:

- /2 2“(77fi,p)2 < /2772|vfi,p|2 +2nfip (Y10, V fip) + fi2,p|V77|2
1
= [V Sl 4 5 (VIR VL) + 121

- / IV fipl? = 7 (fipDfip + 1V fipl2) + £2, 902
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_ /E SR — 0 Ay

_ /E S22 = 250 i )2 + Nip(1+ [22) (0 f )
Hence,

60H77fz,pHL2 > ,p)”nfz,pHLZ

2 2
/ 12,191

< ﬁ”fi,pHL?(z)
36
R2 (1 + R2) ||fz PHL?

This implies that
[ ey, < e,
E\B2r(0)
for any R € [Ro, 3p]. On the other hand, (2) implies that

/ i2,p + ‘Vfi,pP < CR/ Z%p < CR(l + R2)5.
Br(0)

Bar(0)

From this, the proof may be completed as in [11, p. 126], using a di-
agonal argument along with the fact that W2(X N Bg(0)) compactly
embeds into L2 ;(X N Bg(0)) for R > 0 fixed. q.e.d.

Lemma 9. For § € (0,1) and f a (—9)-eigenfunction of the stability
operator L with eigenvalue A < 0, as constructed Proposition 8, we have

that
/ VP < oo,
b

Proof. For R > 0 chosen sufficiently large, consider the cutoff function
g constructed in Lemma 7. We compute

/ G2V
>
- /E IAS + 20nf (Vor, Vi)
1 /E AL+ |af) ™ - /Z P2~ /E (prdR + [Vor) 2

The first integral tends to || f]3. () < 00 as R — oo. The second
Zs
integral is bounded as R — oo, because |k| < C(1 + |z[*)~! and 6 < 1.
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Finally, using the bounds on the derivatives of ¢r obtained in Lemma
7, the third integral is actually tending to zero:

/E(|¢RA¢R| +[Ver/*) f?
¢ /

SR
R XN (B2r(0)\Br(0))

< a+ary [ PR+ L)
R EN(B2r(0)\Br(0))
C

=+ 4R2)é|’f|’%gé(g)7

2

which tends to zero as R — oco. q.e.d.

4. Ends and harmonic 1-forms

An essential observation is that because we are considering a space
which is slightly bigger than L?(X), the ends of X give rise to extra
harmonic 1-forms which can be used as test functions in the index op-
erator. We denote by .#!(X) the set of harmonic 1-forms on ¥. Note
that no decay assumptions are imposed on #(%).

We will use x1, x2, z3 as the Euclidean coordinates on R? and we will
often rotate ¥ so that an end in question has limiting normal vector
(0,0,1). In this case, we will write 2’ = (x1,22,0) for the point x
projected to the {x3 = 0} plane.

Lemma 10. Fiz § > 0. If ¥ has r ends, there exists 2r — 2 linearly
independent harmonic 1-forms on X, wi,...,war_2 So that each w; €
ZL2(2) N A (E) and so that no non-trivial linear combination of the

w; is in L2(D).

Proof. By [10, p. 51], for two distinct points p;,p; € Y and local
holomorphic coordinates z;,z; vanishing at p;,p;, there exists w;;, a
meromorphic (complex) abelian differential which has a % singularity
at p; and a —dzijj singularity at p;, and which is holomorphic on ¥\
{pi,pj}. If p;, p; are the punctures in 3 corresponding to ends of ¥, it is
not hard to see that {2, @13,...,01,} is a C-linearly independent set
of 7 — 1 holomorphic differentials on ¥. As in [10, Proposition I11.2.7],
taking the complex conjugate to obtain anti-holomorphic differentials,
we may find an R-linearly independent set of 2r—2 harmonic differentials
{wl, . ,CL)QT»_Q}.

Now, we will show that these forms @ are in .2%4(X) for any ¢ > 0.
Suppose that X : D\ {0} — R? is a conformal parametrization of an end
E. If z is a local coordinate on D, then the Weierstrass representation
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implies that
X(Z) = Re/(¢17¢27¢3)7

where (¢1, ¢, ¢3) = 3((97* —g)dh, i(g~ " +g)dh, 2dh) for a meromorphic
function g and 1-form dh on D. We claim that ¢1,¢s both have a
pole of the same order (which is at least two) at 0 and that ¢3 has a
pole of lower order. This follows from well known arguments (cf. [18,
Proposition 2.1]) which we now recall. The induced metric on the end
FE may be written as

(I61]* + |¢2]? + d3]*)|d=]*.

By completeness at the end, at least one of the ¢; must have a pole at
z = 0. If no ¢; has a pole of order larger than one, then we may write,
fori=1,2,3,

oi(z) = % + b;(2),

where a; € C and b;(z) are holomorphic on D. By assumption, at least
one of the a; are nonzero. Because log z = log |z| +iarg z, X (z) will not
be well defined unless a; € R for ¢ = 1,2,3. However, the explicit form
of the Weierstrass representation implies that

O+ 3 + 03 =0,
which could only happen if a; = a2 = ag = 0, which contradicts com-
pleteness of the end E. We may assume that ¢g(0) = 0; then, by the
explicit form of the Weierstrass representation ¢, ¢o have a pole of the
same order (at least two), which is of higher order than the pole of ¢3.
In particular,

A B
$1(2) = s %7

i A B
0a(2) = e + 2,
¢3(Z) = Bi£2)7

where A € C and the functions B;(z) are holomorphic on D and k > 1.
Integrating this, we see that shrinking D if necessary, there is a constant
C > 0 so that
CM2™F <X (2)] < Clz| ™.
Now, using the fact that the squared norm of a 1-form times the vol-
ume element is a pointwise conformally invariant quantity, we compute

dz

2
1
<[ SR,
z D\{0} |2

Z£25(D\{0})

for § > 0. Because this computation applies for each end, we see that
the forms constructed above all lie in £24(3).
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Finally, note that if some non-trivial linear combination w of the w;’s
is in .#?(%), then by conformal invariance of the .#?-norm, we have that
w € ZL*(X\{p1,...,pr}). However, a harmonic form with bounded .#-
norm away from a point singularity extends across the singularity, so w
must necessarily extend to X. From this, it is clear that such a linear
combination could not exist. q.e.d.

Corollary 11. Fiz 6 > 0. If ¥ has genus g and r ends, then we may
find a 2(g + r — 1)-dimensional subspace V C £*s(X) N (T).

Proof. Tt is clear that L*(X) N 2#1(%) has R-dimension 2g. This is
because L?(X) N #(X) corresponds to the harmonic 1-forms on ¥, as
discussed in the previous proof. Moreover, no non-trivial linear combi-
nation of the w;’s constructed in the previous lemma can be in L?(X).
This establishes the claim. q.e.d.

Lemma 12. By rotating 3, we may ensure that xdxq, *dxo & .,2”_26(2)
for 6 €(0,1).
Proof. Fixing an end F of ¥, we may assume that the Gauss map

limits to (0,0,1) along E by rotating 3. From this, taking E further

out if necessary, we may arrange that xdz; and *dxo have norm at least

5 and that |v - 8%3| > 1 along E. Because the blow-down of E is a

plane of finite multiplicity, the projection 7 : E — II = {xz3 = 0} has a
uniformly bounded number of pre-images. Putting these facts together,
we obtain

H*dxl”%ié(ﬁ;) > C/H(l +z?) 0 = oo,
for 0 < %, and similarly for xdxs. q.e.d.

Lemma 13. For § € (0,1) and w € £?4(X) N H#1(X), we have that

/ Vwl? < oo.

Proof. Recall that the Bochner formula yields Aw = kw, for A the
rough Laplacian along .. Hence,

[ bl == [ dhidwwr - [ (Vi Vi)
Y by by
1
~ [ Gkl = 5 [ (Toh VIel?)
Y Y

—— [ Gl + [ (erispr+ [VenP)lel?
From this, the result follows in a similar manner to Lemma 9.  q.e.d.

The following Bochner-type formula and the rigidity statement due
to Ros is of crucial importance in our proof of Theorem 1. Recall that
h is the second fundamental form of 3.
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Lemma 14 ([36, Lemma 1]). For ¥ an orientable nonflat minimal
surface immersed in R® and w a harmonic 1-form on ¥. Then, for
k=1,2,3

A (w,dzy) — 2k (w,dx) = 2 (Vw, h) Ny,
where N = (N, Na, N3) is the normal vector to X2 and A is the intrinsic
Laplacian for functions on X. Moreover, (Vw,h) = 0 if and only if
w € L*(X) = span{xdzq, *dxe, xdxs3}.

Following [36], we will write this lemma succinctly as follows: Let
Xy = (<w7d$1> ) <w7 d$2> > <w7d$3>)'

Then,

AX, —2kX,=2(Vw,h) N,
where this equation is to be interpreted in the component by compo-
nent sense. As in [36], for vector fields X and Y along ¥ with com-
ponents (X1, X9, X3) and (Y7,Y5,Y3), we denote by Q(X,Y) the sum
25’:1 Q(X;,Y;). For example, for a vector field X along ¥, we have that

QX,X)= —/ (AX —2rX, X),
by

where the integrand is the Euclidean inner product of the following

vector fields along X

(AXl — 2H,X1, AXQ — 2l<LX2, AXg — 2H,X3) and (Xl,Xg,Xg).

5. Proof of Theorem 1

We fix some ¢ € (0, %) and assume that Y is appropriately rotated so
that Lemma 12 applies. By Proposition 8, there are (—d)-eigenfunctions
fi,-- oy Jx € L*5(3) which span W C L%4(X) and so that for ¢ €
Cee(X) N W, we have Q(¢,4) > 0. By Corollary 11, we may find a
2(g + r — 1)-dimensional subset V' C £2%4(X) N 2L(T).

Suppose that w € V has the property that each component of X, is
in W+ (where the orthogonal complement is taken with respect to the
L? s-inner product). Abusing notation, we will write this as X, € W,
We claim that w = ¢(xdxg) for some ¢ € R. This will imply Theorem
1 as follows: requiring X, € W represents 3k linear equations in V,
hence if 3k < 2(g+r)—3, then we may find a two dimensional subspace
V C V so that all w € V satisfy X,, € W. This cannot happen if we
know that the only such w are in the linear span of xdxs.

Hence, suppose that w € V satisfies X,, € W+. Pick any compactly
supported smooth vector field Y with Y € W, We first claim that
Q(X,,Y) =0 for all such Y. Choose R sufficiently large so that Br(0)
contains the support of Y. We set

Xt = or(Xw +tY + fict + - -+ + fxch),
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where g is the test function constructed in Lemma 7. Here, the vectors
¢ € R3 depend on X,,, pr and are chosen so that X, € W+. In
particular, we are requiring that

/ or(Xy + f1& + -+ fu) fi(1+ |z)) 70 =0,
>

where we have used the fact that Y € W' and ¢rY = Y. Because
X, fj € L*(X) and the f1,. .., fi form an L? ;-orthonormal basis for W,
the dominated convergence theorem guarantees that the ¢; tend to 0 as
R — o0.

Because X; € W, we have that 0 < Q(Xy, X¢). Note that

Q(X,,Y) = Q(erXy,Y) = Q(Xu, prY) = Q(prXw, PRY).
As such,
0 < Q(Xt, X1) = Q(prXw, prXy) + ?Q(Y,Y) + 2tQ(X,,,Y)
k

+2 Q(erXw, orfic)

i=1
k
+ > Qerfiti, orfic)).
ij=1
Because the ¢;’s are independent of ¢, this implies that
(3)
k

Q(Xun Y)2 SQ(K Y) ( Q(QDRXwa ‘;DRXw) +2 Z Q(QDRXwa ‘;DRfiEi)
M = (1)

K
+> Q(@Rfi@‘a@Rfj@))‘

L=l (I11)

We claim that the term in parenthesis tends to zero as R — oo. To
show this, we consider each term in (3) separately. Using Lemma 14,
we have

(1) = QprXur orXy) = /E<!V(¢RXW)\2 + 2607 | X )
= _/z (A(prXw) — 260 X0, PRXW)
— /E oh (AX, — 26X, X,,)
_ /E(SORAch]Xw\2 +2(VerXy,, prVX,))

1
=- /E <eoRAsoR\XwP +5 <wQR,vaw\2>>
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- / Veorl| X%
>
This satisfies
Von2|X,? < / X,
/ R2 Bsr(0)
1+ (2R)?)?
g07< L / P+ el

HX ||L2 (z; —>0

as R — oo, as long as § < 1. Furthermore, the second term in (3)
satisfies

(1) = QUonXe prfic)
- [ en (Xe.@) (Alorf) ~ 2wpnf)
- [ (X (A= 20£)
(4) ~ [ on(Xen@) (Mprfi +2 (Von. V1))
6) = [k (Xaa) £+ P) 7~ [ pnden(Xea)

i / o1 (X&) (Vor, V£) .
>

The first term in (5) tends to zero as R — oo by the dominated conver-
gence and choice of X, € W+. The second term in (5) tends to zero as
follows:

'/2903&,0}% (X, G) fi

s—rc:-\/ X1
B2 ) (Byr(0)\Br(0)nS

2\6
<oUHER (1 + 1) XA
(B2r(0\Br(0))N%
(1+ (2R)?)°
R?
The third term in (5) tends to zero by Holder’s inequality and Lemma 9:

/E or (X&) (Vor, V1)

, :
2
< al ( /E |wR|2|Xw|2) ( /E - |Vfi|2>
R

<C |G| X JCZHL2 _>O
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[
2

(1+4R?)

1
2
Al / vil?] .
7 &l HL5(2)<Z\BR(O)‘ !)

Finally, we have that the third term in (3) satisfies

(1) = QUondifu orfsf) = =5 (@.55) [ orfi(Alonfd — 2enf)
1

~3 (¢i, €j) /z orfi(A(erf;) — 2r¢Rf))

<C

=M E) [ AL+~ @d) [ endenfis
- (@,(?ﬁ/ ¢r(Vor, [iVfi+ Vi)
)
= M) @E) [ A0+ + @) [ Ve hs;

This tends to zero as R — oo because the ¢; are tending to zero and

1+ R2
/ Verllifl < 00 B il sz — 0.

The above computations show that Q(Xw,Y) = 0 for all compactly
supported smooth vector fields Y € W+, Fix an arbitrary smooth
vector field Y € W+ and let

Vi = @or(Y + f1ié1 + - + fréi),
where the ¢; are chosen so that Y € W, Observe (as above) that

¢; —+ 0 as R — oo by the dominated convergence theorem. Hence,
using Lemma 14 and the compact support of Yz, we have that

0=Q(Xo, Vi) = —/2 <AXw - 2/£Xw,}7R>

- —2/E(Vw,h> <N,17R>.

Lemma 13 shows that |Vw| € L?(X), and because the second funda-

mental form satisfies |h| < (1 + |x|2)_%, we may use the dominated
convergence theorem to see that

/2<vw,h> <N,ff> — 0.

Similarly, we may show that for any vector @ € R3 and eigenfunction
fi € W from Proposition 8, then

/ (Vew, h) (N, f;d) = 0.
by

Putting this together, we obtain (Vw,h) = 0. Thus, w € L*(X) =
span{xdzxy, *dxe, *dx3}. However, we have assumed that ¥ is rotated
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so that Lemma 12 applies. Hence, we must have that w = ¢(xdx3) as
claimed.
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