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GENERALIZED MARINO-VAFA FORMULA
AND LOCAL GROMOV-WITTEN THEORY
OF ORBI-CURVES

ZHENGYU ZONG

Abstract

We prove a generalized Marino-Vafa formula for Hodge inte-
grals over My ,_,(BG) with G an arbitrary finite abelian group.
This formula can be viewed as a formula for the one-leg orbifold
Gromov—Witten vertex where the leg is effective. We will prove
the orbifold Gromov—Witten/Donaldson-Thomas correspondence
between our formula and the formula for the orbifold DT vertex
in [4]. We will also use this formula to study the local Gromov—
Witten theory of an orbi-curve with cyclic stack points in a Calabi-
Yau three-orbifold.

1. Introduction

The Gromov—Witten /Donaldson-Thomas correspondence conjectured
in [27, 28] states that the GW theory and the DT theory of a smooth 3-
fold are equivalent after a change of variables. By the results in [27, 32],
the correspondence for smooth toric 3-folds is equivalent to the algo-
rithm of the topological vertex [2]. The GW /DT correspondence for
smooth toric 3-folds is proved in [29]. For smooth toric Calabi-Yau 3-
folds, the GW theory is obtained by gluing the GW vertex, a generating
function of cubic Hodge integrals, and the DT theory is obtained by glu-
ing the DT vertex, a generating function of 3d partitions. The GW/DT
correspondence for smooth toric Calabi-Yau 3-folds can be reduced to
the correspondence between the GW vertex and the DT vertex. The
Marino-Vafa formula, conjectured in [26] and proved in [21, 31], can
be viewed as a formula for the framed 1-leg GW vertex; it implies the
correspondence between the 1-leg GW vertex and the 1-leg DT vertex.

A vertex formalism for the orbifold DT theory (resp. orbifold GW
theory) of toric Calabi-Yau 3-orbifolds is established in [4] (resp. [33]).
For toric Calabi-Yau 3-orbifolds, the orbifold GW theory is obtained by
gluing the GW orbifold vertex, a generating function of cubic abelian
Hurwitz-Hodge integrals, and the orbifold DT theory is obtained by
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162 7. ZONG

gluing the DT orbifold vertex, a generating function of colored 3d par-
titions. J. Bryan showed the orbifold GW theory of the local footballs
(computed in [15]) and the orbifold DT theory of the local footballs
(computed in [4]) are equivalent after a change of variables [3]. It is
natural to ask if the GW orbifold vertex and the DT orbifold vertex are
equivalent after a change of variables.

In this paper, we prove a generalized Marino-Vafa formula, which can
be viewed as a formula for the framed 1-leg GW orbifold vertex where
the leg is effective, and prove a GW/DT correspondence in this case.
The correspondence for the 1-leg Zy vertex is proved in [33]. We also
use our generalized Marino-Vafa formula to study the local Gromov—
Witten theory of an orbi-curve with cyclic stack points in a Calabi-Yau
three-orbifold.

1.1. Marino-Vafa formula for Z,. Fix an integer a > 1. Let ﬂgﬁ
(BZ,) be the moduli space of stable maps to BZ, where v = (1, , )
is a vector of elements in Z,. Let U be the irreducible representation of
Zq given by

oV 2y — V(1) =

Then there is a corresponding Hodge bundle
EY — M, (BZ,)
and the corresponding Hodge classes on MQ,V(BZQ) are defined by
Chern classes of EY,
)\? = Ci(EU).
Similarly, for any irreducible representation R of Z,, we have a corre-
sponding Hodge bundle Ef and Hodge classes /\f. Let Mg, be the

moduli space of stable curves of genus g with n marked points and let
1; be the it" descendent class on Mgn, 1 <0< n. Let

€: ﬂgﬁ(BZa) — ﬂg,n

be the canonical morphism. Then the descendent classes 1; on M ~(BZ,)
are defined by

Pi = € (i)
Let
A;/,R(u) _ urkER _ /\ll‘%urkER—l bt (_1)rk ER)‘iERv
where rk B is the rank of Ef determined by the orbifold Riemann-
Roch formula.

Let d be a positive integer and let u = (1 > --+ > ) > 0) be

a partition of d > 0 which means |u| := Zﬁ(:“f i = d. Now we require
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v = (Y1, ,7n) to be a vector of nontrivial elements in Z, and view pu
as a vector of elements in Z,. Then for 7 € Z, we define Gg H,Y(T)a as
T2 S iy 10T b,y 160 1 /m )
| Aut()]| Aut(y)| H

gl (Calr+a) A )A (- T—a)Ag’l(T)
ﬂg’v H(BZG) Hl(u)(l _,U/ﬂ/}z)

where v — p denotes the vector (yi,- -+ ,Yn, —H1," 5 —Hi(u))s 1 corre-
sponds to p;, UY and 1 denote the dual of U and the trivial represen-
tation respectively, [z] denotes the integer part of z, (x) = x — [],

)

S — 1, =0,
02 =Y 0, x+#£0,

{ 1, if all monodromies around loops on the domain curve
6 —

and
are trivial,
0, otherwise.

Introduce formal variables p = (p1,p2,--,Pny---)s& = (T1,...,Ta—1)
and define

Pu = Pur " Py Ty = Ly w7 Ty
for a partition p. Define generating functions

Guy(AiT)a = ZA29_2+Z(M)G97M7*/(T)a

g=0
GNTipir)a = Y. Gua(NT)apuzy = 3 Gu(XiTi2)apy

u#by p#0
= > Gy(NTip)azy
.
G*(\Tipix)e = exp(G\Tip;x ZG (A T)aDpt

= 1—|—ZG )\Tap“:L'«/

p# 0,y
= 1+ Z G:L()\; T3 ) aPp
p#0
GlA(ANT)a = Z AT )G;cu'y( Ja-

XE2Z,x<21(p)

Our G(\;7;p; ), corresponds to the framed 1-leg orbifold Gromov—
Witten vertex where the leg is effective. In this paper, we will prove the
orbifold GW /DT correspondence between our GW vertex G(X; 0;p; ),
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and the 1-leg DT vertex Vj,(q,q1, -+ , ga—1) which appears in Example

4.2 in [4].
Vaq)q)(‘]v‘]lv“' 7‘](171)

More precisely, let V,gy(q. g1, da-1) = pitgarorg ) be the cor-

responding reduced DT vertex. Then we have the following theorem:

Theorem 2.1. Under the change of variables ¢ = —eV~1A ¢
—24l . i
_fal_z S o (Wa—wa )z 1 =1 ... ¢ —1 we have
{ ] _i‘l'Au 17 _Au 07
N 0a), = 3 (—1)A 0y FA0m et At G
lv|=]ul
— el 1 A, (a—1,a)~ A (0,a)
qa—l
/ X (1)

VVS(Z)(_qv qi,- - 7qa—1) )
“an
27

where {, = e o wa—ea and 2, = | Aut(p)|p1 -+ pg)-

For a partition u, x, denotes the character of the irreducible repre-

sentation of Sy indexed by u, where d = |u| = ZZ 1 - Let
Ry = ‘M“FZ _22/%

Then under the above change of Varlables, let

1 a
Ry(NTiz)e = > (q%qu---q_f )
lv|=|ul
D se(—qe)xe ()@, (V—1A7)
l€l=lv|
where
Xn ""k

s¢r is the Schur polynomial correspondlng to the conjugate of £, —qe =

(_Q7 _QQG—b Ty _qu T qg,—l)7 and _Q = (17 —-q, (_Q)zv (_Q)?’) e )
@7 ,(\) satisfies the following properties (see [22]):

(1) LA+ A2) = Z 7 o+ 05 (A2),
1
) B2,0) =
By (1), (2) we have
RN\ 0;2), = (q%ql_l q;_a‘ll)‘”‘ Z Su'(—Q.)XV(M)
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(3) Ro(NTiz)a = Y Ro(X0;2)02,8 ,(V—1AT).
v|=]ul
We also define generating functions

R*Aimipiz)a = > RL(NTi2)apy
2204

R\7ipiz)a = log R(N7ipiz)a = D Ruy(AiT)aputy

pF#D
= D RuNimsa)apu =) By (AiTip)aty.
u#0 v

The Marino-Vafa formula for Z, is the following theorem:
Theorem 1 (Marifio-Vafa formula for Z,).

G\ 75piq)a = RN T3p; 2)a-
When a = 1 (and hence z = (),

RO00, = @)Y (g () (g, ) )
= “
_ Z XV(M)GQR"AVV(/\)
wi=ul "
where
B sin [(vg — v + b —a)A/2]
V) = 1§a1_[bgl(y) sin [(b— a)A\/2]
1

H“” 17, 2sin[(v — i+ 1(1)A/2]

V,(A) has an interpretation in terms of quantum dimensions (see [21]
and [31])

It e, (602 — g h@)/2)]

V() = \/—\u| dim,R, \/—71‘V|

where ¢ = em)‘, dim, R, is the quantum dimension of the irreducible
representation of S; index by v, the product is over all the boxes = in
the Young diagram associated to the partition v, and h(z) is the hook
length of the box z. In this case, Theorem 1 is the original Marino-
Vafa formula in [21] and [31]. In [19], G(\;75p;0)1 and R(\;7;p;0)1
are denoted by G(\;7;p) and R(\; T;p) respectively.

In section 3, we will define a generating function KJ(\;z) of relative
Gromov-Witten invariants of (P.,00). In section 4, we will prove the
following theorem, which gives Theorem 1:
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Theorem 2.

Kp(ho) = > Gr(Aimia)az @), (—V—17A).

=l

By (1), (2), Theorem 2 is equivalent to

GL(NT2)0 = Z Ky (\2)2,®7 ,(V=17X), GL(A;0;2)0 = K3 (A 7).
v|=lul
So Theorem 1 follows from (3) and the initial condition G},(X;0;2), =
Ry (A; 0;2)q.
1.2. Abelian group G. Let G be an finite abelian group and let R be
an irreducible representation
oG —C*

with associated short exact sequence

P Ry ~
0> K—G—=Im(¢")=Z, — 0.

Let i = (fi1,- -+ , iy(m)) be a vector of elements in G such that
¢"(n) =
Here we view u as a vector of elements in Z,. Let v = (y1,-+- ,7n)

be a vector of elements in G such that ¢f*(v) is a vector of nontrivial
elements in Z,. Then we define G, »(7), 4r as

L) Hg Un) 5
e L e S E TR D D NS lﬁnl 1 W+z>
[Aut ()] Aut (7))
/ (=1 + )" AP AT (- T—5>AZ’1<T>
mg“/ a(BG) Hl(u)(l —Mﬂ/%)

where

contained in K,

1, if all monodromies around loops on the domain curve are
0 =
0, otherwise.

In the definition of Gy, ~(7), 47, We have some freedoms of choosing i
and we set the following requirements:

n l n l —
1) T 6 () = S0y = 0, then S0, 7 = S iy € K. So
we can choose i such that ¢®(fi) = p still holds and >.7 | v; —
!
ZJ(H% M] 0.
2) It Y0, ¢R(v) — X # 0, then both My, (BG) and
ﬂgwm_ L (BZ,) are empty and we choose [i arbitrarily.
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We also define generating functions

Guﬁ()‘ﬂ')a,dﬂ = Z)‘2g_2+l(M)Gg7uﬁ(7')a,¢R
g=0

Gy( N Tip)apr = ZG%’Y()‘;T)G7¢Rp”'
p#D

The Marino-Vafa formula for G is the following theorem:

Theorem 3 (Marifio-Vafa formula for G).
p
G—y()\, T;p)a’d)R = ‘K’Rd)R(,Y)(‘K’)\, T5 W)a,

where % denotes the formal variables (Wll’ \72|’ ey |—I?‘, cel)

1.3. The local Gromov—Witten theory of orbi-curves. Let
(X,p1, -+ yPryq1,- - ,qs) be a fixed non-singular genus g orbi-curve
with stack points pq,---,p, of orders ai,---,a, and with ordinary
points qi,--- ,qs. Let al,---  a® be partitions of d > 0. Let v, , 4"
be vectors of nontrivial elements in Z,,,--- ,Z,, respectively. When
ap = --- = a, = 1, the relative local invariant Z%(g)w of X is defined
in [6]. This local theory is called local Calabi-Yau theory in [7] because
the vector bundle over the target curve in the definition of ZS(g)g is a
(non-compact) Calabi-Yau threefold. In [7], the local Gromov-Witten
theory of ordinary curves is solved without imposing the Calabi-Yau
condition on the target.

We will define the relative local invariants Zg"y(g)gj of (X,p1, -+,
Pryq1,-++ ,(qs) similar to the one in [6], where a = (a1, ,a,) and
v =~ 4+ .- +4". Then to determine the relative local invariants of
all (X,p1, - ,prq1,+-,qs), we only need to determine Zs’V(O)(M),(a)
because of the gluing law in [6]. Define the generating function

Za(@)Nw)z 2 = Y 237 (9) 7 a2 Ny
by

)

We will use the Marifio-Vafa formula for Z, to calculate Z4(0)(\; 7)), (a) -
The result is the following theorem:

Theorem 4.

a—1

d
)\_EZd(O)()\; )\%_1331, e A _lxa—l)(u),(a)

_a—-1
a

d—1 1 -1 v
= V1T W grgm g > sur(—aa) (M),

V4
lv|=]pl K

where the change of variables is given in Theorem 2.1.
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2. Initial value and orbifold
Gromov—Witten/Donaldson-Thomas correspondence

The original GW/DT correspondence is conjectured in [27] and [28],
which states that the GW theory and the DT theory of a smooth 3-fold
are equivalent after a change of variables. This conjecture is proven for
smooth toric 3-folds in [29]. This result can be viewed as the equivalence
of the GW theory and the DT theory of the non-orbifold topological
vertex. In [4], the DT theory of the orbifold topological vertex is estab-
lished. We will prove the orbifold GW /DT correspondence between our
GW vertex G(A; 0; p; ¥), and the one-leg DT vertex V§,(q,q1, -+, qa—1)
which appears in Example 4.2 in [4]. When a = 2, this correspondence
is proven in [33].

In [4], the DT vertex V,(q,q1, - ,¢a—1) is expressed as

— A, (0,a)—AL (1,
Vya@@(q’ Qs i) = V@%@(q,ql,--- Ga—1)q Au(o,a)q1 (0,a) (La)
Ay (0,0)— Ay (a—1,
qa_g a) (a a)S,/(q.)
where A, (k,n) = Z(i,j)eu[%]v s, is the Schur polynomial, ' is the con-

juga’te of v and Geo = (Q7 Qqa—vlv ( : ,th o ')qa—1)7 Q = (17q7q27 q3’ U )
4 ;‘ 4,91, y4a— .
Let V Gy(¢,q1, " ;qa—1) = % be the corresponding re-

duced DT vertex. The following theorem gives the orbifold GW/DT

correspondence between G7,(A; 0;x), and V;gw(q, q1, 5 qa—1)-
Theorem 2.1. Under the change of variables ¢ = —em)‘,ql =
Srwpl .
f;le_zizll o Wamwa)w 11 ... g —1 we have
. 1l —444,(1,0)-A,(0,0)
Gu()\7 0’ x)a — Z (_1)Au(07a)q P) +AV(07a)q1 .
[v|=]ul
— 4= A (a—1,a)~ Ay (0,0)
a—1

: Xo (1
VVS@(_(]’ qi,- - 7qa—1) VZ( )7
i
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27

where £, = e a R and 2z, = [ Aut(p)|pr - - py(p)-

Proof. If 7 = 0, then Gg, ,(0), = 0 if {(n) > 1. If [(u) = 1, then

the moduli space ./\/lg v—(d)(BZg) is nonempty if and only if the parity
condition

d= Z’y,- (mod a)

i=1
holds. So when I(p) =1 and d =" ;v (mod a), we have

1—d+2[2 } 1-4,
Goy(0)a = V-1 " |Aut I/ (BZa)
~(d) (BZa

(—22)~ *AyY(agt (—E)Ag’l(o)
1—dy

d _
_ R 10 gy

(19~ =i 7 ()

y e e,
| Aut()| S, 4 (5B2Za) 1—dy

(—1 )nl\/_1d+2*— 1)
= a29—2+n

1 / A,
|Aut(7)| ﬂg,wf(d) (BZa) 1- dw

1 d+2 a_sn )
( )n ! \ = 29—2+n
—1+n d

1
| Aut()| 3,

1 d+2 a_s~n )
( )n 1\/ =t d2g—2+n
a—1+n

2g—2
gwg +n

1
’Allt( )’ Mg1

where the second equality holds by Mumford’s relation [5], the fourth
equality holds by the fact that the degree of the map M, ,_(4)(BZ,) —

My ni1 is a?971 [14], and the last equality holds by the string equation.
So we have

G(d),’y()‘; O)a = Z )\2g_1G97(d)ﬁ(0)a

2g9—2
Ag¥™?™7,

_ d_ n Yi
(_1)n—1\/j11 d+2(a i=1 a)dn 1

2a~1+n sin %| Aut(v)| ’
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where the second equality holds by the fact (see [11])

A2
Z A / A = " sin(A\/2)

Mg
So we have

G(A;0;pi )
Z (_1)n—1\/__11_d+2(g_2?:1 %)dn—l

N —14n gjp dX
d>1,d=3"7" | vi(moda) 2a " s 2 ‘AUt(fY)‘

1—d+2d a—
oy oy St )
ZdSiH% k;!

PdZ~

d>1 k1, ka—1>0 1=0 j=1
1 d+2d a—1 d —je—jl k.
M S
N ax ol .
d>1 k1, ka—1>0 1=0 2dsin 7 5 i

Let u = exp(3_5 %—lwajﬁa]liﬂg) 1=0,--,a—1and pg = Y2 y.
Then we have

a—1 —a L4
Pa ( 1 ¢ faul q)?
G Opia)a = =D > = — )(d )?)
d>1 1=0 q
a—1 1 L
- FICOT " ehur(—q) 3y (—q) 10D
d>11=01,5>1
a—1
1
= log(IT [T +v-1" = €aw( Q)2yi(—q)q "))
1=01i,5>1

Note that uﬁjll =&q forl=1,---,a— 1. So we have w¢, = L=
1

1,--- ,a — 1. Also note that ug---ue,—1 = 1. So ulfé = irwaa BY
taking the product of this identity for [ =1, --- ;a — 1, we obtain

-1 1
Uy ---Ug—1 = (_1)aa a—1 a—2 1

Thus we have

1 _a—1

l - a a
Ulga:(_l) @ qy 41 4qi+1° " 4da-1-
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Therefore
a—1
1 1 _a—1 .
G 0pi)a =log(J] [T 0+ 9200 * -+ du i @41+ da1(—0) " '0))
1=0ij>1
1 _ 1 _a—1
=1og(Y (47¢, "+ d i )" D su(—aa)su(y))
d>1 lv|=d
_ O IRl Xo (1)
=log(} (a2ar " qu i )" Y sw(—a)==pu(v)),
d>1 ||=|v|=d a

where the second identity can be found in [25],
Xv (1)
si(y) = Y~ puv)
=ty

is the Schur polynomial, —ge = (—Q, —Qqa—1, -+ ,—Qq1 - qa—1), —Q =
(L —q.(~@). (<)), and z, = |Aut(u)lp - pg). Recall that
G*(X;0;p; ) = exp(G(A; 03p32)a) = 1+ 32,29 GR(A; 03 2)appu- So

B 1 — Xvip
Gr(X0i2)a = (g2 qug )M D su(—ql) Zi)
v|=1ul

lul o) —3+AL(La)-AL (0,
— Z (_1)Ay(07a)q‘2‘+Au(o7 )q1 aTAv(La)=Au (0a)

1 a=1
a

=l
_@ +Au(a_17a)_AD (O,CL)
a—1

/

Xv
Vy%@(_qaqla'” 7Qa—1) V( )

Zp

q.e.d.
Recall that

[

a—1

. I
R(A02)a = (q2q; ot

|l S Xv (1)
) Z 5,/(—qe) 2 .
[vI=]ul
Therefore, the initial condition G7,(X;0;2)q = R},(A;0;2), follows from
Theorem 2.1 and the expression of Vljg@.

3. Moduli spaces of relative stable morphisms

3.1. Moduli spaces. Fix an integer a > 1. Let P. be the projective
line P! with root construction [8] of order a at 0. For an integer m > 0,
let

P[m] =P, UP{, U--- UP,

be the union of P. and a chain of m copies P!, where P! is glued to

]P’%l) at pgo) and ]P’b) is glued to ]P)%Hl) at pgl) for 1 <1 <m—1. The
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distinguished point on ]P’%m) is pgm). We call the irreducible component

P! the root component and the other irreducible components the bubble
components. Denote by m[m] : Pt[m] — P! the map which is identity
on the root component and contracts all the bubble components to pgo)_
Let

Pl(m) =Py U---UP(,,
denote the union of bubble components of P![m]. For convenience, we

set P1[0] = Pgo) =P

Let v = (71, -+ ,7vn) be the vector of integers
I<yvi<a-—-1

defining nontrivial elements v; € Zq. Let u = (u1 > --+ > ) > 0)
be a partition of d > 0. Let M, (P, 1) be the moduli space of relative

maps to (P}, 00). Then a point in Mg (PL, 1) is of the form

[f : (C,$17”’ y Ty Y1yt 7yl(/.1)) - (]P)(lwpgm))]

such that
Up)
FAE™) = mis
i=1

as Cartier divisors. In order for the moduli space M, ~(PL, 1) to be
non-empty, we must have the parity condition

d= Z% (mod a).
i=1

We will also consider the disconnected version M;W(P}I, i), where
the domain curve C is allowed to be disconnected with 2(h%(O.)—
rO(0.)) = x.

Similarly, if we specify ramification types v, u over 0,00 € P!, we can
define the corresponding moduli spaces M, (P!, v, i) and M;(Pl, U, i)
of relative stable maps.

3.2. Torus action. Consider the C*-action
t-[2%: 21 = [t20 : 2]

on P!. This action lifts canonically on P.. These induce actions on P![m)]
and on Pl[m] with trivial actions on the bubble components. These
in turn induce actions on M, - (P, u),ﬂ;ﬁ(]}”}l, 1), Mgo(PL, v, 1), and
M;(]P’l, v, it). Define the quotient space ﬂ;(]P’l, v,1)//C* to be

MEPY v u)//CF = (M (B v, 1) \ MG (Y v, 1)) /T
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3.3. The branch morphism and double Hurwitz numbers. Sim-
ilar to the case of My (PL, 1), a map [f] € ﬂ;(]}”l, v, i) has target of
the form P![mg, m1], where P'[mg, m1] is obtained by attaching P*(mq)
and P!'(m;) to P! at 0 and oo respectively. The distinguished points on
P[mg,m4] are ¢9,, and g, . Let m[mo,mq] : P'[mg,m1] — P! be the
contraction to the root component. Let » = —x + I(v) + [(u) be the
virtual dimension of ﬂ;(]P’l, v, v). Then there is a branch morphism

Br: M;(]P’l, v, i) — Sym"P!
sending [f : C' — Pl[mg, m1]] to

div(f) = (d = 1(1)0 — (d = U(u))oe,
where div(f) is the branch divisor of f = 7[mg,m1]o f : C — PL.
Recall that the disconnected double Hurwitz number is defined by

1
HS, = Br*(H").
PR Aut(v)]] Aut(p)| J s @

In [22], the following proposition is proved:

Proposition 3.1.

. _ 7! 0)7‘—1
XoPoH ‘ Aut(u) H Aut(,u)] [ﬂ;(Pl’V7“)//C*}Vir

where 1/)072'5 the target v class, the first Chern class of the line bundle
Lo over M;(Pl,u,,u) whose fiber at

[f :C = ]P’l[mo,ml]]

is the cotangent line Tq*%o P [mg, m1].

The following Burnside formula will also be used (see [10]):

Proposition 3.2 (Burnside formula).

(I)I.AM()\) — Z A—X ) +(v) H;MM
X

(=x + () +1())!
where @3, (\) is defined combinatorially in section 1.

3.4. The obstruction bundle. Let
. NV 1
U= M, (P, 1)
be the universal domain curve and let T be the universal target. Then
there is an evaluation map
F:U—~T

and a contraction map
7:T — Py
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Let D C U be the divisor corresponding to the [(x) marked points
Y1, 5 Yi(u)- Define

Vp = R'7m.(Oy(-D))
VDd = Rlﬂ'*ﬁ*(’)]}n}l(—po),

where F = 70 F : U — Pl p1 = oo € P! and py is the stack point of
PL. The fibers of Vp and Vp , at

[f : (C,.’L’l, sy Ty Y1, 7yl(u)) - ]P)tlz[m] :| € M;{,V(P}N/’L)

are H'(C,O¢(—D)) and H*(C, f*Opé(—pO)), respectively, where D =
Y1+ ...+ ¥y and f =m[m]o f. It is easy to see that the rank of the
obstruction bundle
V= VD () VD ¥

is equal to the virtual dimension of M;W(Pé, w), which is —x +n +
i) + 6 =D, T

We lift the C*-action to the obstruction bundle V. It suffices to lift
the C*-action on P! to the line bundles Op1(—po) and Op:. Let the
weights of the C*-action on Op1(—po) at po and p; be —7 — % and —7,
respectively, and let the weights of the C*-action on Op:1 at pp and p;
be 7 and 7, respectively, where 7 € Z. In other words, if we write the
obstruction bundle in the form of equivariant divisors, we have

Vp = Rlﬂ'*(F*Op}l (t(apo — p1))(—=D))
Vp, = R'M.F*Opi(—po+7(p1— apo)).

Let
1

Ky, =
XY Aut(p)|] Aut ()| (M3, (PE)]¥

Then K3, is a topological invariant. We will calculate K3 in the
next section by virtual localization. Define the generating function

K (\;z) to be

° l( )_d — °
Ku()\;:n) =1 Z)\ XH(“)x,YKX’uﬁ.
X

e(V).

4. Virtual localization

In this section, we calculate K3 , ., by virtual localization. We will

express K? in terms of one-partition Hodge integrals and double
Hurwitz numbers. Then we can obtain Theorem 2 by Burnside formula.

The computation in this section is similar to that in Appendix A of
[21] and can be viewed as the orbifold generalization of it. The main
difference in our paper is that one needs to compute the weights of
sections of orbifold line bundles over orbi-curves. These orbi-curves are

constructed via root constructions which produce orbifold line bundles
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over them by definition. All of these involve new techniques in studying
the Picard group of an algebraic stack which comes from the root con-
struction. The readers are referred to [8] for the general settings of the
root construction and to [1] for the application of the root construction
to Gromov—Witten theory.

4.1. Fixed points. The connected components of the C* fixed points
set of M;W(Pé, u) are parameterized by labeled graphs. We first intro-
duce some graph notations which are similar to those in [21].

Let

[f : (07$17 R R R 7yl(,u,)) — ]Ptlz[m“ € M;,'y(PéMJ)
be a fixed point of the C*-action. The restriction of the map
f=n[m]of:C—P!

to an irreducible component of C' is either a constant map to one of the
C* fixed points pg, p1 or a cover of P! which is fully ramified over py and
p1. We associate a labeled graph I' to the C* fixed point

[f : (07:1717 sy Y1, 7yl(,u,)) — Ptlz[m]]
as follows:

1) We assign a vertex v to each connected component C, of f!
({po.p1}), a label i(v) = i if f(C,) = p;, where i = 0,1, and a
label g(v) which is the arithmetic genus of C,, (we define g(v) =0
if C, is a point). For i(v) = 0, we define n(v) to be the number of
marked points on C,. Denote by V(I')) the set of vertices with
i(v) = i, where ¢ = 0, 1. Then the set V(I") of vertices of the graph
I is a disjoint union of V(I')(®) and V/(I')"). For v € V(I')(©) define

ro(v) = 2g(v) — 2+ val(v) + n(v), ve V(D)©,

vIm©O = eV g) =0,val(v) =1,n(v) = 0},
VI © {fvo e V(D) : g(v) = 0,val(v) = 1,n(v) = 1},
VL) © {v e VD) : g(v) =0,val(v) = 2,n(v) = 0},

VIMO = {wev@O:rw) >0}

2) We assign an edge e to each rational irreducible component C, of
C such that f|c, is not a constant map. Let d(e) be the degree of
flc.. Then fle, is fully ramified over py and p;. Let E(I') denote
the set of edges of I'.

3) The set of flags of I is given by

F({T) ={(v,e):veV(),ec E(I'),C, NC, # 0}.
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4) For each v € V(I'), define
dw)y="Y_  de),
(v,e)eF(T)

and let v(v) be the partition of d(v) determined by {d(e) : (v,e) €
F(T')} and let v be the partition of d determined by {d(e) : e €
E()}. When the target is PL[m], where m > 0, we assign an
additional label for each v € V(I')(V): let pu(v) be the partition of

d(v) determined by the ramification of f|c, : C, — PL(m) over
™.
Note that for v € V(I')M, v(v) coincides with the partition of d(v)

determined by the ramification of f|c, : C, — PL(m) over pgo).

Let M, be the moduli space of C*-fixed degree v; covers of P} with
stack structure given by v; (mod a). Then the C*-fixed locus can be
identified with

L (Mo, (BZa) tgzl) Mo X X My,
x0+x!=2(v)=x
< T (B, v, 1) /C°) Ant(v),

where IBZ, is the rigidified inertia stack of BZ,. Therefore, we can
calculate our integral over

L] M (BZa) x M (B v, )/ /T
X +x!—21(v)=x
provided we include the following factor:

I(v)

|Aut |H

) is the order of v; € Z,,.

where b; = W

2. Virtual normal bundle. Let
[f : (07:1717 ey Ty Y1, 7yl(u)) — ]P)};[m]] S M;W(Pé,ﬂ)

be a fixed point of the C*-action associated to I' and let f = n[m] o f :
C — PL. Let

By = Ext’(Qe(D + D'),0¢), By = H"(C, f*Opi(po)),
Bz = &%, Hy (R}),

By =Ext'(Qc(D + D), 0c), Bs=H"(C, f*Op1 (o)),
Bs = & Hoy(R}),
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where D = y1 + - + (), D' = 21+ -+ + 2, and

Hgt(Rl.) = @ Tq <f_1(]P>%l))) ® T; (f_l(]P’%l))) >~ (C@nl,
qef~1 (")

H;t(Rl.) = (Tp;l)]P)%l) ® Tpgl)Pb‘f‘l))@(nl_l)?

where n; is the number of nodes over pgl). Let B; denote the moving

part of B; under the C*-action. Then we have (see Appendix A in [21])

1 eT(Bl)eT(Bg,)eT(Bg)

er(NF) — er(Ba)er(By)

I

where er denotes the C*-equivariant Euler class.
Note that Bg = 0, and

B 07 m = O7
6=\ H&(RS) = (Tpgmp%o) ® TPEO)PE))@("O_U, m > 0.

4.2.1. The target is P.. In this case,

v- @ ()

UEVI(F)(O)
_— ged(a, d(e))
By = @ Z ad(e) @
veVII(I)(©0) \ (v,e)eF(T)
® (@ nocon.a)
veVS(T)(© \ (v,e)eF(T)
So
i -1
er(B1) _ U ged(a, d(e))u
er(By) (v) H Z ad(e)

veVI()(0) \ (v,e)eF(T)

1
il I |-
vevSm)©) ((ue)eF(D (e ~ Ywea) ™% )
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Consider the normalization sequence
0= fOp(po) > P (fle.) O (o) @ (fle.) Opi(po)
veVS(T)(0) eeE(I)

- B (flo)Opy o)

veVII(T)(0)
&b ( &b (fq(u,e))*op}l(po)) -0,
veVS(T)©) \(v,e)eF

where g, and q(, ¢) are the corresponding nodes. The corresponding long
exact sequence reads

0 — HC, fOp(p) > P HCy (flc,) Orlpo)) @
veVS(I)©

P-

d(e)
& @)
ccE(T) \ =0 d(e)

= D B (fle) Op () @

veVII(I)(©)
@ @ HO(Q(v,e)v (f|II(U,E))*O]P’}l (o))
veVS ()0 \(v,e)eF
— HYC,f*Op(po) = @ H'(Cw (fle.) Op1(po)) — 0.

veVS (T)©

The term H(C,, (f |c,,)*Op1(po)) contributes 0 unless all monodromies
around loops on C,, are trivial. The term H°(q,, (f lg.)*Op1 (po)) (resp.
Ho(q(v,e), (!}‘7|¢1(v76))*(9]}>>(11 (po))) contributes zero unless g, (resp. q(y.)) is
not a stack point. So

er(Bs) U Uy U D e)err) O de), —0v
2o T (e o)

6T(Bg) eV (D)) (v) a a
d(e)
(2 -
[@]v ’
ecE(T) a I’

where () = z — [z] and

5 — 1, if all monodromies around loops on C), are trivial,
v 0, otherwise.
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So we have the following Feynman rules:

Nv1r H H Ae’

veV ()0 eeE( )

where
v (“)“d(ﬁ)> 5 (1(0)
vV, u
Ag(v)(g)( ) H(ue)eF(F)( — ) B ve V)W,
dﬁu)’ ONS VI(F)(O),
Ay =19 1, ve vIiIIm)©,
wy 1T den) II
gcd(czd()ﬁl))igcd(da(d()c”) (a) *a >7 veV (F)(0)7
ey en
(U761)7 (U762) € F(F)7
d(e)
d(e)7al _ae
A = Mo ey

4.2.2. The target is P.[m], m > 0. A similar computation shows that

-1
er(B1) _ L 1 T ged(a, d(e))u
er(By) d(v ad(e)
veVI(T)(0) UEVI (T)©) \(v,e)eF(T)
1
cd(a,d(e
veVS(F © atsy — Do) EHGHD

II

eV \ (v,e)eF (D) d(e w(ve
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er(Bs
er(Ba2
0— H°(C, JF*OIP; (Po))

- P HAC.,(fle.) Onp)® P H(C. Oc,) @ (0)@

veV'S(I)(©) veV(I)M

d(e)
d(e) >

- H° (qm(f|qu) Op1 (po))®
vEVII(T)(0)

; we also have a similar long exact sequence

D | B o Fla.,) Onm0) | @

veVS(T)O \ (v,e)eF

D | Do

veV ()M \(v,e)eF
— H'(C, f*OP; (o))
- P HYC,(fle.) Onp)® @ H'(Cw Oc,) ®(0) 0.

veVS(T)© veV(I)M

So % has the same expression as in the previous case. Finally,
T 2

~ 1 1 |[E(T)|—1
Bg = (Tp(lo)]P)(O) X Tp(lo)P(l))

3

S0
er(Bg) = (—u —¢°)POIL,
where ° is the target 1 class as in section 3.3. Note that ¢ = d(e)i(,,e) for
ve V()M (v,e) € F.
Therefore, we have the following Feynman rules:

1
er (Ny™) N —U—WJ H H Ae

veV(T) eeE(r)

where
—u—p® )
B ven ~ Heoerm 4. ve VD)W
v, U ( ) 0 <$_2> < o
Ag{v)(g)(z) H(u e)eF(T") ( u) dj(u ))M7 veV (F) s
A’U = d(u:u)y v E ‘/'I(l—\)(())7
" 145 ve vhm)©,
uy d(e1)
gcd(a,d(e1)) Jlrgcd(a Ty (%) ( ) ve VII(F)(o)7
d(e1) d(eg)
(v,e1), (v,e2) € F(T),
d(e)
d(e)[T] d(e)
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4.3. The bundle Vp. The short exact sequence
0= Oc(-D) = Oc —0Op =0
gives rise to a long exact sequence

U(p)
0 — H%(C,0c(-D)) — H(C,0c) — P 0,
=1

H'(C,0c(-D)) = HY(C,0¢) — 0.
The representations of C* are

k U(p)

- P %EB HY(C,00(~D)) & (r) — HY(C,00) @ (1) = 0,

=1

where k is the number of connected components of C. So
er(Vp) = er(Vo)(ru) ),
where
Vo = R'7,.Oy.

4.3.1. The target is P.. In this case, the number of connected components
of C'is |V(TI')°|. Consider the normalization sequence

1(p)

0— Oc — @ Oc, EB@OC %@Oql—m

veV (IO

The corresponding C*-representation of the long exact sequence reads

0 P - P e - P

veEV(T)0 vEV(I)0 i=1 i=1

— H'(C,00)®(r) = @ H'(C,.Oc,)® (1) =0
veV ()0

() U(p)

So
iter(Vo) = T Ay (rw),
veV(I")°

where 1 denotes the trivial representation of Z,.
Therefore, we have

ZpeT VD H A
veV ()0
where

A A\/ 1 (T’U,) (Tu)val('u)—l-

g(v)
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4.3.2. The target is P1[m], m > 0. Consider the normalization sequence

0 - O¢— @ O¢, & @ Oc,
veVS(T)Ouv ()M e€cE(T)
— D oo %) D Our | 0.
veVII(T)(0) eV OuUV(M)MW \(v,e)eF

The corresponding C*-representation of the long exact sequence reads

k
0 - P - ) me @ =
i=1 veVS(D)©@uUV/(I)™ ecB(T)
- D e D b @
veVII(T)(0) veVS(MOuUV(I)MW) \ (v,e)EF
— HY(C,00)® (1) = ) H'(Cy,0c,) ® (1) =0,

veVS(T)Ouv ()M

where k is the number of connected components of C. So

iter(Vo) = () POFVEIE TT A% (ru)
UGV(F)

iter(Vp) = (ru)EOFVOHE T AL (ru)
veV (T')

We have the following Feynman rules:
ZFGT VD H A
veV (T')

where

D Ay () - (ru) =1y € V(I)©),
U AL () - (ru) )Ly e V().

4.4. The bundle Vp,.

4.4.1. The target is P.. In this case, k = |V(I')°|. Consider the normaliza-
tion sequence

0= f*Op1 (—po) — @ (fle,)*Ops (—po) & @ (fle.)*Op1 (—po)

veVS(T)©) ecE(T")

- P oo D D o) Ori(=p0) | 0.

veVI(I)(©) vEVS(I)©) \(v,e)eF
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The corresponding long exact sequence reads

0— H°(C, f*OPg(—po)) -

H(Cy, (fle,)* Ori (—po))

veVS(I)(©)

_)

D

veVII(T)(©)

D

VeV S(I)(©)
— H'(C, f*op}l(—po))

@ HO(Q(v,e)a (flqu

(v,e)eF

H°(qy, (f|qu)*ow>}l(—po))@

)" Op1(=po))

- P  H'C (fle,) Op(—po))®
'UEVS(I‘)(U)
[dze)]7607<#§2> l
S| @ (a5

ecE(T) l

We have the following Feynman rules:

irer(Vp,) = [[ AP

where
Vv —
ARG (=7 = D) (=7 = Lyu)
3. dle)
A H(v,e)eF(F)((_T_%)u) 0 Ta >7
v = 17
1,
6 e
(= = ) 50
(46215, ace)
a0 e d(e)
_ )T+,
T T (~u)
de) ot

. H ADPa,

ecE(T)

ve VIIT)©,
ve VIT)©,
ve V),

v E V”(F)(O)7 (v,e1), (v,e2) € F(I),

-6
! 0,(4edy
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4.4.2. The target is P.[m], m > 0. We have a similar long exact sequence
0 — H(C, f*Ops (—po))
- @ HC.(fle,) Oy (—po)®

veVS(r)©
B HC.,00,)® (~7)

vev ()M

= P B (fla) Os (—po))@

veVII(1)(0)

@ @ HO(‘](U,E)? (.ﬂQ(v,e) )*OP}I (—po))

veVS(M)(0 \(v,e)eF

o B | D

veV(r)(1) \(v,e)eF

S H(C, PO (—p0)) = @ H'(Co.(fle.) Ons (—po))e

veVS(I)(©)
H'(Cy,Oc,) ® (—T)
vev(r)®
[dsle)]f‘s[)’(dslc)) }
—T — —— — 0.
c®| D (i)
ecE(T) =1

So we have the following Feynman rules:

irer(Vp,) = [[A7*- J[ A,

ecE(T)
where
v —
Ay (=7 = Duw)((=7 = Du) ™
%y, (dle)
[weyerm (=7 = Du) ¢, v e VSI)©,
I ve VHr)©®,
’ 1, ve viT)oO,
6 e
((_T - %)u) 0’<d(“1)> ) v E VH(F)(O)7 (v,e1), (v,e2) € F(T),
Aoy (=) - (=ru)™ vevI)®,
(4215 ate)
Mo "t @der+0), (#2155
Ae = o (—u) (5
d(e)[ @ 170,40,

4.5. Contribution from each graph. By Mumford’s relation [5], we have
A (=ru) AL (ru) = (=17 (ru)*™) 0 € V(D)D)
So we have
irer(V)

L L = A%4¢,
ST(NIY")
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where

A0 — g /TN HH [T (ir +1)
i

[ — vey) O

H (_1)Z(v,e)eF(1")[ dle) ) vAZ(g( )AV’UV((—T o E)U)Av 1 (ru)

g(v) g(v)
veV(T)(©)
— 5y
o e () B e
a a
N \/—1‘“‘4(“) the target is PL,
= vi— TU ) v) B
V=TT g, (T lux ;é(u i , the target is P}[m],m > 0.

4.6. Proof of Theorem 2.
K3
_ ;/ e(V)
[ Aut(p)|| Aut(v)] M, (BL )] vir
i(v)
[ Aut ()| Aut(7)] | Aut(v)] £ Vi e

X0 x 1 —21(v)=x 1 7% ged(a,v;)

irer(V) \/—\ v|=1(w)

/[M;o L (BZ)X RS 1w/ jcrvin €7 (NF)

el
1
/1) X )
Z G0 (T )“'Z"( 1T) Hyt
(=x! + 1) +1(w)! "

x0+x! —2l(v)=x
Recall that
K; ()\; JJ) _ \/jll(ﬂ)*d Z A7X+Z(M):C—YK;’#W
X
We have
Kp(xx) = Z Gy (N T3 2)az @), (—V—17TA).
lv]=|pl

This finishes the proof of Theorem 2.

In the proof of Theorem 2, we used the following convention for the unstable
integrals:

[ L
ﬂo,(o)(BZa) 1-— d'l/} ad?

/ 1 B 1

Mo (o) (BZa) (1 = path1) (1 — patba) a(pr + pe2)

/ 1
ﬂOv(c,fc)(BZa) (1 - dwl) ad'

4.7. Abelian groups. We generalize the Marifio-Vafa formula to arbitrary finite
abelian groups. Let G be an finite abelian group and let R be an irreducible repre-
sentation

ot G~ C*

with associated short exact sequence

N Ry ~
0> K—G=>1Im(¢") XZq — 0.
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Then ¢¥ induces a morphism
p: Mg~ (BG) = M, yr() (BZLg).
The following results are shown in [14].

Lemma 4.1.

N = (e
07 ?l— 1 07
deg(p) = { |K|2gfl Z’ln_i ::1 i 0

where E® (resp. EY) denotes the Hodge bundle on M, (BG) (resp. My (BZ.))
corresponding to the representation R (resp. U).

Let v = (71, -- ,7¥n) be a vector of elements in G such that ¢*(v) is a vector of
nontrivial elements in Z,. Let i = (fi1,--- , fly(z)) be a vector of elements in G such
that

o™ (1) = p-

Here we view p as a vector of elements in Z,. i is required to satisfy conditions
(1), (2) in section 1.2 which imply that Mg —z(BG) and M, 4r (), (BZa) are both
empty or both nonempty. Then we have
1 1y)~9 v 1VAV,
/ (7 + 1) AYRAY T (<r = DAYAD)
Mg - (BG) Hz(zl)(l - ,uﬂ/}z)

:|K|2g—1/ (ca(r+2) Avl(U( )AVU (= T‘%)AX’I(T)'
MQAPR(’Y)*H(BZQ) Hi:l( _ﬂiwi)
Therefore
G (T)agr = |K|29_1Gg-,u-,¢R('y)(T>av
GHW()‘;T)a,QﬁR = Z)‘2q 2+l(u)|K|2q leuqﬁR('y)( )
g=0
K|
= WGumeKWﬂm
|K|
Gy (N Tip)agr = me o () (K |X T)apy
b1 D2
= |K[Gyr(y) (KX T3 “a
¢ |K| K]
P11 P2
= |K[Rgr() (KA T3 )
¢ |K| |K|’
= |K[Ryn) (KX T; )
¢ |K|

This finishes the proof of Theorem 3.

5. Application to the local Gromov—Witten theory of orbi-curves

5.1. Definitions and some known facts. Let (X, p1, -+ ,pr,q1, - ,¢s) be
a fixed non-singular genus g orbi-curve with stack points p1,--- ,p, of orders
ai,---,a, and with ordinary points qi,---,qs. Let o!,---,a® be partitions
of d > 0. Let 4%,--- ,4" be vectors of nontrivial elements in Zg,,- - ,Zq,
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respectively. Then there is a corresponding moduli space of relative stable
maps
e 1
Mv(Xv (a )T 7045))
parameterizing stable maps from possibly disconnected curves to X ramified
over ¢; with ramification type o and with marked points with monodromies

y=al e+
Let

U= HW(X, (', -, a%)
be the universal domain curve and let
. Wi 1 s
P:T = M (X, (a,-,a%))
be the universal target. Then there is an evaluation map

F:U—->T.

Let Q be the universal prescribed branch divisor and let D be the universal
ramification divisor. Let

I(X,d) = R'm(F"(w(Q)) ® O(~D)) — R'm.(F*(w(Q)) ® O(~D))

where w is the relative dualizing sheaf of P, @ = (at, -+, a®). Then the
relative local invariants are defined by

1
b,y —
Za" 9.7 = TRnm T Awt@n] | Au(a |/ e P E))

and their corresponding generating functions are defined by

Za(g)Niw)z 2 = Y 257 (9) = 7 A ay
b,y

where @ = (aj1,--- ,a,). The only difference between our definition and the

non-orbifold definition in [6] is that there are two additional indices @ and 7 in
our definition. Note that I(X, @) has rank b when restricted to the components
of ﬂ;(X , @) with virtual dimension b.

We use the notation p - d to indicate p is a partition of d. The following
proposition is the orbifold version of the gluing law shown in [6]:

Proposition 5.1. Let @ = (a!,---,a%) and @ = (a1,--- ,a,). For any
choice g = g1 + g2 and any splitting
{a',-- 0} = {at,-- ,ak}U{a’H‘l,--- ,a®}
{ah... 7ar} = {ah... ;al}U{al+17"' 7ar}
we have

Zq ( )(/\ JJ a,a ZZMZd gl)(/\ JJ)( ok ) (ar,,ag)
pkd

Zd(QQ)(/\; x)(akJrl)... jaf ), (argn, - ,an)
The only difference between Proposition 5.1 and the gluing law in [6] is that

there is an additional splitting of @ = (a1, -+ ,a,). The proof of Proposition
5.1 is the same as that of the gluing law in [6].
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5.2. Calculation of Z;(0)()\; ) (u),(a)- In [7], the local Gromov-Witten the-
ory of ordinary curves is solved even without imposing the Calabi-Yau con-
dition on the obstruction bundle. So in order to determine the relative local
invariants of all (X,p1, -+ ,pr,q1, - ,¢s), we only need to calculate Z;(0)
(A ) (), (a) because of the gluing law.
Recall that we have defined
1

K, . =
T [ Aut(p)|| Aut (V)] JEe @1

e(V)

with V' the obstruction bundle and the generating function

° l(pn)—d _ °
Ki(Xz) =v—1 Z)‘ Xy Ty B
XY
So we have
. b,
K3y =237 (0)(),(a)»

XoHY
where b= —x +n+1(u) + g —> 11 2 and n = (7). Therefore, we have

A Zg(0) (N AF g AT ) ZZ (0) ) (AW

l
_Z X‘u’y)\ x+ (H)I’Y

- \/—1”‘ e (x),
Recall that

. . 1.-% et Xv (1
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wI=lnl

where the change of variables is given in Theorem 2.1. Therefore, we obtain
the expression for Z;(0)(\; ) (), (a):
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This finishes the proof of Theorem 4.
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