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THE EXISTENCE OF SPECIAL
ORTHONORMAL FRAMES

J. E. D’ATRI & H. K. NICKERSON

On an n-dimensional Riemann manifold M, the Laplace operator 4 on
functions can be written (locally) in the form

4=3 X, 0 X,,
i=1

where {X,, - - -, X,,} is a (local) frame, if and only if the frame is orthonormal
and divX; =0,i=1, -.., n. In Theorem 2.1, we formulate a condition
relating the existence of special orthonormal frames to the Riemann curvature
tensor. In Theorem 3.6, we show that the stronger condition: X is a Killing
vector field, i = 1, - .., n, which implies divX; = 0, requires that M be
Riemannian locally symmetric. It is further shown that most simply connected
irreducible Riemannian symmetric spaces cannot have orthonormal frames
consisting of Killing vector fields and that the spheres S have such frames if
andonlyifn=1, 3, or 7.

1. Introduction and motivation

Let M be an n-dimensional Riemannian manifold of class C* with metric
tensor g. The Riemannian connection V is characterized by the conditions

(1) X-g(Y,Z) = gWxY,2) + g(Y,Vx2)
for all vector fields X, Y, and Z

(the connection is a metric connection) and

for all vector fields X and Y

(the connection is torsionless).
Let {X,, - - -, X,} be an orthonormal frame on an open set U of M, that is,

g(Xi’Xj)=5ij, i,j:l’-..,n.
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The Christoffel symbols with respect to this frame are defined by
VXij=r§‘kXi’ hk=1,---,n.

(The usual summation convention will be assumed, except in the case of
contractions.) Then (1) and (2) give

(3) I'ic+ I'*, =0  (skew symmetry)
(in particular, ™, = 0) and

(4) [X;, X;l =X, = I, — T'i X, .
From (3) and (4), we obtain

4) i, =c4 — b + ¢l .

In terms of this orthonormal frame, the Laplace operator 4 on functions is
given by

(5) 4= 3 (X;o X, + @iVX)X),

i=1

where

n
divX, =Y I'ij;, i=1,...,n.
=1

(The classical choice of sign has been adopted in the definition of 4.)

The question which motivates this paper is the following: given me M,
when is it possible to find an orthonormal frame {X,, ---, X} in some open
neighborhood U of m such that

(6) 4= zgl X; o X,
on U?

Definition 1.1. A Riemannian manifold M is said to have the divergence
property if, in some neighborhood of each point of M, there exists an ortho-
normal frame {Xj, ---, X,} such that any one of the following equivalent
conditions holds:

(a) divX, =0, i=1,---,n;

(b) equation (6) holds;

(c) $ri =0, i=1,---,n.
Jj=1

Such a frame will be called divergence-free.
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We remark that it is not possible to use fewer than n vector fields in (6)
nor to use vector fields which are not orthonormal. The vector fields

Yp=a2Xi9 ﬂ=l"":n’

satisfy

4= zl Y,o Y, = § (X, o X, + (div X)X,
if and only if
(7) éa{,a;‘,:&ﬂ, ji=1,--,n,
and

Y alX, ) =divk,, i=1,---,n.

g=1
Since (7) implies that the matrix (af) e O(n; R) C Gl(n; R), it is not possible
to have any Y, = 0, and the n vector fields {Y;, - - -, Y,} will then also be
orthonormal.

We note also that the requirement divX,; = 0,i =1, - .., n, may equally
well be stated as o' = 0,i = 1, - - -, n, where {&', - - -, 0"} is the dual frame,
and ¢ is the metric transpose of the exterior derivative d.

All manifolds of dimension 1 are locally flat and have the divergence
property (trivially).

Proposition 1.2. If dim M = 2, then M has the divergence property if
and only if M is locally flat.

Proof. By skew-symmetry, condition (c) of Definition 1.1 reduces to I'Z
=0 and I'}, = 0; that is, it is necessary and sufficient that all Christoffel
symbols vanish for an orthonormal frame to be divergence-free. The known
fact that orthonormal frames with vanishing Christoffel symbols exist if and
only if the curvature vanishes can also be obtained as a special case of
Theorem 2.1 below.

Example 1.3. Let U be an open set in R®, and let f(x, ¥, 2) and h(x, y, 2)
be functions of class C* on U with

of oh
——+—=0
8y+az
Define the metric tensor g on U by taking
0 d 0 d a9
X,=2 —t°% _p% x,=2, x,=2
=y oz T ey P oz
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to be an orthonormal frame. It is easily (but tediously) verified that this
orthonormal frame is divergence-free, that the curvature is not covariant
constant (in general), and that this example cannot include the case of constant
curvature unless U is a flat Riemmannian manifold.

The rather computational Example 1.3 demonstrates that there exist non-
trivial manifolds having the divergence property. It also shows that we are not
presently able to give an effective criterion (other than that given in Corollary
2.2 below) for determining when a manifold has the divergence property. This
paper will present chiefly results concerning manifolds having the following
stronger property.

Definition 1.4. A Riemannian manifold M is said to have the Killing
property if, in some neighborhood of each point of M, there exists an ortho-
normal frame {X,, ---, X,} such that each X,,i=1, ..., n, is a Killing
vector field (local infinitesimal isometry). Such a frame will be called a Killing
frame.

Since [13, p. 50] a linear combination, with constant coefficients, of Killing
vector fields is again a Killing vector field, a manifold has the Killing property
if and only if it is always possible to find frames consisting of Killing vector
fields such that g(X;, X,) = constant for each choice of i and j.

The normality condition of Definition 1.4 implies that the isometries are
“translations”, that is, the streamlines of the isometries are geodesics, since a
necessary and sufficient condition for this is that the Killing vector field have
constant length (cf. [8, p. 349], or [13, p. 50], or take X = Y in Proposition
3.1 below).

The necessary and sufficient condition that a vector field X be a Killing
vector field is that the Lie derivative, with respect to X, of the metric tensor
g vanish. By (1) and (2), this condition is equivalent to

(8) 8WVyX,Z) + g(¥Y,V,X) =0
for all vector fields ¥ and Z .
Thus, an orthonormal frame {X,, - - -, X} is a Killing frame if and only if
gVx X, X)) + 8(X;, Py X) =0,
or
(9) Iri,+ryi=0, iLj,k=1,---,n.

When (9) is combined with (3), we find that the Christoffel symbols for a
Killing frame must be skew-symmetric in any pair of indices. In particular,
I'j; =0, so any manifold which has the Killing property also has the
divergence property.

Manifolds of dimension 1 are locally flat, and so have the Killing property
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(trivially). If dim M = 2, then M has the Killing property if and only if M is
locally flat. This follows from Proposition 1.2 and the fact that the Killing
property implies the divergence property, or from the classical result that a
surface cannot carry even one infinitesimal translation unless it is locally flat.

Example 1.5. The spheres S, considered as Riemannian manifolds im-
bedded in R**! in the usual way, have the Killing property for n =1, 3, 7;
in fact, there is a global Killing frame. The construction depends essentially
on the existence of a multiplication in R* (complex numbers), R* (quaternions),
and R® (Cayley numbers) (cf. [4, p. 141]). Explicitly, writing points in R® as
column vectors and identifying the tangent spaces to S” with hyperplanes, we
can define vector fields X,,i=1, ---, 7, by

r X0 X0 X0 X® X0 Xbd X0

xt x x3 xt x3 x° x7 X8
x*  —=x! -t x3 —x8 x° —x8 x
x* xt —xt —x2 —x x8 X3 —x°
x —=x x —xt x8 x —xt —-x
x° x° x’ —xt —xt —x2 —x° xt
x =X —xt —x x? —x! xt x3
x X8 —x° x5 x3 —x! —x! —x?
X =X X8 x° —xt —x x? —xt

Since p-X,(p) = 0 and X,(p)-X,(p) = §;;, this gives a global orthonormal
frame on §7, which is also a Killing frame since

exptX,;: p— (exptX,)p = pcost + X,(p)sint
is an isometry of S” onto itself for each ¢ ¢ R.

If we imbed R* in R® as the subset x* = x* = x” = 18 = 0, the restrictions
of X, X,, X, above yield a Killing frame on $°.

Counterexample 1.6. Eisenhart [1, p. 212] stated that the trajectories of
two infinitesimal translations meet at constant angles; that is, if X and Y are
Killing vector fields of constant length, then g(X, Y) = constant. This
statement was deleted in [2, p. 240], and was questioned in 1952 by Nijenhuis
(cf. [8, p. 351, footnote]). A counterexample is found on S’ by taking X
= [X,, X,] and Y = X, in Example 1.5. Then X, being the bracket product of
Killing vector fields, is itself a Killing vector field. It is easily verified that the
components of X(p) = [X;, X,1(p), as a point of R®, are 2(x*, x°, —x%, —xI,
X, X', —x°, —x%), from which it follows that X has constant length 2 but does
not meet Y = X at a constant angle on §’. These considerations show that
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it is impossible to extend Theorem 1.6 [13, p. 50] to translations as claimed
by Yano [13, p. 51].
2. Conditions in terms of curvature

_ The torsionless metric connection on M will always be denoted by /. Let
V be any other connection on an open set U C M. For any vector field X on
U,

(10) Exy=Vy—Fyx

is a derivation of the algebra of tensor fields on U. Since the derivations Ey
depend linearly (with respect to variable coefficients) on X, they define a
tensor field E of type (1, 2) on U. Conversely, any such tensor field E defines
a connection by (10). With respect to an arbitrary frame {X,, - - -, X, }, the
tensor E is expressed in terms of components by

Eij k= 15X
where
10) T =I5 — Tl .
The curvature transformations R(X, Y) of 7 are given by

ﬁ(X,Y) = 7x°ﬁy—ﬁr°7x—ﬁ[x,yj’=' [7.1', 7?] - l'7[,1',1*:1
=R(X,Y) — Wy, Ex] + Wy, Ex] + [Ex, Ey] + Ex.r7 5

so the connection ¥/ will be locally flat if and only if

an R(X,Y) = [Py, Ey] — Py, Ex] — [Ex, Ey] — Egxyy,
or, in terms of components,

(117) Ry = Vigi; — Vinky + 7imes — 2oy -

The connection F is a metric connection if and only if (1) is satisfied, and
therefore if and only if each Ey is skew-symmetric, that is,

12) 8EyY,Z) + g(Y,ExZ) =0
for all vector fields X, Y, and Z ,

or, in terms of components,

(129 gsiﬂ;k + gksﬂ;i =0,
which becomes
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27 Tie + 75 =0

in the case of an orthonormal frame.

Given a flat metric connection ¥ on U, it is not hard to show that, in some
neighborhood of each point m of U, there is an orthonormal frame with
respect to which the Christoffel symbols 1%, of F vanish, i.e., for which

(13) 7]§k=['§k, i,j,k:],...,n.
In fact, the conditions (11) are the integrability conditions for the system
(14) Xj~‘v§=’l)f(r§k—7y§,,), #,j,k:l’...,n,

whose solutions define a new frame {Y,, ---, Y,} by X, = v;Y,, for which
the Christoffel symbols of 7 vanish. Moreover, if the given frame {X,} is
orthonormal and (12) holds, and if the initial values of the solutions v% are
chosen so that the matrix (v%),, is orthogonal, then the solution matrix (v%) is

orthogonal, so that {Y,} is an orthonormal frame. This follows from

Ms

X (i ”i”i) =

k=1

1 (X;-vpv; + g& vE(X ;- %)

)
[

3

' e — P55 + Z}l vey (s, — %) =0

k

by (3) and (12).

Thus we have proved the following in one direction.

Theorem 2.1. Given a tensor field E of type (1, 2) satisfying the skew-
symmetry condition (12) on an open set U, then (11) is a necessary and
sufficient condition in order that in some neighborhood of each point of U
there exist an orthonormal frame satisfying (13).

Conversely, if we have an orthonormal frame satisfying (13), then (11) is
true for this frame by direct computation, and therefore for all frames since
(11) is tensorial.

Practical application of Theorem 2.1 depends on being able to recognize
the desired properties of the Christoffel symbols I'%, for a special orthonormal
frame in terms of the components 7%, of E relative to an arbitrary frame.
Inspection of the transformation laws for a tensor of type (1, 2) gives easily

Corollary 2.2. A necessary and sufficient condition that a Riemannian
manifold have the divergence property is that, for arbitrary frames, the
Riemann curvature tensor can be written (locally) in the form (11’) where the
tensor 7%, satisfies not only the skew-symmetry condition (12') but also

k=0, k=1,---,n.
Jj=1

Corollary 2.3. A necessary and sufficient condition that a Riemannian
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manifold have the Killing property is that, for arbitrary orthonormal frames,
the Riemann curvature tensor can be written (locally) in the form (11’) where
the tensor y', satisfies not only the skew-symmetry condition (127) but also

1s) Pet k=0, Gik=1---,n.
The condition
(1) e + 7% =0

for arbitrary frames is a necessary and sufficient condition that 7 and / have
the same geodesics [5, p. 146]. Since (16) and (12”) imply (15), while (15)
and (12”) imply (16), we have also

Corollary 2.4. A necessary and sufficient condition that a Riemannian
manifold have the Killing property is that there exist (locally) a flat metric
connection (with torsion, in general) having the same geodesics as the
Riemannian connection.

Example 2.5. Any compact connected Lie group G has the Killing property
if the metric is the bi-invariant metric induced by the Killing form of its Lie
algebra g. (Cf. [3, p. 92, pp. 125-6, pp. 188-9]: the canonical flat
connection, making left-invariant vector fields covariant constant, has the
same geodesics at e e G as the Riemannian connection, namely, the one-
parameter subgroups.) It will follow from Proposition 3.7 that, for this
example, the tensor 7, in (11’) is covariant constant so that (11°) reduces to
a condition considered by Eisenhart [1, p. 137] but without requiring that the
connection be metric nor that the 7%, satisfy (12’). Right-invariant vector
fields on G can be used similarly to give Killing frames on G.

The condition that a special orthonormal frame consist of infinitesimal
conformal motions (rather than of infinitesimal isometries) is also invariant,
but does not give anything new.

Proposition 2.6. A “conformal” frame on a Riemannian manifold must
be a Killing frame.

Proof. The appropriate conditions (for orthonormal frames) are (12”) and

a7 77?'1: + %jk = 5511:
for suitable 1, determining a 1-form 1 = 1,0*. However, these conditions
imply 1 = 0, as is seen by alternate applications of (17) and (12"):
i = —0h + 0k = 7% + 05 = —ni; + 0 + 0%
=l + 882 + 0% = — 75 + OlA + OFA; + 04,
= 77,ifk + 5i2i + 5{921' + 5§2k 5
which implies

53’,27, + 51‘2‘7 + 532;: =0 , Or Zj =0.
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3. Consequences of the Killing property

If, for any vector field X defined on U, the derivation A4, of the algebra of
tensor fields on U is defined by

Ax = LX - VX s
then [5, p. 235]
(18) PpX = —AY for all vector fields Y,

since the connection F is torsionless. The condition (8) that X be a Killing
vector field is therefore equivalent to the condition
19 8(AxY,Z) + g(Y, AxZ) = 0

for all vector fields Y and Z;
i.e., that 4, be skew-symmetric with respect to the metric tensor g. Moreover
(5, p. 235], [7, p. 110}, [6, p. 535]
20) . PydAx = [Py, Ax] = R(X, Y)

for all vector fields Y,
and
FxR)Y, Z) = —(AR)Y, Z)

= —[Ax, R(Y, 2)] + R(AxY, Z) + R(Y, AxZ)
for all vector fields ¥ and Z,

1)

whenever X is a Killing vector field while, if X and Y are both Killing vector
fields, then the Killing vector field [X, Y] satisfies

22) Aiz.ry = [y, 471 — RX, Y) .
Proposition 3.1. Suppose that X and Y are Killing vector fields. Then
(23) AyY + A, X =0
if and only if
24) g(X,Y) = constant .
Proof. By (1), (18), and (19), we have

Z.gX,Y)=gW,X,Y) + gX,V;Y)
= —8(A4,Z,Y) — gX, AyZ) = g(Z, AyY + AyX)

for arbitrary vector fields Z.
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Now assume that M has the Killing property and that {X,, ---, X,} is a
Killing frame. By Proposition 3.1 (or (9) and (3)), we have

(25) AXij+AXka=O, ]’,k:l’...,n.
The tensor E of § 2, corresponding to our Killing frame, is determined by

(26) Eka=Vka, k=1’-..,n,
for all vector fields Y,

which expresses (13), and satisfies the skew-symmetry conditions (cf. (12) and
(16)

8(ExY,Z) + g(Y,ExZ) =0,
ExY + EyX =0 ’

which will be used without explicit reference. We have also, from (18), (26),
and skew-symmetry,

@7 Ex,=Axz,, j=1,---,n.
From (2) and (26) we have

(28) X, X)1=VxX, — VX, =2Ez X, ;

so

29 EtvpxpX; = —Ex X, X\1= -2Ex ExX, .

Equations (11), (27), and (20) give

R(Xk7 Xl) = VX;;EA’; - VXtEXk - [EXV EA’L] - E[I;;.X;]
= R(X;, X;) — R(X,, X;) — [Ezk, Ex,] - E[x,,,x,] 5

3R(X,, X)) = — [Ex Ex] — Etxp x5
and
(30) 3R(Xi, X)X, = —Ex,Ex X, + Ex,Ex,X; + 2Ex Ex, X, ,
or
(30) 3R = —7ifiy + Dislks + 27557k -

Proposition 3.2. If M has the Killing property, then all sectional curva-
tures are non-negative.
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Proof. From (30)

8(Xy, R(X,, X)X)) = g(X,, EyEx,X)
= 8(Ex X, Ex, X)) 2 0.
Since any frame obtained from the given Killing frame by a constant orthogonal
matrix is again a Killing frame, this argument covers all sectional curvatures.
Lemma 3.3. The quantity X,-g(X,, Ex, X ;) is skew-symmetric in any pair
of indices.
Proof. We compute
3X,-8(X;, Ex X;) = 38V x, X, Ex, X;) + 38(X;, Vx,Ex, X,
= 38(ExlXi, EXka) + &(X;, 3R(X,, XI.)Xj) + 3g(X;, EXkEX;Xj)
= 2g(X1,1 [El'k’ EXL]Xj + EXjEX‘,Xl) ’
where the first step follows from (1), the second from (26), (27), and (20),
and the third step from (30). The last expression is clearly skew-symmetric in
k and [l. Furthermore, the quantity g(X;, Ex X ) is skew-symmetric in any
pair of indices.
Lemma 3.4. Each R(X,, X,)X; is a Killing vector field.
Proof. By (2), (18), (22), (27), (28), and (30), we have
[Xj, [Xe, X:J1 = ij[Xln X1 - V[xk.x;]Xj
= —Ax,x)X; + Ax [ X0 X1
= _[EXk’ EXI]Xj + R(Xk, Xl)Xj + 2EXjEXle
= 4R(X,, X)X, .

Lemma 3.5. Each Killing vector field Y = R(X,, X)X, satisfies (24) for
X=X,,h=1, ...,n, and therefore also

31 ApapxpxXn = —Ax, RX,, X)X; = —Ex,RX,, X)X .
Proof. It suffices to prove

(32) X, 8Xy, Ex,Ex X)) = —X,-8X;, Ex Ex, X)) ,

since this will give, by (30),

X, 8(X,, 3R(X,, X)X )
= Xh,'g(Xu - EXkEXlXj + EXZEX]‘XJ + 2Eijkal) = 0

forh =1, -.-, n. We prove (32) by using
[Xk’ Xi] = (F;u' - F:k)Xs = ZF:::,X:
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and the skew-symmetry of
X T, = X;-8(X;, Ex;Xn)
as shown in Lemma 3.3. Then

Xk'(Xj'F;:h) = '—Xk'(Xi'Fljh.)
= "‘Xi'(Xk'F{h) - 2(Xs'['{h)rii
= Xi'(Xj'th) - 2(Xs'rljn)F7ci s

and

Xk'(Xj'F;:h.) = Xj'(Xk'th) + 2(Xs‘rfh)rfcj
= —X,;-(X;-T'h) — 2X,- TE) 5 + 2(X,-T'3)T ;5

These give

2X,-(X,- T,
= 2X, T#)I% + 2X,- TH)T; + 2X,-T4)T, .

Since X,;-(X;-I'%,) is skew-symmetric in / and j, we must have

XTIy + (XTI,
= —(X,- I3 — X T3 s

which is equivalent to
(32) X, (i) = =X,y -

The above proof also shows that each R(X,, X,)X; is an infinitesimal
translation. The same holds also for the Killing vector fields [X,, X,]
= 2Eka 1 since

g(Ex X, Ex, X)) = g(X,, R(X,, X))X,) = constant ,
although these fields do not have constant coefficients in general.
Theorem 3.6. If M has the Killing property, then M is Riemannian locally

symmetric, that is, the Riemannian curvature is covariant constant.
Proof. From Lemma 3.5, we have

Vs (R XDX,) = —Agery xpx,Xn = E,RX, X)X, .
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Thus
Vx,R(X,, X)X,
= VXh(R(Xk: XL)Xj) - R(Vxth Xl)Xj
— R(X,, V3, X)X; — RX,,, XV 5, X
= EX,,R(Xk’ Xl)Xj - R(EXth’ Xl)Xj
— R(Xy, Ex, X))X; — R(X,, X))Ex, X, ,
or

(VXhR)(Xka Xz) = [Exh, R(Xln Xz)] - R(EXnXk’ Xz) - R(X,,, Ex,,Xl)
= —(Vth)(Xk’ X))

by (21) and 27).

Proposition 3.7. For a Killing frame {X,,---, X,}, the following
conditions (for arbitrary i, j, k, I) are equivalent :

(a) the coefficients ¢, = g(X;, [X;, X,]) in (4) are constant;

(b) the Christoffel symbols I'i, = g(X;, V jX ©) are constant;

(© RX,, Xl)Xj = Eijkal;

(d) the tensor v, in (11’) is covariant constant.

Proof. The equivalence of (a) and (b) follows from (4) and (4’). As noted
in the proof of Lemma 3.4, we have

4R(Xk, Xl)Xj = —A[xk,xl]Xj + Ax][Xk, Xl] ’

which will equal 24y [X,, X,] = 4Ey Ex X, as required in condition (c) if
and only if
_A[xk,XL]Xj = AXj[Xky Xl] ’

which is equivalent to (a) by Proposition 3.1. Finally we compute, in the
Killing frame, using (13) and (27),
Vigi; = Xoni; + Ligiy — 95,05 — 7kl
= X,-8(X;, Ex,X;) + 8X,, Ex,ExX; + Ex,-Ex,Xk — Ex,Ex, X))
= = S X8, EnX) = — L X180 [Xn X)),
where the next to the last step follows from the computation used in the proof
of Lemma 3.3. This shows that (a) and (d) are equivalent.

For use in § 5, we note that the next to the last step above can be altered
to give

(3 Fihy = 58X ExExX, + ExFExXe — ExExX).
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Condition (a) is clearly satisfied in Example 2.5. By Lemma 3.3, condition
(b) is satisfied if dim M < 4. Ad hoc proofs (omitted) show that this is also
true for dim M < 6. The computation in Counterexample 1.6 shows that (a)
is not satisfied in the case M = §°.

4. The Killing property and symmetric spaces

By Theorem 3.6, a Riemannian manifold having the Killing property must
be locally symmetric. Thus, each point of a connected Riemannian manifold
having the Killing property has an open neighborhood which is isometric to
an open neighborhood in a simply connected Riemannian symmetric space M.
Then M also has the Killing property and, moreover, has global Killing
frames. In fact, a local Killing frame exists on M because of the given local
isometry, and can be extended uniquely to give a global Killing frame. The
extension of each Killing vector field to a global Killing vector field is possible
since the symmetry implies completeness; the extension remains orthonormal
since the Riemannian structure on M is subordinate to a real analytic
Riemannian structure (cf. [12, p. 240], [3, p. 187]).

The Lie algebra g of the group G of isometries of M is isomorphic to the
Lie algebra of global Killing vector fields on M, where X ¢ g corresponds to
the Killing vector field X* of the 1-parameter family of isometries induced by
exp tX e G acting on M.

For any simply connected Riemannian symmetric space M, there exists
[12, p. 243] a Riemannian product decomposition

(34) M=MXMX - XM,,

unique up to a permutation of the M,, p > 0, in which M, is a Euclidean
space and each M,, » > 0, is a simply connected irreducible Riemannian
symmetric space. By Proposition 3.2, no factor M,, ¢ > 0, can be of noncom-
pact type if M has the Killing property. The decomposition comes from a
decomposition

§=0Pg D - Dgn >

direct sum of ideals, and implies [12, p. 243] that any a e G is the composition
of isometries of M,, p = 0, 1, - - -, m, onto itself, or of M, onto M,, uv > 0,
¢ #+ v, if M, and M, are isometric.

Theorem 4.1. A simply connected Riemannian space M has the Killing
property if and only if each factor, in any Riemannian product decomposition
(34), has the Killing property.

Proof. (Our original proof has been considerably shortened, following
suggestions privately communicated by Joseph A. Wolf.) It is clear that the
product of Riemannian manifolds having the Killing property will have the
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Killing property with respect to the product Riemannian structure. Conversely,
let {X¥, - - -, X} be a Killing frame on M, corresponding to {X;, ---, X,} eg,
and let X, be the component of X; lyinging,, » = 0, 1, - - -, m. Then X}, is
tangent to each copy of M, in the product decomposition of M, and is induced
by the 1-parameter family exp zX;, which acts trivially on all components
except M,. Since the metric g on M is the product of the metrics g, on M,,, it
follows that g(X¥, X¥) = constant on M implies g,(X¥, X%) = constant on
M,. Since the set {X%, - .-, X¥,} must generate the tangent space to M, at
any point, it follows that M, has the Killing property, by the remark following
Definition 1.4.

The above theorem reduces the local classification of Riemannian manifolds
having the Killing property to determining which manifolds appearing in a
decomposition (34) have the Killing property.

Certainly a Euclidean space, being flat, has the Killing property. The same
is true for a compact simple simply connected Lie group, by Example 2.5,
and for the spheres S*, $°, and 7 as noted in Example 1.5.

Many of the remaining possibilities are eliminated on the stronger ground
that these manifolds cannot carry even one Killing vector field of constant
length. These results follow from the work of Wolf [9], [10], [11], [12], and
the discussion below also follows the outline kindly supplied to us by Professor
Wolf.

Irreducible components of noncompact type are eliminated, a fortiori, by
Theorem 1 of [11]. Components of compact type are eliminated if rank G
= rank K, where K is the isotropy subgroup of G at some point m € M, since
this implies ([10], or [12, p. 255]) that M has positive Euler characteristic
and therefore cannot carry any non-vanishing vector field. Also most com-
ponents of compact type with rank G > rank K, non-trivial K, are eliminated
[10] because there are only a finite number of isometries of constant dis-
placement, so that there is no non-trivial 1-parameter family of isometries of
constant displacement.

The survivors of this last screening are the odd-dimensional spheres §*2-!
= SO(2n)/SO(2n — 1) and the spaces M = SU(2n)/Sp(n), n > 1. The spheres
S* with n % 1, 3, 7 do not have the Killing property ([9], or § 5 below). In
the remaining case, Killing vector fields of constant length exist [10] but we
have not yet determined whether any of these spaces have the Killing property.

5. Spaces of constant curvature

Although the question of which spaces of constant (positive) curvature
cannot have the Killing property has been settled in §4, we give here an
independent (local) proof which does not depend on the theory of symmetric
spaces, but on tensorial identities. We have

(35) 3V imk; = Tismis — Wiy + Nismie = —3Vani;
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which follows from (33) and the skew-symmetry of 7, and
(36) Vigi; = R — 2503

which follows from (30’), (35), and skew-smmetry. These can be used to
derive the important identity

37 Rink’?fj - ﬂinfhk - 77st§7;1: =W jﬂfx)ﬂ;k .
In fact, we have

9(R§nk7)fj - ﬂinfhk - ﬂfaR'}nk) =, kﬂfj) - 9w, h’]fj)
= 3Vwnismi; — nismis + Wit — 3Valghsmis — nicths + im0
= 3(R§kh7ﬁj - ﬂst_?kn + 75:Rikn)
— 40kt — Wiy + DimiDen

= _3(R§hk7ﬁj - 77§:R§hk - ﬂinfhk) + 12(717)2.:)77%;: .
The first step uses the definition of curvature, the second uses (35); then we
work out the covariant derivatives of the products, using (36) for those terms
in which V, acts on a factor » involving the index k, and (35) for all other
terms. The last step uses (35) and skew-symmetry.

The identity (37), with the left-hand side interpreted as (V,V, — V.V )ni;,
can be used to give a tensorial proof of Theorem 3.6 by the same devices used
in the proofs of (32) and Lemma 3.5.

Proposition 5.1. A space M of constant positive curvature can have the
Killing property only if dimM = 3 or 7.

Proof. In what follows, the summation convention will be assumed only
for indices designated by the letters r, s, or . We assume that

(38 Ri., = K(5i6;, — 616;,) ,  where K # 0,

and that M has the Killing property. When (38) is combined with (30") for
k = i, we obtain

(39) niah = nimh = K(5i6;, — 810, -
When (38) is combined with (37), we obtain
W i)
= K(afzﬂfj - 5;.:7)?;' - 7]11511: + %icjam — Dl + ﬂf;ﬁjh) .

We take h = t, k = r, multiply (40) by 7}, and sum on r and z. The left-hand
side gives, by (39),

(40)

(4 j’ﬁ.s)virn;t = j’ﬁs)K(‘s:‘sw - 5;5”)
= K(n — D)W ;55,) -
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The right-hand side gives

K(afmrj - 5?-7?fj - 7]?15” + 7731‘51: - 77%:5:‘7 + ﬂfrajt)ﬂ;:
= —6K(7 75 = 6K(7 7,)

by (35). Since K = 0 is excluded by hypothesis, the equality of these ex-
pressions requires either n = 7, or

41) Viip=0, i jlp=1,---,n.

If dim M > 3, condition (41) cannot be satisfied under the assumption (38).
For, in this case, we can choose i = h # j = k + lin (40). Then (41) would
imply 0 = K7};, 1 < j # k # | < n, but the vanishing of the 7}; implies that
M is locally flat, by (117). If dim M < 3, the Killing property implies that M
is locally flat, as noted in § 1.

Added in proof. It can be shown that if X, ---, X,,p < dimM, are
orthonormal Killing vector fields, then (VyR)(Y,Z)W vanishes whenever
X,Y,Z, W lie in the p-dimensional distribution generated by {X,, - - -, X,}.
This generalizes Theorem 3.6.
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