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RICCI DEFORMATION OF THE METRIC
ON COMPLETE NONCOMPACT
RIEMANNIAN MANIFOLDS

WAN-XIONG SHI

1. Main result

Suppose (M, gi;) is an n-dimensional complete Riemannian manifold
with metric
ds?® = g;;dx'dx’ > 0.
It is well known that the curvature tensor Rm = {R; ;;;} can be decomposed
into the orthogonal components which have the same symmetries as Rm:

(1) Rm=W+V+U or R =Wijk+Vijxi+ Uijkis

where W = {W;j} is the Weyl conformal curvature tensor, and V =
{Vijxi} and U = {Ujjxi} denote the traceless Ricci part and the scalar
curvature part respectively.

We know that the Ricci curvature is

R;j = gkIRikjl,
and the scalar curvature is
R=g"Rij=g"g" Ry ;.
Under these notations we can write U, V, W as follows:
1
Uijki = n—(n__—l‘)'R(gikgjl - Lil&jk)

2) Vijki = n_}_’i(;zikgjl - &ilgjk - Iozjkgil + ;zjlgik)a
Wijki = Rijkt = Vijki — Wijkis
here Ioi'ij =Rij - 1gi.
If we let
(3) Rm = {Iozijkl} = (Rijkr = Uijt) = (Vijkt + Wijia),
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then
IRm|? = |R;jutl? = [Wijual* + Vijial
2
o=
(4) ' |Uukl| n(n — 1)
IRm|? = |R;j|* = [Rm|? + |Uyjis|*.

RZ

Now suppose M is a complete noncompact Riemannian manifold of
dimension n. Fix a point xo € M, and for any x € M let y(xp,x) denote
the distance between xg and x. Let

(5) B(x,y) ={y € M|y(x,y) <7}

be the geodesic ball. Then we can state the main result of this paper as
follows.

Main Theorem. Let M be an n-dimensional complete noncompact Rie-
mannian manifold, n > 3. For any c;,c; > 0 and 6 > 0, there exists a
constant ¢ = g(n,cy,c3,0) > 0 such that if the curvature of M satisfies:

(A) Vol(B(x,y)) 2 ciy",Vxe M, y >0, and

(B) |lo{m|2 <eR?, 0< R</y(x0, %) Vx € M,
then the evolution equation

{ 2 gij(t) = =2Ry;(1),
8ij(0) = &ij

has a solution for all time 0 < t < +oo and the metric g;j(t) converges to a
smooth metric g;j(co) as time t — +oo such that R;jx(c0) =0 on M.

2. Notation and conventions
The notation we are going to use in this paper is basically the same as
the notation used by Hamilton in [6].
We denote vectors as V', covectors as V;, and mixed tensors as T, €tc.

The summation convention will always hold. For the Riemannian metric
8ij, We let

(1) (87) = (&))"
The Levi-Civita connection is given by the Christoffel symbols

2 k 2 okl il il _ ij
@ L 28 (axf T oxt T axl )
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and the Riemannian curvature tensor is

0 0
I ! 1 !
3) R'ijy = Ec—,'rjk ~ 3 T + T5,T0, =T, T%,

(4) Rijki = &R,
We denote the covariant derivatives of a vector ¥/ and a covector V;

respectively by
0

(5) ViVl = oV + TV,
9 ¥
(6) VIV.I'=WVj_riij~

This definition extends uniquely to tensors so as to preserve the product
rule and contractions. For the interchange of two covariant derivatives we
have

(7 ViViVk = V;ViVi = gPR;ji, Vy.

For any tensors such as {S;;x;} and {7}jx;}, we have the inner product
(8) (Sijkt> Tijur) = 8287 8%7 8,11 Topys,

and the norm of {T;;,} is defined as

9) \Tijurl® = (Tijuts Tijua)-

We use inj(M) to denote the injectivity radius of M.

3. Evolution equation and the short time existence of the solution

For any n-dimensional Riemannian manifold A with metric

(1) ds? = g;;dx'dx’ > 0,
consider the heat flow equation
(2) & 8ij = —2R;

on M. We want to find the evolution equations for the curvature tensor
and its covariant derivatives; we need these evolution equations in this

paper.
Lemma 3.1. Ifthe metric g;;(t) satisfies the evolution equation (2), then
i}
g;Rijkl = ARji; + 2(Bijki — Bijik — Bitjk + Bixjt)
- gpq(Rpjkqui + Ripkquj + Rijleqk + Rijkqul)’
(3) 9

57 Ri = ARij + 2Rpiqj R — 2871 RpiRy ),
%-Iti = AR +2g"*g/'R;jRy; = AR + 28,
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where

(4) Bijkl = gpygqupiquyksl,
(5) RP? = gP'gVR,

(6) S = |Rij|* = g* g/'RijRy.

Proof. See Hamilton [6].

If A and B are two tensors, we write A * B for the linear combination of
terms formed by contraction on A;...;By..., using the g, and write V™4
for the mth covariant derivatives of A with respect to the metric g;;. Then
we have the following lemma.

Lemma 3.2. Ifthe metric g;j(t) satisfies the evolution equation (2), then
for any integer m > 0 we have

o . .
577" Rm = A(V"Rm) + Z V'Rm * V/Rm,
i+j=m
(7) %IV’"RmP — A|V™Rm|? — 2|V™*!Rm]?

+ Y VRm+V/Rm* V"Rm.
i+j=m
Proof. This is Theorem 13.2 and Corollary 13.3 in Hamilton [6].
Lemma 3.3. Suppose (M, gi;) is a noncompact complete n-dimensional
Riemannian manifold with sectional curvature 0 < R;j;; < ko. Then the
injectivity radius of M satisfies

(8) inj(M) > n/v/ko.

Proof. This is a well-known fact. Actually one can use the arguments
of [2] to prove this lemma. For example, use Lemma 5.6 and Corollary
5.7 in [2].

The following short time existence theorem for the evolution equation
(2) is a special case of the theorem proved in [12].

Theorem 3.4. Suppose (M, gij(x)) is an n-dimensional complete non-
compact Riemannian manifold with its sectional curvature satisfying 0 <
R;jij < ko. Then there exists a constant Ty = Ty(n, ky) > O depending only
on n and kg such that the evolution equation

9 %gij(x’t) = —2R;j(x,1),  &j(x,0) = gj(x)

has a smooth solution g;j(x,t) > 0 on 0 < t < Ty and satisfies the
following estimates: For any integer m > 0, there exist constants
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Cm+1 = Cm+1(n, ko) > O depending only on n and ky such that
(10) sup |V Ry (X, 1)? < Cmar /1™, 0Lt < To.
M

Proof. The sectional curvature of M satisfies 0 < R;j;; < ko. By using
formula (1.10) of [2] we have

(11) |R;jxi)* < 100n*k¢  on M.

Thus from Theorem 1.1 of [12] it follows that the theorem is true.

4. Maximal principle of the heat equation
on noncompact manifolds

In the case where M is a compact Riemannian manifold, the maximal
principle of the heat equation on M is easy to prove, just as Hamilton did
in [6].

In the case where M is a noncompact complete Riemannian manifold,
the maximal principle for the parabolic heat equation on M is much more
complicated and is not always true except if we make some curvature
assumption on M and some growth assumption of the solution near the
infinite of M. The proof of such maximal principles is not so easy; for
details we refer the reader to the papers of D. G. Aronson [1], H. Donnelly
[5], L. Karp and P. Li [9], P. Li and S. T. Yau [10], and M. H. Protter and
H. F. Weinberger [11].

Let (M, gij(x)) be an n-dimensional complete noncompact Riemannian
manifold with its sectional curvature satisfying

0 < Rijij < ko.
Then from Theorem 3.4 in §3 we can find a metric
ds? = gij(x,t)dx'dx’ >0 on M x [0, Ty]
such that

Do (x.1) = —2Ri:(x.t
{ a,glj(xat) 2R;j(x, 1), xeM, 0<t< T,
8ij(x,0) = gij(x),
and
sup [V™R;jxi(x,)|* < emet /™, 0<t< Ty, m>0.
M
If m=1, we get

(1) IVoRijml> <c2ft, xeM,0<t<T,
(2) IVoRiju(x, 0| < ¢* VI,  xeM,0<t< Ty
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thus

T; To
/ OIVpRijk[(x,t)Idtsczl/z/ dt/\/t-=2\/ Tocs, XEM,

Ty
sup/ IVpRjki(x, )| dt < 24/ Tocy < +o00.
xeEM JO

In this section we make the following assumption.
Assumption A. M is an n-dimensional complete noncompact Rieman-
nian manifold with respect to the metric

ds? = gij(x,t)dx'dx’ >0

on C®(M x [0, T]), where 0 < T < +o0 is some constant such that

(4) %g,-,-(x, t) = —2R;j(x,t) on M x[0,T];
O<R,-,-,-,~(x,0)§k0, xXeEM,
|Rijui(x, 0)* < i, xeM,0<t<T,

(5) T
/ IVpRijri(x,0)|dt < ¢, x €M,
0

where 0 < ¢, ¢y < 400 are two constants.
Under Assumption A, we let

(6) ds? = gij(x,t)dx'dx) >0, 0<t<T,

and use V or V' to denote the connection of ds?, A or A, the Laplacian
operator of ds?, and y,(x, y) the distance between x and y with respect to
metric ds? for any two points x,y € M.

Lemma 4.1. Under Assumption A, we have
) e~2Vatlds < ds? < e™VWildsl, 0<t<T,
e V™ ly(x,y) < yi(x,y) < eV¥ily(x,y), xeEM,yeM.

Thus for each t, 0 < t < T, ds} is equivalent to ds?.
Proof. Since

|Riji(x,0)> < ¢; on M x [0, T],
we get
(8) |Rij(x,t)|> < ncy on M x[0,T].
Thus from

0
Egij(X, 1) = —2R;j(x,1),
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it follows that

9) 1% 8i(x,1)| < 2|Rij(x,1)| < 2y/ncy;

that is,

(10) —2y/ncigij(x,t) < Zgij(x,t) < 2y/ncigij(x,1).
We now have

(11) e~ 2Vl g,i(x,0) < gij(x,1) < eV g;i(x,0),
(12) e~natldst < ds? < eVt dsd.

Using (12) we get
(13) e~ Vilyy(x,y) < 7i(x,p) < eV yy(x, y)
for any x,y € M, and this completes the proof of Lemma 4.1.
In particular, we have
e~ VT g,i(x,0) < gij(x,1) < e2V™T g;(x,0),
e~ TV iy(x,¥) < yi(x,y) < eTV™iyy(x,p)
for0<t<Tand x,ye M.
Lemma 4.2. Under Assumption A, for a fixed point xo € M, we can find
a function y(x) € C*®(M) such that
c3{1 + yo(x0, X)} < w(x) < ca{l + yo(x0, %)},
(15) V2w (x) < cs,
VIV9y(x) < cs8ij(x,0)
Jor all x € M, where c3,c4, and cs are some positive constants.
Proof. Let

(16) p(x) =1+ p(x,X), x€EM.

(14)

Then at the smooth point of ¢(x) we have
(17) IVPp(x) < L.

If we compare ¢(x) with the distance function on R” with respect to
standard Euclidean metric, then, by using the Hessian comparison theorem
in Riemannian geometry, we know that

(18) ViVip(x) < for any & € T, M, |&* = 1,

1
Yo(x0, X)
because by Assumption A

O<R,-,-,-,-(x,0)§ko, xXeEM.



310 WAN-XIONG SHI

From (18) it follows that at the smooth point of ¢(x)
1
v < ———gij M.
(19) V1V1¢(x) - yo(xo’x)glj(x’o)s X €
The problem is ¢(x) may not be smooth at some points of M.
We choose a cut-off function x(x) € C§°(R) such that

0<x(x)<1 VxeR,

x(x)=0 if x ¢[-1,2],

(20) xx)=1  0<x<1,
X' (x)]<2 Vx€eR,

x"(x)] <8 VxeR,

and set

vko

(21) a(x,y) =% (M) Vx,y € M.

By Assumption A we have
0<R,-,~,~j(x,0)§ko, XEM.
Thus we know, from Lemma 3.3, that

(22) inj(M) > n/vko
with respect to metric ds3, and, from (20) and (21), that
(23) a(x,y) € C®(M x M).
Now we can use the so-called mollifier technique to modify ¢(x). Define
(24) v = [ atx)em)dy,  xe M.
Then
Yo(X, )
(25) w(x) =/ X (——) y(»)dy, xeM.
o\ Vo

From (23) we know that y(x) € C®(M), and from (17), (19), and (20)
we know that

c3{l + yo(x0, %)} < w(x) < ca{l + yo(x0, x)},
VI x)?<ecs, xeM,
VIV (x) < csgij(x,0).

Hence the proof of Lemma 4.2 is complete.
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Lemma 4.3. For y(x) € C®(M), which was found in Lemma 4.2, there
exists a constant c¢ = c¢(T) > 0 such that

(26) Aw<ce onMx[0,T].

Proof. Forany 0 <t < T and x € M, we want to compute A,y(x) at
Xx. Choose a coordinate system such that

(27) 28050 _o arx,
and let
1 og 08y, 08ij
 J- ky JY Y J
(28) I 28 (c')x' + dxJ Bxy)'
Then, by the definition of covariant derivative, we have
oy (x)
t
Viv(x) = — 7
0%y (x ow(x
@) Vi) = 20, 2D,
92 . 8
By (x) = 8V(x, 500 — g1, z)l“i-‘,-(x, et

Since by (27),
(30) I (x,0) =0,

we have VIVOy (x) = 8%y (x)/0x'dx/.
From Lemma 4.2 we know that

oy(x) dy(x)

ij <
(31) A PR PTRES
o%y(x)
axigxs < ©s8ii(%:0),
which together with (14) implies
N 2
(32) g (x, t)g '{/a(xz < csgli(x,1)gij(x,0) < csne2 TV,

For each ¢, [T (x, 1) — Ik 71(x,0)] is a tensor on M. Define

u(x, ) = g(x, 1)87% (x, t) 8y (X, 1) gy (x, DITY;(x, 1) — TK;(x,0)]
[T75(x,1) = T2 (x, 0)].
Then u(x,t) € C°(M x [0, T]).

(33)
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Since I'};(x,0) = 0 at x, we have

(34) u(x,1) = g g’ g, T%(x, O 5 (x, 1),
du(x,t) _ ,08" g kv ia i 9 8ky rk T
(35) ar = 2 ar & sliTes+ 878" 5oy
o )
+2g"g7 g 7, T,
Since
0
5781 = ~2Rijs
we have
o .. o
(36) 58 = 2g"g/f R,

and from (28) it follows that

9 1 wlo (280 (98 _ 08&ij
8tr"f_2g & ot +V; ot vy at

= g"’(V;,Rij — ViRjy — ViRy),

0

(37) Erf‘j = g""(VyRij = ViRjy = V;Ryy).
Substituting (36) and (37) into (35) gives

ou(x,t o j o o J
(38) £ol) — 4g g7 Rocg? g TH T, — 268/ Ry T T

+ 2giagjﬁgkyr‘zﬂgkl(V[Rij - V,‘Rj] - VjRil)'
By (8) we get
a

(39) 27406, 1) S 6VREITH | + 67| ViR,

where [T%;|2 = u(x, ). Thus

d
Elr‘;‘jlz < 6ymer|T 12 + 6|7 g - [ ViRl
d
3 5| < 3y/nei|T%| + 3| ViR,

a
S=(e7NTHTE]) < 3¢ V|V Ry | < 3|ViRyl,
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and therefore

e SVHITY | - T, 0) = [ S fe= g s
T
< 3/ |ViRji|dt < 3/ |ViRj|dt
0 0

<3n /OTIVpRi,'klldt,
which together with (5) gives
e~V TE (x, 1)| — |T%(x, 0)| < 3nc,.
Then by definition (33) we have
|F (x,0)]=0 on M,

and therefore

I (x, £)| < 3nc,eV™ < 3ncyedTVa,

(40) T (x, )] < 3nc®™Vme,  xeM,0<t<T.
By (14) and (31) we get
Qy(x)oy(x) _ . oryme
U ne,
(41) (x,8)—= Bl S < cse? .

and therefore
(42) IVig(x)]* < cse*VP,  0<t<T.
From (40) and (42) it follows that
y 9
~g"(x, )T (x, ) 4 < nIT(x,0)] - |Viy(x)

< 3n202c5e5T,/nc| ,

(43)

which together with (32) gives

) 2 .
g"(x,1) aii g/ — — 8%, nr(x, t)%’ik < esne?TV 4 3ncyesed TV,

Let cg = csne?TV 4 3n2cycseTV7e, Then from (29) we have

(44) Ay(x)<c,, x€M,0<t<T.

Lemma 4.4. Under Assumption A, for any ¢; > 0 we can find a constant
cg > 0 and a function

O(x,t) e C®°(M x[0,T])
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such that the following are true:

45) 0<0(x,0)<1 V(x,2)€M x[0,T],
et Cs
46) —28  _<O(x,t) < ————, xeM, 0<t<T,
(46) 1 + yo(x0, x) ~ (x.1) 1 + yo(x0, X)
2
(47) %SAO—le—OPGL—QG on M x[0,T].

Proof. From Lemma 4.3 we know that

Ay(x)<c, xeM,0<t<T.

Let
(48) E(x, ) =e"{y(x)+cst}, xeEM,0<t<T.
Then
aa_f = c7e“"{y(x) + cst} + o€,
(49) % =ci+cee”, 0<t<T.
Since

AE = e "' A{y(x) + cst} = €' Ay < cee,
from (49) it follows that

(50) ‘;—f >AE+¢¢ on M x[0,T).

By (48) we get
w(x) <&(x,0) < e Ty (x) +eT - T,

and therefore, in consequence of (15),
(51)
a1 + yo(xo, x)] < w(x) <&(x,1)

< €T eyl + yo(x0, x)] + s Te’” on M x [0, T},
a3l + yo(xo, x)] < E(x, t) < (cae”T + csTeT)[1 + yo(x0, X)]
on M x [0, T].
Let

(52) 6(x, 1) = 2(717) on M x [0, T].
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Then
86 19¢ _
E CZ 6t 52 [Aé + C7é]
= —?—f ~ 2 =Af - §|vpe| — ¢4,
a0 ) ~
(53) a7 S <A - —|V,,0| —c60 on M x[0,T].

From (51) we have

1 ~ 1
B8 ST el 2 ™0 2 Gt v aTe DT + 1ol 1"

In particular,

6(x,t) < EI— on M x [0, T].
3
Let
(55) 0(x,t) = c36(x,t) on M x [0, T].

Then 0 < 6(x,t) <1 on M x[0,T].
From (53) we get

(56) g—? <AO— —|v 6P — ;0 on M x[0,T],

C3 1
57 <0<t
O GFane T i < ) S Tt

Choose cg > 0 such that
cs+c¢T
cg> 1+ 4—(:6—'6’07T.
3

Then (45), (46), and (47) are true.

Now we are going to prove the following maximal principle on noncom-
pact manifold M.

Lemma 4.5. Under Assumption A, suppose ¢(x,t) is a C*® function on
M x [0, T] such that

‘Z“t’ Ag +Q(9,x,1) on M x[0,T],

(58) lp(x,t)] < Cy < +00 on M x [0, T],
9(x,00<0 on M,
Q(p,x,t) <0 forp>0.
Then we have
(59) p(x,1)<0 on M x][0,T).



316. WAN-XIONG SHI

Proof. If this lemma is not true, then we can find some (xo, #y) € M x
[0, T such that
(60) (X0, 20) > 0.

Suppose 0(x,t) € C®°(M x [0, T)) is the function obtained in Lemma 4.4,
and define

(61) P(x,t) =0(x,t)e(x,t) on M x[0,T].
Since 0 < 6(x,?) <1 and |p(x, )| < ¢y, we have

(62) |¢(X, t)' < Cg oOn M x [0’ T]9
(63) @(x0, to) = 0(xo, to)@(xo0, to) > 0.
Let
(64) a= sup @(x,t).
Mx[0,T]
Then from (62) and (63) it follows that
(65) O<a<o,
so that
N CgCy
x, )| =0(x,0)e(x,t)] <cb(x,t) < ————,
905,01 = 0%, )lp(x, )] < 090(%,) < Tt
, CgC9
(66) |6(x, 0l < 7 ooax) ™ M x [0, T].
Let
(67) D = {x € M|yo(x0,X) < cgco/ax}.

Then D C M is a compact subset.
If (x,t) ¢ D x [0, T, then yo(xo,Xx) > o~ !cgcy. From (66) we know that

|@(x,t)| <a for(x,t)¢ D x[0,T].

Since D x [0, T'] is a compact set, we can find a point (x;,#;) € D x [0, T]
such that ¢(x,¢;) = o, so that

(68) ¢(XI,t1) = sup ¢(x’ t) > 0.
Mx[0,T]
Thus we have
Py
(69) Sex,0) 20,
(70) Aj(x, 1) <0,

(71) Vﬁ('xlatl)=0a
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where (69) comes from the fact that ¢(x,0) = 6(x,0)¢(x,0) < 0. There-
fore we always have #; > 0.
From (58) it follows that

g _ @ dp 00
ot = 5109 =05, tog;

= 61Ap + (9, x, 01+ 95

= 0Ap + ¢60 +600(p,x,t)

=A(0p) — 2V, 0 -V — ¢A0 + ¢g—0 +60Q(p,x,t)
=A¢ - gvke Vi(09) + |V1<9|2

~ 80+ 927 +60(p, x.1)

o9

%9 — Ap— 5V, Vid +0Q(p, x,)

6
(— - AQ + 0|Vk0|2> (7
Let (x,t) = (x1,¢). Then from (68) we get
P(x1,t) = 0(X1,I|)¢(X1,t1) > 0.

Since
(73) 6(xy,21) >0,
we have
(74) p(x1,41) > 0,
and, in consequence of (58),
(75) (g, x1,11) < 0.
Let ¢; = 1 in Lemma 4.4. Then
96 <A0——|V 6% - 6,
(76) a%t

— 2<
a7 Af + 0|Vk0| -6.

From (73) and (75) it follows that
(77 6(x1,11) - Q@ x1,11) £ 0,
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and (74) together with (76) implies

(78) 89 86+ 219.61) p < ~09 = —4(x1, 1)
at 6

Substituting (70), (71),

—~

77), and (78) into (72), we get

Q
<

|

(79) t(x1,11)3—¢(x1,tl)<0,

o9
ot (
Since (79) contradicts (69), we have

o(x,t) <0 on M x[0,T].

oY

x1,4) <0.

Theorem 4.6. Under Assumption A, suppose ¢(x,t) is a C*™ function
on M x [0, T] such that

0
S =89 +culVigl +Q(g,x,1) on M x[0,T)

(80) p(x,t) <cg < +00 on M x[0,T],
¢(x,0) <0 on M,
Q(¢5~x’t)scll¢ f0r¢20a

where 0 < c9, C19, €11 < +00 are some constants. Then we have

(81) o(x,t)<0 on M x[0,T].
Proof. Let
(82) w(x,t) = e Pllec0?™) _ 1] on M x [0, T},

where 8 > 0 is a constant to be determined later. Then
ow 0
= —pt crop(x,t)
— =-pBw+e = ,
ar = Purege

ow o9
= =Bt pc100(x,0)
—_=—-fw + —_—
ot A Cio€ € ot

= —Bw + cipe”P1e™P[Ap + c10|Vip|* + Q(p, X, 1)]
= _Bw + e—ﬂlAeC|o¢ + Cloe—ﬂleC|o¢Q(¢9 X, t)a

ow
ot

If w(x,t) > 0, from (82) it follows that ¢(x,t) > 0. Therefore
(84) Q(¢3xa t) < Cufl’(x’ t)

(83) = Aw — Bw + cipe P Q(p, x, ).
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Since p(x,t) < ¢y < +00, we can find a constant § > 0 such that
(85) o(x,t) < d[e0?>D — 1] for 0 < p(x,?) < co,
which together with (84) gives

Q(p,x,t) < ¢116(e0P™N — 1),

cioe Be? Q(p, x, t) < croci dePe B (ec10? — 1)

(86)
= C10C110€°?w < C19C110€1°%w.
Let
(87) Q(w7 X, t) = —ﬂw + ClOe—ﬂ’ecmq’Q((o’ X, t)'
Then
ow ~
(88) 37 = Aw + Q(w,x,t) on M x[0,T].

If w(x,t) > 0, from (86) we get

O(w, x,t) < [c10c110€% — Blw.

Choose
(89) B = ci0c110€1°%;
then
(90) O(w,x,t) <0 forw >0.
Since p(x,0) <0, from (82) it follows that
(91) w(x,0) <0 on M,
-1 <w(x,t)<e"™ -1 onMx][0,T],
so that
(92) lw(x,t)| < e on M x[0,T].

Using (88), (90), (91), (92) and Lemma 4.5 we get
w(x,t) <0 on M x[0,T],
so that, in consequence of (82),
p(x,t)<0 on M x[0,T].

Now we are going to prove another maximal principle that is different
from Theorem 4.6.
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Lemmad.7. Under Assumption A, for any fixed point xo € M and e > 0,
we can find constants c(¢) > 0 and ¢, > 0 such that for all k > ¢y, there
exists a function 0(x) € C®(M) satisﬁling the following :
0<0(x)<1 onM,

1

9( ) = Vx € Bo()Co, ),
0(x)=0 Vx e M\By(xo,2k),
(93) 1 ce) (1 \'"**
Co)E 5«) () weo
ogo (L ) < cle 1\
Viv; (0—()7) T(G_> gij(x,0) V¥xeQ,
where
Bo(x0, k) = {x € M|yo(xo,x) < k},
(94) Q= {x e M|0(x) > 0}.
Proof. Suppose p(t) € C*(R) is a function such that
0<p(r)<1, —00 < t < 400,
0 < p'(2) <90, —00 < t < 400,
(95) p(t) =0, —co<t< 3%,
0<pt)<l, H<t<3,
pt)y=1, 32 <t<+oo.

It is easy to show that such a p(¢) exists. Then we define a function
(1) € C[0, ) as follows:

3
(96) Z(@) =[1-p(1)] [1 + exp (-t_l %)]
+ p(t) exp [(%_lt)z] , 18—1— <t< %,
Z(t)=exp{(%_lt)zl, %sm%

It is easy to see that
(97) x(t) € C[0, 7),
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from (95) and (96), and that
=1, 0<t<],
(98) 0< (1 <eer®'™, 0<t<y,
7" <e@r@®',  0<t<i,
where é(¢) > 0 depending only on ¢ > 0.

Let
1 7
t) = —, 0 <t< -,
(99) () () 4
n(t) =0, %$t<+oo

Then 7(t) € C[0, +00).
For k > 0, let x(t) € C*°[0, }k) as follows:

(100) x(0)=x@/k), 0<t<lk.
Then

X021, 0<t< Tk,
(101) 0<x (< Egf—))((t)”"', 0<t< %k,

ol < S, 0si< Tk
Choose a cut-off function {(x) € C§°(R) such that
0<{(x)<1 VxeR,
{x)=0 ifxé¢[-1,2],
(102) {(x)=1, 0<x<1,
I{'(x)] <2 Vx€R,
I§"(x)| <8 VxeR,
and define
_ Jar $(ro(x, )64V ko)[1 + yo(x0, )] dy
A0 v = e feRydy

Then similar to the proof of Lemma 4.2 we know that y(x) € C*°(M),
w(x) > 0, and we can find a constant ¢s > 0 such that

$70(x0, %) — 5 < w(x) < Lro(x0,X) + ¢,

(104) Vo (x)?<cs VxeM,
VIVIy(x) < e58ij(x,0).
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Now we define 6(x) as

; 7
(105) 0(x) = m if0<y(x)< Zk’
0 if y(x) > %k.

Then from 7(z) € C*°[0,+00) and y(x) € C*(M) it is easy to show that
0(x) € C=(M),
(106) 0<f0(x)<1 VxeM.

Let ¢;3 = 40cs. Then if k > ¢y, for any x € By(xo, k) we get

yO(xO’x) < ka
w(x) < Pro(x0,x) + s < Pk + ik < 3k.

From (105) and (96) we have, respectively,

6(x) = m, Vx € Bo(xo, k),
(107) O(x)=1 Vx € By(xo,k).
If x € M\ By(xo, 2k), then yy(x9,x) > 2k and

w(x) 2 §y0(x0, x) — ¢s > $k — g5k > k.
Thus
(108) 0(x) =0 Vx e M\By(xp,2k).
For Q = {x € M|6(x) > 0}, we have

Lo~ xwx) vxeQ,

o -
% (,,—L) = £ (W () V0 ().
From (101) and (104) we get
v (55| =& SR,

x

6
)25 ()" ma

/—\

(109)

“O

dt
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<
(=]
<
o
/N
D] -
N——"
Il
xR
o«
<
-~
.s
4
~.Oo
<
+
il
‘<’1
o
a
~.Oo

<cs- '1?" x(w)'*egii(x,0) +cs - Sc)x(w)”‘gu(x 0)

< |25 4 cto)s| (03,0

%(6—) + 5‘(8)65] % (%) . 8ij(x,0),

(110) 9998 (55) < [ G2+ et ]l(o(lx))l+eg,-j(x,0) on Q.

Let
c(e) = max{¢(e)/cs, ¢(¢)/40 + ¢(&)cs}.
Then the lemma follows from (106), (107), (108), (109), and (110).
Lemma 4.8. For the function 6(x) obtained in Lemma 4.7, we can find
another constant c3 > 0 depending only on ¢ and the constants in Assump-
tion A, such that

(111) A(——l—-><$(-l—)m VXeQ, 0<t<T
"\o(x)) = k \6(x) P E=t=
Proof. Similar to the proof of Lemma 4.3.
Now we are going to prove the following maximal principle on noncom-
pact manifold M.
Lemma 4.9. Under Assumption A, suppose there exist constants 0 <
€,C14,C15s < +00, and ¢(x,t) € C®(M x [0, T1) such that

Z‘;’ =Ap +Q(p,x,t) on M x[0,T],
(112) 9(x,0) <cl4 on M,

Q(p,x,1) < —c159'*° if 9 > cia.
Then we have
(113) p(x,t)<c4 on M x[0,T].

Proof. Fix a point xop € M and suppose this lemma is not true. Then
we can find some (x3, %) € M x [0, T'] such that

(114) 9(x2,12) > c14.

Choose k > c|, large enough such that x, € By(xg,k), and let 8(x) €
C>®(M) be the function constructed in Lemma 4.7. Then we define

(115) o(x,t) =0(x)p(x,t) on M x[0,T].
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Since x; € By(xo, k), we have 0(x;) = 1, and therefore

(116) @(x2,12) = @(x2,12) > C1a.

If (x,t) € [M\By(xo,2k)] x [0, T], then 6(x) = 0. Thus from (115) we
know that

(117) #(x,£)=0 on {M\Bo(xo,2k)} x [0, T].

Since By(xo, 2k) % [0, T'] is a compact set, where By(xo, 2k) is the closure
of By(xo,2k), from (116) and (117) it follows that there exists (x;,?;) €
Bo(x9,2k) x [0, T] such that

(118) ¢(X|,t1) = Ssup ¢(x) t) > C14.
Mx[0,T]

Thus we have
(119) Aj(x1, 1) <0,  V@(x1,t)=0.
Since 0 < 0(x) <1,

9(x,0) = 0(x)p(x,0) < c140(x) < c1a.
From (118) it follows that ¢; > 0, so that

(120) %9 (xi,m) 2 0.
On the other hand, by (115) we get
09 0 0
28 = Z(09) = 02F = 0[Ap + Q(p, x,1)] = 6Ag + 0Q(9, X, 1)

at — ot T
=A(09) —2V,0 - V9 — A6 + 6Q(9, x,1),

¢ L2 2¢ 2

57 = A9 — Vb - Vp(09) + |V, 01" — A0 +6Q(9, X, 1),

¢ .2 . [2
(121) 3“% A¢—§vp0-vp¢+[5|V,,0|2—A0]¢+0Q.

Let (x,t) = (x;,t;). Then from (118) we have
(122) 0(x1)e(x1,t1) > c1a.
Since 0 < 0(x;) < 1, ¢(xy,t;) > c14. By (112) we get
(123) Q(p,x1,11) < —cisp(x1, 1),

2
(317561 - 26) 0+ 60(0. 1.1

2
< <§|Vp9|2 - A0> p(x1,t1) — c1s0(x1)@(x1, )"+

2 A§ ¢
= [§|V09|2 iy %5(/’()61,&)8] o(x1,1)6%.
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From (122) it follows that

P(x1, 1) > iy (0—(;(‘6)8 ;

2
(1750~ 26) ¢+ 6000, 1)

2 A6 1\ '+
< [mWnelz -5~ C15¢%4 (5) ] 9(x1,1)0?

= [A (%) — C15C14 (%)'“] o(x1,)6%.

By means of Lemma 4.8 we have

2
(5|V,,0|2 - AH) 9 +00(p,x1,1)
(124)

¢ 1 1+e
< (—]?- —clscf4) (5) 6%p(x1,t,) at (x,t).
If we choose k large enough such that ¢;3/k — ¢;5¢f, < 0, then
2
(125) (51901 -46) p+60(p. x1,0) <O at (x1,10)
From (119), (121), and (125) we know that
96
S <o,

which contradicts (120); therefore the lemma is true.

Lemma 4.10. Under Assumption A, suppose there exist constants 0 <
€ < +oo and 0 < cj4,C15,C16 < +00, and p(x,t) € C®(M x [0, T)) such
that

% _ pp+Q(p.x.1) onMx[0,T],
p(x,0)<cl4 on M,
o2
Q(p,x,t) < f@— —c150'*¢ for ¢ > cpa.

Then we have
¢(x) t) < Cla Onh M x [0’ T]'

Proof. Let a be an odd integer and a > 1 + ¢j¢. Define
(126) w(x,t)=@(x,t)* on M x[0,T].
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Then 8 5

_Z — a—l_g = a—1

at _a¢ at a¢ [A¢+Q(¢’x:t)]

= Ap°® — a(a— 1)9°?|Vip|* + ap® ' Q(9, X, ).
Thus
P .

(127) S = Ay +0(v.x.0),
where
(128) Oy, x,1) = —a(a — 1)9°2|Vip|* + a9~ Q(0, x, 1).
From (126) we get
(129) v(x,0)<cfy onM.

If w(x,t) > cfy, then ¢(x,1) > ¢4,
c
Q(p,x,t) < —;,—6|Vi¢|2 — 159",

O(v,x,1) < —ala - 1)p°2|Vip|? + ci6a9° 2|V ig|? — aci5p**
=a(l +¢i6 — @)9p* 2| V,ip|? — cisay!/e,
Since a > 1 + ¢y,
(130) Q(w,x,1) < —cisay'*/* for y > cf,.
From (127), (129), (130) and Lemma 4.9 it follows that
w(x,t) <cfy onM x[0,T].
By (126) we get
p(x,t)<cis on M x[0,T].

Lemma 4.11. Under Assumption A, suppose there exist constants 0 <
e < +oo and 0 < c14,¢5,C16,C17 < +00, and ¢(x,t) € C°(M x [0, T)) such
that

%% =Agp + Q(p,x,t) on M x[0,T],
o(x,0)<ci4 on M,
C16|V¢_"‘/"2 |2 = cis0'*  for ¢ > cia,

Q(p,x,1) < + wiVip — cirolyi

where {y;} is a tensor. Then we have

p(x,t)<cia on M x[0,T].
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Proof. The proof follows from the inequality

2 [Viy]?
wiVip —cio|wil* < 4c179
and Lemma 4.10.
Theorem 4.12. Under Assumption A, suppose there exist constants 0 <
& < +00 and 0 < ¢y9,€11,C145C15, C16, C17 < +00, and the function ¢(x,t) €

C>®(M x [0, T)) such that

%0 —ap+0(p.x,0) on Mx[0,T],
¢(x,0)<0 onM,
(131) Q(p,x,1) < cio|Vipl* +cuip for 0< ¢ < cya,

Q(p,x,1) < f('flViwl2 + i Vig — coplyil® — cisp'**
Jor ¢ > cua,
where {y,} is a tensor. Then we have
(132) o(x,1)<0 on M x|[0,T].
Proof. From Lemma 4.11 we know that
o(x,t) <c4s on M x|[0,T].

Using Theorem 4.6 we thus complete the proof.
Now we are going to use the maximal principle derived above to prove
some properties of curvature on M under the Ricci flow. First we have
Lemma 4.13. Under Assumption A, we have

(133) 0 < R(x,t) < n*/c on M x[0,T].
Proof. Using (5) and Lemma 3.1 we get respectively
(134) IR(x, )| < n*/ei on M x [0, T],
OR
 Th AR + 28,
where S = g'*g/'R;;Ry; > 0. Thus
(135) %ZAR on M x [0, T].

From (5) we have

(136) R(x,0)>0 on M,

and therefore, in consequence of (134), (135), and Theorem 4.6,
(137) R(x,t)>0 on M x[0,T],
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which together with (134) implies
0 < R(x,t) < n?®/c; on M x[0,T].

Next we are going to show that the Ricci deformation preserves the pos-
itivity of the curvature operator on the complete noncompact Riemannian
manifold M. Hamilton [7] proved this for the case when M is a compact
manifold. In the case when M is a noncompact complete manifold the
proof basically is the same as the compact case, but we need to use some
cut-off function technique, just as we did in Lemma 4.5. For more details,
see Hamilton [7].

We regard the Riemannian curvature tensor Rm = {R;x;} as a symmet-
ric bilinear form on the two-forms A%(M) by letting

(138) Rm(¢, ) = Rijkiij¥ki-
We say that the manifold has a positive curvature operator if Rm(¢, ¢) > 0
for all two-forms ¢ # 0; in this case we denote

(139) Rijx;>0 or Rm >0,

We say that the manifold has a nonnegative curvature operator if Rm(¢, ¢)
> 0 for all two-forms ¢ and denote it by

(140) Rijiy>0 or Rm3>0.

We want to prove
Theorem 4.14. Under Assumption A, if R;ji(x,0) >0 on M, then

(141) Rjjki(x,t) >0 on M x[0,T].
Moreover, if R;jx/(x,0) >0 on M, then
(142) Rijki(x,t) >0 on M x[0,T].

Proof. Since (142) is an immediate consequence of (141), by using the
local technique, which is exactly the same as the one used in the compact
case, we only need to prove (141).

From Lemma 3.1 we have

%Rijkl = AR;ji; + 2(Bijki — Bijik + Bixji — Bisji)
— (RpiRyjki + RpjRigki + Ry Rijgr + Ry R;jig) 877
To simplify these equations we pick an abstract vector bundle V' isomor-
phic to the tangent bundle TM, but with a fixed metric 4,, on the fibers.
Choose an isometry u = {u’} between V and TM at the time ¢ = 0, and
let the isometry u evolve by the equation

(143) 2l = gV R k.
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Then the pull-back metric
(144) hap = gijuiul

remains constant in time, since it is easy to see that %hab =0, and u
remains an isometry between the varying metric g;; on TM and the fixed
metric h,, on V. Now we use u to pull back the curvature tensor to a
tensor on V:
(145) Rabea = Rijuruguubudly.
We can also pull back the Levi-Civita connection I' = {T'{,} on TM to get
a connection I" = {f’;‘.c} on V, where the covariant derivative of a section
w = {w?} of V is given locally by

owt -
(146) ija = W + I",’bwb.
We may take the covariant derivative of any tensor of V' and TM, in
particular we have

(147) Vi, =0,  Vihg =0,

and let the Laplacian

(148) ARgpeq = 87ViViRapca

be the trace of the second covariant derivative. From Hamilton [7] we
know that

(149) 2 Rapea = ARuea + 2Basca ~ Babdc + Bacoa — Buase),

where Babea = Reep f Rcedf .

We regard the two-forms A2 on V as the Lie algebra so(n) of the Lie
group of rotations of V. Choose a local chart on V' where kg, is the
identity, the metric on A? is given by |¢|? = (@, ¢), where (¢, W) = BapWap,
and the Lie bracket is given by

(150) [¢’ '//]ab = ¢ac Vbe — V’ac¢bc-

It is easy to check that the trilinear form ([¢, y], w) is fully antisymmetric;
choose an orthonormal basis ¢* = {¢3,} for the 2-forms on V, then the
inner product on A%(V),

haﬂ = <¢a, ¢ﬂ>7

is the identity matrix in the local chart. The Lie bracket is given by

[¢ 91 =c;’¢",
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where the c‘;ﬁ are the Lie structure constants relative to this basis. Note
that c®#? = ¢&# % s fully antisymmetric since

(151) = ([¢*, 41, 4).

The tensor R,;.4 on ¥ may be regarded as a symmetric bilinear form M,
on A%(V), where

(152) Rapea = Mapd3p8L,.
Then from Hamilton [7] we know that
o
(153) ERabca' = ARgpea + Rlpog + Reyess
where
(154) thzbcd = Rabechdef = 2(Bapca — Babdc) = MayMyﬂ¢gb¢fd’

RY, = 2(Bacsa — Badbe) = CaynCpsoMys Myod%y 92,
or equivalently

(155) %Maﬂ =AMyp + My Mg + CaynCpoo Mys Myg.
For any symmetric bilinear form 4 = {4,5} on A%(V), if we define
(156) Q(A)ap = AayAyp + CaynCpsoAys Anos

then we get

(157) %Maﬂ =AM,p + Q(M)ap.

For any {4,s}, if Appw*w? > 0 for all w = {w*}, we denote
(158) Aop >0,

For any {4,s} and {A,z}, if Aap — Aap > 0, we denote

(159) Aop > Aog.

For any fixed (x,?) € M x [0, T], we define

(160) #(x,7) = Sup{0]| Moy (x, 1) 2 600},

where

_ 1, a=24,
‘5“”‘{0, a#p.

Lemma 4.15. For any (x,t) € M x [0,T], R;jxi(x,t) > 0 if and only if
M,p(x,t) > 0.
Proof. By the definition of M.
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From the assumption of Theorem 4.14, we have R;j;(x,0) > 0 on M,
and therefore

(161) M,p(x,0) >0 on M.
Thus
(162) ¢(x,0) >0 on M.

If we can prove ¢(x,t) > 0 on M x[0, T'], then Theorem 4.14 follows from
Lemma 4.15.
From Assumption A it follows that

|Rijki(x,8)> <1 on M x [0, T].
By (143), (144), and (145) we get
(163) |Rapea(x,)> <& on M x[0,T],

where 0 < ¢ < 400 is some constant. Thus by the definition of M,z there
exists a constant 0 < ¢;g < +oo such that

(164) —Clgaaﬂ < Ma,g(x, 1) < Clgéaﬂ on M x[0,T].
In particular we have
(165) o(x,t) > —ci3 on M x[0,T].

Lemma 4.16. For any symmetric bilinear form {A,g}, if Aap > 0, then

Q(A)aﬂ > 0.
Proof. Just by the definition of Q(A4),p.
From (165) it follows

(166) Maﬁ(-x, t) > ¢(x’t)6aﬂ on M x [Oa T],
so that
(167) Aup =Myp — 96,5 >0 on M x[0,T].

By Lemma 4.16 we get Q(4),p > 0. Since Q(A4),4 actually are the qua-
dratic polynomials of A,g, from (156) and (164) we have

Q(M)p > —cislcislo| + 9*10ap  on M x [0, T,
and, in consequence of (164) again,
lp(x,8)] <cig on M x [0, T].
Thus
(168) OQ(M)ap 2> —2c19¢18|910,p on M x [0, T],
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and therefore
(169) Q(M)qp > 2c19¢1890,5 for ¢ <0,

where 0 < ¢j9 < +00 is some constant.
Now if we can find some (xo, fp) € M x [0, T'] such that

(170) 0 (xo,0) < 0.

Let 6(x,t) € C®(M x [0, T]) be the function constructed in Lemma 4.4,
and consider M,; as follows:

(171) M,p(x,t) = 0(x,t)Map(x,t) on M x[0,T].
Let
(172) @(x,t) = sup{6o| M,p(x,t) > 60dap}.
6oER
Then
(173) P(x,t)=0(x,)p(x,t) on M x[0,T].
Since 0 < 8(x,t) < 1, from (170) we have
(174) @ (X0, to) = 0(xo, t0)p(X0, t0) < 0.
By (46) and (165) we know that
- C18C8

175 ) > -
(173) P02 -3 Yo(Xo0, X)
Thus if yo(x0,x) > —c13¢8/@ (X0, to), then
(176) P(x,1) > ¢(xo, o).

Since By(xo, —c13¢8/@ (X0, t0)) % [0, T] is a compact subset of M x [0, T']
and ¢(x, ) is a continuous function, from (176) it follows that there exists
a point (x),¢,) € M x [0, T'] with

Yo(Xo0, X1) < —C18¢8/ P (X0, to)
such that
(177) P(x1,11) = M;r[l({n(v(x, 1) <O0.
On the other hand, by (172) one can find an index «a; such that
(178) Ma|a|(xlatl)=¢(xl’tl)’
(179) Mya(x,t) > ¢(x1,t1) VY(x,t) € M x[0,T], V¥ index c.
Thus
(180) AMa,a.(-xl’tl) >0, VMa,a.(xl,tl) =0.
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Since ¢(x,0) > 0, we have ¢(x,0) > 0, and from (177) we get ¢; > O.
From (179) we have

o -~
(181) E;Malal(xlstl) <O0.
On the other hand,
0 -~ 0 00
EMQB at(eMaﬁ) 6tM +06tM
a6
= H[AMaﬂ + Q( )aﬂ] + Maﬂ
=A(OM,p) — 2V,0 - V,,Maﬂ +0Q(M)op + %Maﬂ — M,zA0
. ) 2
(182) =AM,p - %V,,G -Vp(0M,p) + %MQB +0Q(M)qp
00
+ EMaﬂ — (AO)M,
. 2 o0
=AM,p — 6]v 6-V,M,p+ (a — A6 + —|V,,e|2)
+0Q(M)qap.
Now let (x,¢) = (x),¢) and & = f = ;. Since
¢(X1,t1) = 0(xl1tl)¢(xlstl) < 03
we have
p(x1,4) <0.
From (169) it follows that
(183) Q(M)aa, > 2c18¢199 (X1, 11).
But M, (x1,t1) = ¢(x1, ), so by (182) and (183) we get
o -~ ~ 2
EMQIQI ZAMalal - GV 0 Vp a)a)
(184) 50
+ (6 — A + 0|Vp0|2 + 2c|gc190> o(x1, ).
By Lemma 4.4 if we choose ¢7 > 2¢;3¢19, then
(185) % —Af + —IV 0)? + 2c13¢190 < 0.

ot
Since ¢(x;, ) < 0, from (180), (184), and (185) it follows that

0 ~
EManl(xl’tl) > 0:
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which contradicts (181). Thus
@(x,t)>0 on M x[0,T],

and the proof of Theorem 4.14 is complete.

5. Long time existence
Let M be an n-dimensional Riemannian manifold with metric
ds? = g;jdx'dx’ > 0.
If the curvature satisfies

22
n(n-1)
where ¢ > 0, d3 >0, d4 = £, d5 = {5, and
2

= = >

CEP T
then the curvature operator is positive, more precisely, in this case we have

R

(3) Rijiiuijup; 2 28|uij|2n—(n—_T)
for any two-form {u;;}. For the proof of this statement, see G. Huisken
[8].

Now we choose constants 8, < d,/[2n(n —1)] depending only on 7, and
suppose the curvature of the manifold considered satisfies

(1) IRm[2 < 8,(1 - &) R,

(2) On

(4) Rm[2 < . R.

In this case from (1) and (3) we know that for any {u;;},
R

(%) Rijkiuijupg > I-uij|2n—(n—_—1—)-

Lemma 5.1. Suppose M is an n-dimensional complete noncompact Rie-
mannian manifold with its curvature satisfying condition (4). Then

2
(6) ‘Rijkll2 < l:ﬁn + m] R2 on M.
Proof. It is easy to show that
° 2
12 = 2 2
(7) |R11k1' 'le + n(n — l)R .

From (4) and (7) we get (6) immediately.
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Theorem 5.2. Suppose M is an n-dimensional complete noncompact
Riemannian manifold with metric g;j(x). If the curvature of M satisfies

(8) Rm2 < B,R%, O<R<c,

where 0 < ¢y < +00 is a constant, then the evolution equation

0
9) ‘é‘;gij(xa t) = =2R;j(x,1), g&ij(x,0)= gij(x), XEM,

has a solution for all time 0 < t < +o0.

This long time existence theorem is what we want to prove in this sec-
tion, but before we start the proof, we must prove several lemmas.

Using (8) and Lemma 5.1 we find

(10) Rouix,OF < [+ 2] & vxe .
From (5) we get

(11) Rijui(x,0)>0 Vx e M,

which together with (10) implies

12
(12) 0<R,-j,-j(x,0)$ [ﬂn-f-m] n2c0 on M.

Thus by using Theorem 3.4 we know that the evolution equation (9) has
a solution for a short time 0 < ¢t < T, where Ty > 0 depends only on n
and cp, and by using Lemma 3.4 we still have the short time estimate:

(13) SUD|VmRijk1(xJ)|2 < Cms1(n,co)/t™, 0<t<Tp, m>0.
M

Lemma 5.3. The solution obtained above satisfies Assumption A of §4
on M x [0, Tp].

Proof. Similarly to the proof of (3) in §4 by using (13).

Now we define 0 < T < +oo as follows:

T, = sup{t|the evolution equation (9) has a solution g;(x,?)
T€R

on M x [0,7), and for any 0 < T < 1, the solution
(14) 8ij(x,t) satisfies Assumption A of §4 on M x [0, T'] and
(13) holds on M x [0, 1 To]}.

Then we have
(15) 0< Ty <T < +oo.

What we need to prove is that 77 = +oo.
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For 0 < T, < Ty, suppose g;;(x, ) is a solution of the evolution equation
on M x [0,T3), and for any 0 < T < T3, the solution g;;(x,?) satisfies
Assumption A of §4 on M x [0, T].

Thus for any T < T3, the maximal principle Theorem 4.6 and Theorem
4.12 are true on M x [0, T}, but since T < T, is arbitrary, we know that
Theorem 4.6 and Theorem 4.12 actually hold on M x [0, T3).

Lemma 5.4. We have the following:

(16) Rijki(x,8) >0, R(x,t)>0 on M x[0,T3).

Proof. From (11) we complete the proof immediately by using Theo-
rem 4.14.

Lemma 5.5. Suppose 0 < < § and

(17) fo(x,t) = ';;‘jf (x,1) on M x[0,Ts).

Then

(18) %ﬁ, =Af., ;2 "’)v «R-Vify - L‘f—ﬁﬁmﬁwimz

IRV lekl _Ruklv RI +

R4a

T <P + %|Rm|2s) :

where
P= 2RRuklRtmkanjnl + 'RRukIRklmn mnij |Rm|2S
Proof. This is Lemma 3.2 [8].
Lemma 5.6. If
2 R?

|2 JRY)
[Ref? < 8,(1 = &) ey

e>0,

then
P< —%Rzlﬁmlz.
Proor. This is Theorem 3.3 [8].
Lemma 5.7. |[Rm|?/R2< B, for0<t< Ty
Proof. Let fy(x,t) = (|I°{m|2/R2)(x, t). Then from (18) we have

a 2 2 4
(19) E.ﬁ) = Afb + EVkR . kab — FlRVpRijkl — R,jk[VpR' + R3P

Let
(20) 9(x,1) = R(fo = Bn)-
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Then
1) (x ,)_I?EHLZ
o(x,0) = ¢

By (3) and (7) of §3 we get

(x,t) — BuR(x,1t).

) 2 4
(22) 37 = A2 — z3IRVpRiju = RijuiVoRI* + okl
+2S(fo — Bn), 0<t< T

From (8) it follows that

(23) f(.)(xyo) S ﬂna X e M’
and that
(24) 9(x,0)0<0, xeM.

Using Lemma 5.4 and formula (1.10) in [2] we get, respectively,

0< R,-j,-j(x, t) < R(x, t) on M x [0, Tz),
(25) R (x, D)2 < 200n*R(x,1)> on M x [0, Ty).

o
Since |Rm|? < |R;;x/|?, we have

IRm[? < 200n*R? on M x [0, T3),
(26) fo(x,1) £200n* on M x [0, T>),
27)  e(x,1) < R(x, 1) fo(x, 1) < 200n*R(x,) on M x [0, Ty).

For any T < T3, since Assumption A of §4 is true on M x [0, T], we can
find a constant ¢;(7") > 0 such that

(28) |R;jii(x,)]* < ci(T) on M x[0,T],
which together with Lemma 5.4 implies that
(29) 0 < R(x,t) < n*\/e,(T) on M x[0,T].
From (27) it follows that
(30) p(x,t) <200n\/c,(T) on M x[0,T].
If ¢ > 0, from (20) we have |I(5\m|2/R2 > Bn. Define

6% = ’{”Rz or §= OL a2,

|Rm|2 |Rm|
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Then 0 < 8 <1 and

Rm[?
(31) Bn = 0 0°,
Rm|? lclm2 Rm
W’t):R(l | _,,n) 3 (lel _ R 02)
B2
'R‘“’ RoL - o)1 +0)> BB g)
R o o
- ,;“'(1 — 6)Rm| > /(1 - 6)|Rm]
Thus
o(x,1) t)
(32) 0)|R | < 82l
V Bn
Let
Rijki = OR;jus,
1
(33) Uijki = mR(gikgjl - gilgjk),
Rijt = Uijir + OR;jrt = Uyjs + Rijur-
Then
(34) Rijki = Uijki + Rijus-

From §1 we know that

IRijuil* = |Uijaa|* + |Rijial?

[Rjkt)* = Uijua|* + 6| Ryjus |-

Since 0 < 8 < 1, from (28) and (35) we have

(36) lRijkI|2 < |Rijul* < e(T).

Define

(37) P = 2RR;jiiRimin Rmjni + SRR ki Rictmn Rmnij — | Rijir*S,
where

(38) R=g%g'Riuy=R, S=g*g"'RijRu;, Rij=g"Ryj.
Since

(35)

o o .
|R;jkil* = 0*|Rijui|* = BuR? = B R,
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and B, < d,/[2n(n — 1)], from Lemma 5.6 it follows that
- 1 ~, %
(39) P< _'z_nRleijkllz <o0.
By the definition of P and P,
P — P < o(|IRijial* + |Rijua )| Rijes — Rijal,
which becomes, in consequence of (36),
P — P <263|R;jial - |Rijis — Rijul
= 26| Ryjuatl® - |Rijis — ORjul]
= 2¢3|R;juil*(1 — 6)|Rm|.
From (25) and (32) it follows that
(40) P — P < 6000c,n8R? - —2— < c;R3p,

VBn

which together with (39) implies P < c3R3¢p. By using (29) we get

4
(41) ﬁPSC3-4R¢SC4¢ for ¢ > 0.
On the other hand, from (20) we have

2S _ 2n*Rm|?
25(fs - br) = o s R,

which together with (25) yields
25(fo — Bn) < 4001 Ry.
By using (29) we get

(42) 25(fo— Bu) S esp if 920,
which together with (41) implies
(4) P +25(fo~ B S cep if 920,

From (22), (24), (30), (43) and Theorem 4.6 we have
o(x,t) <0 on M x[0,T]
for any T < T,. Thus
o(x,t) <0 on M x[0,T7),
and, in consequence of (20),
(44) So(x,t) £ Bn on M x[0,T3).
Hence the proof of Lemma 5.7 is complete.

339
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Lemma 5.8. We have the inequality
3n-2

(45) IViRjk|* > mWiRP-
Proof. This is Lemma 4.3 in [8].
From Lemma 5.8 we get
2 25 (n=2)? 2
ViR | - |V R]>> IViR[",

(46) “2n(n-1)(n+2)
l|VR|2 > (——)—IV-R- |2
n' = p@Bn—2) Tk

Lemma 5.9. Let ;Qij = Rij — 1Rg;j. Then

ViR | -

(47) S-SR =|Ryf* >0,
oS
(48) 5[ = AS = 2|V;Rjx|* + 4Rj Ry Rk ji,
9 2 1) 2, 2 2
S - —R =A|lS-—-R - 2|V,‘Rjk| + —IV,'Rl
(49) at n n

+ 4R,'ij1R,~kj1.
Proof. This is Lemma 4.2 in [8].
Lemma 5.10. We have the inequality

0 1 1 (n—2)?

- =R} <A(S--R})-—— . |V,R}?

(50) at (S ) - (S n ) n(n—1)(n+2) | |
+ c(n)| Rijuil’.

Proof. This is a direct corollary of Lemmas 5.8 and 5.9.

Lemma 5.11. For y > 0 we have

(51) % IV,RI? = A|V,R]? — 2|V,V,R]2 + 4V,R - V,S,
0 (1) _ 1 y(y+1) 2 2y

(52) 5 (ﬁ) =A (ﬁ) - L IViRE - 220,

d (IViR*\ _, (IViR]? Y |V:R?

az( R )‘A< R )+§V"R'V" R

_ Y |ViR|4 2 . 2
(53) y(l-i)w-ﬁw,v,ze 2RVR V,R|
2yS 4

—R7+1|VR|2 = ViR VS,

where S = g’k g/'R;; Ry
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Proof. From Lemma 3.1 we have
OR

57 = AR + 28S.
Thus
o OR
5;ViR = V,(at> = Vi[AR + 28]
= Vi(AR) +2V;S = A(V,R) — Ry VR + 2V;S,
(54) %IV,RIZ = A|V,R|> - 2|V,V,;R|> +4V,R - VS,
8 (1\_ 'y 0R_ _y
a1 (76) = “Reiar - R AR+ 2S)
LY _20+10) g pa_ 27
_A(R7> - Bt D wiRe - 2.

The third and fourth equations of (54) are (51) and (52) respectively.
Now, using (51) and (52), we get

RI2 :R|?
587 (Iv,RI ) _A (M) _2v, (Ri) .V,,|v,-R|2 _Y0+D g g

RY RY Rv+2
278
- -Rf—H—W,-RP = |ViV;R[+ VR V,S.
Since
L RE= - G,R-V,R-V,ViR
2Vl % 'Vp|Vi|—R,,+l kR-ViR-V;ViR,
|ViR[?
Vk< = RyVR V,ViR - R+1|V R*V,R,
? Vi R|2 2y 4
?9.R. Vk( L) = ViR ViR ViViR - R+2|v RI*,
we have
& (IViRRY _ , (IViRP |ViR|?
_t( w) = w )t ETR o
2
Ry’i] ViR-ViR-V,ViR - —IV VR|?
298 4

- leiRP - |V,‘R|2 + EVIR - V.S,

Ry+!
which actually is (53).
Lemma 5.12. If we define

RI2
w=|-V—'—1i+4(s-1R2>,
R n
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then

ow 1 1 8
—< -_— . — — —
T _A'w+RVkR Viw 4Rw + Rw

é(n 1 5
+ % (S - ;RZ) + &(n)|Rijull,

(55)
where ¢(n) > 0 is a constant depending only on n.
Proof. We have

1 15\ 1 2 X
zVAR Vi (s- ~R ) = zVkR-ViS - Z|ViR.

Thus from (50) it follows that

8 1, 1,) 1 1,
- = < - = — . - -
at (S R)_A(S nR)+RVkR Vi (S nR)
1 2
(56) - -Eka -ViS + ZIVkRIZ

(n-2)
- mWﬂW +c(n)|Rjul’.

Now, letting y = 1 and using (53) we get

8 (IViRR\ _ , (IViR2 |V:RJ2
E(R =a( +RVRV e
2VVR Lv.R.VR

2R J

2
-3 R3 |ViR|* -

- ﬁ|v,~R|2 + ﬁv,-R - VS,

P |V,~R|2) IViR?) 1 IV:R]2
=z < Y — . LU
(57) az( R )SAUTR ) FRUR Ve TR )

1 4
- le,‘Rl4 + ﬁViR - V,;S.
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By means of (56) and (57) we have
ow 1 1
< — . — —|V:RI4
a1 = Aw + RVkR Viw 2R3 |ViR|
8
+ ',;leRl2 + dc(n)|Rijul,

2 2
O pw+ LR vw- R [w 4<S———R2)]

ot R 2R3
+ %R - QR (S - ;RZ) +dc(n)|Rijul,
ow 1 8
WSAw-'-ﬁka.ka 4—Ew + Rw
¢(n 1 x
+ —(R—) (S - ;’_RZ) + C(n)IRij[dI}.

Lemma 5.13. For any T < T, there exists a constant ¢ = ¢(T) > 0
such that

|Vlf'2 <%, 0<t<T
Proof. Let

w=|z;—f—li+4(S—%R2).

Then from Lemma 5.12 we have
‘93_‘;’ <Aw+—VkR-ka—ﬁw + 8Rw

%) ¢(n) A 3

+ R (S - ZR ) +¢(n)|R;jki]’.
Since

Rmf? = Rl + -2 <2,

from Lemma 5.7 it follows that

1 , 1 o 2 2
J— Ep— _ < —_—
R2|le R2|Rm| +n(n—1) ‘B"+n(n—1)’

1 ) 2 _
(59) ﬁlRijkll Sﬂn‘l‘m on0<t< 1.
If0< < T < Ty, then by (59) we get

é(n 1.,\? _ é&n) ¢(n) A
—(El (S - ;Rz) < —1'(—‘|Rijk1|4 n*< TR“ = &(n)R%,
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where é(n) > 0 depends only on » and B,. We still have
&(n)|Ryjul® < E(n)R.

Thus by the above two equations (58) is reduced to

ow 1 1 8 3
< - — <t<
(60) a7 Aw +RVkR Viw 4Rw + — Rw+c3R 0<t<T,
which together with (29) implies
ow 1 1
— <t<
(61) B <A’LU+RVkR Viw — 4Rw + W + ¢4, 0<t<T,

where 0 < ¢,, ¢4 < +00 are constants depending on 7'. Let
2
F(x,t) = tw(x,t) = ['V R +4 (S - %RZ)] .

R
Then
oF 1 | G F
< - -
a7 AF + VkR Vi F 4tRF + o F +cqt + 7
< — . - — ,
< AF + RVkR Vi F 4tRF F +c4T

From (47) it follows that

|ViR|? 1 1o <£
R tRF 4 (S R <7

Finally we have

oF _|VkRP 1,
< - —
8t AF + RVkR Vk 8R2 F 8[RF
it Tep T o0<i<T

Letcs =1+ Tc, and cg = c4T. Then

OF IV R?
< —
S SAF+ ka ViF - 5

F ctR F
i <t<T.
+tR(5R+ F 8), 0<t<T

By using (29) again we get
¢sR<c7, ctR<cg on0<t<T.

F

Thus

oF 1 |V R|?
—_—< — . —
7 SAF + 5ViR -V F -

52<7+F_%)’ 0<t<T.

F

(62)
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By definition we know that

(63) F(x,00=0 on M.
Then from (62), (63) and Lemma 4.11 it follows that
(64) F(x,t) <c, 0<t<T,
where ¢ > 0 depends on T. Thus we have
IViR[?
< = <t<T.
R 7 0<t<T
Lemma 5.14. We can find o > 0 and c(o) > 0 such that
i%u‘imﬁ <), 0<t<T

Proof. Let fy(x,t) = |Rm|2/R2 . Then Lemma 5.5 implies that

dfo 2(1-o0 o(l1
o Ll ) [Ranf?|V R

R
(P + allezS)

<Af; + ViR -V fs -

(65) 4
R3 o

From Lemmas 5.6 and 5.7 it follows that
(66) P< —%Rzu‘imﬁ, 0<t< T,
S < %RZ + |1°z,-,-|2 < (% + c(n)) R*, 0<t<T,

and therefore

4
R3a

4 2 2,0 (1 2R 2]
< =0 [_ER |IRm|° + > <n +c(n)> R*|Rm|

Raf? |5 + e

<P + ——|Rm|25>

4
< Rl-o

(67) R;‘ . (P+ 2|Rm|2s) 7= a|Rm|2 [—zi+c(n) ]

0<t< T

Now if we choose g such that

1
(68) 0<0< —,
2nc(n)
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then

69 4 (P+ZRmps) <0, 0<i<T
(69) 7o \F +3Rm <0, < 2.

Substituting (69) into (65) gives

0fs 2(1-0 o(l-o
% <afy+ M2 Dvir vif, - LD virps,,
or
V,R[?
(70) 66ﬁ’<Aﬁ,+|ka,,|2+[l—o'(1—a)faI R 0<i<m.
Since

fo(x,0) = 'ﬁ;“!,( 0) = R°(x,0)/o(x,0) < £ R°(x,0),

from (8) it follows that
(71) fo(x,0) < Bucg  on M,
Rm|?
fotx,t) = RO (e 1) = R (e, 1) fo(x, )
By using (44) we find

(72) fo(x,t) < BnR°(x,t) on M x[0,T].
For any T < T, we use (29) and (72) to get
(73) fo(x,8) £ Bun*°ci(T)°/* on M x [0, T].
Since o satisfies (68) and c(n) = L +¢(n) > 1,
(74) 0<o<i.
Therefore
|V R| 1
_ - < —_
(75) [1-0a(l-0)fs] 0 if f; > o1 =0)
From (70), (71), (73), (75) and Theorem 4.6 we know that
1
a
fo(x,1) < max [ﬂnco, (=0 a)] on M x [0, T].
Since T < T is arbitrary, we get
1
(19 fxosmx|fg o], 0<i<D
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From Lemma 5.14 it follows that if o satisfies (68), then
(77) R21 ~ (S - —R2> <nclo), 0<t<T,

which holds since S — L1R? = IIOQ,-jl2 < n2|I°2,~jk,|2.
Lemma 5.15. We have the inequalities:

(78) }ozinklRikjl <R (S - ;ll-RZ) , 0<t<T,
1 2(n — 2)2
—_ ZR? R > Y2 W A L v 2 > SRR P
(79) f”<s R>SA<S nR) nGn—2) " Rl

+4R(S-%R2), 0<t< T,

d (|ViR]? |V;R|? 2 5
4 28
+ ViR ViS - ﬁw,RP.

Proof. From Lemma 5.7 one can check directly that

(80)

IOQ,-ij,R,-kj, <R (S - %R2> ,

or one can see [8, p. 60].

Now (79) follows directly from (46), (49), and (78); (80) follows from
(53).

We want to prove the following important lemma:

Lemma 5.16. For any n > 0, we can find a constant c¢(n) > 0 depending
only on n, B,,co, and n, such that

(81) IViRF <R +c(n), n<t<T.

Proof. Since
4 8

RVR VS = VR RjxViRjy,
we have
4 2 2 2 2 28 2 2
EV,'R-V:'S < Ez’lRﬂ(I |ViR|” + 8|ViRj|* = ﬁW:‘RI + 8| ViR %,
which reduces (80) to

8 (|V:R]? V.RJ?
(82) - (L_R_|) <A (' = | ) + 8|V Ri[*.
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From Lemma 5.14 it follows that if 0 < 8 < 1 /[2ncﬂ(7z/)], then we can find
a constant ¢; = ¢ (B, co,0) > 0 such that

(83) S - %RZ < ¢ R*¥C, 0<t<T

(actually this comes from (77)). By (79) we get

(84) gt (S - le) <A (S - %R2> ___23 2)° ViR

+4c,R¥%,  0<t< T
Since 4% = AR + 25, S — 1R? > 0, we have

(85) %’: AR + 2R2
9 p OR
37 —2R6— = 2RAR + 4RS,

= AR? - 2|V,R|? + 4RS,
and therefore

OR?
ot

From (82), (84), and (86) it follows that for any > 0

8 [IViR? 12 2
ot [ R +c (S nR nR
A

|ViR?
R

(86) > AR? - 2|V;R? + %R3.

(87) +c3 (s — %RZ) - nRz] +4c1c3R37% 4+ 29|V, R}

2(n - 2)? 4
* [8" nGn= 20| IViRnl* = R, 0<t< T
If we choose c; such that

2n—-27 _ _4n(n—1(n+2)
n(3n-2)°= 3n-2

then from Lemma 5.8 we have

[8 _ 2(_"'—_2)_2. ] IViRjk|2 S _4’1(" - 1)(n + 2)|V:R1k|2

8 —

n(3n-2)°" 33
< -2n|V.RP,
_2(n-2) 2 .
[8 n(3n - 2)"3] IViRi|* +29|ViR? <0,
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and therefore, in consequence of (87),

d [IViR]? 1., 2
E[T'FC:; S—ER — 7R

88 R|?
(88) <A [M +¢3 (S - le) - nRz] +4cic3R37° — i17R3,
R n n
0<t< T
Let VR
1Y _ l 2\ p2
F = R +c3<S nR> nR- - CR.

Then from (85) and (88) we get

oF 2

4
< 30 _ T.R3_ < 2
31 < AF +4c 3R nnR nCR ,
89) 2E cars [4c1c3R1“’ _4uR- gc] R, 0<t<T
ot n n
If we choose C large enough, then

4cic3R' 0 — %nR — %C <0 forall R>0,

where C depends only on 8,, ¢, d,n,¢;, and c;3. We have
(90) %SAF, 0<i< T
By the definition of F,

|;iR|2 12
< — —_— .
F R +c (S R

349

Suppose Ty is the constant in Lemma 5.3. Then from Lemma 5.13 we

know that
IV.R]> _ cs(co,n) 1
< -
(91) R < PR OSt_zTo,
which implies
|ViR[? 1

(92) To,

< CG(”)’ n <t<

R 2

and from Theorem 3.4 it follows that
0<S- IR <crlen), 0<t<iTy
Thus

1
(93) F(x,t) < cg(n, Bn, o, M), n<t< ETo, xXeM.
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For any T < T>, by (28) and Lemma 5.13 we get

(94)
RI2
Firy < VRE (s - %RZ) < ¢o(, Burcosn, T) onn<t<T.

From (90), (93), (94) and Theorem 4.6 we have

F(x,t) < cs(n, Bn,co,m),  n<t<T.
Since T < T3 is arbitrary, we have
(95) F(x,f)<c, n<t<T,

|ViR|?
R

e (S— %RZ) _ @R -CR<c(m), n<t<T,

IV,R? <nR*+CR*+cs(n)R, n<t<T.
If we replace n by 37, then
IViR> < inR*+ CR*+cs(mR, n<t<T,
and therefore
|V.R|> < nR?+ C(n), n<t<Ts

Note. C(n) > 0in (81) depends only on n, 8,, co, 1, and is independent
of Tz.

Lemma 5.17. There exists a constant C > 0 depending only on n, B,
and cy such that

(96) O<R(x,t)<C on0<t< T

Proof. From Lemma 5.4 and (13) we know respectively that R(x, ) > 0
on 0 <t < T3, and that

(97) R(-x’t) < Cl(n, C()) on0 <t< %To

For any # > 0, by using Lemma 5.16 we can find a constant C(#n) > 0 such
that
IViR| < 3P°RP+C(n),  n<t<Th

If Rmax — o0 as t — T, we can find 6 such that n < 6 < T, and

(98) C(n) < 1n?RYZ, whilet=9.
Thus
(99) |ViR| < n*Rolax att=06.

Fix a point x € M such that
R(x,0) > (1 — n)MaxyemR(y, 0).
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Then on any geodesic out of x of length at most S = %R,',,/fx we have

R > (1 — 21)Rnmax, and from Lemma 5.7 we know that there exists a fixed
& > 0 such that R;; > ggRg;;. Thus on any geodesic out of x of length at
most S = %R,‘,{fx we have

R;j > &o(1 — 2n) Rmax &ij-

If n > 0 is small enough, it follows that every geodesic from x of length
S = #R,‘,{fx has a conjugate point by the well-known theorem of Myers,
which can be found in [Theorem 1.26, Cheeger and Ebin [2]]. Thus

1
(100) Ye(x,y) < ﬁRé(fx Vy € M.

Since 6 < T,, Assumption A of §4 holds on M x[0, 6]. By using Lemma 4.1
we know that dsg is equivalent to dsg. Since M is a complete noncompact
manifold with respect to dsg, M is a complete noncompact manifold with
respect to ds2; therefore (100) is impossible. This means that (98) cannot
be true for any 6 € [n, T3), so that

1
C(n) > '2‘”2Rr3n/:x’ n<t<Ty,

2/3
Rpmax < (2an)) , n<t<T.
n
Thus we can find C(n) > 0 such that
(101) Rx,n)<C(m), n<t<T.

Fix 0 < # < 1T,. Then (97) and (101) imply the lemma.

Proof of Theorem 5.2. Now we are going to prove the long time exis-
tence theorem. We need to prove that 7, = +o0.

Suppose T < +oo, from (15) we get

(102) 0< Ty £ T < +oo.
By the definition of 7, in (14), for any ¢ > 0 we can find a constant
(103) T)—-e<Th, <Th

and a solution g;;(x, ) of the evolution equation on M x [0, T3) such that
for any T < T, the solution g;;(x,?) satisfies Assumption A of §4 on
M x [0, T], and (13) holds on M x [0, %To]. Thus from Lemmas 5.4 and
5.17 we know that
Riiw(x,)>0
(104) { ijkt (X5 1)

M x[0,T5).
0<Rxn<c M*OT)
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By (59) and (104) we get

2
(105) |Rijk1|2 < [ﬂn + A=1)
From (104) and (105) it follows that

] C? on M x[0,T3).

1/2
(106) 0 < Rjjij(x,1) < [ﬂ,, + mz——l)] / C on M x [0, T3).
Now we consider the evolution equation
(107) (60 =-2Ry(x0,  Gy(x,0) = gy(x Ti —e)
Since T — ¢ < T, from (106) we have
5 1/2
(108) 0< Ry Ti-o) < [p+ oirs| C

where C is independent of ¢.

From Theorem 3.4 we know that (107) has a solution &;;(x,?) on 0 <
t<d,0 =4d(n,Bn co, C) depending only on n, 8,, ¢y, and C; in particular,
d is independent of €. By Theorem 3.4 we still have

(109)  sup|[V™Ryj/(x,1)* < émi/t™, O0<t<6,xEM, m>0.
M

Define

&i(x, 1) = gij(x,1), 0<t<TH —e,
&i(x,t) = &ij(x,t = T) +¢), T'—-e<t<T)—¢+39.
Then g/;(x,2) >0 on M x [0,T} — ¢ + 4], and

(110)

a * *
Egij(x, 1) = —2R};(x,1), 0<t<T —-¢e+9,

(111)
8/i(x,0) = g;j(x) on M.

By the regularity theorem of parabolic equation we know that

gi(x,1)e C*® on M x[0,T) —¢&+4].
Thus g;(x, ?) is a solution of evolution equation (9) on M x [0, T} —& +4],
and .
(112) gij(x,t) = gij(x,t), 0Lt<T-e
Since d > 0 depends only on n, 8,,cy and C, with C depending only on
n, fn and ¢y, thus d > 0 depends only on n, 8, and ¢y. If we choose ¢ > 0
small enough such that

. [0 Ty
(113) 0<83mln{5,—2—},
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then from (15), (112), and (113) we have
(114) ghi(x,t) = gij(x,t), 0<t<iT,.
Since g;;(x, ?) satisfies (13) on M x [0, $ Tp], 87(x, 1) also satisfies (13) on
M x [0, $Tp).

Because 7 —¢ < T3, by the definition of g;;(x, ¢) and (112) we know that
both g;;(x, ) and g/;(x, f) satisfy Assumption A of §4 on M x [0, T} — &].
Therefore we get the following:

0 < R}j;(x,0) < ko, xeM,

(115) IR;jkI(xat)lzscl*’ XGM, OSISTI—E,

T|—B
/ VoR (6, 0ldt< e,  xeM.
0

From (109) it follows that
| R i (x, HDP<é onTi—e<t<Ti—¢e+,

116
( ) |V,,R’,7‘jk,(x,t)|2 < 5‘2/([ -T +é¢), T, —e<t<T —¢+.
Thus

T|—£+(5 T|—5+(5 Ezl/z
17 VoRju(x,0ldis [ e dt= e < oo,
( ) Ti—e | p Ukl( )i Ti—e m— 3

By (115), (116), and (117) we get
0 < Rjj;;(x,0) < ko, XEM,

(118) IR} (x,0)]> < max{cf,&1}, xeM,0<t<T-¢+3,

T|—8+(5
/ IVoR (X, 0)|dt < c3 +¢3 Vx e M.
0

Therefore gf;(x,t) satisfies Assumption A of §4 on M x [0, T — & + 9]
and satisfies (13) on M x [0,1T5]. Thus from (14) and (113) we know
respectively that T} > T} — e + J, and that T} > T, + 6/2 > T. Since this
is impossible, T} = +o0o and we can find a solution of evolution equation
(9) on M x [0, +00). Hence the proof of Theorem 5.2 is complete.

Corollary 5.18. Suppose g;j(x,t) > 0 is the metric constructed in Theo-
rem 5.2 on M x [0, +00). We still have

Rijri(x,1) > 0,

(119) 0< R(x,t) £ C, 0<t< +oo,

|§m|2 S ﬂnRz,

(120) sup|V™R;jki(x, 0> < emir /t",  0<t<1Ty, xeM, m>0,
M
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where C > 0 and ¢,y > 0 are constants depending only on n, B, and cy.
Moreover, for any 0 < T < +oo, g;j(x,t) satisfies Assumption A of §4 on
M x [0, T].

Proof. We can prove this corollary by using Lemmas 5.4, 5.7, and 5.17,
and (112) directly.

6. Controlling the scalar curvature

We have shown in the last section that the scalar curvature of M is
positive and bounded from above for all time 0 < ¢ < +oo. In this section
we want to show that the scalar curvature R actually tends to zero as time
t — +4o00.

Suppose M is an n-dimensional complete noncompact Riemannian
manifold with metric g;;(x) > 0. Then the curvature of M satisfies the
following condition:

(1) RmP < BR%, O0<R<c,

where # and ¢ are constants and 0 < 8 < d,/2n(n — 1).
Now consider the evolution equation on M:

0
(2) _a"t'gl](x, t) = _ZRij(xa t),
8j(x,0) = gj(x), xeM.
From Theorem 5.2 we can find a solution of this evolution equation for
all time 0 < ¢ < +o00 and the solution satisfies the properties mentioned in
Corollary 5.18. Thus we can find a constant C > 0 such that
3) IRm* < BR?, 0<R(x,1)<C,
for all 0 <t < +o0.
Let 0 < 0 < § and f;(x,?) = (|Rm|?>/R*=°)(x,). Then from Lemma
5.5 it follows that

2/, 2(1-0)
32 =0f+ —ka iy - Lo D R (9, RP

4

@ ~ 27 RV Rt — R Vo R+ o (P + -;-|fim|zs) :
From Corollary 5.18 we have

(5) R;; >0, 0<t<+o0,

and therefore

(6) ~R’<S<R? 0<1t< +00.

o(l
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By (3) and Lemma 5.6 we get

1 2 op
7 P5—5|Rm| R-, 0<t< +oo,

which implies

4 2 4 I B 2p2, 015 12p2
Y (P+ 2]Iilm| S) =7 (_ﬂlle R +§|Rm| R

2R? 1\ e ., 1
—I—{?;:'(U—;)lle —2<U—;>Rf;;

Substituting the above equation into (4) gives

® % <0+ 2299t -2 (5 - o) RE- T o1-0)1.

Lemma 6.1. There exists a constant ¢, > 0 depending only on ¢y, n, and
o such that for 0 < g < 1/(2n) we have

|Io(m|2 Bcy
< <
9) R0 = ((+ 1) 0<t< +o0.
Proof. Because 0 < o < 1/(2n), from (8) we have
0] 2(l1-o 1
(10) aft"_Aﬁ, (R )VkR-Vkﬁ,—h-Rﬁ,.
Let

w(t) = Bo(t)’, 0<t<+4o00
Then
oy _ s-109 _ o1 |_ 1 (1 _t_)_z
ot Bae(®) ot Bae(®) no \ co T
1 _ 1
= —;W’(t)” lo(1)? = -;ﬂfﬂ(l)”l,
oy 1
— T — — < .
(11) Y, —oy,  0<i<+o
Thus
dv . 2l-0)g oo 1
(12) E—Aw+ R ViR -V y nw//.
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From (8), (12) and 0 < g < 1/(2n) it follows that

2 (o= v) <A~ 9) + L DVR Vil - w)

1 1 |V R|?
+;W-;Rﬁ,—a(l )R Jo.

Let F(x,t) = fs(x,t) — w(¢) and

oFx 0= 22 DGR Vil - w)+ 20w - LRS

R
—0'(1 —O' IVle f¢'7
Then
oF
(13) a—<AF+Q(sz) 0<t< +o0.

o
Since [Rm|2 < BR? on 0 < ¢ < 400, we have

fo(x,0) = R 0|Rm|2 < BR°,
(14) fo(x,t) < BRI (x,t), 0<t< +oo.
In particular,
Jo(x,0) < BR%(x,0) < Beg
by (1). Since ¢(0) = ¢y,
(15) F(x,0) = f5(x,0) — w(0) < Bcg — Bp(0)” <0, xeM.
Therefore if F(x,t) > 0, then

0< F(x,t) = fo(x,t) — w(t) < BR(x,1) — Bo(1)°,
9(t) < R(x,1),

Q(F’x,t)sZ(I—U)VkR'VkF-f-lRl//—lRﬁ,
R n n
ViR
—O’(l I k If;;
2(1 o) 1 JIVkRE p
S SR VkR-ViF - —RF —0(1 - 0) %
ViR
( G')l k |
2(1-o0) 1ka|
< TVkR‘VkF—O'(l —O') R
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Thus if F > 0, we get

|ViF|?
o(l—o)F’
Suppose m > 3 is an odd integer, and define H(x,t) = F(x,t)™. Then
from (15) it follows that
(17) H(x,0)<0.
If H(x,t) > 0, then F(x,t) > 0, and we have

oH .., OF

Z X el m—1
37 F m oY <mF" '[AF + Q(F, x,t)]

=AH —m(m - 1)F" 2|V, F|> + mF™"'Q(F, x,1)

< AH —m(m — 1)F"2|V, F|? + a(l”i G)F'"-2|ka|2.

(16) Q(F,x,1) <

If m>1+1/[o(]1 —0o)], then

(18) %gSAH for H > 0.

From (3) and (14) we know that
F(x,t) < fs(x,t) < BR%(x,t) < Bc°, 0<t< +oo.
Thus
(19) H(x,t) < p™c™, 0<t< +o0.
By (17), (18), (19) and Lemma 4.5 we get
H(x,t) <0, 0<t<+o0;

thus
F(x,t) <0, 0<t< +oo,
So(x,0) Swp(t), 0<1<+oo,
1 t\ ¢
<B[(—+— < }
(20) pensp(z+s) . 0sr<twm
Since .
1 t\ " _ac,o)
- 4 — < b < .
<c0+na) = @+’ 0= < +oo;
we have
lﬁmlz Be <
(21) Ri=o (x,t)s———(t_,_l)a, 0<t< oo,

which completes the proof of Lemma 6.1.
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Now we want to estimate the gradient of the scalar curvature. From
Lemma 5.11 we have

(22)
8 (IViR*\ _ A (IViR] |ViRJ?
a‘z( wo) =2 )t RVR Ve (R
AN —— Y 2
-7(1-3) T -~ VYR FgViR iR
_;i’flwmz 4 = ViR-ViS,  0< 1< +oo,
Let 1 <y < 2. Then
4 8
7 ViR ViS = ViR Ry ViR
2 16
< Rr+1|R1k| Vi R|2 7_1|V, 1k|2
= WW;RP Ry_l ——|ViRi|?
278
= Rzﬂw R + Ry— oI ViRal:
ie.,
4 278
(23) ViR-ViS- RZ“ ViR < Ry_ ViR’ 0<1t< +oo.

Substituting (23) into (22) yields

8 (|ViR]? IVRE\ 7o o |V,~R|2)
a—t-( R}' SA —R}' +Rka Vk _RY

24 |ViR[* | 16 2
24 (1‘5) Rzt T ViRl
0<t< +oo.

From (79) we get

i 1., 1 ,_) 2(n - 2
E(S—;R)SA(S —R ———n(3n )|VR,k|

(25) 1
+4R(S—;R2), 0<t< 4.

Since 9R/0t = AR + 28,

0 - (=1 2, 2(1-p)8
atR' P=AR - Do L |\VR* + R
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Therefore
0 1—y 1.,
T [R (s R
<A [R"” (S - lRZ)] —2V,R!"7.V, <s - %RZ)

_2n-2)? ., 2 2-y ( _1 2)
G R TIViR 4 4R (S - LR

_ 2= ”( %RZ) wirp + 2o (S—%R2>.

(26)

R+1
Let H = R'-7(S — LR?). Then
- 1 2 (-7
ViH =R 77V, S——R +(S - R ———=VR,

1 2 ( "'1) 2
=V (S——R) RVH+ o S—;R ViR,

_2V,R!"7.V, (S——%R2> Z(VR Vv.R v, H

2(y - 1)? 152 2
+_R}’T— S—-;I-R |ViR|%,

-2V, R'77.V, (s - %Rz)

~2
= %VkR-VkH+ ”R ViR -V H

2y - 1)? 152
+ =g (SR |ViR|?

2
=%ka-ka+ (”R )V, R

27 : [R"Vvk (S - ;ll-R2> + (S ~ %RZ) (I—Eyﬁka]

2(y - 1)2 1
+ W_H— AN -—R2 |V,R|2
_ 7 2 2(? -2)

+ (2‘ }’)(y — 1) (S_ %R2> lkalz

|ViR[?

%

Rr+!

2(y - 1)? 12 2
+ ——RT)'-T S - ;R IVkRI .



360 WAN-XIONG SHI

Since
1
R

by Lemma 5.8 we get

2
kaR VS = —VkR R;jV(R;; < T |Rij| “|ViR| - |ViR;jl,

)(n+2

2(n—
2«
|ViR|" < I

IViRij|*.
Thus

-2
From (6) it follows that |R;;|*> < R?; thus

2n-1)(n+2)\'"?
IViR| - |ViR;j| < <—(—3’n)(—“_)) IViRij|*.

1 ci(n
RkaR ViS < leij‘ . IVle . |VkRij| < le—__l)lv,'Rjklz,
where ¢; > 0 depends only on n.
Using (27) we get
- 1 2-7a )
-2V, R'77 .V, (S— ER2> < Rka ViH + o LIViR i |?
2
+ = Ry+1 (S - —R ) |IVeR|*,
o=yr-1).
From (26) it follows that
OH (2-79)
57 SAH+ RVkR VH + T—W Ry
3 1 2 2= iR 2
T R (S R )'V"R| nGn-px ViRl
- 1. yy-1) 1 2
+4R2Y(S—-—’;R)—W' S_ZR |V1R|
2(1-7) _ 1

By (6) we have

2(1-7) _1 2 11 R2-Y _l 2)
% S(S ;R <2ly-1|-R S nR s

and therefore

oOH
37 <AH + RVkR ViH + [(2 —y)e —

+ 6R*7Y <S - %Rz) )

2(’1 2) 2
2]
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If we choose 1 < y < 2 such that

(n-2)?
2 < Y
(28) 0<2-7< B2
then , ,
L 2n=22 _ (n-2)
@=9e -G = S nGn=

Thus

oH (n—2)>? 1- 2

< A S YIV.R .

29) B AH + RVkR Vi H — n(3n = 2)R IVIRjkI

+ 6R*"Y (S - lR2> )
n

We still have

0 3-y — 22—y Y
T (3-7)R

BR =(3-y)R*7(AR +25)

= AR — (3 - y)(z — 9)R™|V,R]? +2(3 - )SR*,
LR VR = (3-y)yR'~7|V,RP,

R

9 R3-7 = AR 4 %VkR ViR¥™? = 2(3 - 9)R'77|V,R|?

ot
+2(3-7y)SR*.
From (6) it follows that

%R3‘7 > AR*7 ¢ %ka -ViR*>7 -2(3-y)R'7?|V,R|?
(30)
2
z R47,
+-03-7)
Now we define
|V.R|?

(31) F(x,t) = +aR!"? (S - %Rz) —qR37,  0<t< +o0,

RY

where o > 0 and n > 0 are two constants to be defined later. Then by
(24), (29), and (30) we get

oF y 7\ IViRJ*
5 5AF+§ka-ka—y(1 - 5) oty
(32) + |16 - —(ﬂa] R'77|ViR|* + 6aR*™7 (S - 1R2)
n(3n-2) Y n

+2n(3 - y)R'"7|V,R]? — %(3 — YR, 0< 1< +oo.
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If we choose a such that

32n(3n - 2)
(33) a2 T_—z)z—,
then
(n—-2)° (n—2)
- < —
(34) = Bn=2*S "G -
oF Y 7\ IViR|*
W SAF+'RTV/(RVI(F_})(1—E) R2tr
_ =% o R — )R-V, RP?

2 B3-7p)pR*"?,  0<1t< +oo.

+ 6aR?>7 (s - 1R2> -z
n n

By definition we have

|ViR> _ 3- - 1.,
7y~ =F +1R7 —aR'7 (S- R},
[ViR* _ F? or_ - 12\]?
- 25— [1R77—aR'7(S-—R
F? 2 p6-2 2 p2-2 L p2)
> — —2n*RS~% — 20°R>% (§ - —R?) .
2 n
Thus
Y YIRS v y\ _F? VY 2 pdey
-5 (1-3) R <5 (1-3) s+ (1-3) PR
2
+y(1- %) R <s - %RZ)
(36)

F? -
<-3(1-3) 7=+ 3@-nrR

Yo _n2p2-y[o_ 1p2
+2(2 y)a*R (S nR)'

Using Lemma 5.8 we get

_(n— 2)2q
2n(3n - 2)

(n-2)2a
“4n(n-1D)(n+2)

(37) R'“7V|VRj|? < R'7"|V;R|%.
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Substituting (36) and (37) into (35) yields

oF Y P\ IViR]E y ry _F?
30 SAF+ VR-VF =5 (1-5) i - 5 (1-3) 5
n—2)2a _
+ 2n(3—y)—4n(( _1)2n+2)]R‘ ’|ViR|?

(38)
+[6a+ 22~ )] R (s-%RZ)

+ 5(2 - - -’2;(3 - )’)’7] R*7, 0<t< +oo.

Choose 1 > 0 small enough such that

(n-2)%a (3-7) }
16(3—y)n(n—1)(n+2)’ ny(2-7) )"

(39) O<n§min{

Then

(n=2% ___ (n-2%
an(n—)(n+2)~ 8n(n-N(n+2)

2 1 1
—_ 2_ 23— < (3 — < =
»(2-7)n n(3 yn < n(3 ?)n < o

2n(3-vy) -

Thus from (38) it follows that

oF » y 7\ IViR|*
5 5AF+§VkR-VkF—§(1 —5) o
_7 F? — (n — 2)2a 1—y 2
(40) 4( ) 7 Smin-Dm+nX VRl
+[6a + (2 — )a*1R*? (S - %R’-) - %nR“‘y,
0<t<oo.

By the definition of F, we have

|V'R|2 |V.R|* a 15 2 1—- 2
1112 F = R12+V + R S - ;R |[ViR|* — nR 77|V R|*,
- R12+}' < - R? F+ RVH S - ;R |V R|
< - IVA l F+ Rl y,VkRIZ
Y |ViR|* Y[ _ 7\ IViR]" R| Yin_ 1—y 2
~(1-D) B < -5 (1-F) S F + (2= )aR' ViRP.
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Substituting the last equation into (40) gives
(41)

OF |ViR|* y 7\ F?
En <AF+RV"R V"F“E(l'i) R F‘4(1"‘§)R2—v
(n-2)?

y _
* [3(2 ) St =D ¥ 2)] aR'7|ViR[?

+[6a+ (2 — y)a?]RE7 (S _ %RZ) - %nR“‘V.

Let
(n—2)?
—_ < .
02—V S gm-Dun+2
Then
Voo o (=22 (n=2)
2N T DTy S T =D+ 2’
oF 7y IViRE L
T, <AF+RVkR Vi F — 1(2— 7) R2
? F? (n—2)%a - 2
42 ~Ya- - y
(42) 3R T Tentn— v VKK
+[6a + (2 — p)a?]R>? (S - %RZ) — —:l-nR“‘V.
Since

R'"7|ViR|?> = RF — aR*™" (S - %RZ) + 7R,

from (42) we get

oF |V R| F?
— < - 22— — 42—
37 AF + RVkR ViF (2 Y)—— 2 F 8(2 )R2 >
_ (n— 2)201 2 p2—y 1)
(43) 16n(n—1)(n+2)RF+8aR S——;R
(n-2)?

anR*?, 0<t<+o0.

“16n(n-1)(n+2)

Lemma 6.2. Suppose m >0, C > 0and p(x) =x+C/x", 0< x <
+00. Then

o(x) > (l + %) m!/(m+l) C1/(m+1) 0<x < +00.
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Proof. Let ¢'(x) =0. Then ¢'(x) = 1-mC/x™*! = 0, and the solution
is xo = [mC]V/(m+) We get

p(x) > p(x0) = (1+ f+,)=(1+%)xo,

X0
o(x) > (1 + %) mt/mehcl/m+l) =0 < x < +00.

Thus
y F? (n —2)%a
s RS Y enn - Dt
_ (n—=2)%aF 2n(n —1)(n+2) 1
T l6n(n—1)(n+2) [ (n-2)2 v@=nE- RZ—)’]

(n—2)%aF 1 /G- . g1/G-1)
16n(n—1)(n+2) 1+2—-J’ (2-7) F

v

_ 1/(3-r)
. [2n(7(1n _135'21: 2) (2 — y)]
] 1/(3-7)

(n=2)23-y) [2n(n-1)(n+2)
16n(n—1)(n+2) (n-2)2
x pl/3=)(2 — y)=1/B=1gQ=N/3~) f=1)/G=7),

Substituting this into (43) yields, for F > 0,
oOF |ViR|?
< - —_ ) —
57 SAF + Rka V. F 4(2 gz F

_ (n=2)*)(3-7) [Zn(n— 1)(n+2)
16n(n—1)(n+2) (n—2)2
(44) X (2 = )= DIG=7)q2=1)/3=) f(4=1)/3=)
_ 1 (n—2)2 _
2 p2—y _ 2 R2) _ 4—y
+8a°R <S R ) nn—Dnr 1% >
0<t< +oo.

1/(3-7)

From Lemma 6.1 we know that for 0 < ¢ < 1/(2n)

dmit < B0 s o
Rm|? < (H_I)UR 0< 1< +00.



366 WAN-XIONG SHI

Thus
1 n2Bci(o) .,
<S—-—_R<_IZ1\"/p2-c <
(45) 0<S nR < T 1)UR s 0<t<+4oo,

- 1 (n—2)? _
2p2-y R\ _ 4—y
8a’R (S R ) Ten(n—D(n+2) >R

1\’ (n-2)> o| pa—y—o
< [8‘"’26‘(")’3 (x+ 1) T Tenn— D+ )R ]R4 T

<satn*pa(o) ()
. [128'13(” -1(n+2a- ﬂcl(a)](4—7)/a—l <L)4—7—a
(n—2)%n t+1

128n3(n — 1)(n + 2)c1(a)] @=r)e-1
(n-2)?

af (4=7)/o 1 )4—7
a-n 7 H-—l .

< 8n%c(0) [

Let 0 = 1/2n. Then

- 1 (n—2)? -
2p2-y _ - R2\ _ 4—y
8a’R (S e ) Ten(n-Dn+ 2"k

2n(4-—y) 4—y
af 1
< puad _
_C3(n,cO)ar1<”> (t+1> ,

where ¢ is the constant in (1).
Substituting (46) into (44), we get

(46)

OF y y |V:R|?
— < £ . -2 -
37 _AF+RVkR Vi F 4(2 ) R F
(47) — c4(n)(2 = )= VC=N2=1/C=1 p(4=7)/C3=7)
2n(4-y) 4—y
af 1
= P < .
+C3(n,co)ar](n) <t+1) , 0<t<+oo

Define

(48) w(x,t)=F(x, )77, 0<t<4oo.
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Then
ow |V~R|2
Tl <Aw+RVkR Viw - (2 ) R
— c4(n)(2 = p) I~ DIB=D)g2=N(3=7)y(4=1/(3~7) | <1>
t
2n(4-y) 4—y
@B\ (1 VT (B-y)
+Cs(n,co)an( ” ) . <t+l) + ==,
ow A R|2
6—Z<Aw+RVkR ka—— (Z—y) e
2n(4-y)
+ ¥ [(3 N+ Cs(n,Co)an (ﬁ)
(49) t w "

—c4(n)(2 - },)(v—l)/(3—Y)a(2—7)/(3—v)wl/(3—r)]

for w > 0.
From (48) it follows that

(50) w(x,0) =0,
and therefore, in consequence of Theorem 4.12, that
(51) w(x,t)S,VO OnMX[0,00),

where yo > 0 is the root of
c3(n, co) (aﬂ)zn(bﬂ
3—y)+ —— —
s OGOy
= ca(n)(2 = )@= D/B=1 2=/~ r)yl/(3 "N =0.
Now if we fix y such that (28) holds and let

a=(1/)3, n=p", y=peN

cs(myco) (a4
(G-=n+ 34! a"(ﬂ)

- - - - 3—
— ca(n)(2 — )= VB=Ng2=1/G=1y,1/3=7)

= (3 =) + c3(n, co) pAr4=N-23- -/
1 )(2—)‘)/12(3—}’)

—¢s(n,y) (E

If B > 0 is small enough, we have
Yo <y = e

then

< 0.
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Thus there exists a constant cg = c¢(n,Co, ¥) > 0 such that
(53) w(x,t) < B4 if 0 < B < ce.

By the definition of w(x, t) we get

(54) F(x,t) < pe=114)p=7, 0<1t< 400.
Also by definition we have

ViR|?

(55) F(x,t)zl 2 —nR37,

Combining (54) and (55) gives

P2 3=
|V11z1:| < ’7R3_y + ﬂ(2—7)/4 (%) , 0<t<oo.

Since n = B!/3, we have

3—y
(56)  |ViR[2< B'AR3 + Be-1/MRY (})  0<t<4oo

Lemma 6.3. Suppose M is a complete noncompact Riemannian mani-
fold of dimension n, and suppose there exists 6 > 0 such that

Ri;j>06Rgi; >0 on M.

Then there exists a constant ng = no(n,d) > 0 such that

3
(57) o [sup R(x)|” < supl ViR,
xeM M

Proof. The proof of this lemma is analogous to that of Lemma 5.17.

Now we can prove the following scalar curvature decay theorem.

Theorem 6.4. There exist constants § = 6(n) > 0 depending only on n,
and cg = c¢(n, cy) > 0 depending only on n and cy, such that if 0 < B < cs,
then

(58) R(x,t) < C(m)B°/t,  0<t< +oo,
where C(n) > 0 depends only on n.
Proof. Let
(59) Rpax(t) = sup R(x,1), 0<t< +oo.
xXEM

Since from (3) we have

0<S— %RZ = [R;* < n?Rm]> < n?BR:,  0<t< oo,
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we can find é; > 0 depending only on 7 such that if 0 < f < & then
(60) R, > E%Rg,j, 0< 1< +oo.
By Lemma 6.3 we can find a constant 79 = 79(n) > 0 such that
Mo Rinax < sup IViR[.
From (56), if we fix y = p(n) > 0 and let ¢s = c¢(n,c0) < G, then for
0 < B < ¢, we have

1\37
s;priR|2 < B'PR3 .+ BN/ <7> R, 0<t<+o,

and therefore
3—y
_ 1
MoRmax < B Rog + B2~/ (7> Rl  0<t< oo

If 0 < B < min{cs, (110/2)3}, then
_ g3 Mo
mo—B" 2=,

10 p3 =i (177 oy
TRmax S B _t- Rmax, 0 S t < 4o00.

Thus if 0 < 8 < min{cs, (0/2)*}, then

2 1/(3—7)
Rmax(t) < ('7_) ﬂ(z_y)/4(3~}’)/l, 0 <t<oo.
0

Let C(n) = (2/10)"/3~") and 6 = (2 — y)/4(3 — y) > 0. Then
(61) R(x,t) < C(n)p%/t, 0<t< +o.

Corollary 6.5. For 6 > 0 and c¢ > 0 in Theorem 6.4, there exists a
constant ¢; = ¢1(n, co, B) > 0 such that for 0 < B < cs, we have
Cmp° | er(n o, B)
t+1 (t+1)2°
C(n)B* . c1(n,co, B)
RI2 <
(63) IViRI" < (t+ 1De2 (t+1)4

where C(n) > 0 and C(n) > 0 depend only on n.

Proof. (62) follows from Theorem 6.4 and (3), and (63) follows from
(56) and (62).

Thus we know that as time ¢t — oo, the scalar curvature R(x,?) goes
to zero in ¢~! order, but this is not enough; we need faster decay of the

(62) R(x,1) < 0< 1< +oo,

0<t < +oo,
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scalar curvature than t~! to guarantee the convergence of the metric g;;(¢)
as time ¢ — oo.

7. Decay of the controlling function

In this section we want to prove that the scalar curvature of M actually
decays in the order of (1/£)'*9, 6 > 0, as time ¢ — +o0, provided that M
satisfies all of the conditions stated in the Main Theorem.

We still use the notation of the last section. Suppose M is an n-
dimensional complete noncompact Riemannian manifold with metric
8ij(x), the curvature of which satisfies the condition

(1) IRmP < BR2, O0<R<c,

where £ and cp are constants, and 0 < f < d,/2n(n —1).
From Corollary 6.5 we know that if 0 < 8 < ¢g, then

C(m)B°  ci(n,co, B)
(2) R(x,t) < . T 0<t< +o0.
Let
(3) &= C(n)ﬂé, C(S) = C7(n, Co, ﬂ)'
Then

€ c(e)

4) R(X,Z)S-t—:i--l-(t_'_l)z, 0<t< +oo.
Suppose u(x) € C*°(M) is a function satisfying
(5) 0 < R(x,0) <u(x) <2R(x,0) on M.

We consider the following equation on M:

ou _ 1 € C(e) 1
© oot (24 ) [t e 7
0<t<+oo,
u(x,0) = u(x).
From (5) we get
(7 0 < R(x,0) < u(x,0) < 2R(x,0) < 2¢.

Therefore by using some simple technique we can find a positive solution
u(x,t) € C®(M x [0,+400)) of (6) such that

(8) 0<u(x,t)<c, 0<t< +o00,

where 0 < ¢; < 400 1s some constant.
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Since dR/8t = AR + 28, from (6) of §6 we have

) %’: <AR+2R,, 0<1< oo,
which together with (6) implies
0 1
—(y — > - —_ -
6t(u R)>A(u—R) + [ZR \/Eu] (u—R)
(10)
+(2+_L>.[_8_+_C(8L_R]u
N t+1  (t+1)2
From (4) we get
€ C(e)
— -R>
t+1+(t+1)2 R20

Since u(x,t) > 0, we have

1 e C(e)
—_— —_— —_— — >
(2+ \/E) [t+l Ty R] u29,
which thus reduce (10) to

(11) g—t(u-R)zA(u—RH(zR——f)(u R).
Let w(x,t) =u— R. Then

(12) (y’; > Ay + Q(v, x, 1),

where

Oy, x,t) = (ZR - 7_) (u—R).
Furthermore, from (7) we have
(13) y(x,0) > 0.
Since u(x,t) > 0, we get
(14) yx,t)>-R>-C, 0<t<+o0.
By using (4)and (8) we get

|Q<w,x,t>|s(zR+—) ju - R|<(zc+ f)w
IQ(w,x,t)ls(C‘ \C/_) lyl, 0<t<+oo,

~

(15) Q(w,x,t)2—<c f) W,  0<t<+oo.
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From (12), (13), (14), (15) and Theorem 4.6 it follows that
y(x,1)>0, 0<t<+oo,

so that
(16) R(x,t) <u(x,t), 0<t< 4.
Let
1 & C(e)

_ — __ < .
(17) P(1t) <2+\/E)[t 1+(t+1)] 0<t<+m
Then
(18) ?—u—Au+P(t)u—Lu2 0<t<+m

ot N = ’
Let
(19) o(t) = ‘1 0<1t<+oo,

S R
where d > 0 and ¢; > 0 are two constants to be determined later. If we let
w(x, 1) = u(x,1) — p(1),

then we have

%—t = Aw + P(t)[w + ¢(2)] - T[w +o(MF - ¢'(1),
ow
2 57 =Aw+ [P(t) - T/'Ew - %(p(t)] w+ P(1)o(t)
- “’\(/’E)z —9'(t), 0<t<+oo.
From (19) we have
J 2¢)
9= (t+1)2 7 (t+1)¥
2C1

P(t)p(t) - ¢'(t) = (

oo
e
e

ls) [z+1 zi(gl)) } [z+1 T . )2}

)85+5]t+12+<2 vf)ufzﬁ

1
( ) (ec; +C(g)) + 2c1] Tr
0<t<+oo,
1 1 o2 26¢, 1 2 1

N ARMY - Yy S ey A s

+1) (t+1)3
2+
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Let 0 = 4y/e. If ¢, is large enough, then

(2+%)86+5< \5/2_

(2 + 7) [ec) + 6C(e)] + 2¢; < g%,
1 c?
(2 + 75) C(e)ey < ﬁ
Thus
P(t)p(t) — ¢'(1) < \/—w(t)z 0<t<oo,
(21) P(N0(t) — ~=p(t) - 9'(1) <0,  0< 1< +oo.

Ve
Substituting (21) into (20) yields

(22) -‘?9—1;’ < Aw + [P(t) - %w - %(o(t) w,

(23) o) = 1L+ O

0<1t< 400,
0<t< +00.

By definition of w(x, ¢) we have

w(x,O) = u(x,O) - (0(0)3
u(x,0) < 2R(x,0) < 2¢,
= 4\/E+ C1s

and therefore
w(x,0) < 2¢o — 4/ —¢y.

If we choose ¢; > 2c¢g, then

(24) w(x,00<0, xeM.

373

From (8) and (23) it follows that there exists a constant ¢, > 0 such that

0<u(x,t)<cy,

(25)
0<op(t) L0, 0<t< 400,
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so that
(26) - L w(x,t) Ly, 0<t< +oo,
1 2
- - = < 0<t .
(27) P(1) \/Ew \/Ego(t) w < c3lw|, <t< 400

By means of (22), (24), (26), (27) and Theorem 4.6 we get

w(x,t) <0, 0<t<+oo,
(28) u(x,t) <o), 0<t<+oo,

and finally the following:

u(x,t) < ——+

Thus we have proved the following lemma.

Lemma 7.1. Suppose u(x,t) € C®(M x[0, +00)) is the solution of equa-
tion (6). Then

4\/5 (4]
(29) 0<R(x,t)$u(x,t)$m+m, 0<t<+o0,

where ¢, = c)(¢,co) > 0 depends only on ¢ and c,.

Since
ou 1 5,
2= - <
37 Au+ P(t)u \/Eu, 0<t<+o0,
we have
ou; _ (Ou\) _ __1 2
ot —(at)i—[Au+P(t)u \/Eu]i

2
= Ukki + P(t)u,- - —=UU;

NG

2
= Uik — Ricui + P(t)u; — —=uu;,

NG
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where u; = V,u is the covariant derivative,

(30) 3614, = Au; — Ryuy + P(t)u; — %uui, 0<t< +oo,
Elviulz = A|V,~u|2 - 2|u,~,~|2 + 2R,-ju,-uj - 2R,'ku,'uk
4
+2P(1)|Viul? - %ulviulz,
0
E|v,-u|2 = A|Vul? = 2Ju;;|* + 2P ()| V,ul?
(31) .
- 7.u|V,~u| , 0<t< +oo,
a9 (1 v Ou _
ot (W) T Twi o u7+‘ [Au+P (0yu - ——u ]
o (1\_,(1 Yo+ o 2 ?P(t)
(32) a1 (E?) =4 (Z¢7> ~ T Vil -5
PR <
+ \/Eu , 0<t< +oo.

From (31) and (32) we get

o (|Viul? Viul? 1
5 (5) - () - ()
P 1epg.2 |Viul?
+ \/Eu |Viu|* + [2P(t) 7 ] ”
2 y+1 yP(t
- e - YA D g - 292

Let w(x,t) = |V;u|?/u’. Then

U _ aw-29¢ (L) Viviup - Syt - 22D g
(33) 8t u’ urt
+ [2?(:) - %u —yP(1) + —”ﬁu] w.
Since

1 4
29, () Vul Vil = s,

Uy

Wy = ka = W

- leiulzuk,

2
Y _ Y V |4
T Hik Uik = Wi+ y+zl iU
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from (33) we have, for 0 < ¢ < +o0,
ow 7\ w?
5; =dw+2 Vku Vow -y (1 2) =5
—2-|u~- — L+ (2 - y)P(
w2t
Now let 0 < y < 2. Then

4 _
(35) y(l—§)>0, y—4<0.
From Lemma 7.1 we know that

Yty W o v, o [4E o VT,
‘i(l‘i)uz 5 S5 ”)[t+1+( 1)2] we

(34)

? \;5414] w.

[(2 _DPU)+ y\;;u w < (2= P)P(tw

Substituting (17) and the above equations into (34) yields

ow y 7\ w?
W<Aw+—Vku ka—z(l—i)w
y—2
- L — _l_ 2—70,2
4(2 7) [4\/E+ +l} (t+ 1) 7w
€ C(e)
— ) [== <
+(2- Y)<2+\/">[t+l+(t+1)]w’ 0< < +oo,
E‘)E<Aw+-—vku View — (2 y)lvkul
Ge) &5(2,)
- 2—y 2\ < .
c(y, &)t + 1) w? + (t+l)w’ 0<t< +o0
Let 5
F(x,t) =w(x,t)-t= IV;;II t, 0<t< +oo.

Then from (36) we have

oF y Y |V u)?
W<AF+ Vku'VkF‘Z(Z_V) 7 F
F2 c(7,€) F
_ 2—y2 3\ -
oF |Vku|2
Br <AF + = Vku Vi F - 1(2‘ )
F
(37) + L [1 +e5(0,8) (ﬁ—) — e+ 127F |

0<t< +oo.



RICCI DEFORMATION ON RIEMANNIAN MANIFOLDS 377

By the definition of F we know that

(38) F(x,0)=0,

which together with (37) and Theorem 4.12 implies
F(x,t) <ca(y,e), 0<t< +o0.

Thus if 0 < y < 2, then we have

1712
[Viul® _ ca(2,¢)
wo =t

(39)
Let

s 0<t< +o0.

Viul?
H(x,t) =w(x, )37 = l'—|t3"’, 0<t< +oo.
u?

Then from (36) it follows that, for 0 < ¢ < +oo,

6H y ? IVkul2
1\ | cs(7,8) ~y
_ 2—y 2 - 3\/>»
a(y,e)(t+ 1) "H (t) +(t+1)H+ ; H,
IVkul

tAH+ Vku VkH——(Z— )

+ g [(3 —P)+c3(y,¢€) (ﬁ) —c(,¢€) (#)Z-YH] ,

which together with Theorem 4.12 yields

E]
(40)

H(xa t) S CS(V,s), 0 S t < +o00.
Thus if 0 < y < 2, then

|Vu|?

(41) =

1\*77
< es(,¢€) (7> s 0<t< oo
Lemma 7.2. Forany0 < y < 2, there exists a constant cs > 0 depending
only on y and & such that

Va2 e [ 1\
<= — < .
(42) <7\ , 0<t<+o0
Proof. (42) follows from (39) and (41).
Now we prove the Harnack Inequality for the controlling function u(x, ).
We know that

%=Au+P(t)u—iu2, 0<t< +o0.

ot NG
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Let f(x,t) = logu(x,t). Then
3f

1
2 <
(43) =Af+|V.fI*+ P(t) ‘/Eu, 0<t< +00,
S ar=2gvv,1) = (ag”)vvf+ 9w, r
4q O =9:\8Vivil)=\"5r il ¥ 8 5
)
=2R,’j ,-,-+g”5;V,~V,-f.
Since 92f of
T = —Tk
Vivif = axidx; Yoxk’
we have

aVVf vV, (af> 6rka

at
;) af g ary;
AT A(at) fimsil.

We have proved the following formula in §4:
k

(45) Bt = g¥™(VmRij = ViRjm = V;Rim),
which together with the Bianchi identity implies
46 ij 61"" 0 f k.
(46) gl W =0 for any
Therefore 6 af
ij <

Substituting this into (44), we have

Af 2R,,f,+A<%{)

— 2R 2 _1
_2R,,ﬁ,+A[Af+IV.f| + P(?) \/_u]
_A(Af)+2Vf Vi(Af) +2f2 + 2Rij fif;
- TEAu + 2R,'jf;'j;

the last step comes from
AV = (3 f7),, = @fifide = 275 + 2fife
=2f% + 2fukifi + 2R fi fi,
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where we have used the formula

(47) Jikk = Seki + Rig S
Thus we get
(Af) AAS) +2Vif - Vi(Af) + 2f% + 2Ri; f;j
(48)
+2R,-jf,~fj——7_—£Au, 0<t<+oo.
Since
_ _Au |Vl
(49) Af =Alogu = ” 7
we have

Au=uAf +u|V,;f]%,
and therefore (48) becomes

Bt(Af) AAS) +2V:f - Vi(Af) + 2 f2 S+ 2Rijfi

(50)

+ 2Rijf;'f} - ﬁuAf— %ulviﬂz.
From (60) of §6 it follows that R;; > 0, so that
(51) ZR,‘jf;'f}ZO, 0<t< 400,

2R fijl < |Rij* + ff = S+ f2.
Since LR? < S < R?, from Lemma 7.1 we know that R < u, S < R? < u?,
and

(52) I2Riifijl S+ f2,  0<t<+oo.
Combining (50), (51), and (52) gives

(53) (A1) 2 AN +29if - Vi(AN) + £}~ ~ -udf ~ =iV,

Ve Ve

On the other hand, we have
(54) Sz (Z:fu)2 = l(Af)z,
|-Jet] < grant+
Substituting (54) and (55) into (53) ylelds
2 (80 2 80N +29:f VAN + 555+ 7 (A1)

(1+ 2)u? —7u|Vf|2 0<t< +oo.

(55)

(56)
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From Lemma 7.2 we know that

Viul2 _ cs(e) (1
<uvifp = YHE o < )
7 osuvsp=TEHO () 0<icre

Substituting (57) in (56), and using Lemma 7.1 we get
7} . ‘ 1, 1 )
a(Af) > AAf)+2Vif-Vi(Af) + 3Jij+ H(Af)

_al) (1
. (t+l>’ 0<t<+o0.

On the other hand, from (34) it follows that

9 (IViul?\ _ |Vu|2 Vi
8t( 2 =A iy + Vku Vi

u
2 1 2 [|Viul]?
_ﬁluu_;ulujlz_%<l ;l ).

(58)

(59)

Recalling that f = logu, we have

0
5;|Vif|2 =AVif? +2Vif - Vi|Vif

2 (IViu|2
Ve u

Suppose 0 < a < % is a constant. By (58) and (60) we get

- (60)

-2f - ) 0<t< +oo.

2 (AF +alVifP) 2 AAS +alVifP) + 29, - VilAS +alVifP)

l_ 2 L 2 2a IV,u|2
(3-w) o2 (2
_ale) (1
; (t+l)’ 0<t< +oo.
Since 0 < a < §, we have § — 2a > 0, and, in consequence of (61) and
Lemma 7.2,

E[Af+ o VifP1 2 AIAS + | Vif P14 2V, f - VilAS +o|VifT]

1
(62) + 7 [AS +alVif PP = | VifPIAS +alVifP]
cs(e) 1
“T(H_l), 0St<+00.
Let

(63) Fx,t) =[Af +a|VifP’lt, 0<t< +c0.
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Then oF
57 ZAF +2V,f Vi F - —|ka|2F+ 41tF

1 F
_ — J— <
cs(s)(t+1>+t, 0<1t< +o0.

Finally we have

F
%t_ > AF + 2V, f - ViF = 2|V, fI'F

+f_ 1-c L i+£_
t $\t+1)F " an|"

By the definition of F we know that

(64)

(65) F(x,0)=0.

From (64), (65) and Theorem 4.12 it follows that

(66) F(x,t) > —cy(e), 0<t< +oo,

where cy(¢€) is a constant independent of a. Thus

(67) Af +a|Vif? > —cs(e)/t,  0<t< +oo,

for 0 < @ < i, and letting & — 0 we get

(68) Af > —cq(e)/t, 0<t<+o0,

(69) Bu_ IV ey, 0<i<+oo.
u u

Lemma 7.3. There exists a constant cyo(e) > 0 such that

IViul> _ 18u _ cio(e)
(70) u2 udt — t °

Proof. Denote u, = du/dt. Then

0<t<+o00.

U, =Au+ P(t)u - Lu2,

NG
U, Au 1 Au 1
_a__2%_p LI
u u Ok \/' w T \/Eu
|Viul* < [Viul? u? Au 1 <
(71) 2 <7 T +—\/Eu’ 0<t< +oo.

The lemma now follows from Lemma 7.1 and (69).
Now we state the Harnack inequality for the controlling function u.
Lemma 74. Forany x,y € M and 0 < t; < t; < +00, we have

u(x, 1) < u(y, ) (ﬁ—f) exp [j(‘%fl—))] ,
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where we use y,(x,y) to denote the distance between x and y with respect
to the metric g;j(t).

Proof. Suppose y(S): [0, 1] — M is a geodesic with respect to the met-
ric g;;(0) such that

P(S)=r(x,y), 0<85<],
0=y, »(1)=x
Define
¢(S)=f(Y(S)atls+t2(l —S)), OSSS 1,

where f(x,t) =logu(x,t). Then we have
1
F0,t1) = f,12) = p(1) = p(0) = /0 ¢/(s)ds
1
- /0 [VOf - V% — (12 — 1) fi]ds

1
< / (V%] |V0£] = (12 — ) fi]ds,
0

where V0 denotes the covariant derivative with respect to g;;(0).

(y’tZ)
(x, 1) ; (f,tl)

Since
V9% = 5o(x,y),  IVOf1<(ViSl,
1
(72)  flx,t1) = f(y,t2) S/O [yo(x,y)IV,-f| - (1 ‘tl)%] ds,

from Lemma 7.3 it follows that
LR

so that

f(x,tl)—f(y,tz)S/o [)’o)f,v|Vf|-(tz—11)|Vf|2 C1o 2—11)] ds

%n(x.y) <o,
5/0 [4(12—1) 7 & ”] as
78(x,y) + e /”ﬂ_ Y3(x, )

1)
= WX)) = oY) | log 2.
4(12—11) t A1) 0 gtl
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Therefore we have
tz)°'° { 75(x,y) }
u(x,t) S uly,t - eXpy = ¢ -
) < uty, ) (2) " exp { JOEL
As soon as we prove the Harnack Inequality for the function u(x, t), we
can control u(x,t) better than we did in Lemma 7.1; of course we need
extra conditions on the initial data u(x,0). As a first step we prove the
following lemma.
Lemma 7.5. Under the assumptions of the Main Theorem stated in §1,
for any 0 < T < +oo, we can find a constant C(T) > 0 such that
c(T)
= [1 + yo(xo, X)]?*4
Proof. In (7) we assumed
R(x,0) < u(x,0) < 2R(x,0),

and condition (B) in the Main Theorem implies that

0<u(x,t) <

on M x[0,T].

(%)
Xp, X)]?+"

Suppose {(x) € C§°(R) is the cut-off function defined in (102) of §4, and
let

Yo(xX,y) Yo(X0,Y)
vix) = / (64\/_ ) L +Y0(Xo,y)]2+" / / ( 64v/ko ) v

Then, similar to the proof of Lemma 4.2, we know that y(x) € C*(M),
w(x) > 0, and we can find constants 3, 4,5 > O such that, for Vx € M,

C3
<
T+ 7000, 0P = ¥

Vo0(x)| < éw(x), |VIVIy(x)| < éEsp(x).

Then, similar to the proof of Lemma 4.3, we can show that
Ay(x) <C(Ty(x), O0<Lt<T, xeM.

(74) 0<u(x,0) <2R(x,0) < T3 700

Cq
<
) S T 700, 0P

Now define 3
p(x,t) = —?e"ﬁ’w(x) on M x [0, T).
3

Then from (74) we have
0 <u(x,0) < ¢(x,0),

o9 _ Cep >2Ap on M x|[0,T].

at



384 WAN-XIONG SHI

Thus we get

u(x,0) < ¢(x,0),

o9

(75) E 2 Aw on M X [0’ T]’

~ o~ x—1

C2C4C 6T

p(x,t) < i +yo(x0?x)]2+5e“ on M x [0, T}
By (18) we have
ou <Au+ P(t)u < Au + éu,

(76) ot

(e=%"'u) < Ale™"u).

2

Define
w(x,t) = o(x,t) — e~ u(x,1).
Then from (75) and (76) it follows that
ow

>
7 >Aw on M x[0,T],

w(x,0) >0 on M.
By using Lemmas 7.1 and 4.5 we know respectively that
'LU(.X, t) 2 _u(x, t) 2 —68 on M x [Oa T]a
and that
w(x,t) >0 on M x[0,T],
so that
u(x,t) <eo(x,t) <e“To(x,t) on M x[0,T].
Thus we get
&(T)
Yo(x0, X)]*+0
from (75), and u(x,¢) > 0 from Lemma 7.1. Hence the proof of Lemma
7.5 is complete.

Lemma 7.6. Under the assumptions of the Main Theorem, suppose €, >
0 and u(x,0) satisfies

u(x,t) < T on M x[0,T]

/ u(x,0)"27% dyy < ¢; < +00.
M

If the constant ¢ > 0 in (29) is small enough, then we can find a constant
c3 = c3(e1,€,¢3) > 0 such that

1+¢,/2
ux,t)<cz| — s 0<t< .
(x,1) < 3<t+l> <t<+o0o
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Proof. Suppose dv, is the volume element of the metric g;;(¢). Then

(77) dv, = \/det(g;j(t))dx' Adx? A--- Adx".

It is easy to show that

o}
(78) ad'vt = —Rd'U[.
We have

ot

_ (" _ uh2—¢ lau n/2— 6'1
_(2 g,)/M 1= 37 dv+/Mu dv

= —/Mu"/z“'Rdv
+ (:2- —-¢ )/ n/2-e=1 [Au+P(z)u— %uz] dv
<(3- ) / 2=~ \[Ay + P(t)u] dv
( ; P(t) / n/2=e1 gy

EIICy e
<(5-#) P(t)/Mu"/H' dv.

Because of Lemmas 7.2 and 7.5 we can integrate by parts on the whole
complete manifold M. Thus we get

O [ nr-eigy / n/2-2,
37 Mu dv < 2P(t) Mu dv,

2/ u(x,t)"?# du
M

(79)
which implies
My MO
(80) / ur?=8 dy < czefo("/z)P(')d', 0<t< +oo.
M,

Moreover, by definition we have

P(t)=(2+%> [ziﬁ%]’

/OIP(t)dt= (26 + V&) log(t + 1) + (2+ %) Cle) [1 - ;%] .
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If ¢ is small enough, then

;/t P(1)dt < C(e) + nvelog(t + 1),
0

and, in consequence of (80),

(81) / W20 gy < ca(e)(t+ 1)VE, 0 <1< +oo.
M,
For fixed ¢, we can find a point x € M such that
(82) lsupu <u(x,t) <supu,
2 M, M,

where sup,, = sup,ep U(y,?).
Let T =2t and ¢t > 1. If y3(x,y) < t, then from Lemma 7.4 we have
u(x,t) < csu(y,t). Thus we get

/ w2t dy > / u"2=¢(y, 1) dv.(»)
: 7 (x.p)<t
> 66/ u(x, t)"*=4 du,(y)
75 (x.p)<t
> cou(x, t)"? o / dve(y).
7(xp)<t

Let A = {y € M|y3(x,y) < t}. Then, using (4),

(83) / W“M>mmnm“/wu

at/d, /—-dv,_—/Rdv,

-“/A[(Hl)*(zi(sl) ] dv.

Therefore

(84) /dv,_—[til (zC+(61))2]/ dv, 0<1!< +oo,
oo ([ am)oo [ e+ o)

(85) /Adv, > (_tTTF/A dvp, 0<t< +oo.

By condition (A) in the Main Theorem, we have

[av= [ dvwmzcrzcern
A Y3 (x.p)<t
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Since we assume ¢ > 1,
(86) /A dve > C(t+ )2,
which together with (85) implies
/A dve > cg(t + D" (r+1)78.

Since 7 = 2¢,
/ dve > co(t + 1)1,
A
Substituting this into (83) yields

(87) / urlr—e gy > cro(t + 1)"/2_3u(_x, t)"/z—Bn.

T

On the other hand, from (81) it follows that

/ U8 dy < cq(t + 1)MV2,

T

Using 7 = 2t we have

(88) / u"2me dy < &t + 1)MVE,

T

which together with (87) gives

cro(t + 1) 2u(x, £)"23=8 < &4t + 1)"V5,

[n/2—&\]" ' [n/2—e—n\/fe]
ux,t)<c _— .
w0 sen (1)

Moreover, from (82) we get

(n/2~ei]" ' [n/2—e~n\fe)
sup u(x,t) < c2 (———) , 0<t< +oo,
xEM t+1

if ¢ > 0 is small enough, then

(%—el)‘l-(%—s—nﬁ)21+8—l,

and therefore

1\ !+e/2
(89) u(x,t) < Cle1,€) (m) ,  0<t<+oo,

which completes the proof of Lemma 7.6.
Now we state the main result of this section.
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Theorem 7.7. Under the same hypotheses as in the Main Theorem, if

we let
& = _né__ >0
782+ "
then there exists a constant c3 > 0 depending only on n,¢,9,c, and c; such
that if ¢ > 0 in condition (B) of the main theorem is small enough, we have
1 1+¢;
(90) R(x,t) <3 (m> , 0<t<+oo.

Proof. By condition (B) of the Main Theorem, we have
2

0< R(x,0) < W Vx € M.
Thus
(91) /M R(x,0)"2=28 gyy < C < +00,
which together with (7) implies
(92) /M u(x, 0)"/2=221 duyg < C < +oo.

Moreover, by Corollary 6.5 there exists a fixed # > 0 such that
C(n)e" C(n,e)

< < .
(93) R(x,t) < Tt 1 Nk 0<t<+o0
From Lemma 7.1 it follows that
\/ n/2 G
94)  0<u(x,p < DVENE ul 0<t< +oo.

t+1 (t+1)2
Now, if ¢ > 0 is small enough, by (92), (94) and Lemma 7.6 we know
that

1+¢&;
(95) u(x,t) <cs (m) , 0<t<+oo.

Since from Lemma 7.1
0 < R(x,t) <u(x,t), 0<t< +oo,

we have
1+¢,
(96) O0<R(x,t)<c3 (H—_l) , 0<t< +o0,

which completes the proof of the theorem.
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8. Higher derivatives of the curvature tensor

In this section we are going to control the higher derivatives of the
curvature tensor R;ji;.
Theorem 8.1. Under the same hypotheses as in the Main Theorem, if

we let

€ ___n§_>0
'T82+9) "

then for any fixed n > 0 and any integer m > 0, there exist constants
cm(n) > 0 such that

2+8|
(1) |VmRijk1|2 < cm(n) (m) R n<t<+oo.
Proof. From Theorem 7.7 and Corollary 5.8 we know respectively that

1 1+¢
0<R§C<——> s 0<t<+oo,
t+1

and that
[Rm|> <eR?,  0<t< +oo.
Thus 5 5
2_Rmi24+ % R2< 2
|[Rm|” = |Rm| +n(n—1)R _<8+n(n—l)>R’

and therefore

) 2 l 242¢
< <
|Rm| _C(£+n(n—l))(t+1) . 0<t< 400,

2+¢,
(2) Rijul* < co ; , 0<t< +oo.
J t+1

Hence in the case m = 0 the theorem is true. Now we prove the theorem
by induction. Suppose we already have the following:

1

2+¢
—_— s <t < +oo,
z+1> s

3) VSRl < Cy(n) (

fors=0,1,2,--- ,m.
Now suppose s = m + 1. From Lemma 3.2 we have

0
E’;IVmRijkIP = AV Ryjul* = 2|V Ry
+ Y. VRmsV/Rm*V"Rm.

i+j=m
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Let o = 2 + ¢; and let a be a constant to be determined later. Then
0
5;[‘1 +(t+ 1)V R;jui*]
= Ala+ (t+ 1)*|V" Ryji[*] - 2(t + 1)*|V™ Ry |2

4
@ +(t+1)* Y V'Rmx V/Rm+V"Rm
i+j=m
+ a(t + l)a_llvaijkllz.
Let

9(x,1) = a+ (t+ 1)%|V"™ Ry |*.
Using the induction hypothesis

m 1
7R, <cm(n)(

a
) , n<t<+oo,

t+1
we have
(5) asox,t)<a+Cn(n), n<t<+oo,

d _

S =49 = 2+ 1DV Ry + ot + 1) |V Ry
6 . .
©) +(t+1)* Y VRm* V/Rm*V"Rm,

i+j=m
a(t + l)a_llva,'jkllz g a_C'ﬂ(i) n S t< 400,

(t+1)°

af2
(t+ 1) ZVRm*Vme*V’"Rm<C( _{l_l) R n<t<+oo.
i+j=m
Thus from (6) we get

o9

(7) 3t <Ap-2(t+ l)alvm*‘]Rukll2 n<t<+oo,

C
t+1y
where 0 < C < 400 is some constant. From Lemma 3.2 it follows that

0
571V Rijual” = AV Ry [? = 2/ V™2 Ry

8 . .
® + 3 VRm*V/Rm+V™!Rm.

i+j=m+1
Using the induction hypothesis (3) again we have

. . 0/2
Z VRm* V/Rm * V™'Rm < C 1 [V R ikt
t+1 J
i+j=m+1
1

3a/2
JES— < .
+C(t+l) , n<t<+4o
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Substituting this into (8) yields

0
EIV"’“RUHIZ < AIV™HR; g = 2|V 2R |

af2 | 5 1 3a/2
m+
+C(t+1) IV Rukll +C(t+l) s

n<t<+oo,
[(t+1 AV R jul*] < Al + DV R ]

= 2(¢+ 1)*|V™ 2R,
+ C(t+ 1)V R

1 a2
+C (t T 1) + a(t + l)a_llvm+IRijk1|2.

Let w(x,1) = (¢ + 1)*|V™*1R;;1;|*>. Then

%”t’ < Ay — 21+ PV 2R 2 + C(t + 1) [V Ry 2
1 af2
<
(9) +C(t+1> , n<t<+oo,
aV/ <A 2(t+ l)alvm+2R |2 c +C L)a/z
B =4V~ ikl Y t+1
n<t<+oo.

Now define F(x,t) = ¢(x,t)y(x,t). Then
(10) F(x,t) = (t+ 1)*|V™ Rij*la + (¢ + 1)°|V" Ry ).

Combining (6) and (9) gives

%}-:-<AF 2V,0 - Vo — 2(t + 1)V R, |
C
a m+2 2
(1) F ey DA DIV R Gy
1 a2
+C(z+1> , n<t<+oo.
Using (5) we have
o C C F
= < =. y <t< .
(0’ T ar eV =3 Gy "SIt
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From (11) and the definitions of ¢(x,?) and y(x,t) we get

%E <AF -2V,9-Vpopy —2(t+1) 20|Vm+lRijkll4
C(a,n)
a 2 2
(12) = 2(t+ 1)%@| V™ Ry ju|” + T+ 1) F

a/2
+C(an)(Hl_1)/, n<t<+oo,
=2V,0 - Vop = =2[(t + l)anIVmRijkIIZ][(t + l)anIVMHRijkllZ]
= =2t + 1)**V, | V" R;jut* - V| V™ Ryjua|?
= —8(t+ 1)22V™Rm * V"*'Rm * V"*'Rm * V"*?Rm
< (t+ 12| V™ Ryl
+ 16(1 + 1)%|V™ Ryt || V™2 Ry .
Using the induction hypothesis (3) we have
DV Rijul> < Cm(n),  n <t < +oo.
Thus
=2V,0 - Vou < (t+ 12|V R
+16Cm(n)(t + 1)*|V™ 2R ul?, 1<t < +oo.
Substituting this into (12) yields
oF

57 SAF = (t+ 1)V Ryjiy|* + 16Con (m)(2 + 1)V 2Ry jpa

C(a,n)
_ a m+2 2
21+ 101V Rl + T F

a2
+C(a’7)<t-|l-l> s n<t<+oo,

oF
57 SAF - W2+ [16Cm(n) — 20]1(1 + 1)*|V™ 2R iy |2
C(a,n) 1\
<
+ (t+l)F+C( ”)(t+l) , n<t<4oo.

But a < ¢ < a + Cn(n); if we choose a > 8C,,(n), then

16Cn(n) —2¢ <0, n<t<+oo,

2
oOF < AF F C(a,n)

ot <M are.mE T aen

(13) N
+ C(a, n)(t_'_l) , n<t<+oo.
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Obviously we can choose 7 such that 0 < n < %To, where Tj is the constant
in Corollary 5.18. From Corollary 5.18 it follows that
(14) F(x,n)<C(n) VxeM.
Furthermore, from (13), (14) and Theorem 4.12 we have
F(x,1)<C(n), n<t<+oo,

[a+ (t+ V"Rt *)(t + 1)V R ju|* < C(n), n<t<+oo.

Thus

(t + l)alvm+1Rijk1|2 < Ciﬂ), n<t<+oo.

Since a = 2 + ¢, we get

1

2+¢
R < .
t+1) ’ n<t<+oo

(15) (V" Ryl < Conei () (

Hence the theorem is also true in the case s = m + 1.
Proof of the Main Theorem. By the evolution equation

0
5781 = ~2Rij,

R;; > 0 for all time 0 < ¢ < +o0, and
O<R,~,~<Rg,-j, 0<t<+o0;

therefore

(16) 0> %gij>—2Rg,-j, 0<t<+oo,

R 0o

(17)  &ij(x,0) > gij(x,t) > gij(x,0)e
From Theorem 7.7 we have

1+¢
O<R(x,t)§C<ﬁl_—1—) , 0<t<+oo, & >0,

which implies

(18) 0<AmenmgC<+w.

Therefore combining (16), (17) and (18) yields
£i(x,0) > gij(x,1) > €7 g;;(x,0),

(19) %g,j(x,t)<0, 0<t<+o0.
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Thus there exists a metric g;;(x,00) > 0 such that

0
(20) gij(x,1) S 8ij(x,00) ast— oo.

Since the curvature tensor actually is the second derivative of the metric,
from Theorem 8.1 we know that

(21) Rjjki(x,00)=0, xeM.
Therefore we still have
(22) &ij(t) < gij(00) as time ¢ — 400,

and hence we complete the proof of the Main Theorem.
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