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QUANTUM COHOMOLOGY OF TWISTOR SPACES
AND THEIR LAGRANGIAN SUBMANIFOLDS

JONATHAN DAvVID EvVANS

Abstract

We compute the classical and quantum cohomology rings of
the twistor spaces of 6-dimensional hyperbolic manifolds and the
eigenvalues of quantum multiplication by the first Chern class.
Given a half-dimensional totally geodesic submanifold we asso-
ciate, after Reznikov, a monotone Lagrangian submanifold of the
twistor space. In the case of a 3-dimensional totally geodesic
submanifold of a hyperbolic 6-manifold, we compute the obstruc-
tion term mg in the Fukaya-Floer A, .-algebra of a Reznikov La-
grangian and calculate the Lagrangian quantum homology. There
is a well-known correspondence between the possible values of mg
for a Lagrangian with nonvanishing Lagrangian quantum homol-
ogy and eigenvalues for the action of ¢; on quantum cohomology
by quantum cup product. Reznikov’s Lagrangians account for
most of these eigenvalues, but there are four exotic eigenvalues we
cannot account for.

1. Introduction

The twistor space Z of a Riemannian 2n-manifold M is the total
space of the bundle of orthogonal complex structures on the tangent
spaces of M. Reznikov [24] wrote down a natural closed 2-form wy, on
twistor space and observed that if the curvature of M satisfies a certain
inequality then this 2-form is actually symplectic. He also demonstrated
that above any totally geodesic submanifold of the middle dimension
in M there is an SO(n)-subbundle of the twistor space on which wye,
vanishes. We will call these Reznikov Lagrangians. For instance, when
M is the round 4-sphere, the twistor space is the standard symplectic
CP3, an equatorial geodesic 2-sphere lifts to a Lagrangian RP?, and an
equatorial geodesic torus lifts to the Clifford torus.

An interesting class of manifolds for which the Reznikov curvature in-
equality holds are the hyperbolic 2n-manifolds (i.e., compact quotients
of hyperbolic 2n-space by a discrete torsionfree subgroup of SO™(2n, 1)).
These give twistor spaces that are of a very different character from that
of the round 2n-sphere. For instance, they are non-Kéhler (when n > 1)
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by dint of their fundamental group being hyperbolic (see [5]). Nonethe-
less, as discovered in [11] when n > 3 they are monotone, meaning
that the first Chern class is positively proportional to the cohomology
class of the Reznikov form; moreover, Reznikov Lagrangians are mono-
tone, meaning that the Maslov index of a bounding disc is positively
proportional to its symplectic area. Monotone Lagrangians in mono-
tone manifolds are amenable to modern pseudoholomorphic techniques
without appeal to the massive machines under development to deal with
the general case. What is even better is that there is a natural almost
complex structure J_, first discovered by Eells and Salamon [8], which
is compatible with wye, in this very special hyperbolic setting. The J_-
holomorphic curves are in a close correspondence with branched minimal
surfaces in M by projection along the twistor fibration. This allows us
to write down all the genus 0 holomorphic curves (see [11, Lemma 37])
and all the discs with boundary on Reznikov Lagrangians, and we have
a hope of computing, respectively, the quantum cohomology and La-
grangian intersection Floer theory. Upon noticing this property of these
Lagrangian submanifolds, one feels like a fortunate astronomer who es-
pies a charming and unusual galaxy perfectly angled so one can see the
glory of its disc full on. Reznikov Lagrangians in the twistor space of a
hyperbolic manifold are topologically much more complicated than the
conventional examples of monotone Lagrangians: they are the principal
frame bundles of hyperbolic n-manifolds.

If n = 2, then the (6-dimensional) twistor space has ¢; = 0 and the
Lagrangians are Maslov zero. This case is less amenable to simplistic
techniques due to problems arising from transversality for multiple cov-
ers of Chern zero spheres and Maslov zero discs. Though the former are
unlikely to cause major headaches, I decided it would cloud the expo-
sition and therefore I have restricted computation to the simplest case,
n = 3.

Theorem A. The small quantum cohomology of the twistor space of
a hyperbolic 6-manifold M with vanishing Stiefel-Whitney classes is

QH*(Z;\) = H*(M; A)[o]/(a* = 8at*x + 8¢a® — 16¢°)

where a = ¢1(Z) and A = C[q]. Moreover, c1(H)? = o — 4q, c1(H)3 =
a3 — 4daq. The twistor space is also uniruled.

Proof. This follows directly from the classical cohomology ring com-
putation in Section 6.1, the computation of the 3-point Gromov—Witten
contribution from twistor lines in Corollary 5, and Theorem 9, which
proves there are no other quantum corrections. Uniruledness follows
from the first part of Corollary 5. q.e.d.

The theorem probably holds with the assumption on Stiefel-Whitney
classes replaced just by orientability, but this assumption allows us to
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represent various homology classes in the twistor spaces explicitly as
submanifolds (see Section 6.4), which simplifies the argument. Note
that there is very little loss of generality by making this assumption: by
[17, Corollary 2], any compact hyperbolic manifold admits a finite cover
whose Stiefel-Whitney classes vanish. The use of complex coefficients
is needed: the cohomology of the twistor space is additively isomorphic
to the tensor product of the fiber and base with complex coefficients by
the Leray—Hirsch theorem, but the obvious characteristic classes do not
generate the integral cohomology of the fiber. We note the following
interesting corollary.

Corollary B. The action of c1(Z) on QH*(Z;A) by quantum cup
product is given with respect to the basis Ty, at*y, &>y, a3T*y (where
y runs over a basis for H*(M;C)) by the matriz

00 0 —16g2
1 00 8y
010 8 |
001 0

i.e., when y has positive degree, this acts as the matriz with no 8%y
entry, when y = 1 this acts as the above matrix where T is replaced
by the number x(M). The characteristic polynomial of this action is

(A" = 8g)? = 8X(M)A + 16¢%) - (X' = 89X? +16¢%) ",

where D = dimc H*(M;C). The eigenvalues associated to the second
factor are

+2./q,

each with multiplicity 2(D — 1). The eigenvalues associated to the first
factor can be quite complicated.

To see the relevance of this corollary we recall some Floer theory.
The book [12] explains how to associate to an arbitrary Lagrangian
submanifold of a symplectic manifold a filtered Aso-structure on a suit-
able space of Q-chains. Since the Reznikov Lagrangians are monotone
when n > 3, this theory simplifies considerably (see [2]). When n = 3
the Reznikov Lagrangians bound holomorphic discs with Maslov index
2, and hence there could be a nontrivial “obstruction” term (the mg
operation in the filtered A,-algebra).

Theorem C. If X is an oriented totally geodesic submanifold of
an oriented hyperbolic 6-manifold M and Lys. denotes the Reznikov La-
grangian lift in the twistor space of M, then

mo = :|:2\/6[L2].
Moreover,
HF(Ls, Ly) = H.(L; Clg"/?)).
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It is well-known (see [1, Proposition 6.8]) that the possible values
for mp on a monotone Lagrangian with nonvanishing self-Floer homol-
ogy are the eigenvalues for the action of ¢1(Z) by multiplication on the
small quantum cohomology. Indeed, the Fukaya category splits into
summands indexed by these eigenvalues. It would be intriguing to find
(or to rule out the existence of) monotone Lagrangians in the twistor
space of a hyperbolic 6-manifold whose mg equals one of the four “ex-
otic” eigenvalues from Corollary B involving the Euler characteristic
of M.

Remark 1. It may seem from a cursory reading of the paper that we
do not make much use of the fact that M is hyperbolic rather than just
negatively curved, but the computations with the linearized d-operator
assume that the natural metric and Eells-Salamon almost complex
structure are an almost Kahler pair that happens precisely when M
is 4-dimensional and Einstein self-dual or else higher-dimensional and
hyperbolic. Although we have not used this, it is interesting to note
that the twistor spaces of hyperbolic 2n-manifolds are some of the very
few known non-Kéhler examples of Ricci-Hermitian almost K&hler man-
ifolds, that is to say, the Ricci curvature form is a (1,1)-form. These
metrics occur as critical points of the Nijenhuis energy on the space of
wrez-compatible almost complex structures.

1.1. Outline of the paper. We begin in Sections 2-4 by review-
ing those aspects of the geometry and topology of twistor spaces and
Reznikov Lagrangians that will be of use later in the paper. Section 5
explains some of the (classical) topological tools we will use to compute
both the classical and quantum cohomology rings of twistor spaces that
are then applied in Section 6 to compute the classical cohomology ring
of the twistor space of a hyperbolic 6-manifold and of the moduli space
of “twistor lines,” the J_-holomorphic curves of lowest degree. We also
explain how to push forward classes from the moduli space of marked
twistor lines into the twistor space. The main tool is Borel-Hirzebruch
theory for performing fiber integrals of characteristic classes along maps
between classifying spaces.

In Section 7 we briefly recall the definition of Gromov—Witten invari-
ants. Section 8 is dedicated to the study of the linearized d-equation for
J_-holomorphic curves in twistor space, and the crucial result is that
we can construct elements of the cokernel bundle explicitly out of vector
fields on M. This is used in Section 9 to compute the k-point Gromov—
Witten contributions from the moduli space of twistor lines: one can
compute the Gromov—Witten invariant by taking the Euler class of an
obstruction bundle and pushing forward along the evaluation map. Sec-
tion 10 calculates the remaining Gromov—Witten contributions needed
for calculating the quantum cohomology in the case n = 3 (when M is
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a hyperbolic 6-manifold). The idea is once again that there is a non-
vanishing section of the obstruction bundle, but care must be taken
because the moduli space is no longer compact. An explanation of the
main technical result is postponed to Section 11.

In Section 12 we prove Theorem C using similar techniques.

Acknowledgments. It is my pleasure to acknowledge that this paper
benefitted greatly from helpful conversations with Paul Biran, Joel Fine,
Dusa McDuff, Jarek Kedra, Dmitri Panov (who long ago explained to
me his own argument with Joel Fine for why these spaces should be
uniruled), Dietmar Salamon, and Ivan Smith. Like many symplectic
geometers, I first encountered these spaces in the paper [11]. During
this work I was supported by an ETH Postdoctoral Fellowship.

2. The homogeneous space SO(2n)/U(n)

The homogeneous space F' := SO(2n)/U(n) parametrizes orthogonal
complex structures on R?" equipped with the Euclidean metric and an
orientation, i.e.

SO(2n)/U(n) = {¢ € GLT(R*")[)* = —1,9" = —¢}.
It comes equipped with a natural almost complex structure jr defined
as follows. The tangent space T,SO(2n)/U(n) can be translated to a
subspace m, passing through the origin in End(R?*"), and ¢ acts by
left multiplication on End(R?"), preserving my. In terms of coordinates
(w1,...,29,) € R?" the result of applying jr to a tangent vector vkg €
Ty F = End(R?™) is
[jF(U)]Je = kakz-

This is an integrable left-invariant almost complex structure and it is
(tautologically) compatible with the left-invariant metric gr on SO(2n)/
U(n) induced by the Euclidean metric on R**. The corresponding 2-
form wp(-,jr') = gr(-,-) is symplectic, so we have a natural Kéhler
triple (9r, jr, wr).

The exceptional isomorphisms in low dimensions give us

SO(4)/U(2) = CP', SO(6)/U(3) = CP?
In general the Z-cohomology ring is ([21, Theorem 6.11] )
2k—1
Zlea, eq, . .. eam—a]/{ear + Z e2iCak—2i = 0}p>1.
i=1
The tautological U(n)-bundle has Chern classes ¢; = 2e;.

In particular, Ho(SO(2n)/U(n); Z) = Z; an explicit generator is given
by the subspace of complex structures preserving a given 4-plane and
fixed on the orthogonal complement, namely,

SO) x Un — 2)/(U(2) x U(n — 2)) = SO(4)/U(2).
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In the case n = 3 (when F' = CP?) this corresponds to a line. For any
n, all holomorphic curves of degree 1 have this form, and we will call
them lines by analogy. The space of lines L(F) is identified with the
Grassmannian

SO(2n)/SO(4) x U(n — 2),
and the space of lines £1(F') with a marked point is

SO(2n)/U(2) x U(n — 2).

Again by analogy we will write H = ey € H?(F), thinking of it as a
hyperplane class.

3. Twistor spaces

3.1. Setting. The twistor space Z of an oriented 2n-dimensional Rie-
mannian manifold (M, g) is the total space of the twistor bundle of
g-orthogonal complex structures on the tangent spaces of M,

F — 7

M
with fiber F, = 771(p) = {J € GLT(T,M)|J? = -1, J* = —J}. The
fiber can be identified with the homogeneous space SO(2n)/U(n).

Remark 2. We will be concerned with the twistor spaces of compact,
closed oriented hyperbolic 2n-manifolds,

I\SO*(2n,1)/S0(2n),

where I' C SO (2n,1) is a cocompact discrete torsionfree subgroup. In
this case we can write Z globally (see [11, Section 2.3.3]) as

\SO™(2n,1)/U(n).

The twistor bundle inherits a connection V from the Levi-Civita
connection of g. We will write V @ H for the vertical-horizontal splitting
of this connection and use this to define some extra geometric structure
on Z. First of all we can define a metric using 7*¢g on the horizontal
spaces and gr on the vertical spaces. We write this

9z =gr®©T'g.
We define almost complex structures on T}, Z for ¢ € 7-1(p) by
Jr = (L£jr) & 7Y
(recall that 1 is a complex structure on T,M).

e The Atiyah—Hitchin—Singer almost complex structure J is some-
times integrable (if and only if either n > 6 and g is conformally
flat or n = 4 and g is self-dual),
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e The FEells—Salamon almost complex structure J_ is never inte-
grable.

We will only be interested in J_ because of the close relationship be-
tween J_-holomorphic curves and minimal surfaces (see Section 3.2).
Using gz and Ji, one can define compatible nondegenerate 2-forms w4

wg = (Fwr) & (TTwy), wy(9P:) = g(- ).
Reznikov observed that the 2-form
Wrez = (—wF) ® —R(wy)

is closed (where R is the Riemann curvature acting on 2-forms). We ob-
serve that if R = +id, then Fw,., = w4+ and hence is a FJ-compatible

symplectic form. Note that conditions for J_ to tame wye, are given in
([10, Section 4.2]).

Remark 3. We will work with hyperbolic manifolds, for which R=
—id so J_ is an wye-compatible almost complex structure on the twistor
space. The structure Jy is integrable, but there is no compatible sym-
plectic form: the twistor space of a hyperbolic 2n-manifold M cannot
be Kahler for n > 1 by a theorem of Carlson and Toledo [5], since its
fundamental group is equal to 71 (M).

3.2. Eells—Salamon twistor correspondence.

Theorem 1. Ifu : ¥ — Z is a J_-holomorphic map into twistor
space, then its projection T o u is (either constant or) a conformal har-
monic map.

If u(X) is contained in a fiber (so that 7 o u is constant) then we say
u is vertical. Let v : ¥ — M be a conformal immersion and define the
normal twistor bundle v — ¥ to be the (SO(2n — 2)/U(n — 1))-bundle
over X whose fiber v, at p € ¥ is the space of orthogonal complex
structures on the normal bundle to v at v(p). We can define a Gauss
lift

Gauss(v) v — Z

living over v. This map is defined in the obvious way so that

Gauss(v)(vp) = {¢ € F,|¢Y(TY) = TX}.

Theorem 2. The conformal immersion v : 3 — M 1is harmonic if
and only if Gauss(v) is J_-holomorphic.

The construction of the Gauss lift extends to the case when v has
isolated branch points. Since weakly conformal harmonic maps > — M
are precisely the branched minimal immersions [14], that means we
can always lift a weakly conformal harmonic map. We see that the
(nonvertical) J_-holomorphic curves in Z are contained in the complex
submanifolds that are the Gauss lifts of branched minimal immersions.
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In fact [23], if v : ¥ — M is a minimal surface, then there exists a J_-
holomorphic curve that projects to v. We loosely refer to the following
as the Eells-Salamon twistor correspondence (Eells and Salamon proved
it in the case n = 2, where it really is a correspondence; Salamon proved
it in general in [26]).

Theorem 3 (Eells—Salamon twistor correspondence (ESTC)). Let
(M, g) be an oriented 2n-dimensional Riemannian manifold. Then (non-
vertical) J_-holomorphic curves in the twistor space Z project to branched
minimal surfaces in M and any branched minimal surface arises this
way. In the case n = 2 the Gauss lift actually provides a bijection
between these objects.

Since we are looking at harmonic maps into hyperbolic manifolds, we
recall the following useful theorem about harmonic maps into negatively
curved manifolds, which captures the convexity of the harmonic map
energy functional.

Theorem 4 (See Jost [15], Theorem 8.10.2). Suppose X is a compact
Riemannian manifold with boundary and Y is a complete Riemannian
manifold with negative sectional curvatures. Given a map f : 90X —Y
and a homotopy class of maps F' : X — Y such that Flgx = f, there
exists a unique harmonic map in this homotopy class.

3.3. Classification of J_-holomorphic spheres. In a hyperbolic man-
ifold it is a classical fact that there are no minimal spheres. This is a
consequence of Theorem 4 and the fact that mo (M) = 0 for a hyperbolic
manifold. Convexity implies there is a unique minimal representative
of any homotopy class, mo(M) = 0 implies that any such map is null-
homotopic and the constant map is the unique nullhomotopic minimal
sphere. The ESTC now tells us that any J_-holomorphic curve projects
to a point via the twistor fibration 7, that is:

Proposition 1 ([11], Lemma 37). If Z is the twistor space of a hyper-
bolic 2n-manifold, then the space of J_-holomorphic spheres in (Z,J_)
1s precisely the space of vertical spheres—i.e., jp-antiholomorphic spheres
in the fibers of T.

We will use this to calculate the genus 0 Gromov—Witten invariants
of Z.

3.4. Characteristic classes.

3.4.1. First Chern class. Eells and Salamon showed ([8, Proposition
8.1]) that ¢1(Z, J—) = 0 when M is 4-dimensional. Fine and Panov ([11,
Proposition 33]) extended this to arbitrary dimensions for hyperbolic
manifolds as follows.
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Proposition 2 ([11], Proposition 33). The first Chern class of the
twistor space of a hyperbolic 2n-manifold is given by

c(Z,J-) = —=(n=2)ar(H) = (n = 2)[w],

where H is the horizontal distribution considered as a complex rank
n bundle on Z with the tautological complex structure ¢ at a point

(p,¥) € Z.

We see that there is a trichotomy:

n = 1: (General type) M is a hyperbolic 2-manifold. The twistor space
is just M, the Reznikov 2-form is the area form, and the Eells—
Salamon almost complex structure is the unique g-orthogonal com-
plex structure.

n = 2: (Calabi-Yau) M is a hyperbolic 4-manifold. The twistor space is
symplectically Calabi—Yau in the sense that ¢; = 0. Note that
Z cannot actually by Calabi—Yau in the standard sense: its fun-
damental group is isomorphic to m (M), which is hyperbolic and
hence cannot occur as m; of a Kahler manifold.

n > 3: (Fano) Again, Z cannot be Kéahler, but it is symplectically Fano.

The calculation of the first Chern class goes via the observation that
the tangent bundle of twistor space splits (U(n)-equivariantly) as

ANH D H

where A?H* is the vertical bundle and # is the horizontal bundle,
considered with the Eells-Salamon almost complex structure. Since
c1(V) = c1(A*H*) = —(n — 1)c1(H), and since H|r is the tautologi-
cal U(n)-bundle over F, we deduce that

a(Z)|lp=-2(n—2)H,
while
a(F)=-2(n—-1)H.
(Don’t be put off by the minus signs: we're interested in jp-antiholo-

morphic curves!)

3.4.2. Pontryagin classes. Another advantage of working with the
twistor spaces of hyperbolic manifolds is the following theorem of
Chern [6].

Theorem 5. An orientable hyperbolic manifold has vanishing Pon-
tryagin classes.

The Pontryagin class will crop up very often when we perform topo-
logical calculations later, and this theorem will make our life significantly
simpler.
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3.5. Some useful formulae. The following is a useful formula from
[7].

Lemma 1. If X € V is a vertical vector then Vx preserves the
horizontal-vertical splitting, i.e.,

(VxY)T = vy (Y™,
(VxY)V =vVx(").
Moreover, if Y = W is the horizontal lift of a vector field W on M,

then ~
VxW = (Vi X)H.

Proof. The fact that the fibers are totally geodesic implies that V x
preserves the splitting. To prove the final formula note that
VW - VX = [X, W]

The bracket [X, W] is vertical because W is constant in the X-direction.
The derivative VxW is horizontal because V x preserves the splitting.
Equating horizontal and vertical components gives the formula. q.e.d.

Another useful observation concerns antiholomorphic curves in the
twistor fiber F. If ¢ : ¥ — F is a jp-antiholomorphic curve, then
in terms of local conformal coordinates on X

(1) A, — 7 ok, = 0.

4. Reznikov Lagrangians

The following construction follows Reznikov [24]. We recall it for
the reader’s convenience and because it is of prime importance in what
follows. In this section M may be any 2n-dimensional Riemannian
manifold whose Reznikov 2-form is nondegenerate.

4.1. Reznikov’s construction. Let ¥ be an n-dimensional submani-
fold of M, and consider the submanifold

Ly, :={(p,v) € Zlp € ¥, Y(T,X) L T,mX}
living over 3.

Lemma 2. Suppose X is totally geodesic. Then TLy; contains the
horizontal lift T> of TX..

Proof. Since ¥ is totally geodesic, a g-exponential neighborhood of
a point p € ¥ is contained in . Parallel transport along geodesics
emanating from p preserves the splitting T,M = T, @ (TpE)L and
hence preserves the condition for an endomorphism 1) to lie in Ly.. Thus,
the horizontal sections of Z lying over X are contained in T'Ly. q.e.d.

Lemma 3. If ¥ is totally geodesic, then Ly, is wyey-Lagrangian.
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Proof. The 2-form wy, is block-diagonal with respect to the splitting
H @V, so it suffices to check wmz|fvZ = 0 and wye;| Ly, = 0 separately.

To prove horizontal vanishing of w,,, let X and Y be horizontal lifts
of tangents to X. Then wy(X,Y) = g(X,—4(Y)) = 0 since ¢ € Ly.
Similarly w,, evaluates to zero on pairs of vectors orthogonal to X, so wy,
is block-antidiagonal with respect to the splitting 7% @ (T'X)~+. Since ¥
is totally geodesic, the Riemann curvature tensor is block-diagonal with
respect to this splitting, and therefore R(ww) = Wrez = 0.

To prove vertical vanishing, define the automorphism X\ : T,M —
T,M with respect to the splitting 7,2 @ (7,¥)* as 1 @ —1 and define
the involution of the twistor fiber F, = 771(p) by tx : ¥ = —ApA~!
so that F,, N Ly, is the fiberwise fixed locus of ¢. The involution is wg-
antisymplectic, so that F,, N Ly, is Lagrangian in Fj,. q.e.d.

Clearly, the proof implies that Ly is also w-Lagrangian, but it is easier
for wye, to be nondegenerate than for w to be closed, so this lemma is a
stronger and more useful observation. We also note the following useful
corollary.

Corollary 1. There is a fiber-preserving antisymplectic involution vy
of 771(X) whose fized point set is precisely Lyx.

We now seek to understand the fiber of Ly. This is naturally identi-
fied with SO(n) as follows. Let S(O(n) x O(n)) be the stabilizer of T,%
in SO(2n). This group acts transitively on Ly, N F), and the stabilizer is
S(O(n) x O(n)) NU(n) = O(n)a, where O(n)a denotes the diagonal.
Therefore,

Ly N F, = S(0(n) x O(n))/O(n)a = SO(n).

So when n = 2, Ly, is an S'-bundle; when n = 3, Ly is an RP3-bundle.

In the hyperbolic case, the base space X is a totally geodesic subman-
ifold of a hyperbolic 2n-manifold M, so its universal cover is a linear
n-subspace of hyperbolic space—that is, ¥ is a hyperbolic n-manifold.

4.2. Holomorphic discs. Let ¥ C M be a totally geodesic subman-
ifold of a hyperbolic 4-manifold M. If we want to understand J-holo-
morphic discs with boundary on Ly, we must first understand the rel-
ative homotopy group ma(Z, Ly;Z) and the Maslov homomorphism on
this group.

Lemma 4. The homotopy classes of discs with boundary on Ly, are

72  whenn =2
Z,Ly) = ’
m2(2, Lz) {Z when n > 3,

and the Maslov homomorphism is

w=2(n-—2w.



364 J.D. EVANS

Proof. The homotopy calculation just uses the long exact sequence
of the fibration of Ly over ¥ with fiber SO(n) and the facts that X is
hyperbolic and hence has no higher homotopy groups and that 7 (3)
injects into w1 (M) because X is totally geodesic.

It is clear from the long exact sequence that the generators for
mo(Z, Ly) when n = 2 are the upper and lower hemispheres of the
twistor fiber. When n > 3, the hemispheres of a “real” twistor line
(i.e., one with boundary on the relevant SO(n)) are homotopic and
one of them is enough to generate. The antisymplectic involution tx
switches the two hemispheres of a real twistor line and reverses their
orientations. In particular they have the same Maslov index. Gluing
the two discs along their common boundary gives the twistor fiber F,
and the Maslov indices add. However, the Maslov index of this sphere
is 2¢1(Z) - [F] = 2(n — 2)w, which gives the result. q.e.d.

Using the ESTC, we now describe all J-holomorphic discs with bound-
ary on Ly.

Proposition 3. Let Ly be a Reznikov Lagrangian in the twistor
space of a hyperbolic 2n-manifold. Then the J-holomorphic discs u with
boundary on Ly are all vertical.

Proof. Let u: (A,0A) — (Z, Ly) be a J-holomorphic disc and sup-
pose it is not vertical. On the interior of A the local computation
proving the ESTC implies that u projects to a weakly conformal har-
monic map f = 7ou : A — M with boundary on X. By Lemma 4,
df : 0A — ¥ is nullhomotopic in ¥. Let F': A — 3 be a nullhomotopy
of 0f. Theorem 4, above, ensures that there is a harmonic representa-
tive F' in the homotopy class of F' with the same boundary values. The
composition of F with the totally geodesic embedding > — M remains
harmonic ([9, Section 5]). However, a harmonic map into a negatively
curved manifold is determined uniquely by its boundary values (again
by Theorem 4). Therefore, f is equal to F.

The ESTC now implies that « is contained in the Gauss lift Gauss(E)
(since f is weakly conformal and harmonic, it has only branch point
singularities in the interior of the disc and hence we define the Gauss
lift to be the closure of the Gauss lift of the interior). In each fiber
this consists of almost complex structures for which F*TA C TY is
preserved. But Reznikov’s Lagrangian lift of ¥ consists fiberwise of
complex structures for which 7,,¥ is sent to its orthogonal complement.
This implies that u is contained in a subset of the twistor space disjoint
from Ly, but the boundary of u is supposed to lie on Ly. q.e.d.
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5. Topological preliminaries

We recall some facts from topology which we will use in the compu-
tation of Gromov—Witten invariants.

5.1. Cohomological pushforward. We recall that it is possible to
pushforward a cohomology class a along continuous maps of oriented
compact manifolds by converting « into its Poincaré dual homology
class, pushing that forward, and then taking the Poincaré dual. If f :
X — Y is the map and P denotes the Poincaré duality map from
cohomology to homology (supressing the manifold on which it takes
place), then this means

fia =P Lf, Pa.

The main properties of cohomological pushforward we will need are
these:
e filaU f*B) = (fia) UB.
e If we have a pair of fiber bundles p : £ — B and p/ : £/ — B’
with fibers F' and F’, respectively, and oriented vertical tangent
bundles, then a commutative diagram

j A

L

E S5 F

b
B T) B’
such that the map f has degree 1 implies the equality
b*p| = pre.
In particular, a pullback of oriented fiber bundles satisfies this
condition.

5.2. Diagonal decompositions. Let A*¥ : X — X* denote the di-
agonal map z +— (z,...,z), and let {z;};cr be an additive basis for
H*(X;C). We will find a formula for the cohomology class AF(1) €
H*(X*;C) = H*(X;C)®*. This is what we call a decomposition of the
diagonal. We first introduce some notation. Let

gij:/ina:j

be the Poincaré pairing and g" its inverse matrix (so gupg" = 6,°).
Denote by Cj i the coefficients of the cup product

i
r;Ux) = Cjk ;.
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If we think of (H*(X;C), g) as an inner product space, then we can raise
and lower indices with g and we see that

Cire = gieCjki = /xj Uz U .

Note that we must be careful with the order of indices since cup product
is only graded-commutative. Finally, define the Poincaré amplitude

k—2 k—2

011 i1b1 C1i2 ap_ol Cm/t am—1b

pn k29119129k 2ngmm+lgm IWLHCa'rnmem'
m=2 m=2

Mnemonically, we can think of this as the “Feynman amplitude” asso-
ciated to the diagram

(51

is is ce i
where the incoming edges to the mth interior vertex (from the left) are
labelled by, ¢,y ap, (clockwise from the topmost). Here, the Feynman
rules associate a propagator ¢gP? to an edge connecting downward from
p to g and a cubic interaction C, to the mth interior vertex.

mbmcm

Lemma 5.

A1) =D g7z @y,
tj

AF(1) = Z Pk ® - ® oy when k> 3.

Proof. The first equation is just the Alexander—Whitney formula.
The second will follow by induction. Observe that A1 factors as

Ak idk71®A2
X Xk Xk x2,

Assuming inductively that the lemma holds for A*, we get
AFTH(1) = Prrikatbiig, @ @ @y, ® Af(ay, ).
Since A™ is a diagonal embedding,
Ay, ) = A1) U (24, , @197,
so (with propitious index naming)
Alay, | = g1+ (2, Uy, ) ® Ty,

— k—1lk+1 Chk—20k . .
=9 Cakﬂbchkqg Tij, @ Tigyqs
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which completes the induction step. Deriving the case k£ = 3 from the
Alexander—Whitney formula is elementary. g.e.d.

In the sequel we will frequently use Poincaré amplitudes of different
spaces, and to distinguish them we will sometimes use decorations—
e.g., Py,

Remark 4. We observe that if 7 : A — B is a fiber bundle satisfying
the hypotheses of the (C) Leray—Hirsch theorem (i.e. there exist C-
cohomology classes {zi}f\il on A which pull back to give a basis of the
C-cohomology of the fiber), then the diagonal decomposition for A has
the form

Z A“Zk (zil ®--® Zik) U Tr*A{g(ylllk)?
Zig s Rig,

where y;, .y, is an element of H*(B;C) (we have abusively written 7 :
AF — B*). To see this, form the pullback

ABk 0, gk

dl |

B —— B
Ak

The pushforward along A — A* factors through this map. Note that

7: A®% — B also satisfies the hypotheses of the Leray-Hirsch theorem

since any cohomology class on the fiber F¥ is just a pullback of a product

of classes from A*. Therefore, any class in H*(A®*;C) can be written
(0% c) UT™y.

Pushing this class forward gives

5(8*cURY) = cU Ty = cUT*Af(y),

which is of the required form.

5.3. Borel-Hirzebruch theory. Let G be a compact connected Lie
group and H C G a closed subgroup containing a maximal torus 7" of G.
Borel-Hirzebruch theory is a means of calculating fiber integrals along
bundle projections and takes as its starting point the diagram

BT

o

BH?BG

where T % H - G are the inclusions and x = ¢ o 7. Fix © a positive
system of roots of G and ¥ C © a positive system of roots for H. We
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can think of these roots as element of the cohomology H*(BT;C). The
Borel-Hirzebruch formula ([4, Section 22.6]) tells us that

(2) |(Bo)z = (Br) (By)*z Utd),
where td is the Todd class
a *k .
[[ —= #3710
acV¥

of the vertical tangent bundle to the H/T-bundle BT — BH. Here
H** denotes the direct product [[,~, H ' as opposed to the direct sum.
Identifying H*(BG; C) as the Weyl-invariant subspace of H*(BT'; C) via
(Bk)*, the pushforward (Bk), can be computed using [4, Equation (6)]:

Y sew(c) o (y)sgn(o)
Hae@ «

(3) (Br)y =

where sgn(o) denotes the determinant of ¢ € W(G) considered as a
matrix acting on g.

We will apply Borel-Hirzebruch theory to the following situation. Let
T C H C G be as before, and let 7 : £ — B be a bundle of homogeneous
spaces over a closed manifold arising as a pullback

G/H —— G/H
| |
E -2, BH
T
B —— BG

clp

We can evaluate fiber integrals (pushforwards along 7) of polynomials
in the characteristic classes of the H-bundle over Z, for if ¢ is such a
polynomial, then

niclpe = clp(Bu)e.

This is useful for computing the ring structure on the cohomology of
Z. Henceforth, we assume that there exists an additive basis C' for
the cohomology of G/H coming from pulling back (along the inclusion
G/H — Z) the characteristic classes of the tautological H-bundle over
Z. In this setting the Leray—Hirsch theorem implies that the cohomol-
ogy H*(E;C) is a free H*(B;C)-module generated by these character-
istic classes. In particular if C' = {z;}icr and {y;};es is a basis for the
cohomology of B, then any cohomology class 5 can be written

B= ) Bimurty

icel,jed



QUANTUM COHOMOLOGY OF TWISTOR SPACES 369

and

n(BUzZ, U Uz,) = > B9n(zUz, U---Uz,) Uy,
i€l je
The fiber integrals on the right-hand side can be done using Borel-
Hirzebruch theory, and this gives a system of linear equations for the
coefficients $%. This can be used to compute the cup product coeffi-
cients, because if we take 8 = (2o U 7*yp) U (2. U 7*yq), then

Bij = Cab,cd ij’
6. Topological computations

We now perform some fiber integrals and computations of cohomology
rings that will prove useful in the sequel.

6.1. The twistor space. The first bundle of interest is the twistor
bundle
T:Z — M.

In this case clps classifies the (SO(2n)) frame bundle, cly classifies the al-
most complex horizontal U(n)-bundle #, and the fiber is SO(2n)/U(n).
We may take as a system of positive roots of SO(2n) and U(n), respec-
tively,

U = {l‘l — l‘j|’i < j},

O ={z; — Tj, T —1—33j|i <j.}
We now compute some fiber integrals and the cup product structure
on Z in the cases n = 3 where the fiber is diffeomorphic to CP? and
the cohomology of the fiber is therefore generated by powers of the first

Chern class. When n is larger the computations become unwieldy.
We have

(Bu)e =8, (Bi)icaer = 4,
(Bu)icf =0, (Bu)icact = 0,
(Bu)ie = 16py, (Bu)icacd = 4py,
(Bu)ic$ = 64y, (Bi)icact = 32,

and, since (B))*c3 = xi1xex3 = (Bk)*x is Weyl-invariant, we have for
any ¢ € H*(BU(3);C)

(Bu)i(esUl) = x U (Bl
Now, by Leray-Hirsch, we can write any cohomology element of Z as a
linear combination of powers of ¢1(#H) with coefficients in the cohomol-
ogy of H*(M;Q). In particular,

cl(M)! = 7"(a) + e1(H) - 7°(B) + ei* () + i (8)-



370 J.D. EVANS

Fiber integration yields

§=0,
v =2p1 =0,
B =8,

which determines the ring structure completely as
H*(Z;C) = H*(M;C)[cr(H)]/ (c1(H)* = 8c1 (H)m*x) -
By similar means we can express ca(H), c3(#H) in terms of ¢1(H):
1
co(H) = 561(?1)2, c3(H) =7"x
Let z; = ¢1(H)" and y; be an additive basis for H*(M;C) with yo = 1.
In terms of the basis z;U7*y; for the cohomology of Z, we have Poincaré
pairing
97 b = 89uh 0irj,3 + 64X (M)3a,004,00i+5.6
with inverse

o 1 o L
gzZa,]b _ ggﬁgéz—k],i’) o X(M)(Sya,vol(syb,volaz—i-],O’

where vol is the (unit) volume form on M (assumed to be a part of our
basis). We also have

Cz%,jb,kc = 85i+j+k,3cé\gc + 646i+j+k,6X(M)éa,oéb,oéc,o-
From this and Lemma 5.2 we deduce

Corollary 2 (Formulae for the first few diagonal decompositions).

3
A7 = 13 (000 @ ea (R U A3 (Las)  x(M)r* A (volay).
=0
A} = 6_14 Z (cr(H)! ® c1(H)! @ cr(H)F) U T AP (1)
200 (0 — (o0 @ 191)) U Bl(vola),

where volys is a volume form with fM volys = 1, 1p denotes the funda-
mental class of M, the curly brackets

{2, @ @ 23}

denote
S ay @ @z,
o€S /Stab(z)
and Stab(z) denotes the subgroup of permutations acting trivially on
(Ziys-- - 2i,) (which is nontrivial when z;,, = z;, for some m # n).

We have abused notation slightly and written A* also for the diagonal
inclusion of M into M* and T : ZF — MP* for the product of projections.



QUANTUM COHOMOLOGY OF TWISTOR SPACES 371

6.2. The moduli space of twistor lines. Recall that the holomor-
phic curves of minimal degree in the twistor fiber over p are the twistor
lines consisting of complex structures preserving a fixed 4-plane in the
tangent space 1, M and equal to some fixed complex structure on its or-
thogonal complement. We write £ for the space of twistor lines and A :
L — M for the projection taking a line in the fiber F}, to the point p. The
fiber of A is the homogeneous space L(F) = SO(2n)/SO(4) x U(n — 2)
of lines in a single twistor fiber. We see that A : £ — M is the pullback
of the tautological (SO(2n)/SO(4) x U(n — 2))-bundle over BSO(2n)
along the classifying map for TM, so it fits into our Borel-Hirzebruch
setup.

We will compute the cohomology ring in the case n = 3. This will
later be used to find the Poincaré amplitudes of a decomposition of
the diagonal: these amplitudes will occur as coefficients in our formula
for the Gromov—Witten class associated to the moduli space of twistor
lines.

When n = 3, the fiber of A is diffeomorphic to the Grassmannian

S0O(6)/S0(4) x SO(2),
and so its cohomology ring is
Cle,t]/(e* = t*, et = 0),

where e is the Euler class of the SO(4)-bundle and ¢ is the first Chern
class of the U(1)-bundle. To see the relations, observe that e? is Poincaré
dual to the point in the Grassmannian representing the 4-plane orthog-
onal to a generic pair of vectors in RS, t? is Poincaré dual to the point in
the Grassmannian representing the 4-plane spanned by four generic vec-
tors, and et is represented by the (generically empty) cycle of 4-planes
that contain a given vector and are orthogonal to another. We need to
calculate the fiber integrals

/\geatb

(where e and ¢t now denote the corresponding characteristic classes on
L). The only interesting ones are

)\1154 = )\162 =2,
Mt® = 2pi (= 0 when M is hyperbolic by Theorem 5),
\et® = \edt = 2x.

These yield the cohomology ring
H*(L;C) = H*(M;C)le, t]/(e* = t!, et = \*))

when M is hyperbolic.
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Let 2z; run over the set {1,t,t%,¢3,t4 e}, and let y; be a basis for
H*(M;C). Then we see the Poincare pairing is

/ﬁ(zi UXy;) U (2 UXy) = 29%(522.Zk7t4).
We also have

Ciajb ke = 2051 j+k.4Co0 + 2X (M) {81156 ¢ }0a00500c0

(where {} denotes the sum over permutations as before), and so we
deduce the following corollary.

Corollary 3 (Formulae for the first few diagonal decompositions).

1
Af =5 (Lot +{to ) +£ @ +e@e) UNAY(Lu),
1 o
A= [{eeoc+ Y (ot o) [ UNailu)+
0<ijk<d
i+j+k=8
1 o
7 Z {e@t" @t} UN AP (voly),
0<i<5<3
i+5=3

where we have used the notation of Corollary 2.

6.3. The evaluation map. We denote by L£; the moduli space of
twistor lines with one marked point on the domain. Note that this
has a forgetful map ft; : £; — £ that exhibits it as an (SO(4)/U(2))-
bundle and an evaluation map ev : £y — Z that sends a twistor
line and a point on the twistor line to the corresponding point in Z.
From the first description we see that £, is the pullback of the tau-
tological SO(2n)/U(2) x U(n — 2) over BSO(2n) along the classify-
ing map for TM. The evaluation map is induced by the inclusion
UR2)xU(n—2)— U(n).

We will need to compute cohomological pushforwards along ev of
certain classes ft]c, c € H*(L£;C). Again, we will only compute the case
n = 3. In this case the fiber is

CP? = U(3)/U(2) x U(1).

We will denote by A and B the tautological U(2) and U(1)-bundles,
respectively. The integrals we need to compute are a subset of

evica(A)%ey (B)®
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since the cohomology classes ¢t and e from the previous section pullback
to ¢1(B) and c2(A), respectively. The integrals we are interested in are
1 when k = 2,
4)  eviei(B)F =< c1(H) when k = 3,
A(H) — ca(M) = (M) = 202 when k = 4,

1 when k£ =0,
0 when k=1,
evica(A)er(B)F = 0 when k = 2,
cs(H) =7y when k = 3,
a(H)Ues(H) =c1(H)Ut*x  when k =4,
c1(H)?

(6) evica(A)? = ca(H) =

2 )
where H is the tautological U(3)-bundle over Z.

6.4. The topology of hyperbolic manifolds. The assumption that
the Stiefel-Whitney classes of M vanish allows us to give a good answer
to the question of when M admits an almost complex structure. Notice
that the inclusion of SO(2n) into GL™(2n) is a homotopy equivalence
and hence the question of whether M admits an orthogonal almost com-
plex structure (a section of the twistor bundle) is the same as whether
it admits any almost complex structure.

Lemma 6. An 6-manifold with vanishing Stiefel-Whitney classes ad-
mits: (a) an almost complex structure, (b) a field € of tangent 2-planes.

Proof. To prove (a), recall ([22, Proposition 8]) that the obstruction
to the existence of a lift M — BU(3) of the classifying map for the
oriented tangent bundle is the Bockstein image of wy (M) in H3(M;Z).
To prove (b), ([27, Theorem 1.3]) gives a condition for the existence of
such a 2-plane field with Euler class u € H2(M;Z): that there exists
a class v € H*(M;Z) that reduces to the 4th Stiefel-Whitney class
such that v Uv[M] = x(M). Vanishing of the Stiefel-Whitney classes
reduces this to the condition that v is divisible by 2. Since the Euler
characteristic of a 6-manifold is even, the existence of such a class v
follows straight from nondegeneracy of the Poincaré pairing. q.e.d.

The almost complex structure gives us a section of the twistor bundle
and hence a submanifold representing the homology class Poincaré-dual
to c1(H)3/8. The 2-plane field allows us to “Gauss-lift” the whole 6-
manifold by defining a submanifold of the twistor bundle consisting of
points corresponding to complex structures for which £ is preserved.
This submanifold intersects each twistor fiber in a twistor line and is
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Poincaré dual to c1(#)?/4. We can also define a submanifold Poincaré
dual to ¢1(H) by taking the fiberwise cut-locus of our section (which
is a hyperplane in each fiber). Let us write X (k = 0,1,2,3) for the
corresponding submanifold representing P (Clg—ii)k) (where ¥g = Z).
Notice that if Y is a submanifold of M, then 7=}(Y) intersects ¥y
transversely for all k.

These observations allow us to visualize homology classes in the twistor
space. Given a cohomology class y in M we can represent KP(y) by a
submanifold Y for large K. Now we can represent KP(c1(H)'7*y) by
the intersection of the preimage 7! (Y") with the submanifolds (sections,
Gauss-lifts, etc.) representing c; () (assuming they exist).

7. Definition of Gromov—Witten invariants

We recall the definition of genus 0 Gromov—Witten invariants, quan-
tum cohomology and the Gromov—Witten potential. For more details
see [20]. Let Z be a 2N-dimensional monotone symplectic manifold (for
example, the twistor space of a hyperbolic 2n-manifold with n > 3, for
which N = 2ty

Definition 1. Let J be a regular w-tame almost complex structure
on Z, 8 € Hy(Z;Z) a homology class, and define

Moi(Z,8,JT) = {(u,z)|u: S? 5 X, dyu=0, u*[S2] = 8,
z=1(21,...,2k) €Sk 21=0, 20=1, 23 = o0,
zi # zj for i # j}.
This is a smooth manifold of dimension
2N +2¢1(2)[8] + 2(k — 3).
Consider the evaluation map
ev : Mox(Z,8,J) = ZF, evi(u) = (u(z1), ..., u(z)).

This is a pseudocycle that can be compactified by adding strata of stable
maps to Mg x(Z, 3,J). The compactified moduli space is denoted

ﬂo,k(za /87 J)
We define the k-point genus 0 Gromov—Witten invariant of Z in the
class A to be the homology class
GW7 ;= (evi)«[Mok(Z, B, )] € Hantoey (2)12(k—3) (2" C)
in the sense of pseudocycles. One can extract numerical invariants by

intersecting with pseudocycles in Z*¥. If aq,...,a; are pseudocycles
representing C-homology classes in Z*, then we write

ngk(al, e ,ak) = ng,k . (al X oo ® ak)’

where - is the pseudocycle intersection pairing.
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In the case of twistor spaces all holomorphic curves live in a multiple
mA of the homology class of a twistor line, and when n > 3 the twistor
space is monotone, so we will use the Novikov coefficient ring A = Clq]
(the exponent of ¢ corresponds to the multiplicity m and monotonicity
implies we only need polynomials rather than formal power series).

Pick a Z-basis xy,...,zy for H*(Z;7Z) with zqg = 1 € H%(Z;Z) such
that every basis element has pure degree.

Definition 2. The quantum cohomology of (Z,w) is a ring structure
on the graded vector space

QH"(Z;N) = H*(Z;C) ®c A

given (on elements of pure degree) by

axb= Z Z GW§73((L, b, xi)gijxj ® e’
BEH2(Z) Vst

where ¢ is the inverse matrix to

gij:/ina;j
Z

and the grading on QH*(Z;A) is
QH*(Z;A) = @ H'(Z;C) @c A",

(2

8. The linearized theory

Recall that vertical J_-holomorphic curves are jg-antiholomorphic
curves in the twistor fiber. The image of an antiholomorphic curve is
equal to the image of a holomorphic curve since we can always pre-
compose with an antiholomorphic involution. We will now prove the
following.

Proposition 4. For vertical J_-holomorphic curves,

(i) the kernel of the linearised O;_-operator is precisely the tangent
space of the moduli space;
(ii) if moreover the image of a J_-holomorphic curve is contained in
a line
SO4) xU(n—2)/U(2) xU(n —2)
in the twistor fiber corresponding to a 4-plane m C T,M, then
there is a subspace of the cokernel of the linearized O -operator
naturally isomorphic to w;
(iii) in particular, the obstruction bundle of cokernels over the moduli
space
L =T\S0"(2n,1)/S0(4) x U(n — 2)
of (anti)twistor lines is naturally isomorphic to the tautological
SO(4)-bundle.
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One might be concerned that using antiholomorphic curves in the
twistor fiber will affect the orientation of the moduli space. Indeed the
orientation of the moduli space of twistor lines is reversed along the fiber
directions, but so is the orientation of the twistor fiber and therefore
the computation of Gromov—Witten invariants will not be affected if we
ignore this simultaneous change of signs.

Let u: CP! — Z be a genus 0 vertical .J_-holomorphic curve.

e Let u*V denote the pullback of the twistor connection to u*TZ.
e Recall that the linearized Cauchy-Riemann operator D, : QY
(w*TZ) — QU (u*TZ) is given by the formula

(DuE)(X) = (uV)x& + J_(u"V)jx& — (J-VeJ_)du(X)

We can take vertical and horizontal parts of D, using Lemma 1, and
we get
DQJL;IH 0 .00/, % * 0,1/, % *
u u

where DYVH¢ = (D, 7)Y etc. The DYV-part is just the linearized
Cauchy—Riemann operator governing deformations of u as a holomor-
phic curve in F' (the twistor fiber). But F' is a homogeneous space
and is therefore convex in the sense of Kontsevich [16], i.e. all genus 0

holomorphic curves in F are regular. Therefore, DYV is surjective.
The kernel of D, fits into an exact sequence

0 — ker DYV % ker D, LN ker DHH _ 0,

where a is inclusion into the vertical component and b is projection to
the horizontal component: surjectivity of b follows from surjectivity of
DYV. The cokernel of D, is naturally identified with the cokernel of
D{L{H ; therefore, to compute obstruction bundles it suffices to under-

stand DIH,
Using the projection 7, and horizontal lifting ~, we will identify H
and 7*T'M. Let eq,...,es, be a local orthonormal frame on M near a

point p and {&;}?*, the horizontal lift of this frame to a neighborhood
of 771(p) in Z. Suppose £ =Y ¢%¢; € H. Then

(DI E)(X) = [Du&(X))"
= X(£)& 4+ §'Vxéi + (1X)(E) e + PV x&;
— & (Ve,du(jX) — J_Vs X)H

where 1 is the complex structure on H at the point u(z) of the twistor
fiber. By Lemma 1 this equation is just

(7) DIME(X) = X(€DE + (1X) (€ )é
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Pick conformal coordinates (s,t) in a patch on CP!, and write X =
X490, + X'9;. Then Equation (7) becomes
DiITe(X) = (X°6'; — X'0'))(0:87 + 0", 0E").

Proof of Proposition 4 (i). To find the kernel of DX it therefore suf-
fices to solve

== 0,8 + ¢ 0k = 0.
Differentiating this with respect to s gives
0,5 = 0267 + (9:07,)(01") + ¢, 0,0, = 0
and with respect to t gives
OE" = 0,05E" + (0% (8:E") + v5,876" = 0,
= — 05" = V2 + (00, — v o) e
since V2 = 92 + 07 in local coordinates. Note that by Equation (1)
Oty — 0,00 = 0,
so &% € ker D' implies that the component functions £/ are harmonic
functions on S? and hence constant.
Therefore, the kernel of D,, consists of precisely the tangent directions
in the moduli space M(mA, J_) (where u has degree m) since these are

precisely the deformations of u as a vertical curve (kernel of D}") and
the deformations of u to nearby fibers (kernel of DXH). q.e.d.

Proof of Proposition 4 (ii).

Lemma 7. The adjoint operator (DXH)* is given (in conformal co-
ordinates on the domain and coordinates on u*H induced from an or-
thonormal frame e; of T,M as before) by

(DI )" = —2072(0sn" — 0¥ ),
where dvol = ©2ds A dt is the standard area form on 52 expressed in
conformal coordinates and 1n' = n(9s)" (since n € QY (u*H), its value

on any vector determines its value on any other).
We can now write down some solutions of (DX)*n = 0 immediately.

Lemma 8. Let v € T,M be a vector and pick conformal coordinates
(s,t) on a patch in S%. Define n, = QU (u*H) by requiring n,(9s)" =
(B ;)v7. Then (DHHEY = 0.

Proof. Since v is constant we have

(DI ) = o5 (6000, — AUw'0007y)) o
which vanishes by Equation (1). q.e.d.
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Note that if ¢) lands in a line in F' corresponding to the plane 7, then
o’ jvj € 7. Since u is somewhere immersed, the correspondence v —
Ny is an isomorphism for v € m between m and ker(DHH)* = coker DI
as claimed. q.e.d.

8.1. Interpretation. Let u be a J_-holomorphic curve in Z. Observe
that an infinitesimal deformation of w-compatible almost complex struc-
tures J_ + J_ 4 d.J gives us a natural choice of n € Q0! (u*T Z) defined
by

n(X) = 87 (. (X)).
We have defined elements

Ny - 83 = (8t71b)’07 8t — _(asw)v

in the cokernel of D,. Here, 0,10 = u.(0;), 0510 = u4(9s). We can now
understand these as coming from the following infinitesimal deformation
of J_

(J_w)v when w €V,

0 when w € H,

Oy (w) = {

9. The Gromov—Witten theory of twistor lines

9.1. The obstruction bundle. In this section we compute the Gromov—
Witten cycles associated to the moduli space of pseudohololmorphic
spheres in the homology class A. We recall that this moduli space has
a very nice description as a homogeneous space

L=Mqoyo(Z,A,J-)=T\S0"(2n,1)/SO(4) x U(n — 2),
L1=Mo1(Z,A,J_) =T\SO(2n,1)/U(2) x U(n — 2).

The key observation is that the moduli space is compact (A is a minimal
homology class). We can therefore apply the following theorem.

Theorem 6 (See [20], Proposition 7.2.3). Let Z be a semiposi-
tive symplectic manifold and A a homology class that is not a multiple
cover of a homology class B with ¢1(Z)[B] = 0. If the moduli space
Moo(Z,A,J) is compact and smooth with tangent space at u equal to
the kernel of the linearized 0-operator D,,, then the cokernels of Dy, form
a smooth vector bundle over Mo o(Z, A, J) called the obstruction bundle
Obs, and the Gromov-Witten class GWik may be computed by

P(evyhift;obs,

where

e P: H* — H, denotes Poincaré duality, \ denotes cohomological
pushforward,
o fty, : Moi(Z,A,J_) = Moo(Z, A, J-) is the forgetful map,
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o evy: Moi(Z,A,J-) = ZF is the evaluation map, and
e 0bs is the Euler class of the obstruction bundle over Mo o(Z, A, J_).

In Section 8 we proved that we are in precisely this setting and that:

Theorem 7. The obstruction bundle over L is isomorphic to the
tautological SO(4)-bundle.

Remark 5. One may think of the zero-set of a section of the obstruc-
tion bundle as a “regularized moduli space” M ,(Z, A, J_). There is
then a very appealing picture. Take a vector field V on M and lift it to
a section of Dbs by projecting it to the tautological 4-plane bundle over
the moduli space £. The regularized moduli space consists of twistor
lines corresponding to 4-planes in T, M that are orthogonal to V(p). If

./K/lvo7k(p) denotes that part of the regularized moduli space living in the
twistor fiber at p, then whenever V' (p) # 0,

Moo(p) =2 50(2n —1)/SO(4) x U(n — 3),
where SO(2n — 1) is the stabilizer of V(p), and
Mo (p) = SO2n —1)/U(2) x U(n — 3) 3% SO(2n — 1)/SO(4)
xU(n—3) = MQO(]?)

tells us, morally, which curves will persist in that fiber after deformation
of J. In the case n = 3 this reduces to the standard fibration

SO(5)/U(2) = CP? — §* = SO(5)/S0(4),
so we see (at least heuristically) that Z is uniruled if dim(M) = 6.
9.2. The algorithm. We now give an algorithm that can be used to
compute
GW? ;. = P(evi)iftjobs.
The map evy, factors as

remsi X---XTemg evX .- Xev

Mop(Z, A, J_) ———— L1 X - X L] —— Z",
where rem; is the map remembering only the jth marked point and
ev: Ly =T\SO"(2n,1)/U(2) x U(n — 2) = T\SO*(2n,1)/U(n) = Z
is the 1-point evaluation map. This factorization fits into a diagram

k
[T—; rem; i (ev)F

Mo (2, A, J-) ch zk
ftkl l(ftl)k
L — s Lk
A

which implies that we need to compute
(8) P(ev)f((ftl)k)*Alobﬁ.
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We have Afobs = (0bs ® 1%¥~1) U AF1. Recall that the projection
AL M

is a (SO(2n)/SO(4) x U(n — 2))-bundle and that, by the Leray—Hirsch
theorem, H*(L;C) is a free H*(M;C)-module with some collection of
generators {z;} arising as characteristic classes of the tautological SO(4)
and U(n — 2)-bundles over the moduli space. Let {y;} be a basis for
H*(M;C) and 2z A*y; the corresponding basis for H*(L;C). We take a
decomposition of the diagonal (Section 5.2)
A/!k1 = Z P21j17...7ikjk (Zil Xkyjl) Q& (zik)\*yjk)‘
(S RTRN S AR ]

Now substituting in Equation (8) and using the fact that

Aofty =7oev,

we get the following.
Theorem 8.
GWE =P PRk ((ev(ft] (i, Uobs))) Ut y;,)@
(9) ® ((eviftTzi,) UT y),) @ - - @ ((evift]zs, ) U T 5, ).

It remains only to find the decomposition of the diagonal and to
compute the fiber integrals

evift] zm, evi(ft](z, U obs))

along the (U(n)/U(2) x U(n — 2))-bundle ev that can be done using
Borel-Hirzebruch theory as in Section 6.3.

9.3. Examples. We will illustrate the use of this algorithm through a
number of elementary examples.

Corollary 4. Suppose n = 2 (so M is a hyperbolic 4-manifold).
Then

GW7 ). = x(M)A®* € H*(Z%;C),
where A is the homology class of the twistor fiber.

Proof. In this dimension ev : £1 — Z and A : L — M are diffeomor-
phisms, so {z,,} = {1} and (9) reduces to

P> PR (ftrobs Uty ) @ Ty, ® - @ T,

where (by Theorem 7) obs is the Euler class of the tangent bundle of
M and ft; = 7, so 7%0bs = c3(H) = P(A). Therefore, a summand
is nonzero if and only if y;, has nontrivial cup product with x. This
means that y; must have degree zero and that therefore all other y;,

must be of top degree in order that the Poincaré amplitude P]{/}‘“jk is
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nonvanishing. Under Poincaré duality these pull back (via 7') to A, the
homology class of the twistor fiber, and we get

GW4 ), = A®F € H*(Z%;C).
q.e.d.

Corollary 5. Suppose n =3 (so M is a hyperbolic 6-manifold).
1) When k=1,
Gwi,l = [Z]v
i.e., Z is uniruled.
2) When k =2,

1
GW4, = 177 ({1®@a(H)*YUr*AF (1)),

where H is the horizontal distribution on Z considered as a com-
plex vector bundle.
3) When k =3,

1
GWig =P <E{1 & 01(7'[)2 & 1 (7‘[)2} U T*A?(lM)-i-

x(M)
2

where we have freely used the notation of Corollary 2.

+ {aa(H)®@1®1}U T*A?(VOIM)> ,

Proof of k = 1: In view of (9) it suffices to compute evica(H) where H
is the tautological U(2)-bundle over £;. We saw in Section 6.3 that

evico(H) =1 =P 1Z].
q.e.d.

Proof of k = 2: By Corollary 3, we have the following decomposition of
the diagonal

1
APL= 2 gir (Nya @ 1A gy + 1A 5a @ A%y, + X 50 @ 20y,
'7]’

FEN Yo @ N Yy + N Y @ N yp + Xy, @ e yp) -

Now the result follows from (9) and the formulae for cohomological
pushforward along the evaluation map (4). q.e.d.

Proof of k = 3: Follows similarly. q.e.d.

Remark 6. We can understand the case k = 2 heuristically as fol-
lows. First, notice that the class %cl (H)? pulls back to the twistor fiber
as the cohomology class of a twistor line (since ¢;(H) pulls back to 2H).
Now consider a homology class p € Hy(M;C) represented by an ori-
ented submanifold N C M. As we saw in Section 6.4 we can always
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find an almost complex structure » on M and (if the homology is tor-
sionfree) a 2-plane field . Define the submanifolds Ni, Ny, N{” of Z
which fiber over Ny with fiber F}, F{', F{" over n € Ny equal to

e F': the set of complex structures on 7,,Z making £ holomorphic
(like a Gauss lift, consisting of a line in the twistor fiber),

e F: the point ¢(n),

e F": the cut locus of 1(n) (a copy of CP? in the twistor fiber).
Suppose that the Poincaré dual class i can also be represented by a
submanifold N», which intersects Ny exactly once transversely at some
point n. Then the Gromov—Witten contribution from twistor lines to
their quantum intersection is

1= GWZ,([Vi], [N3"]) = GWZ 5 ([N]"], [NV3]), GWZ,([N7), [N3]) = 0

from our formula since [N]] = H U t*u, [NY'] = H3 U %[, etc. This
can be seen via our earlier heuristic picture of the regularized moduli
space (Remark 5) by noticing that when the perturbing vector field V'
is chosen with V' (n) # 0 there is a unique twistor line in the regularized
moduli space connecting the point F] with the cycle Fj’ and that the
spheres F{" and FJ will generically project to nonintersecting spheres in
S* = My (n) and hence there are no connecting twistor lines.

One must be careful with this heuristic because it can be misleading.
At first sight, if one had a pair of sections of the twistor bundle then their
quantum intersection would pick up the x (M) lines joining them inside
the unperturbed fibers (where there is still a line through every pair of
points), but a simple dimension count shows this is not the case: the
Gromov—Witten class has dimension 14, while the pair of sections would
have codimension 12 in Z2, and we see that the chosen regularization
of the moduli space is not transverse to such a submanifold.

10. Higher-degree curves

10.1. Easy computations. Some higher-degree contributions are easy
to compute for dimension reasons. Recall that the Gromov—Witten
invariant lives in degree

deg GWZ = n(n+1) 4+ 4m(n — 2) + 2(k — 3)
and dim Z* = kn(n + 1). This gives us the trivial bound
dm(n —2)+2(k—-3) < (k—1)n(n+1)
necessary for the nonvanishing of the invariant. For example:

Corollary 6. When n = 3,

e the I1-point invariant only gets contributions from curves of degree
1,
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e the 2-point invariant only gets contributions from curves of degree
8 or less,

e the 3-point invariant only gets contributions from curves of degree
6 or less.

However the special geometry of the Eells-Salamon almost complex
structure gives us more information still.

Lemma 9. Suppose n = 3 and {yi}le are cohomology classes on M
with degrees d;. If Zle d; > 6, then

GWona i (' Ty @ - @ ¢F T yg) = 0.

Proof. Let us assume without loss of generality that the homology
classes P(y;) are represented by submanifolds Y; of M (we can rescale
by a large integer). Recall from Section 6.4 that we have submanifolds
¥, representing P(ci(H)P) for p = 0,1,2,3 that transversely intersect
the preimages 7-1(Y;) so the Gromov—Witten invariant

GWoa k(' T 51 ® -+ ® P 74y)

counts (for a generic J) the number of J-holomorphic curves passing
through all of the 771(Y;) N Zl(f) (where Zl(f) is choice of section/Gauss-
lift /cut-locus, not necessarily the same for each value of i, for the sake
of transversality).

If Zle d; > 6, then Zlgzl deg(Yy) < 6(k — 1) and we can perturb
the submanifolds Y; so that the intersection ﬂlgzl Y, is empty. Then the
moduli space of J_-holomorphic curves that touch all of £ N 71(Y;)

is empty since all J_-holomorphic curves are vertical. Therefore, the
Gromov—Witten invariant is zero. q.e.d.

Corollary 7. Suppose n = 3. We have GW,,4 =0 if k <m.

Proof. For degree reasons we know that

k
12+ 4m + 2(k — 3) + Y (6 + deg(Vy) — 2i¢) = 12k,
/=1

which gives

k k
D deg(Ye) =4(k—m) —6+2> i
=1 =1
Since iy, < 3 we get

k
Z deg(Yy) < 10k — 4m — 6.
=1

The inequality k£ < m ensures that 10k —4m — 6 < 6(k — 1). q.e.d.
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10.2. Obstruction method. Now we use an “obstruction bundle” ar-
gument to deal with the case k = m.

Theorem 9. Let M be a hyperbolic 6-manifold (n = 3) and m > 3
an integer. We have

(10) GWia,m =0,

(11) GWQA’:; =0.

It then follows from the divisor equation that
GWau2 = 0.

The proof will proceed by observing that in these cases there is a
nonvanishing section of the obstruction bundle over the whole moduli
space. If one is willing to appeal to a general theory of Kuranishi struc-
tures & la Fukaya and Ono [13], that is enough to prove vanishing of
the Gromov-Witten invariant, but in our setting it should suffice to
perturb the almost complex structure and indeed the explicit sections
of the obstruction bundle we have arise (infinitesimally) from precisely
such perturbations. Therefore, we outline the proof of a slightly more
general theorem from which Theorem 9 will follow below.

Before we state the theorem, recall that if u = vy U--- U is a
stable curve, then the linearized operator D, is just the restriction of
@le D,, to the subspace of @le WLP(viTZ) consisting of k-tuples of
vector fields that agree at the nodal points. In our setting the image
of D, is precisely the image of @le D,,. To see this, observe that if
n = Dy¢& € im(D,,), then there is a vector field {; € ker(D,,) for all
j such that (&i,...,&;) agree at the nodes: when the domain of v; has
a node n connecting it with the domain of v, for which §; has already
been constructed, we let 5]‘-{ be a vertical vector field in the kernel of

DX,_V that agrees with 5]‘-/ at n (which exists by the transitive isometric
J

action of SO(2n) on the twistor fiber) and £ ﬁ be the constant horizontal
lift of 7.£;(n). In summary:

Lemma 10. The dimension of coker(D,,) for any J_-holomorphic
stable curve u in the twistor space of a hyperbolic 2n-manifold depends
only on the homology class it represents.

Theorem 10. Let

o (Z,w) be a semipositive 2N -dimensional symplectic manifold and
J be the space of w-compatible domain-dependent almost complex
structures (where the domain is S?),

e J_ € J be a particular choice of such an almost complex structure,

e 3 be a homology class in Hy(Z;7Z),

o Xy,..., X} be a collection of submanifolds such that

codim(X| x --- x X}, € Z%) = 2N + 2¢1(B) + 2(k — 3)
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and for any J € J

denote the moduli space of J-holomorphic curves u representing (8
with k marked points z1, . .., z, in the domain such that u(z;) € X,
o M(J) denote the stable map compactification of M(J) and M (J)
the stratum of stable maps modelled on a bubble tree T,
e exc be an even integer (the excess dimension),
such that

e cach stratum My (J_) (modelled on a bubble tree T with e edges)
is a smooth manifold of dimension exc — 2e whose tangent space
at u is isomorphic to the kernel of the homomorphism

ker(Dy) — &8 vy X

given by projecting a vector field onto the normal direction to the
submanifold X;.
e the dimension of coker(D,) is exc for all u € M(J),
for each uw € Mr(J-) with ||du||Lge < ¢, each T'" < T and each
sufficiently small gluing datum a there is a neighborhood v of u in
the space of stable maps modelled on T and a gluing map

Ol(u,a,c) :vNMrp(J_,c) = Mp(J_, 00)

satisfying Property (T) of Proposition 6.
e there exists a 6J € Ty J such that

dJoduoj¢&im(D,)
for all J_-holomorphic stable maps u € M(J).

Then the genus 0 Gromov—Witten invariant
GW . (X1,...,X) = 0.

When we have defined Property () of Proposition 6, we will show it is
satisfied in our case; see Remark 8. We postpone the proof of Theorem
10 to Section 11.

Proof of Theorem 9. Equation (10) concerns the equality case m = k
from the proof of Corollary 7. Therefore, the only nonvanishing Gromov—
Witten invariants are of the form

GWmA,m(C§T*y1 Q& C?T*ym)

where P(y1),...,P(ym) are represented by submanifolds Yi,...,Y;,
which intersect transversely in a collection of points S. The moduli
space of J_-holomorphic curves connecting the submanifolds is now
[1scs Cs, where Cs is the space of degree m stable curves in 77 !(s)
passing through the points p, = E:(f) N 77Y(s). Let us write X; =

Eg) N771(Y;), and let {2}, be a collection of distinct points in S2.
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Let v be a vector field on M such that at every point s € S, v
projects orthogonally to a nonzero vector in any 4-plane corresponding
to a twistor line connecting two of the points p; above s. Now §,J as
constructed in Section 8.1 satisfies the assumptions of Theorem 10.

The same argument works for Equation (11), but one must be slightly
careful because now the submanifolds Y; can intersect in something big-
ger than a point. The only issue is to find a suitable vector field v which
has the relevant behaviour over Y; NYs N Y3, but because this triple in-
tersection is not the whole of M (for dimension reasons) it is always
possible to do so. q.e.d.

11. Proof of Theorem 10

We begin by stating the relevant implicit function and gluing the-
orems we need for the proof. We have made our statements as close
as possible to those in [20] for the reader’s convenience. In the se-
quel, (Z,w) will always denote a compact symplectic manifold, 7 the
space of C"-differentiable domain-dependent w-compatible almost com-
plex structures (for some r > 2).

Definition 3. By an e-perturbation at J we mean a smooth em-
bedding x : B, — J of a finite-dimensional compact Euclidean e-ball
centered at x(0) = J. For Y € B, we will write Jy := (Y, gy for the
associated almost Kéhler metric, and W;’p , L’)’,, Cy- for norms taken
with respect to the metric gy. We write K := Tyk(B.). If u is a
WhP-map ¥ — Z from a Riemann surface (¥, ), then we denote by
by K = QOY(u*TZ) the map sending Y € K to Y oduo j (we blur
the distinction between K and B, writing Y for elements of either).
We will also write By for the Banach manifold of W}I,’p -maps from ¥ to
Z representing some homology class .

Recall that if dvol is a volume form on a complex Riemann surface
(3,7), then for any p > 0 we denote by c¢,(dvoly) the norm of the
Sobolev embedding W1P(¥) — C%(X) where the norm on C°(X) is
the L°°-norm. We also note that for any Riemannian vector bundle
E — ¥ the L*°-norm of a section is bounded above by ¢,(dvoly,) times
its WhP-norm (see [20, Remark 3.5.1]).

Proposition 5 (Implicit function theorem). Let (3,7) be a compact
Riemann surface and p > 2. Let k be an e-perturbation at Jy. Then
for every constant cy > 0 there exists a constant § > 0 such that the
following holds for every volume form dvoly. on ¥ satisfying c,(dvol) <
co. Suppose u € Wol’p(E,Z) and (&, Yp) € Wol’p(E,u*TZ) x Ty, k(Be)
satisfy

) 0 =
lldullzy < co. [[€llwpr < 750 [Yllog < g0 110 (exp2 ()l er < 7.
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Moreover suppose that Q, : L‘g(E,AO’l QuTZ) — Wol’p(E,u*TZ) X
Tj,k(B¢) is a right inverse of D, + v, such that

(Du + Lu)Qu = id, HQUH < ¢o,
and suppose that 1, (K) is a complementary subspace to im(D,). Then
there exists a unique (§',Y') = Qun € Wol’p(E,u*TZ) such that

By (D (€4 €)) = 0, 6+ € llyan < 3, IV +V'lcy < 5.

Proof. The proof is almost identical to that of ([20, Theorem 3.5.2]).
We explain the setup and state the necessary quadratic estimate, leaving
the rest to the enthusiastic reader. We first observe that the norms W)l,’p
(or L‘?,) are Lipschitz equivalent for different Y by compactness of Z,
and that the Lipschitz coefficient £y can be chosen uniformly since the
ball B, is compact. For each Y let ry denote the injectivity radius of

gy and set
. Ty
I := min (—)
YeB. \100
(We are perhaps overly cautious, but for the proof of the quadratic
estimate we will need to work deep inside a geodesic ball for a varying

metric). Now for any £ € Wol’p(u*TZ) with HSHWOLP <€ = coléo the

exponential map
§ = expf” (§)
is an injective continuous map

V.= {f S Wl’p(u*TZ) : HSHWOI,;) < 61}} — By

whose image we denote by vy. Write v := (Jy B, Vy and observe that
exponentiation gives a trivialization

exp: VX K — v
There is a natural Banach bundle £ over v whose fiber at v € vy is
Ewy) =LV (Z, A" @, v*TZ).

We must now trivialize this bundle compatibly with exp. First, we use
parallel transport along geodesics using the Jy-Hermitian connection
VY associated to the Levi-Civita connection V9" to construct isomor-
phisms
Py) t Ewy) = Ewy)

We must still trivialize in the Y-direction. To this end we fix a smooth
vector field X on ¥ that vanishes on a set of measure zero. Recall that
X and a € LE(u*TZ) together determine n € Ew,y) by the condition
that n(X/|X|) = « almost everywhere (since then n(j X/|X|) = —Jy«
almost everywhere)—L, integrability follows from Lf-integrability by
Lipschitz equivalence of the norms. This gives an isomorphism ¥y :
Ewo) = Euy) for all Y. Now the compositions ¢y o @,y : E =
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Eu,0) = Ew,y) give a trivialization of the bundle exp* & = EXV x K —
V x K compatible with the diffeomorphism V x K — v.

The natural section 0 : v — & taking (u,J) to 0;(u) pulls back to
a section F : V x K — FE of the trivialization that we consider as a
function between Banach spaces. We observe that

1
dio.0)F(&Y) = Du + 5Y o duo j.

The key step in proving the implicit function theorem is the quadratic
estimate:

Lemma 11. In the setting of Proposition 5, there exists a constant
C > 0 such that the following holds for every volume form dvoly with
cp(dvoly) < cp. If [|€][Lge < co, then

1 .
e,y F = Du = 5Y 0 duo i < O (llgllyao + 1Y licg ) -
where the norm on the left is the operator norm.

The proof of the proposition now follows precisely the same lines as
([20, Theorem 3.5.2]). q.e.d.

Remark 7. When u is a stable curve modelled on a bubble tree
T, there is an exactly analogous statement that asserts existence and
uniqueness of nearby stable curves modelled on the same bubble tree.
We use the notation J7 for the space of C"-smooth domain-dependent
w-compatible complex structures whose domain is modelled on a bubble
tree T. We will also write 77 < T to indicate that a bubble tree T” is
obtained from 7" by merging bubbles (and hence decreasing the number
of edges).

FEmploying the notation of the proof of our implicit function theorem,
we make the following observation.

Scholium 1. If u is a Jy-holomorphic stable map and Kk : Be — Jr
is an e-perturbation at Jo such that v,(K) is a complement for im(D,,),
then there is a small ball 0 € U C V x K such that F~1(0) N U is the
image of a C"-smooth map ker(D,,) ® 0 = ker(D,, +t,) = V x K of the
form

(£ 0) = (£0) + Qo(&).

This is precisely the space of stable maps near u that are Jy -holomorphic
for some Y near 0.

Before we state the gluing theorem we introduce some further nota-
tion. Let T and 7’ be bubble trees with T < T recall that a bubble
tree consists of a configuration of marked domains ¥;, ¢ € I where some
of the marked points are called nodes. By a node n we mean a quadru-
ple (Zi(n), Xj(n)» Zi(n)» Zj(n)) consisting of two (different) domains ¥;,)
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and X;,,) and marked points z;,) € Xin), Zj;n) € Yjm). We write N
for the set of nodes and think of the domain of the bubble tree as

Yir = UEZ/(Zz(n) ~ Zjm) N E N)
1€l
Label the nodes that are merged in going from T to 7 by M C N. For
each n € M define A,, = Tzi(n) Ez(n) K sz(n) Ej(n)-

We will now construct a metric ¢’ on 7+ given a metric g on X7 and
describe how the complex structure changes (see [19]). By a metric we
mean a smooth Kahler metric on each component. This will depend
on a choice of a, € A, for each n € N’; we denote this choice by
a and call it gluing data. Assume that ¢ is flat in a neighborhood of
Zi(n) and zj,) for each n € M, and let exp;p,) : Tk, i) = Zin),

Zi(n)
exXPj(n) L2 Bj(n) — Lj(n) denote the exponential maps. Using the
map

7(n)

Gn

(O Tzi(n) 2z(n) \ {O} - sz(n) 2](n) \ {0}7 1/1n($) = ;7

we can glue the domains 3;,,) \exp;(,) (B \/m) and () \expj(n) (B \/—‘)

lan

via the merging identification expj(,) oYy o eXpi_(rlL). Choose a func-
tion x, : (0,00) — (0,00) such that y,(s) = 1 when s is slightly
larger than y/|a,| and such that x,(|z|)|dz|? is ¢,-invariant (note that
¥*(ldz|?) = ‘“7"‘2 |dz|?). The metric ¢’ is defined using this invariant
metric to extend g over the necks introduced by merging bubbles.

We also need to define how the family of almost complex structures
% changes under gluing.

Definition 4. Given bubble trees 7/ < T and an e-perturbation
K : Be = Jr centered at Jy, we say k is gluable if there exists a constant
u such that on a p-neighborhood of each n € M in the domain the
almost complex structure Jy is domain-independent for all Y € B..
Given a gluable e-perturbation and a bubble tree 7" < T" and a choice
of a, we define its a-gluing to be the e-perturbation k, : Be — Jr
where, for z € Y/, k,(Y)(2) equals k(Y)(Z), where Z € X7 is sent
to z under the merging identification. Note that this is well-defined
whenever |a,| < p for all n € M because k is gluable.

We do not give a proof of gluing but refer the reader to (|20, Chapter
10]) for a detailed proof without varying J and [19] for a less detailed
proof with varying J.

Proposition 6 (Gluing). Let u be a stable Jy-holomorphic curve
modelled on a bubble tree T and suppose that k : Be — Jr is a gluable
e-perturbation centered at Jy with the further property that 1, (dr(K))
is a complement for im(D,,). Let My (k,c) denote the moduli space of
stable maps modelled on the bubble tree T that are Jy -holomorphic for
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some Y € Be and satisfy ||du;||Lse < ¢ for all components u;. Then for
any T' < T there is an € < €, a neighborhood v of u in the space of
stable maps modelled on T, a nonincreasing function (0,00) — (0,1) :
¢+ r(c), and, for each (¢,a) with 0 < |a,| < r(c)?, ¢ > ||dul|zz an
embedding

&l(u,a,c) : (v x Be) N Mp(k,¢) = Mp (KR, 0)

with the obvious analogues of properties (i)—(iv) in (|20, Theorem 10.1.2] ).
In particular ([20, Corollary 10.1.3]),

(t) if r; — oo, a; is a sequence of gluing data with |a;j,| < r; and
uj € M (kj,00) is a sequence that Gromov-converges to u, then

there is a jo such that for all j > jo we have uj € im(Sl(u,a,c)).

We now return to the proof of Theorem 10. We will denote by ./\/l}‘p]niv
the universal moduli space of pseudoholomorphic stable maps modelled
on a tree T representing the class 3, considered as a subset of By. Here,
Br = Ujc 7By denotes the union over J € J of the space of W}’p -
maps modelled on a bubble tree T

Proof. Consider a smooth 1-parameter family J; € J of domain-
independent almost complex structures such that Jy = J_ and % | ot =
dJ. Assume that the Gromov-Witten invariant is nonvanishing so that
for each ¢ € [0, 1] there exists a Ji-holomorphic stable map u;} in the class
8. By Gromov compactness we can extract a subsequence 0 < ¢t — 0
such that uy, = uj_o ¢, converges (for some sequence of reparametri-
sations ¢) to a stable Jy-holomorphic map u. We may artificially add
marked points to the domain to ensure there are no automorphisms.

Pick an extension of J; to an e-perturbation at .J_

k:B& = J

(where B¢ is an exc-dimensional Euclidean ball) with the property
that K :=im(dor) C Tj_J satifies

t,(K) Nim(D,) = {0}.

The existence of this perturbation is precisely the transversality theorem
([20, Theorem 3.2.1]) applied to each (possibly nonsimple) component
of the stable curve u—transversality can be achieved for the nonsim-
ple components by allowing domain-dependent Js since we are in a
semi-positive symplectic manifold. Note that to define Gromov—Witten
invariants, we cannot achieve this transversality simultaneously over all
strata, because the bubbles that develop have domain-independent al-
most complex structures. That is not our goal: we wish to find a contra-
diction to the existence of the particular Gromov-convergent sequence
up, we constructed under the assumption that the Gromov—Witten in-
variant was nonzero.
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By passing to a subsequence, we can assume that all u; are modelled
on the same bubble tree T'. Let us first assume that u is also modelled
on T". Observe that by construction D, + ¢, is surjective and Fredholm
and therefore admits a right inverse @),,. Scholium 1 tells us that there is
a neighborhood U of (u, J_) such that all Jy-holomorphic stable maps
expy’ (€) with (£,Y) € U are in the image of a C"-smooth map

(£,0) = (£,0) + Quo(§)

defined on the kernel ker(D,,) ®0 = ker(D,,+¢,). For k large enough, uy,
is Jy, -holomorphic (for some Y, # 0) and of this form since the sequence
converges to in the C"-topology to u. However, we know that Mp(J_)
is a smooth manifold near u with tangent space ker(D,,). This implies
that Qu(4(§) € V x {0} for £ small enough. This contradicts the fact
that Y3 # 0. Therefore, © must be modelled on a different bubble tree,
T <T.

We choose a gluable e-perturbation x : B&*® — Jp centered at J_
that contains the family J; and which satisfies ¢, (dx(K)) Nim(D,) = 0.
The existence of this perturbation is guaranteed by transversality, for we
can pick the almost complex structures domain-dependently away from
the p-neighborhoods of the nodes. Since our original family J; con-
sisted of domain-independent almost complex structures, the a-gluing
kq contains J; for all @ small enough. Pick ¢ > ||du|[rz. By assumption
the gluing map &[(u, a, c) lands in Mp(J_,00) for a small enough. By
Proposition 6, (ug,J) lies in the image of &[(u,a,c) for large k, but
Ji # J_ by assumption. This is a contradiction. q.e.d.

Remark 8. It remains to show that Property (f) of Proposition 6
holds for our moduli spaces of J_-holomorphic curves in the twistor
fiber. This follows from [25], since J_|F is an integrable complex struc-
ture on the twistor fiber and the twistor fiber is a convex manifold (i.e.,
all holomorphic curves are regular). The main theorem of [25] therefore
implies that the moduli space of stable maps into each twistor fiber is
a smooth orbifold. In particular, it tells us that in the neighborhood
of a stable J_-holomorphic curve u with no automorphisms the mod-
uli space is a smooth manifold of dimension exc (which is equal to the
expected dimension of u considered as a curve in the twistor fiber). In
the cases we need, it is easy to check that the strata are all still smooth
upon intersecting with the explicit cycles X7, ..., X.

12. Floer theory of Reznikov Lagrangians

12.1. Obstruction term. The following notion was introduced by
Fukaya, Oh, Ohta, and Ono in a more general context in their book
[12]. It arises as the first of an infinite sequence of filtered A, opera-
tions on a suitable space of singular chains on L.
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Definition 5. Let L be a monotone Lagrangian. If .J is regular for
all moduli spaces of Maslov 2 discs, then the obstruction mg is the chain
represented by the evaluation map from the moduli space of Maslov 2
discs with a single boundary marked point to L.

In our case (n = 3) there is precisely one component in this moduli
space, corresponding to the hemispheres of real algebraic lines in CP3
(with boundary on SO(3) = RP3). The expected dimension of the
moduli space is n+ pu— 341 =6 = dim(Ly), so the obstruction cycle is
homologous to a multiple of the fundamental class. Let us write FF, x
for the Fukaya—Floer chain

) k
ev: M, — Ly,

where M, ;. denotes the moduli space of Maslov-y discs with boundary
on Ly and k boundary marked points. We now prove the first part of
Theorem C.

Theorem 11. If X is an oriented totally geodesic submanifold of
an oriented hyperbolic 6-manifold M and Lys. denotes the Reznikov La-
grangian lift in the twistor space of M, then

mo = :|:2\/a [LE].

Proof. The moduli space of Maslov 2 discs (twistor hemispheres) is
compact, so we can employ obstruction bundle techniques to compute
FFy 1 (note that by definition [FFg 1] = mp). Since the totally geodesic
submanifold 3 is oriented, it has the form

I's\SO™(3,1) x SO(3)/S0(3) x SO(3),
and the Reznikov lift is
Is\SO™(3,1) x SO(3)/SO(3)a,

where SO(3)a = SO(3) x SO(3) N U(3) is the diagonal subgroup. A
twistor line with boundary on Ly can be specified by giving a unit
vector v € 1Y) and a unit normal vector w € v,X and taking the set
of 1 preserving the 2-plane (v,w). Hence the moduli space of twistor
hemispheres is a (S? x §? = Gry(RP?))-bundle over ¥

I's\SOT(3,1) x SO(3)/(SO(2) x SO(2)).
Adding a marked point on the boundary ,we obtain
I's\SOT(3,1) x SO(3)/SO(2)A.

The linear analysis of the d-operator is identical to the case of closed
curves except that we only allow deformations that come from vector
fields on X (i.e., H = 7"(T'M) is replaced by 7[;_(7'¥)). This implies
that the obstruction bundle is 2-dimensional with Euler class equal to
the Euler class of the tautological SO(2)-bundle. The 1-point invariant
FF3 1 is therefore given by evaluating the fiber integral of the Euler
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class, which gives +2. The 41 comes from the choice of spin structure
on Ly (or alternatively from picking a flat connection with holonomy
+1 around the nontrivial loop in the SO(3) factor), and the /g in
the formula for mg comes from the area of holomorphic discs (if ¢ =
exp(— [, w) for a twistor line A, then /g = exp(— [, w) for a hemisphere
h).

Note that Ly admits a spin structure since it is diffeomorphic to
¥ x SO(3) both factors of which are spin, the principal frame bundle
of 3 being trivial since ¥ is an orientable 3-manifold. Changing the
spin structure along the nontrivial loop in SO(3) changes the sign of
mg, while changing the spin structure along a loop from X has no effect
(there are no discs with such a boundary). q.e.d.

12.2. Quantum homology of Reznikov Lagrangians. We finish
the proof of Theorem C by calculating the quantum homology of a
Reznikov Lagrangian using the techniques and definitions of [2]. We
recall that the quantum homology QH (L) of an oriented monotone La-
grangian submanifold L is defined to be the homology of the pearl com-
plex associated to a choice of Morse function F' on L, metric on L
(such that the gradient flow is Morse-Smale), and generic almost com-
plex structure on Z. The chain groups are the free C-modules on the
critical points of F', and the differential counts oriented “pearly trajec-
tories” that are sequences of F-gradient flowlines and J-holomorphic
discs with boundary on L. Although the theory is developed in [2] with
7 /2-coefficients, the orientation issue is cleared up in ([3, Appendix A]).

Theorem 12. Let X be an oriented totally geodesic 3-dimensional
submanifold of an oriented hyperbolic 6-manifold. The quantum homol-
ogy of the Reznikov lift Ly, is

QH.(L) = H.(L;C[),

1/2

where we write t = q*/° for the Novikov parameter.

We recall that the quantum homology of a monotone Lagrangian is
(noncanonically) isomorphic to its self-Floer homology, so this proves
Theorem C.

Proof. We pick a Morse function f on ¥ and the standard Morse
function r with four critical points on RP3. We assume that the gradient
flow on Ly = ¥ x SO(3) of the function F' = f + r with respect to the
product of the hyperbolic and round metrics is Morse-Smale (by suitable
choice of f) and that f (and hence F') has a unique maximum and a
unique minimum. We may also assume that f is self-indexing.

There is (|2, Proposition 6.1.1, Proof A]) a homology spectral se-
quence whose E'-page is

El; = H; j(Ly;C)t™
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and which converges to the quantum homology of Ly;. We draw the E!
page below (denoting b1(X) =: b) and indicate the differentials we will
show to be zero:

0 0 0 C
0 0 C ct
0 C?* chr
ce Cchr chr c?

(Cbt?s (C”t2 %Cb
ch N@b
C%3 Ch* Chr=cC

Chd ct Ct 0
Ce c* 0 o0
cr 0 0 0

That the other differentials vanish follows either for degree reasons
or by a combination of Poincaré duality and the Leibniz property of
the higher differentials with respect to cup product (which is certainly
true on the E'-page and continues to be true on the E? and E3 pages
because the E' and E? differentials vanish). Let us write o; ; for the
rth differential whose domain is E] i

The differentials all vanish, but not all for the same reason. We now
tackle the reasons the differentials vanish case by case.

Filtering by the value of f: We observe that the contribution to
the higher differentials from pearly trajectories joining a critical point
p to a critical point ¢ vanishes when f(p) > f(q). To see this, let Jj
be a sequence of regular almost complex structures with J, — J_ as
k — oo, and suppose to the contrary that there is a nonzero differential
connecting p to q. Let up be a pearly trajectory contributing to this
differential. We can extract a convergent subsequence g/, and the limit
is a broken pearly trajectory whose discs are J_-holomorphic and there-
fore contained in level sets of the function f. Since the gradient flow
decreases f and the discs do not allow one to return to larger values of
f, we see that f(p) > f(g). This argument proves vanishing of 5570, 5571
and 58’70.

Easy obstruction bundle methods: To prove that 5&72 = 0, no-
tice that this differential counts (for a regular J) pearly trajectories
connecting a critical point y of index 2 (which has index 2 as a critical
point of f and 0 as a critical point of r) to the critical point ¢ of index
3 corresponding to the maximum of r and the minimum of f. There is
precisely one J-holomorphic disc in this trajectory and it has Maslov in-
dex 2. Such a pearly trajectory corresponds precisely to a J-disc whose
boundary intersects the unstable manifold of y and the stable manifold
of g. Since the moduli space of Maslov 2 discs is compact by minimality
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of the relative homology class the Fukaya—Floer chain FFs o of Maslov
2 discs with two boundary marked points is a cycle: its boundary has
two types of component, where the first marked point approaches the
second from a clockwise or an anticlockwise direction. These cancel, so
the boundary of FFy 5 is the zero chain. By a priori compactness of
the moduli space we can compute the homology class of this cycle using
the obstruction bundle techniques we used to prove Theorems 8 and 11.
The moduli space Mj is diffeomorphic to 52 x S% x ¥, so if we write
x,y € H?(S? x §%,Z) for a Z-basis with 22 = y? = 0, then the diagonal
decomposition for A2 : Mg — M%,o is

{r@y+1@ryl UT A (1y).

The Euler class of the obstruction bundle is x (which is the Euler
class of one of the two tautological SO(2)-bundles over S? x §? =
S0(4)/S0(2) x SO(2)). Cupping the diagonal with z ® 1 gives

{zy®@x)} U T*A?(lz)

In each fiber the moduli space of Maslov 2 discs with one marked point
M1 (F) is a circle bundle over S? x S? with Euler class z + y, and (by
the Gysin sequence) it has

HY (Mo (F); Z) = 0.

Therefore, the pullback of xy to My vanishes. In particular, the
Fukaya—Floer cycle is nullhomologous. Since the count of pearly tra-
jectories contributing to this differential is just the intersection number
of this cycle with the product of the stable manifold of ¢ and the un-
stable manifold of ¥, the differential vanishes.

Hard obstruction bundle methods: To prove that (5870 = 0, no-
tice that this differential counts (for a regular J) pearly trajectories
going from the global minimum p of F' to the critical point ¢ of index 3
corresponding to the maximum of r and the minimum of f. (That the
differential has no contribution from pearly trajectories going from p to
the critical point ¢’ corresponding to the maximum of f and the mini-
mum of r follows by the previous filtering argument.) Such trajectories
consist of a (Maslov 4) J-holomorphic disc through the global minimum
whose boundary intersects the stable manifold of q. Assume that the
differential is nonzero and that therefore such pearly trajectories exist
for any J and suppose that J; is a family of almost complex structures
obtained by exponentiating an infinitesimal deformation d,J at J_ as-
sociated to some vector field v on M as in the proof of Theorem 10.
There is a sequence of J;,-holomorphic pearly trajectories (J;, — J_)
that converges to some limit trajectory u. Since J_-holomorphic discs
are restricted to lie within a single twistor fiber and the stable manifold
of ¢ intersects the fiber containing p and g precisely at ¢, we know that u
is just a stable Maslov 4 disc. Now a gluing or implicit function theorem
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argument as in the proof of Theorem 10 (modified as in Section 4 of [2]
to the case of holomorphic discs) shows that, for suitable choice of v,
the Ji,-holomorphic pearly trajectories cannot exist for ¢ large enough.
A similar argument proves 5671 =0. q.e.d.

As was remarked in the introduction, this tallies with the fact that
a Lagrangian with nonvanishing self-Floer cohomology has obstruction
term equal to an eigenvalue of the first Chern class acting by quantum
product on the quantum cohomology. It would be intriguing to find (or
to rule out the existence of) monotone Lagrangians in the twistor space
of a hyperbolic 6-manifold whose my equals one of the four “exotic”
eigenvalues involving the Euler characteristic of M.
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