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SMOOTHNESS OF HOROCYCLE FOLIATIONS

MORRIS W. HIRSCH & CHARLES C. PUGH

1. Introduction

Let SM denote the unit tangent bundle of a compact C* Riemannian mani-
fold M. Suppose that M has everywhere negative sectional curvature. In [1]
Anosov proved that the geodesic flow ¢ on SM is of a certain type, called
“Anosov” by later writers, and defined below.

Associated with any Anosov flow ¢ is a foliation by “strong stable manifolds”;
this is called the horocycle foliation in the special case where ¢ is the geodesic
flow on SM and M has negative curvature. The strong unstable manifolds
provide another isomorphic horocycle foliation.

The leaves of these foliations are as smooth as the Anosov flow ¢, but
Anosov showed that the foliations are not in general of class C', even when ¢
is real analytic.' However, when M has dimension two or the curvature is -
pinched, we shall prove that the horocycle foliations (and even their tangent
plane fields) are of class C'. In the course of the proof, the fact that “negative
curvature = Anosov geodesic flow” falls out naturally. Our methods in §§ 5, 6
resemble those of Anosov and Sinai [2].

This smoothness result was suggested to us by an analogous situation we
encountered in [8]; there, we showed that the strong stable manifold foliation
of an Anosov diffeomorphism f is of class C' provided that either the strong
stable manifolds have codimension one in M or the spectrum of Tf is “bunched”.
These cases are analogous to (i), (ii) below.

Thanks are due to Pat Eberlein, Rob Gardiner, Leon Green, and Joe Wolf
for helpful conversations.

2. The smoothness theorem

Let M be a C~ compact boundaryless manifold with a C* Riemann structure
Z. The geodesics of Z give rise to the geodesic flow ¢ on the tangent bundle
TM of M:
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It is amusing that, to mean “generic”, Russian mathematicians, such as Anosov, use
a word translated from Russian to English as “rough”. Here is an example where
roughness is likely to be generic.
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if ve TM and t — 7,(f) is the unique #-geodesic with
72(0) = v, then ¢,(v) = 7,(1) € Ty, (,)M .

¢ is tangent to a vector field X, called the geodesic spray. Geodesics have con-
stant speed, so ¢ preserves the unit sphere bundle SM of TM.

The geodesic flow ¢ on SM is Anosov if there is a continuous splitting T(SM)
= E* @ E* @ E*, invariant under the tangent flow Ty on T(SM), such that E*
is the subbundle spanned by the geodesic spray X, T¢ exponentially expands
E*, and Ty exponentially contracts E°. This means that for some (hence any)
Riemann structure or Finsler on T(SM), there are constants C, ¢ >0, 1> 1
such that

| T (x)| > ca*|x| fxeE*and ¢t >0,
[ To,(x)| < CA7t x| if xeE® andt>0.

The subbundle E*, E* are known to be uniquely integrable. They are tangent
to the horocycle foliations. Thus, to prove the horocycle foliations are of
class C, it suffices to prove E*, E® are of class C.

The sectional curvature of # at a 2-plane II C T ,M is K,(II) = the Gaus-
sian curvature of exp, (I]) at p relative to the inclusion-induced Riemann
structure. If K,(/7) <O for all pe M and all 2-planes I C T,M, then Z is
said to have negative curvature.

Definition. The curvature of Z is absolutely a-pinched ift

o < inf |K,(I1)/K,.(IT")] .

The inf is taken over all p, p’ € M and all 2-planes /7, Il in T,M, T, M. The
curvature of Z is relatively a-pinched iff

o < inf [K,(I)/K,(I")|

The inf is taken over all p € M and all 2-planes /7, /I’ in T ,M.

Smoothness Theorem. Let % be a Riemann structure on TM. If either

(i) the curvature of Z is negative and M has dimension two or

(ii) the curvature of % is negative and absolutely Li-pinched, then the
Anosov splitting T(SM) = E* @ E* @ E* for the geodesic flow is of class C'.
In particular, the horocycle foliations are of class C*. Under natural uniformity
assumptions on the curvature, compactness of M can be relaxed to com-
pleteness.

Under assumption (i), E. Hopf [10] proved this theorem. Under assumption
(ii) Leon Green [4] announced the result, but later [3] found an error in its
proof.

Question. Is this theorem true for relative i-pinching? If it is, then it in-
cludes (i) and (ii) as special cases. For negative curvature on a 2-manifold is



HOROCYCLE FOLIATIONS 227

always relatively a-pinched for all « < 1. Originally we were sure this would
“follow easily” from the C™ section theorem (see below), but now we doubt it.
Also we conjecture that there are many cases when the horocycle foliation is
not of class C'. Even if the curvature is i-pinched, we expect the horocycle
foliations are hardly ever of class C%. Such results might follow from methods
of R. Mafi¢ who proved a converse to the C” section theorem [13]. Anosov
said the horocycle foliation is “obviously not smooth in general” [1, p. 12].

3. Background

In [9] we proved, with Mike Shub, a general theorem giving sufficient con-
ditions for an invariant section of a bundle to be smooth. Let E be a C* finite
dimensional vector bundle over the compact C”™ manifold M. Assume FE has a
Finsler (= continuous family of norms on fibres). Let D be a disc subbundle
of E.

Definition. The minimum norm (also called the conorm) of an operator 4
is m(A4) = inf,, _, |Ax| = ||A7!||™".

Definition. An r-fiber contraction is a C fiber map F: D — D covering a
Cr diffeomorphism f: M — M such that for some Finslers on E and TM

sup ka7 <1, o<ij<r,

pPEM
where k, is the Lipschitz constant of F|D,, D, is the D-fiber at pe M, and
a, = nm(T,f).

k, is the fiber contraction rate ; «,, is the base contraction rate. The assumption
sup k,a;7 < 1 implies F uniformly contracts the D-fibers (let j=0) and contracts
D, more sharply than f contracts the base at p (let j = 1).

C” section theorem. If F is an r-fiber contraction of D, r > 0 then there
is a unique F-invariant section ¢ : M — D. Besides, ¢ is of class C”.

This is a central result of [9].

A second concept we use from [8], [9] is that of the “‘graph-transform” F,.
If F:D—D is a fiber map as above, then F induces a natural map
F,: Sec (D) 5 on the sections of D defined by Fyo(x) = Fogof~(x). This can
be re-expressed as

image (Fyo) = F (image o) .

Finally, we use the uniqueness of the hyperbolic splitting of a hyperbolic
bundle automorphism. This result is part of [9, 2.9].

4. Proof of (i)

Let X be the geodesic spray generating the geodesic flow . Then Ty pre-
serves the subbundle of T(SM) orthogonal to X and, since the Anosov split-
ting is unique,
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E=E'®E = XWw)*, veSM .

Since E is a smooth bundle, we can approximate E*, E* by smooth subbundles
E* E® of E. Let ¢ be the smooth bundle over SM whose fiber at v is

¢, ={GeLEE): |G| < 1}.
Put the “max Finsler” on T(SM) so that
|z] = max (|x|a [Wlas [Y]a)

where z = x@w®dy e E* @ span X(v) ® ES, and |- |, is length respecting Z.
This is a Finsler on the base-space of ¢.

Since T¢, preserves E* @ E* = Ev® E‘s, the T¢,-graph transform (T¢,), is
a fiber map ¢ — & covering ¢,, the time-one map of the geodesic flow.
(Ty,), is defined by

(Twpy)(graph G) = graph((T¢,),)G) , Ge9,,

where graph G = {x + G(¥) ¢ E2 @ E3}. Let T = Typ|E*, T°p = To|E*. The
fiber ¢, is contracted at a rate = || T3¢, ||- m(T%p,)~*, and the base is contracted
at the rate =m(T%¢,). (To say this about the base-map we need the max Finsler.)
The hypothesis of the C” section theorem (r = 1) is that (fiber contraction) X
(base contraction)™* < 1, and we have shown this product to be =

I Too |l m(Typ) ™" (m(Tp)) ™ = m(Toe) ™' <1,

since E* is one-dimensional. Hence the unique (T'¢,),-invariant section of & is
of class C'. The section whose graphs give E* is clearly invariant, since E* is
To,-invariant. Hence E* ¢ C'. Symmetrically, E* ¢ C'.

Remarks. If for any other reason bol (T5¢p)m(T%p,)"' < 1, then we get
E* e C'. By bol () we mean the “bolicity” which measures how nonconformal
an isomorphism is:

bOl(T)z_“ﬂ: sup @

m(T) tei=1=1y |Ty] =TT -

5. Second order linear differential equations

To prove (ii) we need good norm-estimates on T%p,, T°¢,; the next lemma
will provide them. By #(R") = &% we mean symmetric linear endomorphisms
of R", i.e., self adjoint operators. By &*(R™) we mean the convex cone of
positive or negative definite ones.

Lemma 1. Suppose t— P, is a continuous map R— &% . (R"), and a, 8
are positive constants with
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a <infm(P,) , sup [|P.]| < B .

Let @ be the flow on R X R™ X R™ generated by the artificially autonomous
differential equation

t=1,x=y,y=Px; teR, x,ye R".

Then there exists a unique @-invariant splitting E* ® ES = t X R*" such that
E*, E® are graphs of uniformly bounded linear maps R® — R"™. Besides

E* = graph G*, G* ¢ S*(R"™) , at < (G¥x,xy < p*,

E: = graph G¢, G¢ ¢ ¥~ (R") , a? < (=Gx,xy < g
for all x e R* with |x| = 1. This splitting E* @ E°* of the product bundle

R X R exhibits the hyperbolicity of ®. Norms on E*, E* can be chosen, which
are uniformly equivalent to the induced norms and make

e < m(@y) < | or| < e, e < m(@) < @3] < e

for all t > 0. If P_ has period w, then so do E* and E*.
Remark. A special case of this lemma is enlightening. Consider the
autonomous constant coefficient linear differential equation:

=y, y =px, p>0

arising from the second order equation ¥ = px. This vector field on R? generates
the linear flow

t—>@¢=

[ cosh (p1) M]
p b

p sinh (ptf) cosh (pf)

which has the constant invariant splitting
E* ={(x,px): xe R}, Es = {(x, —px): xe R} .

It is a delightful coincidence that the hyperbolic trigonometric functions occur
in a hyperbolic flow, and that this flow represents the tangent flow on the
standard Poincaré hyperbolic plane (when p = 1).

Proof of Lemma 1. The flow © on R X R™ X R" naturally induces a
(local) flow @, on R X GL (n) as follows. Fix ¢ € R. For each S € GL (n) put
D,(z,8) = (r + t,S;). Here S, is the unique linear map R" — R" such that

(z + ) X graph (S;) = @,(r X graphS) .
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When S = S, is fixed and ¢ is small, S, is well defined.

Fix ¢ and consider the solution W, = [A‘ Bt] of

W:[O I]W, W, =1.
Pt+r0

Thus @,|z X R* X R" = W,. If t > 0 is small, then
Sy = (Cy + DyS)o (4, + B:S)™" .

The tangent to the curve S, is

ds,

dt == (C + DSO)(A + BSO)—1

— (C + DS)(A + BS)'(4 + BS)(A + BS)™" .

At ¢t = 0 this reduces to P, — $? since

[A' B]_[c D] [Ao BO]_[IO]

¢ bl lpa pBI’ ¢, bJd Lo 1l

Thus the flow @, is tangent to the vector field (on R X GL(n)) given by (z, S)
— (1, P, — §%. (Note that its integral curves are solutions to the Ricatti
equation $ = P — $7.) Since this vector field is tangent to R X #(R") by in-
spection, the flow @, leaves R X #(R") invariant.

We claim that all points of the boundary d(R X #,,) are strict ingress points
for @, where

S ={8eF o < Sx,x) < p/forall xe R, [x| =1} .

A boundary point p of a region U is a strict ingress point for a local flow ¢ if
¢:p € Int (U) for all small ¢ > 0. This is an idea due to Wazewski.
For x ¢ R" and S € & we have

5Cz=}’¢, XOZXGRn,
Ve =P x Yo = SoXo >
and compute
i <Stxza xt>
dt le=0 {x;, x>

= {[<Soxo + Soxo, X0 + {SeXo, XopI<Xo, X0

— {SoXos Xop[2{ %0, XoD1}/ {05 X0
= [K(P, — $Hx + S(Sx), x> + {Sx, Sx)> — 2{Sx, x)*1/|x|*
= [{(P.x, x> 4+ {Sx,8x> — 2{Sx, x>?]/|x]* .

(1)
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For small ¢, x — x, defines an embedding of the unit sphere $*~! of R” into
R™ which is near the inclusion. Thus the mapping S*~! ©

X —> X, [{x;, X, OV

is near the identity; therefore it is surjective. This implies that

(2) inf {S,x,x> = inf Sy i)
o=t lwi=1 (X Xp)

for small .
Choose «ay, a,, B, B, such that

a<a1<a2£i£lfm(Pr), sup”P1”£182<181<18’
o —a<a—a, B—B <P —8-

Since P, is symmetric, {P.x, x) > a,|x[.
Suppose S € 3, and consider the sets

X8 ={xeS" o < Sx,x) < ai?},
X8 ={xeS": g2 < {Sx, x> < B}

For each x ¢ X,(S) we have from (1)

d | LSy, x)
dt le=o {x;, %)

= {Px,x) + {Sx,8x) — 2{Sx, x)* .
It follows from (2) that if x € X,(S), then
(3) {8ix, x> > ol for all small t > 0 .
But if x e S ! — X (S) and ¢ is small, then
{Sixgy Xy = Sx,x) > a?
by continuity. Thus (3) holds for all x € $*~!, that is,

inf (S;x,x> > o' for all small t > 0 .

lz]=1

The same reasoning proves that also

sup {S;x, x> < g2 for all small ¢ > 0 .
lz|=1

This shows that = X S is a strict ingress point of (R X &,,) for the local flow
o,.
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The set &,, is a compact convex subset of the (finite dimensional) linear
space .#. All the points of its boundary were shown to be strict ingress points.
Since 3(R X &,,) is not a retract of #,,, Wazewski’s Principle [6, p. 279] says
there must be a trajectory of @, remaining in R X & for all time. Let z+— ¢
X G* be such a trajectory, and set E* = graph G¥, ¢ ¢ R. Clearly G is in-
terior to &% ,,, and @,(E¥) = E},..

Let ¥, ={Se&:a”” < {(—Sx,x) < p/ for all xeR", |x| = 1}. Then
all points of d(R X &;;) are strict egress points. This can be seen by some
reasoning similar to the above. Again by Wazewski’s Principle, there is a @,-
trajectory remaining in %, for all time. This gives G, E} as claimed and com-
pletes the existence part of Lemma 1.

Uniqueness of E¥, E* follows from hyperbolicity of @ and Hirsch-Pugh-Shub
[9, 2.9]. To prove hyperbolicity and the asserted estimates on its strength, we
introduce the new inner product in R* X R" by setting

(B2 =< a0, = (9, y)eR" X R"; j=1,2.
By restriction we get new inner products on each E%*, E¢ (r € R). This makes
x — (x, G*x), x — (x, G*x) isometries of R™ onto E*, ES.
Denote @.(¢, z) by (¢ + t,z;) and put z, = (x;,¥;) € R® X R*. Then
J.Ct:yty )')tz 4 tXe >

and so
d .
%<zn Zt>>x< = Et_<x” Xy = 2{x;, X,

= 2y = 20 G0

by invariance of E¥. Since G* € ¥},, this last quantity lies between 2«'/* and
282, Hence (z,, z; 4 satisfies the differential inequality

a2 < %<zt,zt> <28, >0,

while

(o Zops =2, O #zeEr.
From Hartman [6, p. 24] we conclude that

2 < Ca 2y < 2L,

for all ¢ > 0. Taking square roots gives the growth estimate on @* in Lemma
1. Similarly, if z € E? then
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d s
W<Zn L)y = 2{xs, G2, i(x1)>

which lies between —2«'? and —28"* since G: ¢ &,. This gives the growth
estimate on @¢ in Lemma 1.

As remarked before, hyperbolicity of @ implies the uniqueness of E*, E*.
Suppose P, has period w. Set F* = E¥ ,, F$ = E¢_,. Then F*@ F*® is a @-
invariant splitting of R X R*" since @,(r + w, 2) = @4(z, 2) + (w,0). Clearly
F*@® F* also exhibits the hyperbolicity of @ so by [9, 2.9] E* = F*, E* = F?,
and w-periodicity of E¥, E* is proved. This completes the proof of Lemma 1.

Remark. An alternative proof that E*, E® exist can be devised by show-
ing that the flow @, contracts %}, instead of using Wazewski’s principle.
Contractiveness of @, on %/, follows from considering the first variation
equation of § = P — §?, along a @-trajectory S;, namely, V=—WS,+S,V).
While S, is in #,;, it is a positive operator so the above V' is “negative”, show-
ing that @,, contracts infinitesimally, ¢ > 0. Contractiveness of @,, in the large
follows by the mean value theorem since ,, is convex. The details of this
argument involve use of the inner product

{4, B) = trace (4'B)

on L(R", R™) and its corresponding norm. This is not the operator norm on
L(R", R™), and it does not have an analogue for an infinite dimensional real
Hilbert space E. The estimates in the proof of Lemma 1 remain valid for E,
but Wazewski’s Principle fails because 9.,, probably is a retract of &,;;
compare Klee [11]. Thus the generalization of Lemma 1 to Hilbert space
remains unproved by us.

6. Fermi coordinates

The next lemma concerns a special coordinate system along a geodesic,
called a “Fermi chart”. For the geodesic flow, the bundle-chart over a Fermi
chart serves the same purpose as a flowbox does for a flow. Let Z be a smooth
Riemann structure on TM, and let v € S,M be given, pe M. Let X be the
geodesic spray of #Z. Let e, - - -, e, be an orthonormal basis for T,M with »
= e,, and let y be the geodesic initially tangent to v. Parallel translation down
7 gives smooth orthonormal vector fields e,(?), - - -, e,(#) on y such that e, (z)
= 7(#). Since exp is tangent to the identity,

fo(20 a;e;) = exp, 4y <§2 aiei(t))

defines an immersion f,, called the Fermi chart associated with #Z and v € S,M.
The domain of f, includes
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D, ={tv+velT ,M:v | v,|v|<c, teR},

where ¢ is some positive constant. f, sends span (v) isometrically onto y. Since
f, is an immersion, £ pulls back to a Riemann structure f¥# on 79, = 2,
X T,M. Thus f¥Z# is Z expressed in the f,-chart. Let g,,, 7, and R};, be
the components of f¥Z, its Christoffel symbols and its Riemannian curvature
tensor in the f,-chart.

Lemma 2. The Fermi chart f, has the following properties at all points of
span (v) :

(O-th order) Cap = Oap »
(1st order) ry,=0,
(2nd order) R,=_L e _ %

2 ox*oxt oxt

Proof. The O-th and 1st order assertions are proved in Gromoll-
Klingenberg-Mayer [5]. In any chart

1
[1:.5 = E Z gar(aaﬁrﬂ + aﬁg‘ra - argaﬂ) )

where (g°") is the matrix inverse to (g,;). By 9, etc. we mean /0x* where x!,
-++,x™ are the coordinates in the chart. Juggling indices and summing as in
Weatherburn [15] we get

augaﬁ:(), 1Sa,‘8,0’£m
at any point of a chart where /" = 0 and (g,;) = (6,,). This means the map
X —> (g45(x)) € {real m X m matrices}

has zero derivative at all points of span(v) in the Fermi chart. By the chain
rule the same is true of

x> (84(0)) ™! = (g”(x)) .
Thus all first partials of g,, and g°" vanish along span (v). From this constancy
we conclude 9,0,2,, = 9,0,8°" = 0 along span (v) = x'-axis.
In any chart the components R, ;, are related to the I';, by

Rigjp = 0l — Ol + L (Tl — Iul'y;)

(see Hicks [7]), so in the Fermi chart along span (v)



HOROCYCLE FOLIATIONS 235
leu = alF}cl - alF:llcl
=3 ZT: 0,(8')(0r8r + 018, — 0,811
+ % 2 870,048 + 0,0:8,x — 0,0,8x1)
— 3 2 080181 + 0:8yx — 0,811)
- % Z glr(alakgrl + alalgrk - alarglk)
1 gy,

= —% (00481 + 0.0:81x — 0,0:811) = —7 oot
For along span (v): 9,(g'") vanishes, 9,0,8,; etc. vanish, 9,(g'") vanishes, and
g'" = ¢'". For the same reasons
ol'ty
oxt

=42 0,(8") (0.8, + 0.8, — 0,811)

+ % Z gkr(alalgn + alalgl'r - alargn)

1 2

along span (v). This completes the proof of Lemma 2.

7. Proof of (ii)

Let # be the given Riemann structure on TM. Let v e S,M, pe M, and
choose an orthonormal basis of T,M, e,, - - -, e, with e, = v. Let f, be the
Fermi chart determined by e, - - -, €,, and let F, be the bundle chart of TM
tangent to f,:

F
D, X T,M —> TM
(x> E) > Tva(‘f) € vaa:M .

9, is the domain of f,. The geodesic spray X is represented in any TM-bundle-
chart for TM as the first order ordinary differential equation

(1) [;f] - Lnf)(s,a] ’

where I'(x): T,M X T,M — T ,M is the symmetric bilinear map such that
I'(x)(e;, ej) =2, Ffj(x)ek s xe9,.
k

The I'%; are the Christoffel symbols of Z expressed in the f,-chart.
The geodesic flow ¢ of #, represented in the F,-chart, is the solution of (1).
The assertion of the smoothness theorem concerns the tangent flow T¢ on
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T(TM). When represented in the TF,-chart, To is the solution of the first
variation equation of (1):

(2) W = D(F¥X), W , W) =1

for w, = F;'op, 0 F,(W), we 2, X T,M. By FfX we mean the vector field
XoTF; on 9, X T,M. At F;%(p,v) = (tv, e)) we calculate

3 [ 0 d
D(F¥X) ey = D(_p(x)(g, 5)) = _E( 8,8 —2I(x)( , 5)]
ey L 0x (tv,e2)

0 1 [ 0 1
=1|1 &g,k =
b} axlléx" 0 oo —Ri,(tv) O

by Lemma 2 since

(50€89). i = B (P57

(2,8)=(tv,e1) ox!

(The R%;, are the components of the curvature tensor in the f,-chart.) Thus,
along F;%(¢,v), (2) becomes

- 0 1 _
(3) V=] plw ¥ PO=1.

In general, R%;, is skew-symmetric in jl and R?;;, = 0, so we see that

0..-0
(leu) = leu 5 2Lk 1l<m.
0
These extra zeros indicate that Ty preserves X (as does any tangent flow)
and that T¢ preserves X1 (as does any tangent geodesic flow). Let E =

X+ N T(SM). Then Ty preserves E and @, = T,¢,|E, expressed in the F,-
chart, solves

q'):[o ’]@, 0, =1,
P, 0

where
P, = [—leu(w)]zsk,zsm .

@ is a linear flow on span(v) X H, X V, = R X R™! X R™' where H, =
{x,0eT MXTM,x | v}, V,={0,8eT,M X T,M:& | v}
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In any chart at a point where the coordinates are orthonormal, the sectional
curvature of a pair of vectors Y, Z e T ,M is

K,(Y,Z) =<(R(Y,Z)Z,Y ), Y =3y,
2 Rikjlyiyjzkzl > Z =3} z;e; ,

,7,k,0

and thus finally using the negative curvature hypothesis we have
(4) KPZ,Z) = —;Z RYyzz, = —K(e, Z) > 0,

where R',;; = R';,,(tv).

Choose constants K > k > 0 such that every sectional curvature lies strictly
between —K* and —k*. By (4), in applying Lemma 1 we can take o« = %,
B =K.

By Lemma 1, @ is hyperbolic and the strength of its hyperbolicity can be
estimated. Using the F,chart we get a well defined Ty-invariant splitting
E*@ E* of E over the g-orbit of v. (If ¢+ ¢, is periodic in ¢, then P, is
periodic and, by Lemma 1, so is the @-invariant-splitting. Hence E*@® E* is
well defined.) Choose one v on each g-orbit and make the preceding construc-
tion. This gives a well defined Tp-invariant splitting of E over all SM.

Since the Finsler on span (v) X H, X V, adapted to @ is uniformly equiva-
lent to the standard Finsler, and since f, is a Fermi-chart, we see that the esti-
mates

et <m(@y) <O < ek, et m(P) < |03 < etE,
which are valid for all # > O—when the adapted Finsler is used—imply

(5) e <mT3p) < Tyl < e, e <mTyp) < || Trp | < et

respecting the Z-norms for all large t. By Tup,, T5¢, we mean T, |E¥, To,|E5.
Thus, respecting the fixed #Z-norms, Ty |E is a linear uniformly hyperbolic
flow and so, by [9, (2.9)], E* and E* are automatically continuous and inde-
pendent of which v was chosen on each ¢-orbit. Hence ¢ is Anosov.

By (5) we get

bol (Typ,) < €5 %, m(T*,) > e*,

bol (Thp,) < et =0, || Tp, || < e7**
for all large ¢. Now return to the proof of (ii). Since E is a smooth bundle we
can approximate E*, E¥ by smooth subbundles £*, E¢ of E. Then we can con-

s~ider, for a large fixed ¢, the ¥-map (Tp,),: ¥ — & where ¥, = {G ¢ L(E‘g,
E3): |G| < 1}. As in the proof of (i), (Ty,), is a fiber contraction with

(fiber contraction) - (base contraction)™*
= (| T30 || (m(T )" N(m(T5p)) !
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= bol (TSp,) | m(T*p,) < e! &8 [eth = gtK-2k)

Since the curvature is 1-pinched, we have K — 2k < 0 and the hypothesis of
the C” section theorem is satisfied ; therefore the unique (T¢,),-invariant section
of ¢ is of class C'. Since E* gives such a section, E* is of class C'. Working
with the reverse flow and ¢; = {G e L(E3, E¥): |G|| < 1}, (5) gives the same
result for E°. This completes the proof of (ii).

Remarks on the smoothness of Z. For simplicity, we assumed the Riemann
structure # was C~. However, the above constructions work equally naturally
when Z is C*, the smoothness theorem holds when £ is C?, and ¢ is Anosov
when Z is C* with negative curvature. This can be seen by C*-approximating
Z by a C* Riemann structure Z and using the uniformities in the hyperbolicity
estimates. Alternatively, the Fermi chart could be smoothed as were flow boxes
in Pugh-Robinson [14].

Standard question. If the geodesic flow ¢ of # is Anosov, then does M
admit a Riemann structure £’ with negative curvature? Wilhelm Klingenberg
showed in [12], [16] that all known topological properties of M which are im-
plied by negative curvature are equally implied by ¢ being Anosov.
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