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INFINITESIMAL RIGIDITY FOR SMOOTH ACTIONS
OF DISCRETE SUBGROUPS OF LIE GROUPS

ROBERT J. ZIMMER

1. Introduction

Let G be a connected noncompact semisimple Lie group with finite
center and no compact factors, and let I' C G be a cocompact discrete
subgroup. If G has no simple factor locally isomorphic to any SO(1, »n)
or SU(1,n), we established in [15], [18], [20] a rigidity property for any
isometric action of I on a compact Riemannian manifold M. Namely,
we proved that any sufficiently small perturbation of an isometric action
(in the topology of pointwise convergence on I" with the C*°-topology on
Diff(M)) which is ergodic must also leave some smooth metric invariant.
In this paper, we examine some rigidity properties of nonisometric actions
of I'. All presently known ergodic volume preserving actions of I" on
compact manifolds are of an algebraic nature (at least in the case in which
G is of higher rank, i.e., all simple factors of G have real rank at least
2), and it is these algebraically defined actions which we examine. More
precisely, let 7: G — H be a homomorphism of G into another Lie group
H, and let A C H be a cocompact discrete subgroup. Then I' acts on
M = H/A via n. Under mild assumptions this action will be ergodic (see
[6, Chapter 2]). Unless 7 is trivial, there is no I'-invariant Riemannian
metric on H/A.

We recall that an action of a group I" on a manifold A is called in-
finitesimally rigid if H'(T', Vect(M)) = 0, where Vect(M) is the space of
smooth vector fields on M. This definition is of course motivated by
the fact that Vect(M) is the Lie algebra of the infinite dimensional group
Diff(M), and the natural action of I" on Vect(M) is simply the composition
of the action I" — Diff(M) with the adjoint representation of Diff(M) on
its Lie algebra. We shall call an action L2-infinitesimally rigid if the map
HY(T, Vect(M)) — H'(T, Vecty(M)) is zero, where Vect,(M) is the space
of L2-vector fields on M. We can then state our main results as follows.
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Theorem 4.6. Let n: G — H be a homomorphism, A C H a cocompact
lattice, and let T act on M = H/A. We assume that G has no simple
factor locally isomorphic to any SO(1, n) or SU(1, n). Assume the I" action
on M is ergodic. (This holds, e.g., if H is semisimple, A is an irreducible
lattice, and n is nontrivial [16, Chapter 2).) Then the I" action on M is
L2-infinitesimally rigid.

Theorem 5.6. With the hypotheses of Theorem 4.6, assume further that
H is semisimple and either:

(a) n(T) is dense in H; or

(b) H = Hy x H,, and n(T) projects densely into H, and trivially into
H,.

Then the T action on M is infinitesimally rigid.

For any homomorphism n: G — H, where H is a Lie group and G
has higher rank, the work of Weil [13], Matsushima-Murakami [6], and
Raghunathan [9] shows that H!(I', Ady o(#|T")) = 0, and classical results of
Weil [13] (see also [10]) show how to use this infinitesimal rigidity property
and the implicit function theorem to establish local rigidity. The implicit
function theorem in the infinite dimensional situation one encounters in
Theorem 5.6 is of course notoriously more delicate (see [4] for example).
However, it is natural to hope that further development will allow use
of Nash-Moser techniques to obtain a local rigidity theorem from results
along the lines of Theorem 5.6.

It seems likely that Theorem 5.6 is true for all the actions considered
in Theorem 4.6. In fact, most of the proof of Theorem 5.6 works under
the more general hypotheses of Theorem 4.6. We discuss what is needed
to complete the argument in the general case in §6 below. The arguments
of the proof of Theorem 5.6 also allow us to prove the vanishing of the
first cohomology group of I" with coefficients in the smooth sections of
any natural vector bundle (in the sense of [12]) over M, where M is as in
Theorem 5.6. In particular, we obtain:

Theorem 5.8. Let I and M be as in Theorem 5.6. Then H'(I', C®(M))
=0.

Simply from the fact that I" is a Kazhdan group and preserves a finite
measure on M, it follows that H!(I', C*®(M)) — H'(T', L>(M)) is the zero
map, i.e., there is an L2-solution to the functional cohomology equation.
From this point of view, Theorem 5.8 is a regularity theorem.

We now outline the remainder of the paper which will simultaneously
give an indication of the techniques involved. It is of course a standard
technique to convert the computation of the cohomology of I" (at least
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when T’ is torsion free) with coefficients in some vector space to the com-
putation of the de Rham cohomology of I'\X with coefficients in an as-
sociated flat vector bundle, where X = G/K is the symmetric space as-
sociated to G. In §2, we develop this within our context, showing that
H*(I', Vect(M)) can be computed via a de Rham complex of vector bundle
valued forms along the leaves of a foliation. In the classical case consid-
ered by Weil [13] and Matsushima-Murakami [6], one then uses the Hodge
decomposition for the Laplacian on the de Rham complex to reduce the
computation to the computation of the spaces of harmonic forms. The
Hodge decomposition has two aspects. The first is formal and does not
depend upon ellipticity of the Laplacian. The second is the benefits that
accrue from ellipticity. In our situation, the relevant Laplacian will act
only in the leaf direction of the foliation (and will be elliptic along these
leaves), and hence will not be elliptic as an operator on the manifold in
question. Nevertheless, we do have a formal Hodge decomposition, and
we will spell this out, together with some of the relevant analysis involved,
in §3. In §4, we apply the local computations of Matsushima-Murakami
for the Laplace operator to our situation. In particular, Lie algebra re-
sults of Raghunathan [9] can be applied to compute the relevant harmonic
forms, and this leads to a proof of Theorem 4.6. §5 completes the proof
of Theorem 5.6, by first proving the vanishing of the first cohomology of
I" in suitable Sobolev spaces of vector fields. The basic issue that requires
understanding, given the results in §4, is the relation of the cohomology of
I" with coefficients in these Sobolev spaces to the cohomology with coeffi-
cients in the space of L2-sections of various jet bundles over M. This is
carried out in §5 under the hypotheses of Theorem 5.6. In §6 we formally
set forth the type of information that would complete a proof of infinitesi-
mal rigidity for other known actions of I'. In §7 we consider the condition
HY(T',C®°(M)) = 0, and indicate how establishing such a result for general
measure-preserving actions of I' on compact manifolds, combined with the
techniques and results in [20], would prove the main conjectures of [20].

Much of the research that this paper represents was carried out while
the author was a visitor at Harvard University. I would like to thank the
members of that department for their generous hospitality.

2. Preliminaries

We begin by establishing notation. We let G be a connected Lie group,
and K ¢ G a maximal compact subgroup. Let ' C G be a cocom-
pact torsion-free lattice. Let X = G/K, so that X is diffeomorphic to
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a Euclidean space, and Y = I'\G/K, which is a compact manifold with
n;(Y) =T. (The condition that I be torsion free is, as usual in many such
matters, a technical convenience. As described in §4, our main results are
all true without this condition.) Let M be a manifold with a volume den-
sity u. This defines a smooth measure on M, which we also denote by u.
If E — M is a (finite dimensional) vector bundle, we let C*(M; E) denote
the Ck-sections of this bundle, for kK = 00,0, 1,---, and if M is compact,
L*(M; E) will denote the L2-sections (with respect to the measure u). Fix-
ing a Riemannian metric on E then determines a Hilbert space structure
on L%(M;E). As usual, C¥(M) will denote the space of C* real valued
functions on M, and we let Vect*(M) = C*(M; TM) be the space of C*
vector fields. If E — M is a vector bundle, JE — M will denote the vec-
tor bundle of k-jets of sections of E; if E is the trivial bundle M x R, we
set JK(E) = JX(M;R). As usual, we let j*: C°(M;E) —» C®(M;J*E)
be the k-jet map. We denote the space of R-valued p-forms on M by
AP(M), and if E — M is a vector bundle, A?(M; E) denotes the space
of E-valued p-forms on M, i.e., A?(M;E) = C®(M;Alt’(TM,E)), where
Alt? denotes a bundle of alternating p-linear maps. If E has the structure
of a flat vector bundle (i.e., E admits a reduction of structure group to a
countable subgroup of the relevant general linear group), then we have a
natural exterior derivative d: 4?(M;E) — AP*!(M;E) with d*> = 0. We
denote the corresponding cohomology group by Hf, (M; E). If a group H
acts smoothly on M, and this action is covered by an action of H on E
by vector bundle automorphisms, then all of the above spaces of sections
become H-modules. If M is compact and there is an H-invariant smooth
measure on M and an H-invariant Riemannian metric on E, then the ac-
tion on L2(M;E) is unitary. If H preserves a flat structure on E, then the
operator d on A*(M; E) commutes with H.

If T is any left I'-space, we can form the associated bundle to the prin-
cipal I'-bundle G/K = X — Y = I'\G/K. We denote this bundle by Br
and the projection Br — Y by nr. Thus, By = I'\(T x X), where I" acts
on T x X by y-(¢,x) = (yt,yx). The fiber of this bundle is of course T,
and the images of sets of the form {¢} x X in Br yield a foliation # of
Br which is transverse to the fibers. We call (Br, %7) the foliated bundle
associated to the I" action on 7. If E — M is a vector bundle with fiber
V on which I' acts by vector bundle automorphisms, then B — B;, will
be a vector bundle with fiber V. If I preserves a flat structure on E — M,
then Br — B, inherits a flat structure. We remark, however, that even if
E has no flat structure, we have a natural notion of a section of B — By
being locally constant along the leaves of F;.
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We shall need another closely related and standard construction, namely
that of induced action. Thus, we let I = I'\(T x G) so that G acts on the
right of I by I'(¢,h)g =T'(¢, hg). The stabilizers in G of points in I are
all conjugates in G of stabilizers in I" of points in 7, and in particular the
action of G on I7 is locally free (i.e. has discrete stabilizers). I7 is a bundle
over I'\G with fiber T, and the natural map #r: It — I'\G is a G-map.
We call the action of G on I the action induced from the I'-action on T.

If T is compact, I is as well, and if I" preserves a finite measure u on
T, G will preserve the finite measure v on IT given by v = fir\c uzdm,
where u, is the measure on the fiber over z € I'\G defined by u, and m is
the G-invariant volume on I'\G. If E — M is a vector bundle with fiber
V,sois I — I, and if I" preserves a flat structure or Riemannian metric
on E, G will as well on Ig. We have a commuting diagram:

Ip —— Ig/K = Bg

I I

Iy — Iy / K = By

The orbits of G in I, project onto the leaves of ;.

A particularly important case of a flat vector bundle E — M on which
I acts by automorphisms preserving the flat structure is E = M x V', where
V is a vector space, and the I'-action is given by y(m,v) = (ym, p(y)v),
where p: I' — GL(V') is a linear representation. In this case C®(M; E) =
C>(M)Q® V as I''modules. We denote the corresponding bundle Bg by
B,. In this case we also have associated to p a flat vector bundle E, —

= I'\G/K, and we clearly have that B, = n},(E,), the pull-back of
E, by my: By — Y. Similarly, we have an associated flat vector bundle
E} on I'\G, and denoting Iy xy by I,, we have that I, = #},(E;), where
fZMZ 1 M F\G

If the representation p is actually the restriction to I" of a representation
p: G — GL(V), then it is well known that E, — Y can also be considered
as the vector bundle associated to the principal K-bundle I'\G — Y and
the representation p|K: K — GL(V) (see [10], e.g.; we recall the proof
below). We can give a similar description for B,. Namely, we have the
following maps:
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The map I, — By, is a principal K-bundle.

Lemma 2.1. If p: G — GL(V) is a representation, then B, — By is
naturally isomorphic to the vector bundle over By associated to the principal
K-bundle I,; — By and the representation p|K.

Proof:  Consider the map ®: M x G x V — M x G x V given by
®d(m,g,v)=(m,g,p(g)v). WeletI' x K act on M x G x V' in two ways:
first, by y(m, g,v)k = (ym,ygk, p(k)~'v); and second, by y o (m, g,v) o
k = (ym,ygk, p(y)v). Then under the first action the map

I\(M x G x V)/K — T\(M x G)/K

is exactly the projection of the associated bundle for the representation
p|K, and under the second action the map

I\(M x G x V)/K — T\(M x G)/K

is the projection B, — B)s. The lemma then follows from the observation
that
D(y(m, g, v)k) =y o (P(m,g,v))ok.

As in the classical case of E,, this realization of B, is no longer naturally
flat, but has the compensating feature that the structure group is compact.

If E — M is a vector bundle on which I'" acts by vector bundle au-
tomorphisms, we shall be interested in H*(I'; C*°(M;E)). We first re-
mark that we can obtain a de Rham type realization of this cohomol-
ogy. Namely, if & — B, is a vector bundle, we let 4?(%;&) be the
space of &-valued p-forms along the leaves of Fy, ie., 47(#; &) =
C®(By; AltP (THy, &), where T, is the tangent bundle to F. If
& = Bg, where E is a vector bundle over M on which I' acts by vector
bundle automorphisms, then we have a natural exterior derivative along
the leaves of Fy, dy: AP(Fiy; Bg) — APT!(Sy; Bg), with d% = 0. We
denote the corresponding cohomology groups by Hpg (Fr; BE).

Lemma 2.2. Let E — M be a vector bundle on which T" acts by vector
bundle automorphisms. Then there is a natural isomorphism

H*(T'; C*°(M; E)) = Hpp (P B).

Proof.  The action of I" on C®(M; E) defines a local system on Y =
IN\X, and H*(I'; C*°(M; E)) is isomorphic to the cohomology of Y with
coefficients in this local system. For any open U C Y, let &/ (U) be the
smooth sections of By — B, defined on n;ll (U) which are locally constant
along the leaves of #y. It is easy to see that the sheaf of locally constant
sections of the locally constant sheaf corresponding to the above local sys-
tem is naturally identified with the sheaf &/ on Y. Thus we have a nat-
ural isomorphism H*(I'; C®(M;E)) = H*(Y,%). For U C Y open, and
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0 < p <dim(Y), let &/?(U) be the smooth sections of Alt’(T.F, Bg) — By
defined on n;l'(U ). Then &7 is clearly a fine sheaf on Y. Furthermore,
the maps d,7|n;41 () define sheaf maps dg: &7 — /7! and

0 -0 ... ¥P ... i) _,

is clearly a chain complex of sheaves. A simple variant of the Poincaré
lemma (performed “leafwise”; cf. [7]) shows that this complex is actually
a fine resolution of &/. The cohomology of %7 is thus the cohomology of
the global sections of the resolution, and the lemma follows.

We shall need a more explicit version of this isomorphism in the case
E = M x V and the section is given by p: I' — GL(V). Let g: M x
X — By =T'\(M x X) be the natural quotient map, and py: M x X —
X the projection. Then Alt’(p3TX,V) is the bundle of V-valued p-
forms on M x X in the “X-direction”. We have a natural action of I" on
C®(M x X;Alt’(p3TX,V)) and a natural isomorphism of the space of I'-
invariants, C®(M x X; Alt? (p%(T X, V))', with 47 (%y; B,). For any w €
C®(M x X,Alt’(pyTX,V)), we can consider w as a family of V-valued
p-forms on X parametrized by M, i.e. m —» w,, € A”(X,V), m € M. Then
d#w corresponds to the family d(w,,), where d is the ordinary exterior
derivative in 4*(X,¥). A form w € C®(M x X;Alt’(p3xTX,V)) is I'-
invariant if and only if p(y)y*(®,-1,,) = Wm, where we consider GL(V') as
acting on 4?(X, V') by pointwise application in the range. We observe that
we can also apply both y and d to sections of Alt’(pyT X, V) for which
all w,,, m € M, are smooth, but for which w,, do not necessarily vary
smoothly in m.

For w € A'(%u, B,), with dgw = 0, let w,, € A'(X, V) be the cor-
responding family of closed V-valued 1-forms on X. For y € T, let
au(y): M — V be given by a,(y) = [, ®m, where I is a path in X
from x; to yxp, and xy € X is some point fixed in advance. Since w,,
is closed and X is simply connected, a,(y) is independent of this choice
of path. It is easy to see that the I'-invariance of the family {w,,} implies
that a,: I' — C®(M, V) is a 1-cocycle. Namely, a,(y,72)(m) = f,zll WOm,
where I; is a path from xp to y;xp and I, is a path from y;xy to y;72Xo.
Therefore ay(7172)(m) = [; @m + [}, ©@m, and

/ Wm =/ p()’l)yr(w}’"m) = P(J’l)/ yl*w}'"m = ,D(J’l)/ Oyt
I I ! I ! '

Since y; ', is a path from x; to y,xo, we obtain

| on = P(71)ew(72) (77 m) = 1 - 2w(12)
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for the action of I' on C*®°(M, V). This verifies that ay(7172) = aw(y1) +
Y1aw(2)-

Suppose now that d#0 = w for 6 € A°(Fy; B,). Letting 6,,,: X — V be
the corresponding functions, we have d,, = @,,. Thus,

aul7)m) = [ 0 = [ 0= 0n(rx0) = B (o)
But by the invariance of {6,,}, we have

Om(yx0) = p(N(7*0,-1m)(¥X0)] = p(7)0y-1m(X0)-

Therefore, if for x € X we let 6*: M — V be 0*(m) = 0,(x), we
have ay(y) = y - % — 8% for the action of I' on C®°(M, V), i.e., oy is
a coboundary, if w = d¢0. Thus,  — a,, induces a map H'(%y, B,) —
HY(T';C®(M,V)). In this case, Lemma 2.2 becomes

Lemma 2.3. w — a,, induces an isomorphism

H'(%u,B,) = H(T,C®(M,V)).

The above discussion shows that even if 6 is not smooth as a function
of m, but for each fixed m we still have d6,, = w,,, then a, will be
a coboundary in a I'-module consisting of functions more general than
smooth ones. More precisely, we have:

Lemma 24. Let p: I' — GL(V) be a linear representation. Assume M
is compact. Suppose that for each w € A'(Fu, B,), there is a measurable
section 6 of B, — By with corresponding family of functions 6p,: X — V,
m € M, satisfying the following:

(i) 6 € L*(By, B,).
(i1) @ is smooth along the leaves of Fy, or equivalently, each 0,,, m € M
is smooth.

(iii) Fora.ee. me M, d6,, = wp,.

Then the map H'(I', C*(M,V)) — H'(T', L*(M,V)) is 0.

Proof. Let [a] € H'(I,C®(M,V)). By Lemma 2.3, we can assume
a = a, for some I'-invariant section w of Hom(pxTX,V) — M x X.
Since C°(M x X,Hom(p} T X, V))T is naturally isomorphic to 4! (%, B,)
(and this isomorphism extends to sections which are only measurable), our
hypotheses and Fubini’s theorem imply that there is a measurable function
0: M x X — V such that:

(1) @ is a I''map;

(ii) forae. x€ X, 6*: M — Visin L2 (M,V);
(iii) for each m € M, 6,,(x) = 8(m, x) is in C® (X, V);
(iv) db, = wy,.



INFINITESIMAL RIGIDITY OF DISCRETE SUBGROUPS 309

The argument preceding Lemma 2.3 holds for any xo € X. Choosing xg
such that 6% € L*(M, V), that argument proves the lemma.

Now assume that p: G — GL(V) is a linear representation. Follow-
ing the classical case for describing the exterior derivative on 4*(I'\ X, E,)
(which appears in [6], [8], e.g.), we now describe the complex
C®(M x X,Alt*(p;TX,V))! in terms of forms on I, i.e., in terms of
K-invariant V-valued forms on I'\(M x G), where the K-action is given
by I'(m, g)k = I'(m, gk). To do this, we use the isomorphism given by
Lemma 2.1. For ease of reference, we first recall notation for some maps
and label some other ones in the following diagram:

M x G
/N
Iy =T\(M x G) MxG/K=MxX
\ A
s By =T\(M x G/K) Px
l:\G n k
\F\G/K= Y

The action of G on I, is locally free, so we can let & be the orbit
foliation for this action. Thus, T¢ = @},(T(I'\G)). The diffeomorphism
® in the proof of Lemma 2.1 induces an injective map

W: C®(M x X;Alt* (pyTX, V)T — C®(I); Alt* (T@, V)X,

where K acts on V via p. If 4 € g, this clearly defines a vector field (which
we still denote by 4) on I, with A taking values in 7¢& C T Iy, at all points
in Ip;. The image of ¥ is exactly {n°]i(4)n° = 0 for all 4 € &}. Here i(4)
is the natural map

C®(Iy; AP (T, V)) — C®(Iy; AW~ Y(TE@, V).
We set
C®(Iy; At (TE, V))& = {n°]i(A); = 0 for all 4 € ¢},
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so that ¥ is an isomorphism onto this space. The map ¥(n) = n° is
characterized by

p(&)(r* (M mg) = 4" (1°).

On the domain of ¥, we have the exterior derivative in the X direction
(which we recall corresponds to ds). We now give a description of this
differential operator carried over to C®(I); Alt*(T&, V))& via '¥. We first
observe that for y € I;, we have a natural identification of T¢, with g =
£ @ p, where the latter is the Cartan decomposition of the Lie algebra of G.
We may thus identify C®(Iys; Alt"(T@,V)) with C®(I)s; Alt*(g, V)), and
the G-action on the latter given by the G-action on I, the representation
p on V, and Adg on g. By the condition i(4)(n°) = 0 for all 4 € ¢,
we may clearly identify C*°(I)s; Alt*(g, V))& with C° (I, Alt*(p, V)X =
C®(Iy,A(p)* ® V)X. Fix a basis {X;} of g orthonormal for the Killing
form, with X; €p, 1 <i< N,and X; €, N+1<i<n=dimG. Let
w; € g* be the dual basis. For any increasing /-tuple I = (iy,-- -, i;), where
I < N,letw;=w; A Aw;,. Welet (I, j) denote the (/ — 1)-tuple I with
ij deleted. Then any element 7° € C*®(I3s, A(p)* ® V) is given uniquely by
=3 1 N1 ® wy, where the n;: Iy — V are smooth functions. We define,
for 70 € C®(Iys, AP(p)* ® V), two elements of C® (I, A?*!(p)*® V). Let

p+l
(Dn%); = Z(_l)jHXij(’T([,j)),
Jj=1

and
p+l1

(dpﬂo)l = Z(—l)j+l/’(xi,)(’7(1,]))-
j=1
Here we continue to denote by p the representation of g induced by p.
The computation of [8, p. 24], [6] carries over essentially verbatim, and
analogous to the result for the classical case we have:
Lemma 2.5. Under the isomorphism ¥(n) = n° dn corresponds to
(D +dp)(n°).

3. A formal Hodge decomposition

The operator d# defined in §2 is an example of an operator on a func-
tion space of a foliated manifold which is a differential operator along the
leaves of the foliation. A general development of some basic properties
of such operators appears in [7], in the more general setting of a metric
space foliated by smooth manifolds. Rather than develop the most general
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theory, we shall indicate some developments in the special framework in
which we shall need them. We should emphasize, however, that while we
are considering differential operators along the leaves of a foliation, as are
Moore-Schochet [7], much of our development is in a very different direc-
tion from that of [7]. In the first place, the smoothness of the transversal
direction will ultimately play a basic role for us (see §5), while it plays no
role in [7]. More immediately, however, is that the spaces on which we
consider our operators to be acting are of a very different nature than those
in [7]. Namely, in [7], the leaves are “lifted out” of the ambient manifold,
and the differential operators act on smooth functions (or sections) which
are compactly supported on the leaf, or L? on the leaf, etc. On the other
hand, we shall be interested in the operator acting on functions (or sec-
tions) defined on the ambient manifold itself. In the generic case, these
spaces will have very different behavior.

We suppose henceforth that there is a smooth I'-invariant measure u
on M. Since I'\X is endowed with a natural volume form, the space
By carries an induced smooth measure v. It is important to observe
that locally, v is a product measure. We formally record this for ease of
reference.

Lemma 3.1. IfU Cc Y =T\X is a small open set, we have a diffeomor-
phism U x M — =3, (U) of bundles over U such that V|z-1(y) corresponds
to the product measure (vol |y) X L.

Let (p, V) be a finite dimensional representation of G, and E, — I'\X
the associated vector bundle. Then n},(E,) is a vector bundle over By,.
Fix a K-invariant metric on V. Then (via Lemma 2.1, for example), E,
has a corresponding Riemannian metric and hence so does n},(E,).

Let D: C*°(I'\X;E,) — C*(I'\X;E,) be a differential operator with
adjoint D*. For any such D, define a differential operator Dy on
C>(By; my,(E,)) by letting Dg act as D in the leaf direction of the folia-
tion #. The exterior derivative d# of §2 is such an example.

Lemma 3.2. (D#)* = (D*)4.

Proof. Tt suffices to see equality when applied to a smooth f with
support contained in n;j(U ) where U C T'\X is a small open set. This
follows easily from Lemma 3.1.

We now define the “leaf-wise” Sobolev spaces. Let A be the Laplace
operator on E,-valued forms on I'\X. Thus, if d is the exterior deriva-
tive on E,-valued forms, then A = d*d + dd*. Then Ay operates on
C®(Bu; Alt" (T Fy, B,)). The restriction of Ay to a fixed leaf is ellip-
tic, although Ay is itself not elliptic (as long as M is nontrivial.) The
leaves of & will not in general be compact. Given such a B,-valued form
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o along the leaves of Fy, define |||, 5 = (I + A7) @, w)"/? where
(, ) is the ordinary L? inner product. (We recall that both 7%, and
B, have metrics.) We let LY (Bys; Alt* (T, B,)) be the completion of
C>®(Bu; Alt* (T Fy, B,)) with respect to || ||,,+. We may clearly iden-
tify L‘zg” (Bu; Alt™ (T, B,)) with a dense subspace of the corresponding
L?-space. The following is a straightforward consequence of the Sobolev
embedding theorem and Fubini’s theorem (and Lemma 3.1).

Lemma 33. If f € Lé-’ C L2, then (as an element of L?) f can be
represented by w which is C! on each leaf, where | = r — dim(I'\ X)/2.

Proof.  Suppose fj € C* and f; — fin L;”. Fix anopenset U Cc '\ X
over which we can write 7, (U) = U x M. Then each f; and f can be
written on z;,'(U) as a family of E,-valued forms on U parametrized by
m € M, say fj’" Since {f;} is Cauchy in || ||, ., by Fubini we have for
a.e. m € M that (I +A) (/" - j}c'"),jj.'” - ") — 0 as j,k — oo. Since A
is elliptic of order 2, the usual Sobolev embedding theorem implies that
for a.e. me M, fj’" converges to a C! function. Since fi— fin L2, we
deduce that for a.e. me M, f |7z;,1(U ) is C! on the connected component
of m of the intersection of the leaf through m with n;,'(U). Let My C M
be the null set for which f™ is not C!. Then I' - M, will also be null.
Hence f |7t;[l(U ) will be C! along a conull set of leaves. Covering I'\.X
with finitely many (or even countably many) such U, we see that f will be
C! on a conull set of leaves. Letting f = 0 on the complementary null set
completes the proof.

For r even and all /, the map (I +A4)"/? defined on C* sections extends
uniquely to a unitary isomorphism

(I +Az)"72: LE (By; AW (TS, By)) — L (Bag; Al (TS, By)).
Similarly, for each r the exterior derivative d extends to a continuous map
dg: LY (By, Al (TF, B,)) — LY~ (By, AW (TF, B,)).

For r even, the following diagram commutes:

LY (By, Al (TS, B,)) —2— LY (By, A" (T.F, B,))

’é‘l(H-Ay)’/z ’El(1+Ay)’/2

LY (Bu; AIP(TF,B,)) —“— L[X(By, A" (TF,B,))

Then a standard argument yields the following regularity result.

Lemma 3.4. Suppose that for every smooth @ € C®(By; Alt' (T %y, B,))
with d#w = 0 we have that w = dgn for some n € L;' (Bum; By). Then n
is smooth along the leaves of F.
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Proof. If d/eww = 0, we also have that for each even r,
d#((I + A#)"*w) = 0 since d commutes with Ag. Thus, we can find
a€ Lﬁ’,‘(BM;B,,) such that dga = (I+As)"*w. Thends((I+As)""?a) =
®, and by Lemma 3.3, (I + Ag)""/?a is C! along the leaves. If 7,
are measurable sections of B, — By, which are C' along the leaves and
don; = dsn,, then do (1, — n2) = 0, so n;, — 1, is locally constant along
the leaves. Thus, if one is C! along the leaves, so is the other. Since 7 is
arbitrary, #n is smooth along the leaves.

In addition to the Sobolev type spaces Lé’,’ for r a nonnegative integer,
we can use the standard “negative norm” construction to construct the
spaces L;’f’ [14] which are dual to L;’f. The standard argument which
gives the usual Hodge decomposition of the Laplace operator now yields
the following result. (Recall once again the basic point that A5 is only
elliptic along the leaves of % .)

Proposition 3.5 (Formal Hodge decomposition). For each p, let

Ag: L*(By; Alt’ (TS, By)) — L>™(Bas; Al (TS, By)),
dg: L3 (Bu; Al'™ (TS, By)) — L*(Bus; At (T, B)),
d%: L% (Bu; AW (T, B,)) — L2(Bys; Al (TS, B,)).
If these maps are all continuous, then we have the following:
(i) L3(By; Al (TFy, B,)) = im(dy) ® kerAg @ im(d%).

(ii) If w is smooth and d#w = 0, then w € im(ds) @ kerAg.
(iii) Every element of ker A# is smooth along the leaves.
For p = 1, we obtain:
Corollary 3.6. Suppose that for p = 1 we have kerAg = 0 and im(ds)
is closed. Then the map H'(I',C>®(M;V)) — H'(I', L*(M, V) is 0.
Proof.  This follows from Lemmas 2.4, 3.4, and 3.5.

4. Application of the Matsushima-Murakami computations
We recall that under the isomorphism
¥: COM x X; Al (px TX, V)T — C® (I Al (T, V), ¥(n) = n°,

given in §2, we have that the exterior derivative in the X-direction d,
corresponds to (D +d,)(n°) (Lemma 2.5). Under the isomorphism of the
domain of ¥ with C°(By; Alt* (T %y, B,)), the action of Az on the latter
space simply corresponds to the ordinary Laplacian on ¥-valued forms on
X applied in the X-direction on dom(¥). Following the computations of
[8, pp. 41-44] essentially verbatim, we obtain the following.
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Lemma 4.1. Under the isomorphism ¥, As(n) corresponds to (Ap +
A,)(no), where Ap,A, are differential operators on C*(Iy; Alt™(T@, V))&
such that the following hold:

(i) (Apn%n°) > 0, (A,n°%n°) > O for all n° where ( , ) denotes the
ordinary L? inner product.

(ii) There is a linear operator H, = Ef HJ on Alt*(p, V') such that for
any y € Iy,

(Ap(°))(v) = Hp(n°())-
(Recall the identifications made preceding Lemma 2.5.) In particular, A,
is of order 0.
(iii) [8, formula 5.12] If n € C*°(Bu; B)) (i.e., is a O-form), then

N
(Agm,m) = / (Z I1Xn°1% + Ilp(Xj)nOIIZV) :
ne \ 5o
Here the X are as in the discussion preceding Lemma 2.5; || ||y is simply
the norm on V deriving from the inner product on V.

We also recall here the fundamental result of Raghunathan [9], gener-
alizing earlier work of Weil [13].

Lemma 4.2(Raghunathan [9]). For p = 1, p nontrivial and irreducible
and for g with no simple factors isomorphic to any so(1,n) or su(l, n), H,}
is a positive definite (symmetric) operator on Hom(p, V).

Corollary 4.3. Assume the hypotheses of Lemma 4.2. Then kerAg =
(0), and imd« is closed, where these maps are taken as in Proposition 3.5.

Proof.  For any n € L*(By;Hom(T %y, B,)) which is smooth along
the leaves of #,, we have

(A n) > (A% n°) = /r SEOD Ao dy

>ec / ), 1°)) dy > clln®]la-

Thus, kerAy = 0. We now claim that im dg, dg: L;;’ (Bm; By) —
L*(By; A(TS, B,)), is closed.

Since Ay = dydy +d% dy, if n € C®°(By, B,) we have (Agn,n) =
lldznl3. 1t suffices to see that ||ds |3 > cl|nll3, 5 = ¢((I + Az)n,n) (for
some constant ¢). Thus it suffices to see ||ds 7|3 > c||n||3. From Lemma
4.1(iii), we have ||dg ||} = (Agn,n) > [ 3, Ilp(X;)n°|3;- Since p contains
no G-invariant vectors, any vector v € V for which p(X;)v = 0 for all j,
1 < j < N, must be 0. Namely, p(X;)v = 0 for all j implies (p|p)(v) = 0.
Since [p,p] = & we also have (p|¢)(v) = 0, and hence p(4)v = 0 for
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all 4 € g, showing v = 0. Thus for v # 0, v — (3 |lp(X)v|»)/|v]?
is constant on lines and nonvanishing. Let ¢ be its minimum; we have
T2 1p(X)n°l13 > ¢ [ lIn°l1}, and this completes the proof.

We can summarize our discussion to this point as follows.

Theorem 4.4. Let G be a connected semisimple Lie group, I’ C G a
cocompact lattice, and p: G — GL(V) a finite dimensional representation of
G not containing the identity. Let M be a compact manifold on which T acts
smoothly, preserving a smooth volume density. Let T act on functions from
M into V by translation in M, and p in V. Finally assume G has no simple
factors locally isomorphic to O(1,n) or U(1,n). Then H'(T; C®(M,V)) —
HYT,L*(M,V)) is O.

Proof. If T is torsion free, this theorem follows from 3.6, 4.2, and 4.3.
If T is not torsion free, we can choose a torsion free subgroup I'" of finite
index. Applying the theorem for I, we deduce that for an action of I" on
L2(M, V) by affine transformations, there is a I fixed point. This is then
a point with a finite I'-orbit, and the average of this orbit will be a I'-fixed;
point, establishing triviality of the corresponding cohomology class.

When p contains invariant vectors, Theorem 4.4 is still true. To see
this, it suffices to consider the case in which p is the trivial representation.
Then L2(M, V) = L?(M) is a unitary I'-module, and since I' has Kazhdan’s
property, H!(T', L2(M)) = 0 [11]. Thus we have:

Theorem 4.5. Theorem 4.4 is true for any finite dimensional represen-
tation of G.

Suppose now that ¢: G — H is a homomorphism where H is a Lie
group, and that A C H is a cocompact lattice. Let M be the I'-space
M = H/A. Then TM can be naturally identified with M x §, and the
H-action is given by translation on M and Ad on h. Applying Theorem
4.5 to M and the representation p = Ady o¢, we obtain:

Theorem 4.6. Let G, I be as in Theorem 4.4, H a Lie group, ¢: G — H

a smooth homomorphism, and A C H a cocompact lattice. Then the T
action on M = H/A is L*-infinitesimally rigid.

5. Infinitesimal rigidity

We continue with the hypotheses of Theorem 4.6 and pursue the ques-
tion as to when the conclusion of Theorem 4.6 can be strengthened to assert
infinitesimal rigidity. As a G-module, we have C®(M;TM) = C*(M)®}.
For any vector bundle E — M, let J*E — M be the kth jet bundle. Then
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we have (using an invariant connection) an isomorphism of G-modules

x~

CO(M;JH(TM)) = C®(M)® ) (5/(h)* ®),
j=0

and a similar assertion for L2(M; J*TM). From Theorem 4.5, we deduce
that for every k the map H'(I', C®°(M;J¥TM)) — H' ([, L*(M,J*TM))
is 0. We let L2k(M;E) denote the kth Sobolev space of sections of E.
Then we have a commutative diagram:

jk
C®(M;E) —— C>(M;J*E)

| l
L**(M;E) —— L*(M;J*E)

Let E = TM. We know that the right vertical arrow induces 0 on H!.
Our approach to proving infinitesimal rigidity will be to show that the left
vertical arrow induces 0 as well.

Let Qg° denote the quotient space C*°(M; JKE)/j*(C*®(M;E)) and
Q? denote the space L*(M;J*XE)/L>*(M;E). There is a natural map
Qg° — @} which is injective. We then have the following commutative
diagram with exact rows:

C®(M; E)N — C(M; JKE)T ¥ (Qoo)T — H\(T, C°(M; E)) — H\(T, C*(M; JXE)) .

T -

LAM;JFEY 22 ()T — HI(L**(M;E)) Y HV(T, LA(M;JXE))

We know that ¢, = 0. We claim ¢; = 0. To see this, it clearly suffices
to see that y, is surjective.

Lemma 5.1.  y., is surjective. If T is ergodic on M, then dim(Q°)F <
0.

Proof. The injection jk: C®(M;E) — €*(M; J¥E) is naturally split
by the map induced by the projection JE — JOE = E. The naturality
implies that v, is surjective.

To see the second assertion, we recall the beginnings of the Spencer
resolution [3], [2]. Namely, there are differential operators (called the
Spencer operators)

Dy: C®(M;J¥E) —» C®(M;J*"'EQ® T*M),
Dy: C¥(M;J*"'E® T*M) — C®(M;J*2E @ A*(T*M)
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such that

0o . i* o) . 7k D, 00 . 7k—1 *
C®(ME) L C®(M;JXE) 25 C®(M; J*"'E ® T* M)
D2, ¢ (M JF2E @ A2(T* M)

is exact. In particular, im(D,) is closed (in the C*°-topology), and we
can identify Q° and im(D;) as I'-modules. Thus, it suffices to see that
C®(M;J*—1E® T*M)" is finite dimensional. However, this follows from
the following lemma.

Lemma 5.2. IfE — M is a rank n vector bundle, and a group T acts on
E by vector bundle automorphisms covering an ergodic action on M, then
dim(F (M; E)T) < oo where F(M;E) is the space of measurable sections.

Proof.  We first observe that if {¢;} is any countable family of mea-
surable invariant sections, then ergodicity implies that the set of points
m € M for which {¢;(m)} is linearly independent in E,, is either null or
conull. Suppose now that {¢;};c; is a family of measurable invariant sec-
tions maximal with respect to the property of being linearly independent
at almost all m. Then card(/) < n. If ¢ is any other invariant section, by
maximality and our remarks above, we can write ¢o(m) = >_ c;(m)p;(m).
Since ¢;, ¢¢ are I'-invariant, so are c¢;, which by ergodicity implies c; are
essentially constant. Thus, {¢;} spans F(M;E)" over R.

We now return to consider the case when we have ¢; = 0.

Lemma 5.3. If ¢o((Q°)F) is dense in (QF)', then ¢, =0

Proof. By Lemma 5.1 we have ¢ and y., are surjective, and hence
Y, is surjective.

Lemma 5.4. Suppose that for the homomorphism ¢: G — H we have
either:

(a) ¢(T') is dense in H; or

(b) H = H, x H, is semisimple, A projects densely into H,, and ()
projects densely into H, and trivially into H,.

Then ¢o((Q°)T) is dense in (Q2)T.

Remark. The condition on A in (b) (given the condition on I) is
equivalent to ergodicity of I' on H/A. This holds, of course, if A C H is
an irreducible lattice.

Proof (a) Let f € L*(M; JXE) such that y,(f) is I'-invariant. Then
by continuity y,(f) is also H-invariant. Let 7 be the representation of
H on L*(M;J*E). Then n defines in the usual way a representation of
C>®(H) on L*(M;JXE), and representations of H and C>°(H) on the
Hilbert space Q2. Since y»(f) is H-invariant, we have for all a € C°(H)
that 7(a)(y2(f)) = w2(f). However, since a € C*°(H) and H is transitive
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on M, n(a)f € C®(M;J*E). Thus, w2(f) = (Voo ¥wo)(7(a)f), and hence
$o((Q°)") = (QD)".

(b) Let f be as in (a). Then y(f) is also H-invariant. Since H, is
normal in H, x Hy, H; x H, acts on the space (Q2)i. Choose an ap-
proximate identity a; € C°(H; x H,). Then n(a;)(yv2(f)) € (QF)H' and
n(a;)(y2(f)) — wa(f). However, as in (a), n(a,)f € C®(M;J*E) so
n(a;)y(f) € im(¢p), and hence im(¢g) is dense.

Corollary 5.5. Under the hypotheses of Lemma 5.4, for each k we have
HYT,C®(M;TM)) - H'(T, L>*(M; TM)) is 0.

Proof. See 5.3 and 5.4.

Theorem 5.6. Suppose G is a connected semisimple Lie group, T" C G is
a cocompact lattice, and ¢: G — H is a homomorphism where H is another
semisimple Lie group. Assume G has no simple factors locally isomorphic
to SO(1,n) or SU(1,n). Let A C H be a cocompact lattice. Assume either:

(a) ¢(I') is dense in H; or

(b) H=H, x Hy, ¢(T') C H, x {e} and is dense in H,, and A projects
densely onto H,.

Then the T action on M = H/A is infinitesimally rigid.

Proof. Letc: T — C®(M,TM) be a 1-cocycle. By 5.5, for each k we
can find f; € L>*(M, TM) such that y f;, — fi = c(y). Thus, for any / > k,
v fi — fx = vfi — 1, so that f; — f; is I'-invariant. To see that f; is smooth,
it therefore suffices to prove the following.

Lemma 5.7. Let M be a compact manifold on which T acts ergodically
by volume preserving diffeomorphisms. We assume I" C G is a lattice where
G is any semisimple Lie group with no compact factors. Let (p,V) be a
finite dimensional representation of G. Then any measurable T-invariant
section of M x V. — M is (essentially) smooth.

Proof. A measurable I'-invariant section is of course simply a measur-
able -map f: M — V, where actson V by p. Let (p, V) = X%(p;, V;) be
the decomposition into G-irreducible subspaces, and ¢;: V' — V; be projec-
tion. If p; is trivial, then any measurable section is constant by ergodicity,
and hence smooth, If V; is nontrivial and u is a I'-invariant smooth mea-
sure on M, then (g; o f).u is a I'-invariant probability measure on V;. By
[6, §3.2] and the Borel density theorem (g;o f).u is also G-invariant. Since
V; is irreducible, [6, 3.2.2] implies that (g; o f).u is supported at the origin,
1.e. gio f =0 (a.e.). Thus, f is smooth.

The proof of Theorem 5.6 shows that under the same hypotheses one
has vanishing first cohomology for the I"-module of smooth sections of any
natural vector bundle over M in the sense of [12]. In particular, we have:
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Theorem 5.8. Under the hypotheses of Theorem 5.6, we have
H'\(T,C>(M)) = 0.

6. Remarks on the proof

The only point in the proof of Theorem 5.6 that required the special
nature of the homomorphism ¢ was the proof that the map w, is sur-
jective. Thus, we make the following definition. Let M be a compact
manifold, £ — M a finite dimensional vector bundle, and assume a group
I' acts by vector bundle automorphisms. Let Q, be the Hilbert space
L*(M;JKE)/L**(M;E).

Definition 6.1.  Call the action of I' on E — M k-admissible if the
map of I'-invariants L2(M; JKE)' — (Qy)T is surjective. Call the action
on M k-admissible if the action on T M is k-admissible.

We then have:

Theorem 6.2. Let G be a connected semisimple Lie group with finite cen-
ter, no compact factors, and no simple factors locally isomorphic to SO(1, n)
or SU(1,n), and let ¢: G — H be a homomorphism into another Lie group.
LetT C G and A C H be cocompact lattices, and suppose I acts ergodically
on H/A. If the T-action on H/A is k-admissible for all k, then the action
is infinitesimally rigid.

The arguments of §5 show that every natural vector bundle is k-admissi-
ble for all k, for the actions in Theorem 5.6. As observed in Lemma 5.1, the
corresponding map of I invariants for smooth sections is always surjective.

7. Relations with the automorphism groups of G-structures

Let G be a connected semisimple Lie group with finite center such
that every simple factor of G has real rank at least 2. Let I’ c G be
a lattice subgroup. We consider the implications of the condition that
H'(T,C*(M)) = 0 for actions on a compact manifold. For I" cocompact
and special actions of I" we have established this property in Theorem 5.8.
In this section we show how establishing this property in more generality
would lead to a proof of the main conjectures of [20].

Definition 7.1. Let G and I be as above. We say that I satisfies
property (V) if for every smooth action of I" on a compact manifold M
which preserves a probability measure in the smooth measure class we
have H\(T', C®(M)) = 0.
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We remark that we do not know that any of the I" under consideration
have property (V). We also recall that from Kazhdan’s property, we have
H\(T,L*(M)) =0.

We now recall the basic conjecture of [20].

Conjecture [20]. Let G and T" be as above. Let M be a compact n-
manifold, and H C GL(n,R) a real algebraic group that defines a volume
density. Suppose I" acts smoothly on M preserving an H-structure. Then
either:

(1) there is a nontrivial Lie algebra homomorphism g — b; or
(ii) there is a smooth I'-invariant Riemannian metric on M.

This conjecture implies in particular that there is an integer n(G), read-
ily computed from the Lie algebra of G, such that any volume preserving
action of I' on M™" for n < n(G) is finite, i.e., factors through a finite quo-
tient of I" (see [20] for a discussion). The conjecture has been established
for certain H in [17], [18], [19] (see [20] for a unified treatment). Here
we show that a basic technique in [20] establishes the conjecture for all H,
for any I" which has property (V).

Theorem 7.2. Assume the hypotheses of the conjecture. If T has property
(V), then the conclusion of the conjecture is true.

Lemma 7.3. Suppose H is a connected Lie group with a closed normal
subgroup N C H such that H/N = R". IfT has property (V) and P — M
is a principal H-bundle on which T-acts by vector bundle automorphisms,
preserving a probability measure of smooth class on M, then there is a
I"-invariant reduction P to N.

Proof.  Since P/N — M is a principal R”-bundle, we can choose a
smooth section. Thus, as principal R”-bundles we can write P/N = M xR".
The I action on P/N corresponds to an action y(m,v) = (ym, a(y, m)+v)
where a: I'x M — R". Viewing a as a map a: y — C®(M,R"), a is
a cocycle. By property (V), « is trivial in cohomology, so there is a I'-
invariant smooth section of P/N — M.

Proof of Theorem 7.2.  Since H is algebraic, there is a simply con-
nected solvable subgroup S C H such that H/S is compact. Fix a posi-
tive integer k. Let P)(M) — M be the kth order frame bundle of M
[5], so that P)(M) is a principal GL(n, R)*)-bundle, where we can write
GL(n,R)%) = GL(n,R) x U, where U is a unipotent group. Let L = Sx U,
which is thus simply connected and solvable. Since I" preserves an H-
structure on M, there is a I'-invariant reduction of PK)(M) — M to a
principal (H x U)-bundle Q — M. Let M = Q/L, so that M is compact.
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If assertion (i) in the conjecture does not hold, we can apply the mea-
surable superrigidity theorem for cocycles ([6], [20, §4]) to deduce that
the measurable cocycle I' x M — H x U defined by the I'-action on Q is
measurably equivalent to a cocycle into a compact subgroup of H x U.
It follows that there is a I'-invariant probability measure of smooth class
on M. (We note, however, that the invariant measure may not itself be
smooth.)

Let 7: M — M be the projection, and n*(Q) — M the pullback of Q
under 7. Then n*(Q) has a I'-invariant reduction to L, say Q; — M. Since
L/[L, L] is isomorphic to R”, Lemma 7.3 implies there is a I'-invariant
reduction of Q; to [L, L], and continuing inductively, we can reduce the
group to {e}. Thus, there is a I'-invariant smooth section of n*(Q) — M.
From the argument in the proof of [20, Theorem 6.1], and the compactness
of M, it follows that for any smooth metric w on M and any k, {y*w}
has compact closure in the C*-topology on metrics. The arguments of [20,
§6] then show that I preserves a smooth Riemannian metric. This proves
Theorem 7.2.

We remark that by a suitable version of Shapiro’s lemma [1, p. 282],

H'(T, C*(M)) = Hy(G,C®(M")),

where M’ is the induced G-space I'\(G x M), and H denotes differen-
tiable cohomology. If I' is cocompact, then so is M’, and G preserves a
probability measure of smooth class on M’ if I" does so on M. By [I, p.
279], we can then also write

HI(T',C*(M)) = H'(g,K; C®(M")).

Thus, property (V) for I" can be deduced from the analogous property for
differentiable G-cohomology or (g, K)-cohomology for smooth functions
on G-spaces. However, since K is not in general transitive on M’, C*®°(M’)
will not be an admissible G- (or (g, K)-)module, and hence the many results
known under that hypothesis cannot be immediately applied.
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