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Introduction

In [6] it was shown that the Riemann mapping function is the limit of
circle packing isomorphisms as the circles shrink to points. In [5] and the
present paper this connection between conformal mapping and circle pack-
ing is investigated further. We are able to estimate the rate of convergence
of the circle packing isomorphisms and to obtain information about the re-
lationship of the derivative of the Riemann mapping function to the ratio
of the radii of image circle to preimage circle under these isomorphisms.

In [6] the following question was raised: Under the circle packing iso-
morphisms, does the ratio of the radius of an image circle to that of its
preimage converge to the modulus of the derivative of the Riemann map-
ping function? It is known that the answer is affirmative if the convergence
is taken in the L? norm on compact subsets for some p > 2 (see §1). In
84 we prove that the convergence actually holds in the norm of Bounded
Mean Oscillation (BMO) on compact subsets (Theorem 6). A key ingre-
dient of the proof is the Schwarz Lemma analog for circle packings [5].
As another application of this Schwarz Lemma analog—specifically, the
BMO estimates—we obtain a sufficient condition for the convergence to
be uniform. This condition, which is much weaker than the previously
known condition, refers to the hexagonal packing constants s, introduced
in [6].

For n > 2 the constant s, is defined as the smallest number with the
property that, for any circle packing which is combinatorially equivalent
to n generations of the regular hexagonal circle packing, the ratio p of the
radius of a circle of generation 1 to the radius of the circle of generation
0 satisfies |1 — p| < s,. It is shown in [6] that s, — 0 as n — oo.

It had been known previously (see §5) that if s, = O(1/n) as n —
0o, then the convergence of the ratio-of-radii function to the modulus of
the derivative of the Riemann mapping function is uniform on compact
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subsets. In Theorem 8 of the present paper it is shown that the weaker
condition s, = o(1/log**® n) is sufficient for the convergence to be uniform
on compact subsets. The proof uses the BMO convergence as well as results
from §3 on the rate of convergence of the circle packing isomorphisms.

In §3 we obtain estimates on the rate of convergence of the circle packing
isomorphisms to the Riemann mapping function. Theorem 5 shows that
this rate is of order at most (, /5[, 2,12 + €'/*)!/7, where ¢ is the size of
the preimage circles, s, is the packing constant defined above and p > 2.
Lemma 3.2 is a combinatorial-geometric result on circle packings of a disk.
Its Corollary 3.3 represents a strengthening of the Length Area Lemma
[6] from an estimate of order 1/log(1/e) to one of order &*/24. This
corollary can be considered as an analog for circle packings of the fact
that a conformal mapping onto the disk sends points of the domain whose
distance from the boundary is of order ¢ to points whose distance from
the boundary of the disk is at most of order /e.

The author would like to thank John Garnett for his help with the proof
of Lemma 4.1.

1. Circle packing and conformal mapping

In this section and the next we recall the notation and some results
from [5], [6]. A circle packing in the plane is a collection of circles whose
interiors are disjoint. The nerve of a circle packing is the graph with a
vertex for each circle in the packing; two vertices are joined by an edge if
and only if the circles which correspond to the vertices are tangent. Two
circle packing are said to be combinatorially equivalent if the associated
nerves are isomorphic graphs. There is a natural imbedding in the plane
of the nerve of a circle packing—the vertices become the centers of the
circles, and the edges become the line segments joining tangent circles.

Let Q be a bounded region in the plane and let zg, z; be points of Q.
For ¢ > 0 let HCP(¢), the regular hexagonal circle packing of the plane by
circles of radius ¢, consist of circles of radius ¢ centered at the points of
the lattice {2¢(m + nw): m,n € Z}, where w = e'*/3,

If ¢ is sufficiently small we “approximate” Q by a collection Q, of circles
from HCP(¢) defined as follows. Let ¢y be a circle from HCP(g) whose
distance from zj is less than &. Form chains ¢, ¢y, ¢, - - , ¢;j of circles from
HCP(e) such that each one is tangent to its predecessor, and each one
together with its six tangent neighbors lies in Q. The set of circles which
appear in such chains is denoted I, and called the set of inner circles. The
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circles of HCP, — I, which are tangent to inner circles form B,, the set of
border circles. The line segments connecting the centers of pairs of tangent
border circles form a closed Jordan polygon which is everywhere within a
distance 3¢ from the boundary of Q. All of the inner circles lie inside this
polygon. We define Q, = I, U B,.

According to an idea of W. Thurston, one can apply his version of
Andreev’s Theorem to obtain a circle packing 2}, which is combinatorially
equivalent to the circle packing Q. and is a packing of the unit disk D; that
is, the circles of Q/ lie in D and those which correspond to the border
circles of Q, are internally tangent to D ([6]; see also [4] and [7, Theorem
13.7.1]). Let ¢ — ¢’ denote the isomorphism which maps a circle of Q.
to the corresponding circle of Q. Recall that ¢y was a circle of Q, which
was within a distance ¢ from zg; let ¢; be a circle of Q. which is within a
distance ¢ from z,. By performing a M6bius transformation of the disk,
we may require that the circle c; is centered at the origin and that the circle
c| is centered on the real axis.

In [6] it is shown that the correspondence ¢ — ¢’ of Q; — Q] may
be viewed as an approximate mapping of Q into the unit disk and that
as ¢ — 0 this approximate mapping converges to the Riemann mapping
function normalized to send z, to the origin and z; to the positive real
axis. Let us state this result in more detail.

Consider the complex T, of triangles formed by line segments joining
the centers of each pair of tangent circles in Q.. There is a corresponding
complex 7} associated to the circle packing €2;. The isomorphism ¢ — ¢’ of
Q. — Q! gives a mapping of the vertices of the complexes 7; and 7. This
mapping extends to a piecewise linear mapping f;:|T;| — |T;|, where |T;|,
the carrier of T, denotes the union of the triangles of T;, and similarly
for |T}|. In [6] the proof is given for

Theorem 1. The piecewise linear mappings f;:|T,| — |T}| are uniformly
k-quasiconformal. As € — 0, f, converges uniformly on compact subsets of
Q to the Riemann mapping function f>Q — D normalized by f(z,) = 0,
f(z1) > 0.

Consider again the isomorphism ¢ — ¢’ of Q; — Q. If z is the center
of ¢, define

re(z) = (radius of ¢’)/(radius of c).

This defines a map r. on the vertices of T, and it is natural to ask if r,
tends to |f’| as ¢ — 0. It will be convenient to extend r; to a continuous
map on all of |T|,

(1.1) re:|Te| — R,
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for example, by taking the piecewise linear barycentric extension. In [6]
the following problem was raised.

Question. As ¢ — 0, does r.:|T;| — R converge to | f’|: Q@ — R uniformly
on compact subsets of Q?

Such questions about the convergence of 7. — |f’| can be reduced to
questions about the convergence of |8 f;/0z| — |f’| by means of (2.4)
below. In [5] it was shown that the complex dilatation

(1.2) He = (01:/02)/(0 /0 2)

of f; tends to zero in the L*® norm on compacta of Q. A well-known
result [3, Theorem V.5.3] states: If w, is a sequence of k-quasiconformal
mappings of a region Q, w, converges uniformly on compacta to a quasi-
conformal mapping w, and the complex dilatations of w, converge a.e. to
the complex dilatation of w, then for some p > 2 the derivatives dw, /0 z
and dw, /8Z converge to dw /8 z and dw [dZ in the LP norm on compacta
of Q. Therefore, for some p > 2,

0k 0l 2L,

(1.3) 9z 9z’ 0%

and, using (2.4),

(1.4) re—|f|

in the L” norm on compacta. In §4 we prove a result which is stronger
than this L? convergence although not as strong as uniform convergence;

namely, the result that r, — |f’| in the BMO norm on compacta of Q as
e—0.

2. The Schwarz Lemma for circle packings

In [5, Theorem 5.1] the following analog of Schwarz’s Lemma was
proved.

Theorem 2. There is an absolute constant a with the following property.
For any N > 1 let HCPy be N generations of the regular hexagonal circle
packing, and D the smallest disk which contains HCPy. Let HCP', be any
circle packing combinatorially equivalent to HCPy and also contained in
D. Then Ry < aRy, where Ry and Ry, are the radii of the generation zero
circles in HCPy and HCP), respectively.

Fix a compact subset K in Q and then consider a sufficiently small ¢ > 0.
Let d = dist(K,0Q) and N = [d/2¢] — 1| (greatest integer notation). Then
every ¢ € Q. with cN K # O is the center of an HCPy configuration
contained in Q, (the symbols HCPy and HCP/, are defined in Theorem
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2 above). The isomorphism Q, — Q, makes this HCPy configuration
correspond to an HCP'y configuration with center ¢’ contained in the unit
disk. If Theorem 2 is applied (after rescaling the HCPy configuration by a
scaling factor approximately equal to 1/d), we can conclude that the ratio
of the radii of ¢’ to ¢ is bounded above by a constant independent of e.
This proves

Theorem 3. As e — O the mappings r.:|T;| — R of (1.1) are uniformly
bounded on compact subsets of Q.

The ratio-of-radii function r, in (1.1) can be compared with the partial
derivative 8 f,/8z of the quasiconformal mapping f,. With the help of
the Schwarz Lemma analog (Theorem 2) this will lead to the result that
df:/0Z — 0 in L*> on compact subsets of , a fact which does not follow
from the weaker result [6] that 4, — 0 in L* on compact subsets.

Suppose three mutually tangent e-circles ¢y, ¢, ¢3 in Q. correspond to
¢}, ¢, ¢3 under the isomorphism Q. — €. Let p; be the radius of c;. The
map f; sends the center of ¢; to the center of ¢ and is linear inside the
triangle of centers. An explicit computation (Lemma 6.4 of [5]) shows
that inside this triangle

2 2 af; 2 _ 1 2 ( + )2 + 2]
21 iy —ﬁ[(Pl‘*'PZ) +(p2+p3)" +(p3+p1)
) 1
+ ﬁ[l)lpzps(/’l +p2+ pa)'3,
afl> 1
02 2¢? 5% = l(o1+p2)* + (P2 + p3)* + (3 + p1)’]

- —\%—[mpzps(pl +p2+ p3)]'V2

Let K be the triangle formed by the centers of c¢j,cy,c3, let d =
dist(K,0Q), and let N = [d/2e] — 1. As we saw earlier, each c] is the
center of an HCP), configuration. Therefore, by definition of the packing
constants sy,

(2.3) p2 = pi(1+ O(sn)), p3 = pi(1 + O(swn)),
where |O(sy)/sn| is bounded (in fact by 1) as ¢ — 0 and N = N(¢) — oo.
When (2.1) and (2.2) are simplified by means of (2.3) we find that

oL A
Ll - rarosn), |25 = row,

where r; = p; /¢ is the ratio-of-radii function evaluated at any point of K.
If we make use of the boundedness of r. on compacta (Theorem 3), we
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can write these equations as

0/ 0/

0z 0z

where Ok(-) denotes a bounded function whose bound depends on K.
Theorem 4. Let K € Q and n = [dist(K,9Q)/2¢]. Then the following

equations hold on the interiors of the triangles of T, which meet K :

2

2
=r2 + Ok(sn), ‘ = Ok(sn),

2.4 (52| = 1 + 062 = e+ Ot
(2.5) ‘%’;— = r,0(V5,) = Ok(v3n),
2.6 el = O/,

where O(-) denotes a function which is bounded by an absolute constant,
and Ok(-) denotes a bounded function whose bound depends on K.

3. The rate of convergence of f; — f

Let W; = |T;| and D, = |T}|. Consider the Riemann mapping functions
Gw,: W; — D and Gp,: D, — D, which are to be normalized by the condi-
tions Gm(Zo) =0, Gm(zl) >0 and GDC(O) =0, Gpt(fé(zl)) > 0. We shall
estimate || f; — f||x by three comparisons according to the right-hand side
of the inequality
(3.1)

1f(2) = £e(2)] £ 1f(2) = Gw,(2)| + |Gw,(2) = Gp, © f: 0 Gy (Gw,(2))]
+1Gp, (fe(2)) — fe(2)]-

The first term on the right compares the Riemann map f of Q with the
Riemann map of a domain W, very near to . The second term compares
Gp, o fr o G,‘V", a quasiconformal selfmap of D with small dilatation on
compacta, with the identity map. The third term compares the Riemann
map Gp,({) of the near-disk D, with the identity map {. To estimate the
first term we can appeal to a classical result on Riemann maps of nearby
domains (Lemma 3.1). To estimate the third term we will need Lemma
3.1 as well as a result (Lemma 3.2 and its Corollary 3.3) which provides
an estimate of how close 9D, is to D (an estimate of this kind, although
not sharp enough for our purposes here, can be obtained from the Length
Area Lemma of [6]). To estimate the second term we use a result (Lemma
3.4) on estimating quasiconformal selfmaps of D.
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Lemma 3.1. Let Q be a bounded simply connected region containing z
and zy, let K € Q and let f:Q — D be the Riemann map normalized by
f(20) = 0 and f(z,) > 0. Then there is a constant C with the following
property. If W is any simply connected region containing zy and z;, K €
W C Q, and dist(z,0Q) < é for all z € OW, then

(3.2) I/(2) = Gw(2)llx < CV6,

where Gw: W — D is the Riemann map of W normalized by Gw(zo) = 0,
Gw(z1) > 0. IfQ is the unit disk, and z, is real, then (3.2) can be improved
to

(3.3) Iz - Gw(2)llx < Co.

Lemma 3.1 follows from Lemmas 3 and 5 of Warschawski [8].

The next lemma is a strengthening of the Length Area Lemma of [6]. It
refers to the circle packing ; of the unit disk D and will be used to show
that the distance from D, to D is at most of order O(¢!/4). A border circle
of Q; is a circle ¢ which is tangent (internally) to the unit circle. If n is not
too large, the circles in 2} of generation n about a border circle ¢ will form
a cross cut chain which separates ¢ from the origin. There are at most 6n
circles in the cross cut chain of generation »n about c¢. The geometric length
of a cross cut chain is the sum of the diameters of the circles in the chain.

Lemma 3.2. There is an absolute constant C with the following property.
Let c be a border circle of Q,, and suppose that the cross cut chains about ¢
of generations 1,2,--- , N separate c from the origin. Then the minimum s
of the geometric lengths of the cross cuts of generations k, k+1,--- ,2k — 1
(where 2k < N) satisfies

(3.4) s < C(k/N)©124,

Proof. Consider a border circle c. Let s; be the geometric length of the
ith generation cross cut chain about c¢. Let n; be the number of circles in
the ith cross cut chain (n; < 6i), let r;; be the radius of the jth circle in
the ith cross cut chain (1 < j < n;), and let a; = Z;":l nr,-zj be the area of

the ith cross cut chain. Then
= ’ el 24
(3.5) s} = ler,-,- < 4n,-2;r,.2j < —iay.
Jj= Jj=

Consequently, for any subset / of {1,---, N},

(3.6) min{s?:i € 1}21. < 24 a; < 24.
iel ! n iel
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The inequality between the first and last terms above is the basis of the
Length Area Lemma in [6]. It shows that when N is large there will exist
small s;. We will obtain a substantial improvement of that estimate by
using the isoperimetric inequality (amounting to an improvement from
O(1/log(1/¢)) to O(e™'/24); see Corollary 3.3 below).

Note that (3.6) yields s? < 24/(k~! +---+(2k)~!) = O(1); thus (3.4) is
easy to prove in case k/N is bounded away from zero. For the remainder
of the proof we may therefore assume k/N is as small as necessary. Note
that from (3.6) we also obtain min{s>:aN < i < N} < O(1/log(1/a)).
Choose a > 0 so small that this last term O(1/log(1/a)) is less than 1. We
can now be sure that, for some i > aN, the ith cross cut chain will have
length less than 1 and hence be completely contained in a half disk of D.
The consequence we use is that for any border circle ¢, the associated cross
cut chains of generations 1, --- ,[aN] will all lie in a common half disk D,
of D. We will henceforth assume that k/N < a/2.

Perform the linear fractional transformation which sends D onto the
upper half plane D and carries D, onto the half disk D, = {re’:r < 1
and 0 < ¢t < n}. The packing Q of D is carried! to a packing Q. of D.
The quantities s;, 7;;, and a; for Q; correspond to similar quantities for Q’e
which will be denoted §;, #;; and a;.

As in (3.5) we have

2

(3.7) § = (> 27| <d4n
Jj=1

By reflection, the classical isoperimetric inequality implies the following
statement: If a cross cut of length L in a half plane, together with a portion
of the boundary of the half plane, bounds a finite area 4, then 4 < L?/2x.
For this reason we have, for i < [aN],

s s N 1.
a+a+---+aj— S-—S,z

2n
By means of (3.7) this gives
(3.8) ag+a, +---+a— 571[%1'&,-.

It follows from (3.8) that the quantity (do+a; +- - - +a_;)!%/* /i increases
with i for i = 1,---,[aN]. {Proof? Let A; = ap+a, + --- + a;_,. Note

The purpose of working in D rather than in D is that the isoperimetric inequality with
free boundary which we are going to use takes a simpler form in D. This simplification, in
the context of conformal mapping, is due to Warschawski [9].

2The proof is due to Roger W. Barnard (oral communication).
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that for 0 < # < 1 the function x# — fx has a maximum at x = 1; hence
xP < Bx—B+1. If we take x = 14(1/i) and B = n2/12 this last inequality
yields (14 (1/i))™/12 < 1 4+ (72/12i). From (3.8) we have n2/12i < a;/A;.
Thus (1 + (1/§))*/'2 < 1 + (&/A;) which is equivalent to 4% /i <
(A; + @;)'%™* /(i + 1). Hence A~:2/"2/i increases with i.} Thus
(Go+ar+ - +ai1)™ [i < (@0 + a1 + - + 8gany—1)' Y™ [[aN]
< (/)7 [aN],

or

j n?/12
(3.9) 210+211+--~+&i_|5C<—> .

N

From (3.7) we obtain
1 24
a2, x
(3.10) min{5?:i € I}Z Lt
i€l iel

We apply (3.9) to (3.10) and obtain
2k—1 2k—1 n2/12
§* = min{§?: k < i < 2k} Zk %5% gaigc<%) ,
i= =
or § < C(k/N)*/24. Since lengths in D, and D, differ only by a uniformly
bounded factor, this proves (3.4).

We apply Lemma 3.2 with & = 1 and note that N can be taken as O(1/¢),
since €2, contains approximately dist(zo, d)/2¢ generations about zo. We
conclude that the generation 1 cross cut chain about the border circle ¢
has length s = O(e™’/24). Since s is an upper bound for the radius of ¢ we
obtain

Corollary 3.3. There is a constant Cq (depending on the distance from
zg to Q) such that for all sufficiently small ¢ > 0, each border circle of
Q! has radius at most Cqe™/?*. Consequently, each point of 8D, is at a
distance less than Cqe™/* from 8D.

The proof of the next lemma relies heavily on the treatment of the
Beltrami equation in Ahlfors-Bers [1]. We shall make use of their notation
and conventions without additional explanation.

Lemma 34. Given 0 < po < 1 and k < 1, there are constants ¢ and
p > 2 with the following properties. If g is a u-conformal homeomorphism
(lu| < k) of the unit disk D onto itself normalized by g(0) = 0, g(p) >0
Jor some p € (po, 1), then for any 6 >0 and z € D

(3.11) |8(2) = z| < c(lllloo1-5 + 6)'77,
where the norm is the L>® norm on the disk {|z| <1 - 6}.
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Proof. Extend g by reflection to all of C U {co}. Denote the extended
map by £ and let ji denote its dilatation. Set i = u; + up, where p(z)
is defined to be ji(z) for {|z|] < 1/(1 — J)} and zero elsewhere. Thus

le2llo = ”,u"oy,l—é-
One has w# = w* o w#2, where |4 = |u; /(1 — fifi,)| o (w*2)~1. We shall
use the following inequalities:

(3.12) lw#2(z) = zl|loo,r < CrllU2lloo = Ccrlltll00,1-6

(3.13) [w*(2) = zlloo,r < crIIAllp-
(3.12) follows immediately from Lemma 17 of Ahlfors-Bers [1]. (3.13)
with p > 2 follows from the proof of Lemma 17 in [1].

For |z| < 1/(1 —J) use (3.12) and (3.13) with R = 2 (we may assume J
and ||¢#||co,1—5 to be as small as we like) to obtain
[wh(z) — 2| < |wh(w*(2)) — w*(2)| + [w*(z) - 2|

< c(llAlly + Nl #lloo,1—s)-

Since w# and g are both ji-conformal selfmaps of D which fix 0 they differ
by a rotation, & = e¢‘%w#. Furthermore, we find that

sin 6 < |wh(p) — pl/|w*(p) < c(lAllp + ll#lloo,1-6)-
Thus for |z| < 1
8(2) — 2| < |ew(z) — wh(z)| + |wh(2) - 2|
< c(llAlly + llllco,i—s)-

(3.14)

(3.15)

We estimate ||A||, by
s [ [ - o (we) 'y dudv
wh(|z|<1-3)

— o o 2\—1
+//w"2(|z|>1_5){|ﬂl/(1 Afip)| o (w*)™ "} dudv

<l s+ [ [ dudv.
’ wh2(1-0<|z|<1/(1-3))

By (3.12) w# maps 1 —J < |z|] < 1/(1 =) into a < |w| < b, where
a=1-0-c|tlloo,1—5 and b = 1/(1 = 3) + ¢||#tllco,1-5- Therefore ||A]|; <

C("/‘”oo,l—é + 5)
Theorem 5. Given zy,z; € Q and K € Q, there exist constants ¢ and
p > 2 such that for all e > 0

1/p
(3.16) 1/ = fillk < e (\/Saam +274) "

where the s, are the hexagonal packing constants.
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Proof. Recall inequality (3.1) (and the definitions immediately preced-
ing it):
(3.17)
1f(2) = £:(2)| £1£(2) = Gw,(2)| +|Gw,(2) = Gp, o £; 0 Gy (Gw,(2))]
+ 'GDe(ﬂ:(Z)) fe(2)].
By Lemma 3.1, if z € K then
(3.18) |f(2) = Gw,(2)| < ce'/2.

Note that there is a fixed compact subset K; € D such that f.(K) C K
for all sufficiently small ¢ > 0 (by the uniform convergence of f; — f on
K) and that each point of 8D, is at a distance less than ce™ /24 from D
(Corollary 3.3). Therefore, by the second part of Lemma 3.1, if z € K
then

(3.19) |Gp, (fi(2)) — fi(2)] < ce™/* < ce!/4.

By (2.6), the complex dilatation of f; satisfies |u:(z)| < ¢\/Sn, Where n =
[dist(z,0Q)/2¢]. Let hy = Gp, 0 fgoGWE and denote the complex dilatation
of h; by v,. In order to apply Lemma 3.4 we will estimate ||v|| o0, 1—s for
a convenient choice of §. Let K; = {z € Q:dist(z,0Q) > ¢!/2}. Then
Gw,(K.) contains the subdisk |z| < 1 — ce'/* (Lemma 3.1) and so for
0 = ce'*, |Welloo1-8 < lllelloo.k. < €/Sm> Where m = [dist(K,, 0Q)]/2¢] =
[1/2¢!/2]. Now (3.11) applied to |h:(z) — z| gives

(3.20)  |Gw(2) - G, o fi 0 Gy (G| < ¢ (/A +¢74) .
The estimate (3.16) follows from (3.17)-(3.20).

4. Convergence of r, in BMO norm

Let K be a compact subset of Q which is the closure of a subregion of
Q. If g is a function defined on K, then ||g||x,, denotes the L” norm of g
over K (1 < p < o0). Let T denote any square in , and || its area. The
mean value of g over X is denoted by

(4.1) e=1x" [ [edxay.
The BMO norm of g over K is defined by

(4.2) lgllxamo = sup [ / / 1€ — gzl dxdy.
IcK z
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Lemma 4.1. Let w, be a sequence of quasiconformal mappings which
converges uniformly on compacta of Q to a quasiconformal mapping w.
Suppose that dw,[0Z — dw [8Z in the L™ norm on compacta of Q. Then
0w, /dz — dw/dz in the norm of BMO on compacta of Q.

Proof. Let ¢ € C* have compact support in Q. Set g, = pw, and
g =9ow. Then 8g,/0Z = (9¢/0Z)wn + (0w, /0Z) — 8g/dZ in L>°(C).
We have

0(gn—8) o(9(8—8)
(4.3) —az =% (—37—)

where S is the Hilbert transform
son) =3 [ [0z dedn =&+

(see [3, Lemma 7.2]). Now S transforms L* to BMO continuously (Feffer-
man-Stein [2]), i.e.,

(4.4) IShlic.emo < CliAllc,co-
Therefore
ha(gn _ “S (3(gn —g)>
C,BMO 0z C,BMO
(4.5) 5
<C “.M —0.
C,00

If K € Q, then the assertion of the lemma,

follows by taking ¢ =1 on X.

Theorem 6. As ¢ — 0, the ratio-of-radii function re:|T;| — R converges
to the modulus of the derivative of the Riemann mapping function |f'|: Q —
R in the norm of Bounded Mean Oscillation (BMO) on compact subsets of
Q.

Proof. By Theorems 1, 3 and 4, the hypotheses of Lemma 4.1 are
satisfied for f; — f. We conclude that 8 f,/0z — f’, and therefore
|0 f:/8z] — |f'|, in the BMO norm on compacta. It now follows from
Theorem 4 that . — | f’| in the BMO norm on compacta.

We record the following fact from the proof of Theorem 6.

o(w, —w)
oz

-0,
K,BMO
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Corollary. As e — 0, 8 f,/0z converges to f' in the norm of BMO on
compact subsets of Q.

5. Sufficiency of s, = O(1/n)

HCP, denotes n generations of the regular hexagonal circle packing in
the plane. Thus HCP,, consists of 1+6+12+---4+6n = 3n2+3n+1 circles of
equal radii. Let HCP;, denote a circle packing combinatorially equivalent
to HCP,. Let p denote the ratio of the radii of a generation 1 circle and
the generation O circle in HCP,,. Let s, denote the supremum of |1 — p|
over all possible packings HCP;, and all choices of generation 1 circles in
these packings. In [6] it is shown that 5, — 0 as n — oo (consequently,
any packing combinatorially equivalent to an infinite regular hexagonal
packing must consist of circles of equal radius, i.e., is itself an infinite
regular hexagonal packing).

The rate of convergence s, — 0 of the packing constants s, is not known.
The importance of such information is illustrated by the following result
which had been known earlier.

Proposition 1. Consider the situation described in Theorem 1. Let
re:|T;| — R be the mapping defined in (1.1). Thus r, determines the ra-
tio of the radii of corresponding circles in the isomorphism Q, — Q,, and
|f'| is the modulus of the normalized Riemann mapping function of Q. A
sufficient condition that r, converges to |f'| uniformly on compact subsets
of Q as ¢ — 0 is that s, = O(1/n) as n — oo.

Proof. Fix z € Q. For ¢, 6 > 0 let H, 5 be a hexagon of diameter 2
centered at an e-circle of the circle packing Q. which is closest to z. As
¢ — 0 let H, ;s approach a limiting hexagon Hjs centered at z. Then by
Theorem 1 we have

(5.1 1f()P = lim |f(Hos)l/|Hos| = lim lim | £(H, )|/ Hsl,

where |H, 5| and |f;(H,s)| denote the areas of H,; and f;(H;s).

Suppose now that H, s is the convex hull of the centers of N generations
of circles from the circle packing ., so d = 2Ne¢. Assume dist(z,0Q) >
d > 6 > & > 0. Then the packing Q. will contain at least [d/2¢] = [dN/J]
generations of the hexagonal packing centered about any circle of Q, which
meets H, ;. In fact, this estimate of [d/2¢] generations is locally uniform
in z.

Now f;(H, ) is the union of triangles formed by the nerve of an HCP,
configuration of circles from Q); let R be the radius of the generation 0
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circle. Every circle from €, which lies in f;(H, ) can be considered as the
generation O circle of a hexagonal configuration of [d N/J] generations of
circles from Q.. Therefore, by definition of the packing constants s,, the
radius of any circle from Q, which lies in f;(H, ) is at least R(1 —s[dN/,;])N
and at most R(1 + span/s])".

We use these bounds to estimate the area of f;(H, ;) and find that

(5.2)  (R/&)*(1 = sawss) ™ < | fe(He)l/|Hp 5| < (R/€)*(1 + Sianye))™™ -

By hypothesis, 0 < s, < B/n for some constant B. Consequently, for &
fixed,

)ZN )2N

i = lim (1 + 3
il_ir(l)(l'*‘s[dN/J] NLOO( + S(anys)

< Jlim (1+ B/[dN/8])*N = e?Bo/4,

lim(1 - Sanya)™ = Jim (1 - sianyo)*Y
< Jim (1 + B/[AN/6] = =283/,
—00

From (5.2) we obtain

2 2
(5.3) limsup (5) e~28%/4 < | f(Hys)|/|Hos| < liminf <§) e2Bo/d,

£—0 € e—0 €
Let 6 — 0 in (5.3). The center term converges to | f'(z)|>. We conclude
that lim,_o(R/¢) = |f'(z)| and since this limit exists it must be the same
as lim,_,o r.(z) because the functions r, are piecewise linear. We already
noted that these estimates are locally uniform in z. Thus r.(z) — |f(z)|
uniformly on compact subsets of Q.

6. Sufficiency of s, = 0(1/log? n)

Proposition 1 showed that the convergence rate s, = O(1/n) is a suffi-
cient condition for the convergence of r, — | f’| as ¢ — 0 to be uniform on
compact subsets of 2. We shall now show that this result can be improved
if we make use of the BMO convergence established in Theorem 6.

Theorem 7. In the context of Proposition 1, a sufficient condition that
re — | f'| uniformly on compact subsets of Q as ¢ — 0 is that s, = o(1/log? n)
as n — oo where q > 4.

Theorem 7 follows, via (2.4), from

Theorem 8. A sufficient condition that 8 f,/8z — f' in L>® on compact
subsets of Q is that s, = o(1/log? n) where q > 4.
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Proof. Fix a compact subset K of Q which is the closure of a subregion
of Q. We seek a sufficient condition that

(6.1) Il fe,z = fI”K,oo —0 ase—0,

where f; . is an alternate notation for 8 f;/0z. Let K, be the intersection
with K of the interiors of the triangles of the triangulation 7;. Then (6.1)
will follow if we prove that

(6.2) sup{|/e.-({) = S(DI:{ €K} —» 0 ase —0.

Suppose { € A C K,, where A is the interior of one of the triangles in
T, which meets K. Since f; ; is constant in A, it is clear that

o0~ 10 = g [ [ = sy
=W//Au;,z—f'>dxdy+o<1>,

where o(1) will be used to denote a function which depends on the parame-
ter ¢, is defined on K, and tends uniformly toOQase — 0. Set g = f; . — f';
we have reduced (6.1) to the assertion that

= _l_. —
(6.4) 8r = |A|/Agd)cafy—o(l).

(6.3)

Let H; denote a regular hexagon of diameter 26 centered at one of
the vertices of A and having sides parallel to A. Fix d such that 0 <
d < dist(K,8Q). Then there is a compact set K| contained in  and
containing K such that for all ¢ sufficiently small, H; will be contained in
K, independently of the particular A C K.

Note that, in general, if I is an equilateral triangle or regular hexagon,
and X is a sufficiently small square containing I, then

1

lyr — ws| = m‘//('ll—‘//z)dXd,V|
IZI dxdy <3

'Fl lzl l'// ‘//Zl xXay s ”‘/’”BMO

Similarly, if ¥ C X, are squares of sides s and 2s, then |yz — y5,| <
4)lv|lsmo- Consequently, if 2¢ < 2 < d, then

(6.5) |&,, — &n;| < 10]|2]Ix,,BMO,

and (recall that A is an equilateral triangle of side 2¢)

(6.6) |&H,, — &al < 10]|g ]|k, ,BMO-
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Now let m be the integer which satisfies 2” < (d/¢) < 2™*!. Then

|8H,m, 88 < 18Hym, — 8Hyp_,, | + -+ + |81, — 8al
< 10m||gl|x,Bmo < Clog(d/e)l| gl x,,BmO-

Choose ¢ € C*® with ¢ = 1 on K, and such that ¢ has support in a
compact subset K, C Q. By (4.3), (4.4), (3.16), and (2.5) we have

llgllk,.Bmo = |Ife,z — f'l|k.,BMo = IS((¢.fe — ./)z) ||k, BMO
(6.8) < Cle(fe = )zllco < CUlfe = fllkroo + I ozl K2000)

1/p
<C <(, /5[1/25‘/2] <+ \“/E) + \/ﬁ) s

where 2 < p < ¢/2 and n = [dist(K;,9€)/(2¢)]. Under the hypothesis
that s, = 0(1/log? n) the last term above is o(1/log(1/¢)). From (6.7) and
(6.8) we therefore obtain

(6.9) |gHym, — 8al < 0(1).
Let ¢ — 0 in (6.9). Then gy,,, — 0; indeed, d/2 < 2"e < d so

1
lgHsz—// s — fldxdy,
: [Hipl ] Sy, ™°

and this double integral converges to 0 as ¢ — 0 because of the L? (and
therefore L') convergence referred to at the end of §1. We conclude that
ga = o(1). Therefore (6.4), and hence the theorem, follows.

(6.7)
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