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THE MOMENT MAP REVISITED

VICTOR GUILLEMIN & SHLOMO STERNBERG

Abstract

In this paper, we show that the notion of moment map for the
Hamiltonian action of a Lie group on a symplectic manifold is a
special case of a much more general notion. In particular, we show
that one can associate a moment map to a family of Hamiltonian
symplectomorphisms, and we prove that its image is characterized,
as in the classical case, by a generalized “energy-period” relation.

1. Introduction

In this paper, we will show that the classical moment map associated
with a Hamiltonian action of a Lie group on a symplectic manifold,
M, is a special example of a much more general moment map. More
explicitly, in the set-up, we will consider below, the action

(1.1) k € K—y, € Symplect (M)
of a Lie group, K, on M gets replaced by a map
(1.2) s € S— f; € Symplect (M)

of a manifold, S, into the symplectomorphism group of M, or, more
generally still, a map

(1.3) s— T

of S into the space of canonical relations (see below) in M x M.
We will show that, modulo some topological assumptions, one can
associate to (1.2) a moment map

(1.4) d:MxS—T*S
which is compatible with the projection, M x S—S and which makes
the set
' ={(m, fs(m),®(m,s)); (m,s) € M x S}
into a Lagrangian submanifold of M x M~ xT*S. In the group context,

(.1, the map ® gives, by restriction to M = M x {e}, the usual moment
map, ¢ : M—¥*.
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To prove that the map (il.4) exists and to describe some of its basic
properties, it is useful to consider an even more general set-up than (il.2)
and (1.3), namely, with M x M~ replaced by M, a fibration, 7 : Z—S
and a map G : Z— M which maps the fibers of m onto Lagrangian sub-
manifolds of M. In this context, (il.4) gets replaced by a moment map

(1.5) ¢ Z—T7S.

(Moment maps of this type had been considered by us before in the
context of integral geometry, and we will discuss the relation of the
results of this paper to these earlier results of ours in Section b below.)

In the group context, the definition (i.4) of moment mapping is due
to Alan Weinstein, [10], and in Section 2, we will discuss Weinstein’s
approach to moment geometry. Underlying this approach is the con-
cept of the symplectic “category”, a category in which the objects are
symplectic manifolds and the morphisms are canonical relations and in
Section 4 we will discuss some of the main features of this category
which was introduced by Weinstein in [10] and by us in [3].

In Section B, we formulate our results for families of symplectomor-
phisms as in equation (i,2) and in Section 5, we return to the general
formulation and prove the main results.

In Section 5.2, we show that the derivative of the map (iI.4) satisfies
an identity similar to the “derivative identity” of the standard moment
map.

In Section i, we discuss the “image” of the moment map. As Wein-
stein shows in [10], for the usual moment map, it is useful to think of
this “image” as a Lagrangian submanifold of 7%S. For instance, for a
torus action, this image consists not only of the moment polytope, but
of a labeling of its faces by isotropy groups. (What Sue Tolman calls
the “x-ray” of the moment polytope.) More generally, for R™ actions,
this “image” is what is known in the theory of dynamical systems as
the “period energy” relation, and the main result of Section i.3 asserts
that this is not only true of moment maps associated with R™-actions,
but also of moment maps in general.

2. The classical moment map.

In this section, we review the classical notion of moment map from
Weinstein’s point of view.

Let (M,w) be a symplectic manifold, K a connected Lie group and 7
an action of K on M preserving the symplectic form. From 7, one gets
an infinitesimal action

(2.1) ot : t—Vect(M)
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of the Lie algebra, ¢, of K, mapping & € £ to the vector field, d7(§) =:
&y In particular, for p € M, one gets from (2.1) a linear map,

(2.2) drp - &—T,M ,  §—&m(p);
and from wy, a linear isomorphism,
(2.3) T,—T, v—i(v)wp;

which can be composed with (2.2) to get a linear map

(2.4) dry  e—T7 M.
Definition. A K-equivariant map

(2.5) ¢: M—¢

is a moment map, if for every p € M:

(2.6) dpy, : Ty M —E"

is the transpose of the map (2.4).

The property (2.§) determines d¢, at all points p, and hence, de-
termines ¢ up to an additive constant, ¢ € (£*)X if M is connected.
Thus, in particular, if K is semi-simple, the moment map, if it exists,
is unique. As for the existence of ¢, the duality of (2.4) and (2.§) can
be written in the form

(2.7) i(En)w = d(9,€)

for all £ € ¢ and this shows that the vector field, £y, has to be Hamil-
tonian. If K is compact, the converse is true. A sufficient condition for
the existence of ¢ is that each of the vector fields, &7, be Hamiltonian.
(See, for instance, [B], Section 26.) An equivalent formulation of this
condition will be useful below:

Definition. A symplectomorphism, f : M—— M is Hamiltonian if
there exists a family of symplectomorphisms, f; : M—M, 0 <t < 1,
depending smoothly on ¢ with fy = idy; and f; = f, such that the
vector field

14dfe

Ut:ft_ E

is Hamiltonian for all ¢.

It is easy to see that &y, is Hamiltonian for all £ € £ if and only if the
symplectomorphism, 7,, is Hamiltonian for all g € K.

Our goal in this article is to describe a generalized notion of moment
mapping in which there are no group actions involved. First, however,
we recall a very suggestive way of thinking about moment mappings
and the “moment geometry” associated with moment mappings, due to
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Alan Weinstein, [10]. From the left action of K on T*K, one gets a
trivialization

T"K = K x ¢
and via this trivialization, a Lagrangian submanifold
r, = {(maTgmaga¢(m)); m e M? g€ K}a

of M x M~ x T*K, which Weinstein calls the moment Lagrangian. He
views this as a canonical relation between M x M~ and T*K, or as a

T,: M xM TG,

and points out that many basic constructions in moment geometry can
be formulated in a particularly succinct and illuminating way in terms
of this “map”. For example, modulo clean intersection hypotheses, such
a “map” maps Lagrangian submanifolds of M~ x M onto Lagrangian
submanifolds of T* K and vice-versa. For instance, the diagonal in M~ x
M gets mapped by ' into a disjoint union of Lagrangian submanifolds
of T*K, and these are just the pieces of the “character Lagrangian” of
(M, 7). In the other direction, the zero-section of T*K gets mapped
onto the fiber product

(2.8) M, =% %, O

where ¥ = ¢71(0) and ¥——M,oq is the symplectic reduction of M.
Since II; is a Lagrangian submanifold of M~ x M, it can be viewed as
a canonical relation or “map”

I, M —-M

with the property, IL; o II, = IL,. Moreover, if Q(M) is a quantization
of the action, 7, the space of K-invariant elements in Q(M) is, by the
principle of “quantization commutes with reduction” [4] and [2], the
quantization of Mieq; so the orthogonal projection of Q(M) onto this
subspace can be thought of as the quantization of IL,.

This idea of looking at moment geometry with the view in mind of
its “quantum” applications is useful in a much more general context:
As Weinstein explains in [10] and as we explain in [T, one can think
of symplectic manifolds and canonical relations between them as being
the objects and morphisms (or “maps” ) in a symplectic “category” and
the “points” of a symplectic manifold as being its “categorical points”,
i.e., its Lagrangian submanifolds. Unfortunately, the symplectic cate-
gory is only euphemistically a “category” since one has to impose clean
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intersection hypotheses on canonical relations in order to be able to com-
pose them or to map “points” of the source manifold of a canonical rela-
tion onto “points” of the target manifold. We will review all this is Sec-
tion 4 below. Nonetheless, this categorical way of thinking leads to in-
teresting constructions in symplectic geometry that one would probably
not have stumbled across otherwise (such as the character Lagrangian
construction mentioned above.) In particular, it is what led us to our
definition of the “image of the moment mapping” in Section it below.

3. Famiilies of symplectomorphisms.

We now turn to the first stage of our generalization of the moment
map, where the group action is replaced by a family of symplectomor-
phisms:

Let M,w be a symplectic manifold, S and arbitrary manifold and f,
s € S, a family of symplectomorphisms of M depending smoothly on
s. For p € M and sy € 5, let g5, : S—M be the map, gs,,(s) =
fso fo.1(p). Composing the derivative of gs, , at so

S0

(3.1) (dgso.p)so : TsyS—TpM

with the map (2.3), one gets a linear map

(3.2) (dgso,p)so * TsgS—T, M .

Now, let ® be a map of M x S into T*S which is compatible with the
projection, M x S—5 in the sense

M xS -2, 18

.
S

commutes; and for sy € S let
gyt M—T4 S
be the restriction of ® to M x {so}.
Definition. ® is a moment map if, for all sy and p,
(3.3) (dPsy)p : TyM—Tg S
is the transpose of the map (3.2).

We will prove below that a sufficient condition for the existence of ®
is that the fs’s be Hamiltonian; and, assuming that & exists, we will
consider the analogue for ® of Weinstein’s moment Lagrangian,

(3.4) I = {(m, fs(m),®(m,s)); me M, seS},
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and ask if the analogue of Weinstein’s theorem is true. Is (3.4) a La-
grangian submanifold of M x M~ x T*S? Equivalently, consider the
imbedding of M x S into M x M~ x T*S given by the map

G:MxS—MxM xT*S,

where G(m, s) = (m, fs(m), ®(m,s)). Is this a Lagrangian imbedding?
The answer is “no” in general, but we will prove:

Theorem 1. The pull-back by G of the symplectic form on M x
M~ x T*S is the pull-back by the projection, M x S—S of a closed
two-form, p, on S.

If p is exact, i.e., if p = dv, we can modify ® by setting
(I)new(ma 3) = (I)old(ma 8) — Vs,

and for this modified ®, the pull-back by G of the symplectic form on
M x M~ xT*S will be zero; so, we conclude:

Theorem 2. If p is exact, there exists a moment map, ® : M x
S—T*S, for which I'e is Lagrangian.

The following converse result is also true.

Theorem 3. Let ® be a map of M x S into TS which is compatible
with the projection of M x S onto S. Then, if I'g is Lagrangian, ® is a
moment map.

Remarks.

1) A moment map with this property is still far from being unique;
however, the ambiguity in the definition of ® is now a closed one-
form, v € Q1(9).

2) if [u] # 0O, there is a simple expedient available for making I's
Lagrangian. One can modify the symplectic structure of T%S by
adding to the standard symplectic form the pull-back of —u to
T*S.

3) Let G, be the group of Hamiltonian symplectomorphisms of M.
Then, for every manifold, S and smooth map

F:S5—G,

one obtains by the construction above a cohomology class [¢] which
is a homotopy invariant of the mapping F'.

4) For a smooth map F : S—G,, there exists an analogue of the
character Lagrangian. Think of I's as a canonical relation or

map
e : M~ xM—»T*S
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and define the character Lagrangian of F' to be the image with
respect to I'g of the diagonal in M~ x M.

Our proof of the results above will be an illustration of the principle:
the more general the statement of a theorem, the easier it is to prove. We
will first generalize these results by assuming that the f,’s are canonical
relations rather than canonical transformations, i.e., are “maps” from
M to M in Weinstein’s sense. Next, we will get rid of “maps” altogether
and replace M x M~ by M itself and canonical relations by Lagrangian
submanifolds of M.

Before doing so, it will be useful to recall some ideas related to the
symplectic “category”.

4. The symplectic “category”.

This section is a summary of basic facts about the symplectic cate-
gory. (Some of these are not easily accessible in the literature, so we
have included them here for the convenience of the reader.)

4.1. The linear symplectic category. If V' is a symplectic vector
space we let V'~ denote the same vector space but with the form w of V
replaced by —w. If Vi and V5 are symplectic vector spaces, we let V|~ x
V5 denote the symplectic vector space with the direct sum symplectic
structure. A Lagrangian subspace I" of V]~ x V5 is called a linear
canonical relation from V;j to V5. The purpose of this subsection is to
define a category, LinSymp whose objects are symplectic vector spaces,
whose morphisms are linear canonical relations and whose composition
law is given by composition of relations. More explicitly, if V3 is a third
symplectic vector space and

I'1 is a Lagrangian subspace of V™ @ V5
and
I'; is a Lagrangian subspace of V,~ @ V3.
then, as a set the composition
ooy C VI x V3
is defined by
(x,z) e'y0ol'y < Jye Vasuchthat (z,y) € 'y and (y, 2) € I's.

It is clear that the diagonal subspace of V= x V acts as the identity
morphism and that the associative law holds. What must be checked
is that the composition as defined above is a Lagrangian subspace of
Vi x V3. It will be convenient to break up the proof of this into two steps:
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4.1.1. The space I'y x I'y. Define
ToxT'y C Ty xTI'y
to consist of all pairs ((x,y), (¢/,2)) such that y = y. We will restate
this definition in two convenient ways. Let
m: I — Vs, m(vy, V) = Vo
and
p:Ta— Vo, plvg,v3) = vo.
Let
7: 't xT'y —Vy
be defined by
T(,72) = 7(n) — p(72)-
Then, I'y x I'; is determined by the exact sequence

(4.1) 0—TyxI; =T xT'y 5 Vi — Coker 7 — 0.

Another way of saying the same thing is to use the language of “fiber
products” or “exact squares”. Let f: A — C and g: B — C be maps,
say between sets. Then, we express the fact that F' C A x B consists of
those pairs (a,b) such that f(a) = g(b) by saying that

F — A

N

B — C
g

is an exact square or a fiber product diagram.
Thus, another way of expressing the definition of I's x I'; is to say
that

FQ *Fl E— Fl

(4.2) | |

rn —7"nm
p

is an exact square.
4.1.2. The projection « : I'os xI'; — I's oI'y. Consider the map
(4.3) a:(z,y,y,2). = (2,2).

By definition,
OéIFQ*Fl —>F20F1.
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4.1.3. The kernel and image of a linear canonical relation, Let
V1 and Va be symplectic vector spaces and let I' C V|~ x V5 be a linear
canonical relation. Let

m: ' —= V5

be the projection onto the second factor. Define kerI’ to be {v €
Vi|(v,0) € I'} and Im I" to be m(T"). Let

(4.4) I = {(vg,v1)|(v1,v2) € T}

Thus, I'T is a Lagrangian subspace of Vy~ @ Vi, and hence, both ker rf
and Im I' are linear subspaces of the symplectic vector space Vo. We
claim that

(4.5) (kerTT)L =TIm T.

Here, | means perpendicular relative to the symplectic structure on V5.

Proof. Let wy and wy be the symplectic bilinear forms on V; and V5
so that @ = —w; @ (ws) is the symplectic form on V;~ @ V5. So, v € V;
is in ker ' if and only if (0,v) € T. Since T is Lagrangian,

(0,v) € It eo= —w1(0,v1) + wa(v,v2) = —wa(v,v2) V (v1,v2) € T.

But this is precisely the condition that v € (Im I')*. q.e.d.

The kernel of « consists of elements of the form, (0,v,v,0). We may
thus identify

(4.6) ker o = ker I’J{ NkerI'y

as a subspace of V5.
If we go back to the definition of the map 7, we see that the image
of 7 is given by

(4.7) Im7 = ImT; + Im T},
a subspace of Va. If we compare (4.6) with ({.7), we see that

(4.8) ker v = (Im 1)+

as subspaces of Vo where 1 denotes orthocomplement relative to the
symplectic form wo of V5.
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4.1.4. Proof that I'y o I'1 is Lagrangian. Since 'y 0’y = a(T'g % I'y)
and I'yxI'; = ker 7, it follows that I';0I'; is a linear subspace of V;” @ V5.

It is equally easy to see that I'yoI'; is an isotropic subspace of V|~ © V5.
Indeed, if (z,2) and (2/,2') are elements of 'y o T'y, then there are
elements y and 3’ of V5 such that

(xvy) € Flv (yvz) € F27 (xlay/) € Fla (ylvz/) € FQ‘
Then,
w3(z,2") —wi(z,2") = ws3(z,2') —way,y) +wo(y,y) —wi(z,2') = 0.

Hence it suf_ﬁ_ces to show that dimI'y o I'y = %dimVl + % dim V3. It
follows from (4.§) that

dim ker o« =dim Vo —dimIm 7
and from the fact that 'y o I'y = a(I'y x I'1) that
dim I's oI’y =dim 'y %xI'y — dim ker oo =
=dim I's *xI'y —dim V5 +dimIm 7.
Since I'y x I'y is the kernel of the map 7 : I'; x I's — Vb, if follows that

dim FQ*Fl :d1mF1 ><I‘2—dim Im 7=
1. 1 . 1. 1. .
Edlm V1—|—§d1m ‘/2—|—§dlm V2—|—§d1m V3 —dim Im 7.
Putting these two equations together, we see that
1 1
dimIy oIy = §dimV1 + Eding,

as desired. We have thus proved the following:

The composite I'y o I'1 of two linear canonical relations is a linear
canonical relation.

We have already pointed out that the diagonal Ay gives the identity
morphism, so LinSymp is a category, as asserted.

4.2. The symplectic “category”, Symp. Let (M;,w;) i = 1,2 be
symplectic manifolds. A Lagrangian submanifold I'" of M; x My is
called a canonical relation. For example, if f : My — My is a sym-
plectomorphism, then I'y = graph f is a canonical relation.

If 'y € M7 x My and T'y C My x M3, we can form their composite

T'yol'y € My x Mjs

in the sense of the composite of relations. Hence, I's o I'1 consists of
all points (z,z) such that there exists a y € My with (x,y) € I'y and
(y,z) € I'a. Let us state this in the language of fiber products: Let

m: 11 — My
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denote the restriction to I'y of the projection of M7 x My onto the second
factor, and let
p: FQ — M2
denote the restriction to I'y of the projection of My x Mz onto the first
factor. Let
F C My x My x My x Ms
be defined by
F=(rxp) A,
In other words, F' is defined as the fiber product (or exact square)

F 251

(4.9) 2 | |~

F2—>M2
P

SO
FCT'y xT's C My x My x My x Ms.

Let pry3 denote the projection of M; x Ms x My x Ms onto My x Mj
(projection onto the first and last components). Let 73 denote the
restriction of pry; to F'. Then, as a set,

(410) FQOFl :7T13(F).

The map pr5 is smooth, and hence its restriction to any submanifold
is smooth. The problems are that I’ need not be a submanifold, and
the restriction 73 of pri3 to F' need not be an embedding. Hence, we
need some additional hypotheses to ensure that I'o oI’y is a submanifold
of My x Ms. Once we impose these hypotheses we will find it easy to
check that I'y o I'y is a Lagrangian submanifold of M,  x M3 and hence
a canonical relation.

4.2.1. Clean intersection. Assume that the maps
m:I'y —= My and p:T9 — My

defined above intersect cleanly.

Notice that (mq,mg, mh, ms) € F if and only if

® Mo = m/27

° (ml,mg) € I'y, and

° (mé,mg) e Is.
Therefore, we can think of F' as the subset of M; x My x Ms consisting
of all points (my,ma, ms) with (m1,me) € I'; and (mg,m3) € I'y. The
clean intersection hypothesis involves two conditions. The first is that
F be a manifold. The second is that the derived square be exact at
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all points. Let us state this second condition more explicitly: Let m =
(mq, ma, mg) € F. We have the following vector spaces:

Vi o= Ty, M,

Vo 1= T, Mo,

Vs = Tn,Ms,
I = Ty meyl'1,  and
5 = Tingma)le-

So,
" c T(ml,mz)(Ml X My) =V @ Vs
is a linear Lagrangian subspace of V|~ @ V5. Similarly, I'f" is a linear

Lagrangian subspace of V,~ @ V3. The clean intersection hypothesis
asserts that T, F is given by the exact square

T,F Xm  pm
(4.11) i) | [
Iy T M,
dp(mg,m3)

In other words, T, F' consists of all (vq,vy,v3) € V1 @ Vo @ V3 such that
(vi,v2) €' and  (ve,v3) € T'y".

The exact square (A11) is of the form (4.2) that we considered in Sec-
tion 4.1. We know from Section 4.1 that ')’ oI'7" is a linear Lagrangian
subspace of V|~ @ V3. In particular, its dimension is %(dim M; +dim Ms)
which does not depend on the choice of m € F. This implies the fol-
lowing: Let

t: F— My x My x Ms
denote the inclusion map, and let
I€13:M1XM2XM3—>M1XM3
denote the projection onto the first and third components. Then,

kout: I — My x Mj

is a smooth map whose differential at any point m € F maps T;, F' onto
5 o I'T" and so has locally constant rank. Furthermore, the image of
T F is a Lagrangian subspace of T{,,, mm3)(M; X M3z). We have proved:

Theorem 4. If the canonical relations I'y C M x My and 'y C
My x Ms3 intersect cleanly, then their composition I'goI'y is an tmmersed
Lagrangian submanifold of M| x Ms.
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We must still impose conditions that will ensure that I's o I'y is a
genuine submanifold of My x M3. We will do this in the next section.

We will need a name for the manifold F', we created out of I'y and
I's above. We will call it I'y x I'y.

4.2.2. Composable canonical relations. We recall a theorem from
differential topology:

Theorem 5. Let X and Y be smooth manifolds and f: X — Y is a
smooth map of constant rank. Let W = f(X). Suppose that f is proper
and that for every w € W, f~Y(w) is connected and simply connected.
Then, W is a smooth submanifold of Y .

For a proof, see, for instance [§].
We apply this theorem to the map x130¢ : F' — M; x M3. To shorten
the notation, let us define

(4.12) K= K13 0 L.

Theorem 6. Suppose that the canonical relations I'y and I'y intersect
cleanly. Suppose, in addition, that the map k is proper and that the
inverse image of every v € 'yol'y = k(9 xI'1) is connected and simply
connected. Then, I's o I'1 4s a canonical relation. Furthermore,

(413) H:FQ*Fl —>F20F1
is a smooth fibration with compact connected fibers.

Thus to summarize, we cannot always compose the canonical relations
'y € My x M3z and I'y C M; x Ms to obtain a canonical relation
I'yoI'y € My x Ms3. We must impose some additional conditions (for
example, those of the theorem). Following Weinstein, we put quotation
marks around the word “category” to indicate this fact.

4.3. Weinstein’s philosophy of “points” as Lagrangian sub-
manifolds. In a general category, where the objects are not necessarily
sets, we cannot talk about the points of an object X. However, if we
have a distinguished object pt., then, we can define a “point” of X to
be an element of Morph(pt., X). Then, a morphism I' € Morph(X,Y")
yields a map from “points” of X to “points” of Y.

In the symplectic “category”, we will choose our point object to be
the unique connected zero dimensional symplectic manifold and call it
“pt.”. Then, a canonical relation between pt. and a symplectic mani-
fold M is a Lagrangian submanifold of pt. x M which may be identified
with a Lagrangian submanifold of M. These are the “points” in our
“category” Symp.
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Suppose that A is a Lagrangian submanifold of M; and I' € Morph
(My, M) is a canonical relation. If we think of A as an element of
Morph(pt., Mj), then if I' and A are composible, we can form I'o A €
Morph(pt., Ms) which may be identified with a Lagrangian submanifold
of Ms. (If we want to think of it this way, we will denote it by I'(A)
instead of I"o A.)

5. The general set up.

Armed with this language, we now return to the situation described
at the end of the introduction: Let (M,w) be a symplectic manifold.
Let Z, X and S be manifolds and suppose that

w4 — S5
is a fibration with fibers diffeomorphic to X. Let
G:Z—-M
be a smooth map and let
gs: Zs — M, Zs:= 7771(5)

denote the restriction of G to Z;. We assume that

(5.1) gs is a Lagrangian embedding
and let
(5.2) Ag = gs(Zs)

denote the image of gs;. Thus, for each s € S, G imbeds the fiber,
Zy = mY(s), into M as the Lagrangian submanifold, A,. Let s € S and
£e€eTsS. For z € Z; and w € T, Z, tangent to the fiber Z,

dG,w = (dgs)zw S TG(z)AS

So, dG, induces a map, which by abuse of language, we will continue to
denote by dG,

(5.3) dG, T, Z|T.Zs — T, M/T,,A, m = G(z).
But dm, induces an identification

(5.4) T.Z]T.(Zs) = TsS.
Furthermore, we have an identification

(5.5) ToM /Ty, (As) = T As

given by

TnM > u— i(u)wm(-) = wm(u, ).
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Via these identifications, we can convert (b.3) into a map

(5.6) TS—T;Zs.
Now, let ® : Z—T*S be a lifting of 7 : Z—.5, so that
®
Z —T*S

ot
s

commutes; and for s € 9, let
O, : Z,—T. S
be the restriction of ® to Z.

Definition. ® is a moment map if, for all s and all z € Z,
(5.7) (d®s), : T.Zs—T:S
is the transpose of (5.6).

Note that this condition determines ®; up to an additive constant
ve € TFS and hence, as in Section B, determines ® up to a section,
s—ug, of T*S.

When does a moment map exist? By (5.§) a vector, v € Ty, defines,
for every point, z € Z, an element of T*Z; and hence, defines a one-
form on Z5 which we will show to be closed. We will say that G is exact
if for all s and all v € T,S this one-form is exact, and we will prove
below that the exactness of GG is a necessary and sufficient condition for
the existence of ®.

Given a moment map, ®, one gets from it an imbedding

(5.8) (G,®): Z— M x T*S
and we can ask how close this comes to being a Lagrangian imbedding.

We will prove

Theorem 7. The pull-back by (6.8) of the symplectic form on M x
T*S is the pull-back by m of a closed two-form p on S.

The cohomology class of this two-form is an intrinsic invariant of
G (does not depend on the choice of ®) and as in Section 3 one can
show that this is the only obstruction to making (5.8) a Lagrangian
imbedding.

Theorem 8. If [u] = 0, there exists a moment map, ®, for which
the imbedding (5.8) is Lagrangian.

Conversely, we will prove:
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Theorem 9. Let ® be a map of Z into T*S lifting the map, 7, of Z
into S. Then, if the imbedding (5.8) is Lagrangian, ® is a moment map.

5.1. Proofs. Let us go back to the map (5.6). If we hold s fixed, but
let z vary over Z, we see that each £ € TS gives rise to a one form on
Zs. To be explicit, let us choose a trivialization of our bundle around
Zs to give us an identification

H:ZxU— 7 YU)

where U is a neighborhood of s in S. If t — s(t) is any curve on S with
5(0) = s, s'(0) = &, we get a curve of maps hyy) of Z; — M where

hyy = gsr) © H.
We thus get a vector field v¢ along the map h,

i Z - TM,  8(z) = 7 s ()je=0-

Then, the one form in question is
7t = h:(i(vg)w).

A direct check shows that this one form is exactly the one form described
above (and hence is independent of all the choices). We claim that

(5.9) dr® =0.

Indeed, the general form of the Weil formula (See[3] page 158 et. seq.)
and the fact that dw = 0 gives

d * * -

<ah5(t)w> = dhZi(v®)w
|t=0

and the fact that Ag is Lagrangian for all s implies that the left-hand

is zero. Let us now assume that G is exact, i.e., that for all s and & the

one form 7¢ is exact. Then

¢ = d¢*

for some C™ function ¢¢ on Zs. The function ¢¢ is uniquely determined
up to an additive constant (if Z is connected) which we can fix (in
various ways) so that it depends smoothly on s and linearly on &. For
example, if we have a cross-section ¢ : § — Z, we can demand that
#(c(s)) = 0 for all s and £. Alternatively, we can equip each fiber Z
with a compactly supported density dzs which depends smoothly on s
and whose integral over Z; is one for each s. We can then demand that
that [, ¢¢dzs = 0 for all ¢ and s.
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Suppose that we have made such choice. Then, for fixed z € Z;, the
number ¢¢(z) depends linearly on &. Hence, we get a map

(5.10) Do: Z —T*S,  Do(z) =X A\E) = ¢°(2).

We shall see below that @ is a moment map by computing its derivative
at z € Z and checking that it is the transpose of (5.0).

If Z is connected,our choice determines ¢ up to an additive constant
(s, &) which we can assume to be smooth in s and linear in . Replacing
#¢ by ¢ + (s, &) has the effect of making the replacement

Pyg— g+ pomw

where 1 : S — T*S is the one form (us, &) = p(s, ).
Let wg denote the canonical two form on T*S.

Theorem 10. There exists a closed two form p on S such that
(5.11) G'w + P*'wg = 7'p.
If [p] = 0, then there is a one form v on S such that if we set

=954+ vom,
then
(5.12) G'w+ P*wg = 0.
As a consequence, the map
(5.13) G:Z—-MxT*S, 2z (G(2),®(2))

1s a Lagrangian embedding.

Proof. We first prove a local version of the theorem. Locally, we may
assume that Z = X x S. This means that we have an identification of
Zs with X for all s. By the Weinstein tubular neighborhood theorem,
we may assume (locally) that M = T*X and that for a fixed sg € S the
Lagrangian submanifold A, is the zero-section of 7% X and that the map

G: X x8—-TX
is given by
G('TWS) = dx¢($,8)

where 1) € C*°(X x S). So, in terms of these choices, the maps hy
used above are given by

hywy(x) = dxb(, s(t))
and hence, the one form 7¢ is given by

dsdx(z,§) = dx(dsi,§).
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So, we may choose
O(x,s) =dsi(x,s).
Thus,
Grax =dxy, @ ag=dgy
and hence,
G*wyx + ®*wg = —ddyp = 0.

This proves a local version of the theorem.

We now pass from the local to the global: By uniqueness, our global
®y must agree with our local ® up to the replacement ® — ® + p o .
Therefore, we know that

G'w+ Pjws = (nom)ws = p'wsg.
Here, 1 is a one form on S regarded as a map S — T*S. But

dr*p*wg = m*p*dwg = 0.
So, we know that G*w + ®wg is a closed two form which is locally and
hence globally of the form 7*p where dp = 0. This proves (5.L1).
Now, suppose that [p] = 0 and hence p = dv for some one form v on
S. Replacing &y by ®g + v replaces p by p + v*wg, but
Viwg = —v¥dag = —dv = —p.

q.e.d.

Remark. If [p] # 0, we can modify the symplectic form on T*S
replacing wg by wg — mgp where mg denotes the projection T*S — S.
Theorem 10 is then true for this modified form.

5.2. The derivative of ®. Let

d:7Z—-T*S.
be the map above and fix s € S. The restriction of ® to the fiber
Zs maps Zs — T3S, since T3S is a vector space, we may identify its
tangent space at any point with 7775 itself. Hence, for z € Z;, we may
regard d®, as a linear map from 7,7 to 17 S. So, we write
(5.14) Ao, :T,Zs — T, S.

On the other hand, recall that using the identifications (p.4) and (5.5),
we got a map

dG, : T:S — Ty A, m=G(z)
and hence, composing with d(gs) : T)) A — T Zs a linear map

(5.15) Xz :=d(gs): 0dG, : TS — T Z.
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Theorem 11. The maps d®, given by (5.14) and x. given by (6.13)
are transposes of one another.

Proof. Each ¢ € TS gives rise to a one form 7¢ on Z, and by defini-
tion, the value of this one form at z € Z; is exactly x.(£). The function
¢¢ was defined on Z so as to satisfy d¢¢ = 7¢. In other words, for
veT,Z

<XZ(£)7 U> = <d¢)z(v)7 §>
q.e.d.

Corollary 12. The kernel of x. is the annihilator of the image of the
map (5.14). In particular, z is a reqular point of the map ® : Zs — TS
if the map x. is injective.

Corollary 13. The kernel of the map (b.14) is the annihilator of the
mmage of X.

5.3. A converse. The following is a converse to Theorem :[(:

Theorem 14. If & : Z — T*S is a lifting of the map w: Z — S to
T*S and (G, ®) is a Lagrangian imbedding, then ® is a moment map.

Proof. 1t suffices to prove this in the local model described above,
where Z = X x S, M =T*X and G(z,s) = dx¢(z,s). U P : X xS —
T*S is a lifting of the projection X x S — X, then (G, ®) can be viewed
as a section of T*(X x S), i.e., as a one form fon X x S. If (G, ®) is a
Lagrangian imbedding, then (3 is closed. Moreover, the (1,0) component
of §is dx so f—di is a closed one form of type (0,1), and hence is of
the form p o m for some closed one form on S. This shows that

O =dgp+7"p

and hence, as verfied above, is a moment map. q.e.d.

5.4. Families of symplectomorphisms. Let us now specialize to the
case of a parametrized family of symplectomorphisms. Let (M,w) be a
symplectic manifold, S a manifold and

F:-MxS—-M
a smooth map such that
fs:M—M

is a symplectomorphism for each s, where fs(m) = F(m,s). We can
apply the results of the preceding section where now Ay C M x M~ is the
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graph of f, (and the M of the preceding section is replaced by M x M ™)
and G is the map

(5.16) G:MxS—MxM", G(m,s)=(m,F(m,s)).
Theorem i) says that we get a map
d:MxS—-T*S
and a moment Lagrangian
I'e CMx M~ xT*S

satisfying the conditions of Theorem 2.

5.5. The equivariant situation. Suppose that a compact Lie group
K acts as fiber bundle automorphisms of 7 : Z — S and acts as symplec-
tomorphisms of M. Suppose further that the fibers of Z are compact
and equipped with a density along the fiber which is invariant under
the group action. (For example, we can put any density on Z; varying
smoothly on s and then replace this density by the one obtained by
averaging over the group.) Finally, suppose that the map G is equivari-
ant for the group actions of K on Z and on M. Then, the map @ is
equivariant for the actions of K on Z and the induced action of K on
M xT*S.

5.5.1. Hamiltonian group actions. Let us specialize further by as-
suming that S is a Lie group K and that F': M x K — M is a Hamil-
tonian group action. This gives us a map

G:MxK—MxM", (m,a) — (m,am).

Let K act on Z = M x K via its left action on K. Thus a € K acts on
Z as
a: (m,b) — (m,ab).

To say that the action, F', is Hamiltonian with moment map ¥ : M —
£* is to say that

i(€m)w = —d(¥, ).

Thus, under the left invariant identification of T*K with K x ¢ W
determines a moment map in the sense of Theorem 2,

o: MxK—-TK, ®m,a)=(a,¥(m)).

So our ® of (5.10) is indeed a generalization of the moment map for
Hamiltonian group actions.
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6. Double fibrations

The set-up described in Section J has some legitimate applications of
its own. For instance, suppose that the diagram

Z
m / \G
S M
is a double fibration: i.e., both m and G are fiber mappings and the map

(G,m): Z—M x S

is an imbedding. In addition, suppose there exists a moment map P :
Z—T*S such that

(6.1) (G,®): Z—M x T*S
is a Lagrangian imbedding. We will prove

Theorem 15. The moment map ® : Z—T*S is a co-isotropic im-
mersion.

Proof. We leave as an exercise the following linear algebra result.
q.e.d.

Lemma 1. Let V and W be symplectic vector spaces and I' a La-
grangian subspace of V- x W. Suppose the projection of A into V is
surjective. Then, the projection of I' into W is injective and its image
s a co-isotropic subspace of W.

To prove the theorem, let 'y be the image of the imbedding (6.1).
Then, the projection, I'y—— M, is just the map, G; so by assumption,
it is a submersion. Hence by the lemma, the projection, I'¢ —T™*S5,
which is just the map, @, is a co-isotropic immersion.

The most interesting case of the theorem above is the case when & is
an imbedding. Then, its image, ¥, is a co-isotropic submanifold of T*S
and M is just the quotient of > by its null-foliation. This description
of M gives one, in principle, a method for quantizing M as a Hilbert
subspace of Ly(.S). (For examples of how this method works in practice,
see [6].)

o

7. The moment image of a family of symplectomorphisms

As in Section 3, let M be a symplectic manifold and let {fs, s € S}
be an exact family of symplectomorphisms. Let

®: M xS—T*S
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be the moment map associated with this family and let
(7.1) T = {(m, fs(m)), B(m,s); (m,s) € M x S}

be its moment Lagrangian. From the perspective of Section &, T' is a
morphism or “map”
F:M~xM=T*S

mapping the categorical “points” (Lagrangian submanifolds) of M~ x M
into the categorical “points” (Lagrangian submanifolds) of 7*S. Let Ag
be the image with respect to this “map” of the diagonal, A, in M x M.
In more prosaic terms, this image is just the image with respect to ®
(in the usual sense) of the subset

(7.2) X ={(m,s) € M x S; fs(m) =m}

of M x S. As we explained in Section 4, this image will be a Lagrangian
submanifold of T*S only if one imposes transversal or clean intersection
hypotheses on I' and A. More explicitly, let

(7.3) p:T—Mx M

be the projection of I' into M x M. Then, the pre-image in I' of A
can be identified with the set (if.2), and if p intersects A cleanly, the
set (.2) is a submanifold of M x S and we know from Section 4 that:

Theorem 16. The composition,
(7.4) Soj: X—T"S,

of ® with the inclusion map, j, of X into M xS is a mapping of constant
rank and its image, Ag, is an immersed Lagrangian submanifold of TS

Remark.

1) If the projection (i7.3) intersects A transversely, one gets a stronger
result. Namely, in this case, the map (i7.4) is a Lagrangian immer-
sion.

2) If the map (¥.4) is proper and its level sets are simply connected,
then Ag is an imbedded Lagrangian submanifold of 7*S, and (i.4)
is a fiber bundle mapping with X as fiber and Ag as base.

¢

Let us now describe what this “moment image”, Ag, of the moment
Lagrangian look like in some examples.

7.1. The character Lagrangian. Let K be the standard n-dimensional
torus and £ its Lie algebra. Given a Hamiltonian action, 7, of K on a
compact symplectic manifold, M, one has its usual moment mapping,
¢ M—¥t*; and if K acts faithfully, the image of ¢ is a convex n-
dimensional polytope, Pg.
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If we consider the moment map ® : M — T*K = K x £* in the sense
of Section B, the image of ® in the categorical sense can be viewed as
a labeled polytope in which the open (n — k)-dimensional faces of Pg
are labeled by k-dimensional subgroups of K. More explicitly, since M
is compact, there are a finite number of subgroups of K occurring as
stabilizer groups of points. Let

(7.5) Ky, a=1,....,N
be a list of these subgroups and for each «, let
(7.6) Mo, i=1,... kq

be the connected components of the set of points whose stabilizer group
is K,. Then, the sets

(7.7) d(M;o) =Piq

in ¢ are the open faces of P and the categorical image, Ag, of the
set of symplectomorphisms {7,, a € K} is the disjoint union of the
Lagrangian manifolds

(7'8) Ai,a = Ka X Pi,a

7.2. The period—energy relation. If one replaces the group, K = T"
in this example by the non-compact group, K = R" one cannot expect
A to have this kind of polyhedral structure; however, Ag does have
some interesting properties from the dynamical systems perspective. If
H : M—(R™)* is the moment map associated with the action of R"
on M, the coordinates, H;, of H can be viewed as Poisson-commuting
Hamiltonians, and the R™ action is generated by their Hamiltonian vec-
tor fields, vg;,, i.e., by the map

(7.9) s € R"—fys = (exp s1vm,) ... (exp spvm, ) -

Suppose now that H : M—(R"™)* is a proper submersion. Then, each
connected component, A, of Ag in T*R™ = R™ x (R™)* is the graph of

a map
e (o0 o
851’ ’8571

over an open subset, U, of (R")* with p € C>®(U), and if Ag is con-
nected, the periodic trajectories of the system (7.9) on the level set,
H, = c,...,H, = ¢, all have the same period, T = g—’g(c). This re-
sult is known in the theory of dynamical systems as the period—energy
relation.
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7.3. The period—energy relation for families of symplectomor-
phisms. We will show that something similar to this period—energy
relation is true for families of symplectomorphisms provided we impose
some rather strong assumptions on M and w. Namely we will have to
assume that w is exact and that H*(M,R) = 0. Modulo these assump-
tions, one can define, for a symplectomorphism, f : M— M, and a
fixed point, p of f, a natural notion of “the period of p”.

The definition is the following. Choose a one-form, «, with da = w.
Then

dla—ffa)=w— ffw=0
SO
(7.10) a— ffa=dyp

for some ¢ in C*°(M). (Unfortunately, v is only defined up to an
additive constant, and one needs some “intrinsic” way of normalizing
this constant. For instance, if 1 is bounded and M has finite volume,
one can require that the integral of 1) over M be zero, or if there is a
natural base point, pg, in M fixed by f, one can require that ¥ (py) = 0.)
Now, for every fixed point, p, set

(7.11) T, = ¥(p)-

This definition depends on the normalization we have made of the addi-
tive constant in the definition of 1), but we claim that it is independent
of the choice of a. In fact, if we replace a by a + dg, g € C*(M), ¢
gets changed to ¢ + f*g — g and at the fixed point, p,

Y(p) + (fTg —9)(p) = ¥(p),

so, the definition (7.1) does not depend on a.

There is also a dynamical systems method of defining these periods.
By a variant of the mapping torus construction of Smale, one can con-
struct a contact manifold, W, which is topologically identical with the
usual mapping torus of f, and on this manifold, a contact flow having
the following three properties.

1) M sits inside W and is a global cross-section of this flow.

2) f is the “first return” map.

3) If f(p) = p, the periodic trajectory of the flow through p has T,
as period.

Moreover, this contact manifold is unique up to contact isomorphism.
(For details, see [I] or [].) Let us apply these remarks to the set-up
we are considering in this paper. As above, let F': M x S— M be a
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smooth mapping such that for every s the map fs : M—— M, mapping
m to F(m,s), is a symplectomorphism. Let us assume that

HY(M x S,R) = 0.

Let m be the projection of M x .S onto M. Then, if « is a one-form on M
satisfying da = w and aig is the canonical one-form on 7*S, the moment
map ¢ : M x S— M associated with F' has the defining property

(7.12) o —Fra+ @ ag = dy

for some ¢ in C°(M x S). Let us now restrict both sides of (7.12) to
M x {s}. Since ® maps M x {s} into T, and the restriction of ag to
T is zero, we get:

(7.13) a— fra=diys

where s = Y|arx {s}- N
Next, let X be the set, (7.2), i.e., the set:

{(m,s) e M xS, F(m,s)=m}
and let us restrict (7.12) to X. If j is the inclusion map of X into M x S,
then F'oj = m; so
Ji(mfa— F*a) =0

and we get from (7.12)

(7.14) 7@ g — dip) = 0.

The identities, (7.13) and (7.14) can be viewed as a generalization of
the period—energy relation. For instance, suppose the map

F:MxS—MxM

mapping (m, s) to (m, F(m,s)) is proper and is transversal to A. Then,

by Theorem 16, the map Poj: X—T*S is a Lagrangian immersion
whose image is Ag. Since F intersects A transversely, the map

fo: M—M x M, fs(m) = (m, fs(m)),

intersects A transversely for almost all s, and fs is Lefschetz and has
a countable number of fixed points, p;(s), ¢ = 1,2,.... The functions,
i(s) = (pi(s), s), are, by (7.13), the periods of these fixed points and
by (7.14) the Lagrangian manifolds

Ay, ={(5,8) €T*S & =dipi(s)}

are the connected components of Ag.
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