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THE NORMALIZED MEAN CURVATURE FLOW FOR
A SMALL BUBBLE IN A RIEMANNIAN MANIFOLD

NICHOLAS D. ALIKAKOS & ALEXANDRE FREIRE

Abstract

The evolution of an embedded surface under the normalized mean curvature
flow is the result of a complicated interaction between the geometry of the
evolving surface and the geometry of the ambient space, and is not well
understood in the context of a general Riemannian manifold. In the present
paper we identify a class of initial conditions, that we call “bubbles”, whose
dynamics is primarily determined by the ambient space. A bubble is an
embedded surface that is close to a small geodesic ball; we find that its shape
is robust along the evolution. Moreover, under a relatively tight condition
relating shape to size, we show that the velocity of the center of the bubble
is given, to principal order, by the gradient of the scalar curvature. Finally
under natural conditions of compactness and nondegeneracy we show that
such solutions converge, as t tends to infinity, to surfaces of constant mean
curvature.

0. Introduction

In this paper we consider the motion of hypersurfaces ¥(t) in a
compact n-dimensional Riemannian manifold M by normalized mean
curvature, that is, with normal velocity given by the equation:

(0.1) (X;,N) = H* — H,

where N denotes the unit outward normal, H is the mean curvature of
¥ and H> is the average mean curvature:

1
H* = / Hdo,
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with A(X) = [5 do the (n—1)-dimensional volume of ¥ in the metric in-
duced from M. Topologically, our hypersurfaces are embedded spheres,
parametrized by a time-dependent smooth embedding X (¢) : S — M
from the (n—1)-sphere to M. It is easily verified that the left-hand side
of (0.1) is, in fact, independent of parametrization.

The basic property of the law of evolution (0.1) is its isoperimetric
nature. The volume V(X)) of the region enclosed by ¥ is preserved:

(W(dzt(t))_/z<Xt7N>dU_/z(HE_H)da_07

while the area A(X) ((n—1)-dimensional volume) of ¥ strictly decreases,
unless H is constant:
dA(X(t))

(0.2) = /2 (X, HN)do = /E (H* — H)Hdo

=— /Z(H — H”)*do.

In particular, it is natural to expect that the hypersurface will tend to
move towards regions of larger scalar curvature.

The evolution (0.1) was originally considered by M. Gage (n = 2) [6]
and G. Huisken [8] (n > 3), when the ambient manifold M is euclidean
space R™. Huisken proved that, in this case, if the initial hypersurface
is smooth and uniformly convex, the evolution is defined for all time
and the hypersurface remains convex and converges to a round sphere
as t — 0o. More recently Escher and Simonett [5] were able to prove
this for initial hypersurfaces close to spheres (including some non-convex
ones), by a different method, closer in spirit to ours in the present paper.

Relative to the much better understood evolution by mean curva-
ture, the normalized problem presents several difficulties. The main one
is that, the law being non-local, the maximum principle for parabolic
equations does not apply. One consequence of this is that initially em-
bedded hypersurfaces may develop self-intersections. An example for
curves was described by Owen and Sternberg [13], and considered in
more detail by Mayer and Simonett [12]. Another consequence is that,
for the evolution on manifolds (even of constant curvature), convexity
of the initial hypersurface may not be preserved, as was pointed out
by Huisken. In spite of this difficulty, Huisken and S.-T. Yau [9] were
able to use (0.1) to construct foliations by spheres of constant mean
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curvature — the steady-states of (0.1) — of asymptotically flat ends of
positive mass (for 3-manifolds of positive scalar curvature). Their mo-
tivation was to develop a coordinate-independent definition of ‘center
of mass’ of an isolated gravitational system. The problem of existence
of local foliations by hypersurfaces of constant mean curvature was also
considered by R. Ye [14]. He proved such foliations exist in a neighbor-
hood of any nondegenerate critical point of the scalar curvature; and,
conversely, that such foliations are unique in a certain class, and exist
only in a neighborhood of a critical point.

R. Ye [14] used a perturbation of geodesic spheres of small radius
to construct the local foliation. For the dynamical problem (0.1), this
points to a potential problem when trying to construct solutions by a
perturbation argument: except for special cases (‘harmonic manifolds’,
including constant curvature manifolds), geodesic spheres are not equi-
libria of (0.1); in fact, on a general manifold the existence of time-
independent solutions is a nontrivial issue. Nevertheless, we will show
in this paper that if the initial hypersurface is sufficiently close to a
small geodesic sphere (i.e., is a small ‘bubble’), the evolution is defined
for all time and (under certain conditions) will converge to a leaf of one
of these foliations, as t — oo. Clearly to obtain such a result one must
be able to track the evolution of the hypersurface ‘in the large’ on the
ambient manifold M, a problem not considered by the authors above.
Our idea is to ‘decouple’ the effect of the ambient from the effect of
the geometry of the interface: while the hypersurfaces start and remain
very close to small geodesic spheres, we can describe how an appro-
priately defined ‘barycenter’ moves on M (at least asymptotically in a
perturbation parameter).

The usual line of argument in studying existence and development
of singularities for the mean-curvature flow proceeds in intrinsic fash-
ion, by studying the evolution of geometric quantities on ¥ (such as the
trace-free second fundamental form). This approach is very effective
and geometric; but in order to follow the large-scale motion of 3 on M
we are led, instead, to work directly with the parametrizations X (¢),
i.e., to study a motion in a manifold of embeddings. This introduces
some technical difficulties-for example, there is no uniquely defined law
of motion for embeddings corresponding to (0.1)-but, on the other hand,
allows for the introduction of an infinite-dimensional dynamical systems
approach to the problem. At least in the present ‘perturbation’ setting,
we are able to draw on results from semigroup theory (‘maximal reg-
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ularity’) and known results on infinite dimensional systems to give a
fairly non-technical proof. It is our hope that such an approach will
also prove fruitful for other geometric evolution equations.

The evolution we construct takes place in a submanifold of the man-
ifold £ of C?T® ‘small quasispherical embeddings’ X : S — M, which
are radial graphs over a small geodesic sphere in M with center £ € M,
radius B > 0. To define such an embedding, we need a diffeomor-
phism F' from S to the unit tangent sphere at £ and a ‘shape func-
tion’ ¢ : C?T® — R, which we take to be a C?T® function on S, with
zero average on S. Introducing two small scale parameters 6 € (0, dp),
€ € (0,e0), we let & = &, ¢, be the space of embeddings which can be
written in the form:

X(re,Fy)(u) = expe[0R(1 + etp(u)) F(u)],

where 0 < R < 1, ¢ € C?7(9) satisfies ||¢||c2+e < 1 and aveg[y)] = 0
and F is a 0?1 diffeomorphism from S to the unit tangent sphere Se C
TeM. We take dg, €9 small enough that the open set int (X) bounded
by the hypersurface ¥ = image(X) (and containing &) is contained in a
totally convex normal neighborhood of &, and is uniformly convex.

The same embedding X € £ can be written in the form X(p¢ ry)
in different ways, parametrized by £ € int(X). We need a choice of &
that is as canonical as possible, given X; that is, a ‘barycenter’ for X.
While a general Riemannian notion of ‘barycenter’ exists (see [10]), here
we find it useful to work with the notion of ‘analytic barycenter’, which
appears already in [1]. This is the unique £ € int (X) for which X may
be written as X(g¢ ry) » With ¢ taken in the space:

K2t = 0?72(8) N Cy(S),
Co(S) = {w e C(S); aveg[y)] =0 = aveg[yu'],i = 1,. n}

In Section 1 we prove (in Lemma 1.1) that for X in a neighborhood N
of the submanifold of ‘standard parametrizations of geodesic spheres’
& C &, there is a unique & = B(X) with this property; N' = N(d1,¢€1)
is open in &, ;.

The existence of the analytic barycenter allows us to consider evo-
lution equations on the submanifold Ngq = Nitq(d1,€1) € N, defined
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as the set of embeddings X € A of the form:

X = X(pgew) = expelR(L+9())e(, ],
£ =B(X), aves[y] =aveg[yu’]=0,i=1,...,n,

where e : S — S is an isometry, defined by an orthonornal frame at §.
Nita is the image under a smooth injective map ® of the manifold:

MO = M0(51,61) = (0,51) x FM x KZ;FQ,

where FM denotes the orthonormal frame bundle of M and the last
factor is the e;-ball in K?T®. The next step is to find an evolution
equation for (R,&,e,v) € My, the solutions of which map under &
to parametrized solutions of (0.1) in Ngq. Since the barycenter B(X)
depends on the parametrization X (and not just on its image X), we
need to fix an equation of motion in the space of embeddings. As a first
attempt, one might expect that the equations on My would be induced
by the evolution on N:

(0.3) X, = (H* — H)N.

It turns out, however, that Nq is not invariant under (0.3), which
therefore does not induce a system on Mj. Fortunately it is possible to
compute a ‘tangential correction’ to (0.3) which does preserve Nyq. This
is explained in Section 1, where we find (in Lemma 1.7) a system on M
whose solutions map to parametrized solutions of (0.1); and conversely,
any motion 3(t) of ‘small bubbles’ by normalized mean curvature can
be parametrized by X (g ¢ ) € Nstd, 50 that (R, &, e,9)(t) is a solution
of the system on M. For each choice of the scale parameters 4, ¢, we
obtain the system on My:

(0.4) R, = aveg[vy — F]
& =n aveg[(vy — E)e]
Vee=0

deRipy = (vy — E)k — (6¢)aves[vn — E.

Here vy = (H* — H)||N|| (where N is a particular normal vector to
Y) and E = E(vy) corresponds to the tangential correction referred
to above. vy and E are computed at X(sp¢cep)- (In particular, e is
simply obtained by parallel transport of e(0) along £(t)). It is for this
system on M that our main result is proved.
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Given a totally convex open set U C M and positive numbers § <
01, € < €1, define the open subset of Mj:

O5:°(U) = {(R, &, e,9)) € Mo;0 < R < 6, (€, ¢) € FU, [[¢)]| e < €5
we define analogously the open subset Of (U) of:
M = /\/la(él,el) = (0,(51) x FM x K&

€1

where K¢ = C“ N Cp(S). We find local solutions in the open subset:
WE(U) = C°(0,T], 03 (1)) N (0, ], 03, (1))
of the space:
Wi, = C°([0,T], Mo(6,€)) N C((0,T], M*(5, €)).
In general we denote Nyq(0,€) = ®(M(d,€)). Our main result follows.

Main Theorem.

(i) (Local existence) There exist constants d2 € (0,01/2),€2 € (0,€1/2)
depending only on M, and T = T(d2,e2) > 0 so that for any
¥(0) = (6R(0),£(0), €(0), €p(0)) € Mo (02, €2) with ¥(0) € C*(S),
there exists a unique solution ¥(t) = (JR(t),&(t),e(t), e(t)) of
(0.4)5,¢ in W£7€2(U0) (where Uy is a totally convexr neighborhood
0f £(0)). The solution ¥ (t) is smooth fort > 0. The hypersurfaces
Y (t) parametrized by X (t) € Nga:

X(t)(u) = expgpy [0R(1 + e (t, u))e(t, u)]

are smooth for t > 0 and satisfy Equation (0.1); in particular,
we have smooth local solutions for any initial embedding X (0) €

Nista (02, €2).

(ii) (Global existence) For a given ¥ € Mg(d2,€2), define Ty as
the supremum of all T > 0 such that the solution V(t) found
in (1) with initial value ¥ is in Wg;@. There exist constants
d3 > 0,e3 > 0 depending only on M, so that if ¥ is in My(0,€),
with (0) € C®(9), § < 83,¢ < €3 and 6? < ¢, then Ty = <.
Thus, the solution W(t) defines a parametrization X (t) € Ngq of
a global smooth solution 3(t) of the normalized mean curvature
flow (0.1). In particular, we have a global solution for arbitrary
initial embedding X (0) € Nga (9, €) under the same conditions on
d, €, and the solution stays in Nstq(d2, €2).
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(iii) (Motion of the barycenter) In addition to the assumptions in (ii),
suppose the scale parameters 9, € satisfy:

52 < e 82,

Then the leading term in the equation of motion for & in (0.4)s.
18:
& = e, VM Scal(§)R?0% + O(e2671),

where ¢, = 2n/3(n + 2). Here VMScal denotes the gradient of
scalar curvature.

(iv) (Asymptotic behavior) Any accumulation point along a sequence
tn, — 00 of a solution X (t) of (0.1) in Nsta, X(tn) — X« € Nit,
parametrizes a hypersurface ¥, of constant mean curvature. In
addition, assume all critical points of the scalar curvature func-
tion Scal are nondegenerate. Then there are disjoint open neigh-
borhoods V,, C M of the (finitely many) critical points p of Scal
and constants 64 > 0,e4 > 0, so that any global solution V(t) of
(0.4) 5 with 6 < dg,€ < €4, K 8312, converges as t — oo to
some U, € Mg(d,€). The embedding X, € Ngq corresponding to
U, has barycenter & € V), for some critical point p of Scal, and
parametrizes a hypersurface of constant mean curvature X, C V),
which is the unique leaf of the local c.m.c foliation ([14]) at p en-
closing the same volume as ¥(0).

In Parts (ii) and (iii) of the statement, §° < € means 6% = ¢ for
some v > 1; € < 6%/2 is understood analogously.

Local existence (Part (i)) is well-known for (0.1). We include a
proof for the equivalent system (0.4) in the framework of semigroup
theory, since this leads to the continuation criterion we use for global
existence. In fact, neither the decomposition ¢ = R(1+1) of the ‘shape
function’ nor detailed asymptotics are needed, and the proof we give (in
Section 3, Lemma 3.2) works for more general initial data than stated
in (i). We use results from ‘maximal regularity theory’ ([2], [3], [11]);
all that is needed is to verify that the hypothesis of Theorem 2.14 in [3]
are satisfied.

In Section 2 we develop the asymptotic expansions of equations (0.4)
that are needed for global existence. The starting point are standard
Taylor expansions of Jacobi fields in Riemannian normal coordinates,
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from which expansions for the mean curvature and its average (for a
radial graph) follow easily. Another consequence is an a priori estimate
for the radius R(t), which follows from the conservation of the enclosed
volume.

After giving a proof of local existence (Lemma 3.2), we prove global
existence in Section 3 by an argument involving the variation of con-
stants representation formula and maximal regularity estimates. Here
the scale parameters and asymptotics are needed, and the restriction
0% < € is required. It guarantees that, in the equation for 1), the
‘euclidean’ term d~2R~2Av (where A is the linearized operator for eu-
clidean ambient, Ay = Agi + (n — 1)1) dominates the largest Rie-
mannian term, which is of order e~!. The fact that the spectrum of A
is bounded above by a negative constant is crucial, and motivates our
definition of analytic barycenter. A similar argument was used in [1].

We conclude in Section 4 with the proof of asymptotic convergence
to a geodesic sphere. Since we assume the critical points of the scalar
curvature function are nondegenerate, a small constant mean curvature
sphere near a critical point must be a leaf of the local foliation at that
critical point ([14]), and there is only one of those enclosing a given
volume. We may then appeal to general results on infinite-dimensional
dynamical gradient systems to conclude.

We close the introduction with a few heuristic remarks. If we con-
sider the motion of small geodesic spheres on M as ‘approximate so-
lutions’ of the flow, it is not hard to understand the leading term in
the equation of motion for the barycenter from isoperimetric consider-
ations. The (n-1)-dimensional area (‘perimeter’) A({, R) of a geodesic
sphere with center ¢, radius R, is given by the classical Riemannian
formula:

A(&,R) = R"! /

[1 — éRic (€, u)R? + O(R®)| du,
S

where Ric (£, u) denotes the Ricci curvature of M at £ in the direction
u, if we identify S with the unit tangent sphere at £. (This is just the
Gauss curvature at £ when n = 2.) Differentiating in & for fixed R, we
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obtain:

(0.6) B(A(E,R)) = R ( /S [éVURic(é,u)uiR2+O(R3)] du) .

= —?j::_;)R"“VMScal(f) T
by the calculation in [14] (w,_1 = vol (S*71)).

Consider the space of embeddings H of S" ! into M, endowed
with the Hilbert manifold structure defined by the L? inner product
on TxH = {vector fields along X}. From (0.2), we see that for the
perimeter functional A(X):

grady A(X) = HN,
and for the enclosed volume functional V' (X):
grad; V(X) = N.

Denoting by Hg the ‘submanifold’ of embeddings enclosing a fixed vol-
ume, it follows formally that:

grady, A(X) = (H — H*)N,
so that the evolution law (0.1) may be written as:

0X

(0.7) e

= —grads,, A(X).

Consider now an approximate solution given by moving (parame-
trized) geodesic spheres Xe(t),r(t)- The volume preservation condition
implies R(t) is approximately constant, so the projection of drX on
TxHp is small, and may be ignored to lowest order. Thus, to lowest
order, Equation (0.7) takes the form:

§:0¢ X ~ —grady, A(X).

Denoting by &' (u) = & — (&, u)u the ‘tangential * component of &, we
have:

(606X, 06X )y ~ B [ €l
With (grads, A(X), 9: X)), = 0:A(§, R), this implies:

wn_1aveg[¢] |R" T ~ —0:A(E, R).
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Noting that & = n aveg[¢] ], this combines with (0.6) to yield:

2
" RPUMScal(e) + -,

S~ 3(n+2)

as claimed in Part (iii) of the main theorem.

This formal argument also suggests that our main result enjoys a
certain universality, and is probably valid for a large class of geometric
evolution laws that preserve the enclosed volume and reduce perimeter,
and may be realized as the gradient of the perimeter functional in an
appropriate Hilbert manifold H. For the flow considered in this paper,
the asymptotic behavior of ‘quasi-spherical’ solutions is controlled by
the finite-dimensional gradient flow:

& = ¢, VM Scal (€).

The scalar curvature increases along solutions; £(t) ‘climbs’ towards
peaks of maximal scalar curvature. The w-limit sets of orbits consist
of critical points of Scal, with stable equilibria corresponding to local
maxima. If all critical points of Scal are nondegenerate (or if M is
real-analytic), solutions converge to a critical point as t — oo, and
most orbits (in a topological sense) converge to stable equilibria. This
behavior is reflected in the claim of Part (iv) in the main theorem.
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1. The manifold of small bubbles and the barycentric system

1.1 Existence of the analytic barycenter

Let M be a compact smooth oriented n-dimensional Riemannian man-
ifold without boundary, S C R"™ the unit sphere. In this paper we
consider the motion by normalized mean curvature flow in the manifold
E%F@ of ‘small, strictly convex, C?*® embeddings’ X, defined by the
conditions:
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(i) X : S — M is an embedding of class C?T%;

(ii) The image 3 = im (X) lies in a geodesically convex neighborhood
of any point in int (X ), the ‘small’ open subset of M bounded by
2

(iii) ¥ = im (X) is a strictly convex hypersurface in M; in particular
(given (ii)), int (X)) is a geodesically convex subset of M.

£+ is an open subset in the Banach manifold of C?>T® embeddings
S — M.

Any ¢ € int (X) determines a C?T* function ¢¢ : S — RT and a
C?* diffeomorphism F(-,€) : S — S (the unit sphere in the tangent
space T¢ M) such that 3 = im(X) admits the parametrization:

Xe(u) = expelpe(u) F(u, )]

Conversely (by compactness of M), there exists a constant dy > 0 de-
pending only on M so that, for any ¢ € M, F(-,€) € Diff>t*(S; S¢)
and ¢ € C?T*(S;RT) such that ||¢¢[lco < Jo, the embedding X
defined by this formula satisfies (i) and (ii). Moreover, there exists
€0 € (0,1/10) depending only on M so that if we write ¢ = Re(1+ 1)
with 0 < Re < do, [|[thelc2+a < €0 and [g1pe = 0, then (iii) also holds
and X, € £2F

The set of C?T® embeddings S — M which can be written in this

form is an open subset of £21%, which we will denote by ngeao. From

_ o24a
- 550760‘

now on we let £ = £2+¢

Consider a motion X(t) of hypersurfaces by normalized mean curva-
ture flow, parametrized by X (t) € £2+*. To follow the motion globally
on M, we need a notion of ‘barycenter’ of X (t). While a geometric no-
tion of barycenter of sets in Riemannian manifolds exists (see [10]), we
will need a different one; our ‘analytic barycenter’ will be defined only
for small convex hypersurfaces which are sufficiently C?T< close to a
geodesic sphere.

We denote by &y the manifold of standard parametrizations of small
geodesic spheres:

Eo={X:85— M;X(u) = exp¢[Ru‘e;], £ € M, R € [0,60/2],e € Fe M},

where F:M denotes the space of oriented orthonormal frames of T M.
(We do not exclude embeddings which degenerate to a point.) & is a

257
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submanifold of £2t®, diffeomorphic to the orthonormal frame bundle
of M cross an interval, FM x [0,00/2]. We will sometimes identify
X € & with the ordered triple (£, R, e), and identify the frame e with
the isometry e(-,€) : S — S¢ it defines via e(u, &) = u'e; (written e(u)
if ¢ is understood).

If X = (&, R, @) € &, a basis of neighborhoods of X in £27¢ is given
by sets of the form:

NEF(X) = {X € 24 € ¢ int (X),
[ellose < e 1= Rel <6, IF(-&) = e, )llcave < ¢}

For X in a neighborhood N, (SQJOE‘M of & in £21%, we wish to define a

unique ‘analytic barycenter’. Let Y%t C £21% x M be the open subset
defined by:
U = {(X,€);:€ € int (X)}.

We define a smooth map P : U?+* — R” by:

Pi(X,f):/Scpg(u)uidu:/SdE(X(u))uidu, i=1,...,n,

where d¢(x) = distas (€, x).

Lemma 1.1. There exist opr € (0,00/2),enm € (0,€0/2) such that,
defining:

NEZFe {X € £%3X = (£, R, e) € & with X € N2+° (X)} ,

OMHEM OM M

one has a smooth map B : N(?IC,L(:M — M with the properties:

(i) P(X,B(X)) =0, XeN}®

YRSV

(i) B(X) is the only solution of P(X,-) = 0 in the ball with center
B(X), radius €.

Proof.

Step (i). In the first step we work in £2+¢, for a fixed 0 < o/ < ov.
Fix X € & parametrizing Sg(€). Clearly P(X,€) = 0. By the Implicit
Function Theorem (in the Banach manifold £ 2*‘”/), to solve the problem
locally near (X&), it is enough to show that the partial differential
(DeP)(X,E) TeM — R™ is an isomorphism.
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Writing X (u) = expg[]:?e(u,f)] as above, this follows from the cal-
culation:

(DP)X.80 = [ (Vi) ©.0) i

for each v € TeM, where v = Ujej.
Thus we obtain a neighborhood of (X ,ﬁ_)iin Ut (which we may
assume to have the form ./\/52';0‘ (X) X Bejs(€), with € < /2 < 0.1,

0 < dp/2 < 0.1), and a smooth map

By : N2 (X) = Bjald)
such that P(X,Bg) = 0. Furthermore, by reducing € if needed we may
arrange that, for each X € /\/ 2+°‘ (X), Bg(X) is the only solution of
P(X,) = 0 in Be(d).
Step (ii). To define B globally, we use a standard covering argument.
By compactness of & we find X; = (&, R;,e(+,&)), i = 1,..., N, and
§€ (0,50/2)€Z‘ S (0,60/2) so that:

N
24«
UNaJ/FL el/L( Xi) N &

=1
and maps B; = By, : /\%220‘/()_(1) — Be 9(&) as in Step (i). Here
L > 0is defined by L~=! = min{1/10, (10Cy) ™'}, with Cy > 0 a constant

depending only on M, defined below, in Step (iii) of this proof. We need
to check compatibility: B;(X) = B;(X) if X € N2+°‘ (Xi)N N2+a (X;).

J’J

It is easy to show that:
max{d(&, &), |Ri — Rj|} < &R; + € R; < —(& + &),

since max;{R;} < ip/2 < 1/10. In particular (choosing the indices so
that € < €;):

BZ(X) € B%(§ ) C B€2+10(€Z+6J)<5j) C B@(ﬁ])
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By the uniqueness in Step (i), we must have B;(X) = B;(X). Thus,

letting;:
N

W = | JNE(X;) € g2

i1 i1€q
we have a smooth map:
B:W* o M, B(X) € int (X),

such that P(X,B(X)) = 0. Furthermore, letting emin = 3 min{é;
1 < i < N}, B(X) is the unique solution to P(X,¢) = 0 in the ball
Bepin (B(X))-

Step (iii). We still need to show that, for some ej; > 0 depending
only on M and {&y,...,éx}, W2t contains a subset ./\/'52;76:]\/[ as in the
statement of the lemma. That is, assuming X € £21 satisfies, for some

(57 Rv é) € EO:
€ €int (X), ‘RE_R| < oM,

lpg = Rlicora < emR,  ||F(-,§) = &(,§)llcava < e,
we must show that for some i € {1,...,N}:

& eint(X), |Rg — Rl <4,

lpg, — Rillcarar < &Riy  [IF(-,€) — (&)l govar < -
For some ¢ (say i = 1) we have:
_ _ €1 = €l = _
d(z,&1) = Ba] < TRi < 3R Var € Sp(0),
le(-8) = . &)lleas < T < 35
From this it is not hard to show that:
€

F oz €1 5 15 5 5 26 5 _ €5
<33R <2 R <R <2
dg, &) < LRl < 10R1 and |R — Ry| < i3 R < 5R1,

which easily implies [Rg — R1| < 61, if 65/ is chosen small enough. Since
d(X(u),§) > R(1 — ep) for all uw € S, we have & € int(X) provided
R(1—e€yr) > (€1/10) Ry, which holds if epy < 1 —&/(10 — 2¢;). We also
have the estimate:

”F(¢g) - é('?él)”CQJra/

<NECE) = el O)llgorar + e €) — (- &)l garar
<en+6/10 < .
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To show ||z — Ri|| g24ar is small, we use:

leg, — Rillczrar < IRy — R+ IR = @gllcarar + g — 0g, o2

and the following fact:

Co = sup { |, X € €4 and

o _ 1
5K = (ER.9) sit. X € NG, 10(X),d(€.€) < 43} <,

and Cjy depends only on M. This follows from compactness of the
inclusion €2t ¢ €2t by a short argument which will be omitted.
Given this bound, one has:

td
lpg = og, lgover = H/O - distar (X (), £(s))ds

C2+a’

t
< || (Fardxn €51 € (5))as
o o
< sup [|[Vardy(w)(§(5))llg2+ard(§, &)
s€0,t]
= Ssup ||F('7f(s))HCQJro/d(égl)
s€[0,¢]
€1 = €1 =
< COle < ERh

since _d(g_, &) < _%Rl < iR. Thus we have (bearing in mind that
R< R+ (51/5)}%1):

— €1 — _ €1 — —
g, — Rillgerar < glRl +em R+ ﬁRl <Ry

for eps sufficiently small, depending only on {€1, ...,y }. This concludes
the proof.

Since « is fixed throughout the paper, from now on we will often

omit the superscript in the notation for £2t¢ and N; 521;;0661\4'

Definition. For X € Nj,, (,,, we refer to x = B(X) € int (X)
as the analytic barycenter of X. The global motion we construct will
exist in the open subset N, ¢,;, C Es,.¢0» the manifold of small, almost-
spherical embeddings, or parametrized ‘bubbles’.

It is important to note that the analytic barycenter B(X) depends
on the parametrization X, and not just on the image ¥. In particular,
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if we wish to find an equation of motion for the barycenter, we must
fix an evolution equation for the parametrization X (t); the geometric
evolution law (0.1), however, does not fix such an equation (only up to a
tangential component). We take up these issues in the next subsection.

1.2 Equations of motion for the barycentric system

From this point on we set 41 = dps, €1 = €pr and introduce the notations:

o ={p € C*7(8);0 < aves[y] < &1, [lp — aves[¢][lczta < e1};
C’éﬁfy = {p € CF(9);aveglpu’] = 0,i =1,...,n} (ke N,y e (0,1));

2ba _ 2+ 2+

s = Coa NG

For parametrized motions X (¢) in N, .,, the barycenter map makes
it possible to choose a parametrization X (¢) of 3(¢) = im (X (¢)) in the
space (a submanifold of N):

Nita = Ny (01, €1) = {X € N} X = expelee(-,€)], o € BF T

01,614

X € Ngyq is ‘standard’ in two ways: & is the barycenter of X and
F¢ : S — S¢ is given by an isometry. Any X € N can be reparametrized
into Ngq (with £ = B(X)). In this subsection we derive equations of
motion on a ‘simpler’ manifold My, the solutions of which correspond
precisely to solutions of normalized mean curvature flow parametrized
by maps in Nyq.

Definition 1.2.

M= M(51,€1) =FM x C2+a ./\/lo = Mo((sl,el) =FM x BQJra

01,617 d1,€1”

The standard connection on the frame bundle FM allows one to identify
the tangent space to My at (€, e, p) € My with the vector space:

T({,e,cp)MO = {(wa 2, X);

w € TeM, 2 € C*F(S, T; M) e-skew-symmetric ,y € C’g“"}

(where e-skew-symmetric means: (z(u),e(u’)) = —(z(v), e(u)), for all
u,u’ € S). There is a natural smooth map ® : M — N, mapping M,
onto Nygq:

(5 e0) = X, X(u) = expelp(u)e(u)].
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In the following lemma we compute the differential of ®. This of course
maps T(¢ . )Mo to the tangent space Tx N, the space of C*t® vector
fields Z on S along X (Z(u) € Tx(,)M); but we'll also need to consider
the space of C* vector fields along X:

TxN = {Z:S—>TM;

Z(u) € Tx (M, u — exp; '[Z(u)] € C*(S, TeM) VE € int (X)},

as well as Tv(&e#,)./\/lo, defined as T{¢ ., ;)Mo but with z and x in C°.

In the statement of the next lemma, for v € S¢ Y, (s), s > 0, denotes
the Jacobi operator with initial conditions Y,(0) = Iz, M, Yo (0) = 0
(covariant derivative) along the geodesic 7,(s) = expe[sv]; so Yy(s)w €
T,,(s)M is the value at s of the Jacobi field along v, with initial value
w, initial covariant derivative 0. J,(s) is the Jacobi operator along the
same geodesic with initial conditions J,(0) = 0,J,(0) = I7,pr. Both
Y, (s) and J,(s) preserve the direction spanned by the tangent vector
v, (s) (and its orthogonal complement) along the geodesic ~,. We have
Yo (s)v =7, (s), Ju(s)v = 0.

Lemma 1.3. The differential of ® is given by:

d®(&, e, )[w, z,x] = Ye(@)w + x7e(@) + Je(p)z.

Here we identify the orthonormal frame e at & with the isometrye : S —
Se¢ it defines, and for simplicity omit uw € S from the notation.

Proof. Since ®(&, e, p) = exp¢|[pe],we have:

d® (&, e, p)w, 2, x| = de(expe[sv])|s=pv=cW
+ ds (epr [Sv])|s=<p,v:ex +dy (expg [S/U])|S=<p,vzez'

Since d¢(expg[sv])w = Yy (s)w, ds(expg[sv]) = v, (s) and dy (expg[sv])z =
Ju(8)z, the lemma follows.

The operators Y, (s) are invertible for s sufficiently small (say, s €
(0,00/2)). It is often convenient to work with vectors in T¢ M (or maps
S — T¢M); so in general for vectors Z(u) € Tx, M (where X €
Nista, X = expg[pe]), we set:

2(u) = Ye(u (9) ' Z(u) € TeM.
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For a given frame e : S — S¢ and z € T¢M (possibly depending on
u € S), we introduce the orthogonal decomposition:

z=(z,e)e+ 21, 2zt S — TeM.

As a final bit of notation, we denote by v(u) € Tz M the vector defined
by the property:

(w, v(u)=(Ye)(p)w, N(u)) Vw: 8§ — TeM,
where N (u) is the normal vector to ¥ defined from X by:
N(u) = ’)’é(u)(@ - Wk(hkljl) o X,

with J; the Jacobi fields defined in Section 2, (2.0). Since <7é(u) (p),N) =
1, it follows that (e,v) =1 on S.

We now observe a geometric constraint on the velocity vector of a
curve in Ngq.

Lemma 1.4. Let X(t),t € [0,T) be a curve in Ngq, X (t) = ®(£(2),
e(t), p(t)). Assume £(t) is a C' curve on M, e(t) is parallel along &(t)
and ¢; € C([0,T),C§(S)) satisfies aveg[piu’] = 0,i = 1,...,n. Then
the velocity vector Z(t) = X; € TX(t)N satisfies:

2t = (aveg[z])*t.

(Note both sides of this equation depend on t and on u.)

Proof. From Lemma 1.3, we have:

L(t) = Xy = dO(&(t), e(t), (1)) (&, Ve,e, 1)
= Ye(p)& + orve(e),

since Vg,e = 0. Pulling back to Tz M via Y.(¢)™!, this gives:
z(t) = & + pre.

Thus z+ = &. Since aveg[pie] = aveg[piu]e; = 0 we obtain (aveg[z])*
= (aveg[&])* = &, proving the claim.
This lemma motivates the definition (for X = ®(&, e, p) € Nyq):
TxNua ={Z € TxN'; 2" = (avesz) ", 2 = Y. (p)Z}.

e
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Lemmas 1.3 and 1.4 show d® maps the subspace of f( M defined

by z = 0 into TX/\/'std'

&e,0)

We face the following problem: if we attempt to solve the parame-
trized normalized mean curvature flow in Nyq by setting Xy = Z(X) =
(H® — H)N € TxN, in general we should not expect that Z(X) €
TXA/;td- Thus we will not find X (¢) in Nyq solving X; = (H> — H)N

Fortunately for ‘radial vector fields’ Z(X) € TxN it is possible to
correct this by adding a ‘tangential component’. Precisely, given X €
Nitd; X = expg|pe], define the linear map:

S:TeM — TeM,  Sw := n(w — aveg[w’]), w’ :=w— (w,ve.

The notation w” is justified by the fact that Y.(p)w” is tangential to
Y: with W = Y. (p)w,

(Ye(p)w", N) = (W, N) — (w,v){v.(¢), N) = 0,

since (w,v) = (W, N) and (7.(¢), N) = 1.
The map S is invertible, provided d1,€; are small enough: since
wl = wh — (w,v — e)e and aveg[w'] = 22w for w € Tt M, we have:
Sw = w + aveg[n(w, v — e)e.

Since (w,v —e) = (Ye(p)w, N —4L(¢)) and:

IYe(@)wlllve(e) = NIl < (1/2n)[Jw]

for all w € Te M (for sufficiently small €1, d1), it follows that S =1+ FE,
with £ € L(T:M), | E| < 1/2.

We use S to define for X € Nitq a linear map Px on vector fields
7 € TxN of the form:

L= ay(p), a€C*(9),
by setting:

T = Ye(p)w — (Ye(p)w, N)7i (),
w=nS *(aveg[z]), z=aee C*S,TeM).
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Lemma 1.5. Let X € Ny, X = expe[pe]. Let Z = avy,(p) € TxN.
Then:

(i) Z:=Px(Z) = Z+T € TxNia.
(ii) Conversely, assume Z = Z + T € TxNaga (with T(u) € Tx(w)2)
has the form: B
Z=Y(p)w + x7c(9);
for some w € TeM and x € C§. Then w = nS~(aveg[z]) (with
z=uae), x = (z,e) — (w,v) and Z = Px(Z).
Proof.
(i) Let 2 =z +w — (w,v)e = z + w?. Then z+ = w' and:

aveg[Z] = aveg[z] + aveg[w! ] = aveg[z] — —Sw +w = w,
n

since (1/n)Sw = aveg[z]. Thus (aveg[Z])L = 1, showing Z € TxNyq.
(ii) We have:
w+xe=7z=z+t,
where t := Y.(¢) T, aves[xe] = aves[xu'le; = 0 and z = ae,
and must show:
t=w—(w,v)e, x={(z,e)— (w,v) and
n(w — aveg[w’]) = naveg|z].
The observation that (t,v) = (T, N) = 0 implies (w,v) + x = a = (z,¢€)
and the first equality: ¢t = w + ye — ae = w — (w,v)e = w”’. But then:
w — aveg[w!] = aveg[w — t] = aveg[z — xe] = aveg|2],
as desired.

We use this lemma to define a motion on Mg which corresponds to
parametrized solutions of normalized mean curvature flow in Nyq.

Definition 1.6. The barycentric system on My is defined by the
equations of motion:

(1.1) & =n aveg[(H® — H)||N||e] — n aveg[(w, v — e)e]
Vee=0
v = (H* — H)|N|| = n{aves[(H” — H)|N|e],e)

— (w,v — e) + n(aveg[{w,v — e)e], e),
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where:

w = nSaves[(H” — H)||N|e]), with
S :=1+n aveg[(.,v —e)e] € L(TeM).

(Here H* — H, N, v, are computed at the embedding ®(&, e, ¢).)
Lemma 1.7.
(1) Let (&(t),e(t), p(t)) € Mo be a solution of the barycentric system

(1.1) in [0,T). Then X(t) = ®(&(t), e(t), p(t)) € Nsta is a solution
of (X¢, Ny = H* — H in [0,T).

(ii) Conversely, let X(t) € N be a solution of the geometric equa-
tion (Xy, N) = H> — H in [0,T), with X(0) € Nia. Then by
reparametrizing X (t) we may obtain X (t) € Ngta, solution of:

X =Z(X)+ T, Z(X) = (H" = H)|N|v(p),

where Z(X) + Ty = Px(Z(X)) € TxNya. In particular, writing
X(t) = ®(&(t), e(t), p(t)) with € = B(X) and e(t) parallel along
&(t), we obtain a solution of the barycentric system (1.1) in M.

Remarks.

(i) v — e =0 for geodesic spheres, so the terms containing v — e will
be treated as ‘error terms’.

(ii) The factors of n in the equation for ¢ in (1.1) can be understood
as follows: if f satisfies f; = f —n{aveg[fe],e) = f—naveg[fu']u’,
we have:

(aves[fu']); = aves|fiu’]
= aveg[fu’] — naveg|fu'lavegu'u’] = 0,
since aveg[u‘u/] = d;j/n. Thus the condition aveg[fu’] = 0 is

preserved.

Proof. Throughout the proof we let vy (X) = (H*—H)||N||, H(X) =
(H* — H)N.

(i) Let z =wvne, 2 =z +w — (w,v)e. Since (z,e) = vy — (w, v — e),
the barycentric system can be written as:

& =n avegl(z,e)e], ¢ = (Z,e) — nlaveg[(Z, e)e], e).
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o (

As shown in Lemma 1.5(i), z satisfies z aveg[Z])*. This implies:

aves[z+] = aveg|(aves[2])*]

= n; 1aveg[5] and aveg[(z, e)e] = (1/n)aveg|z].

Thus, we have:
& + pre = n aveg[(Z, e)e] + (2, e)e — n(aves[(Z, e)el, e)e
= n(aves[(Z, e)e]) " + (7, ¢)e = (aves[2]) " + (Z,e)e
=7+ (Ze)e=7
Thus X (t) satisfies the equation:
Xe = Ye(p) (& + re) = Ye(0)Z
=unYe(@) + T (with T = Ye(p)(w — (w,v)e))
= (H® — H)N + Ty,

where Ty = T+ (H> — H)||N||7.(¢) — (H> — H)N satisfies (T1, N) = 0.

Remark. Note that the condition Z+ = (aveg[Z])* is used essen-
tially in the proof.

(ii) X (t) satisfies, for some tangential vector T(t, u):
Xy =H(X)+T.

Leting &£(t) = B(X(¢)) and e(t) be the parallel transport of the frame
e(0) along £(t), we may reparametrize ¥ in the form:

X(t,u) = XPe(t) [p(t, u)e(t, u)],
via a diffecomorphism G(t,-) € Diff>*%(S), so u = G(t, ) and X (t, @) =
X (t,G(t,u)). For the velocity vector:
Xt(tv ﬂ) = Xt(ta G(ta ﬁ)) + Xu(tv G(tv ’lj))Gt(t, ﬂ)
=H(X) + T(¢t,G(t,u)) + T(t,u)
= N (X)7e(p) + Ta(t, )

= Z(X) + Ta(t,u),
where:
To(t, @) = T(t, G(t,w)) + T(t,u) + H(X)(t,u)
—un(X)(t @)ve(p) € Txm®
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and we used the fact that H is ‘geometric’:

H(X)(t, G(t,u)) = H(X)(t, u).
Since we also have:

Xi = Ye(p)w + x7L(p) with w = & € TeM and x = ¢ € C’g“’(S),

we may apply Lemma 1.5(ii) to conclude Z(X) + Ty = Pg(Z(X)) and:

& = nS (aveg[z]) with z = vn(X)e, ¢ = vn(X) — (&, V).

From n aveg[z] = S& = & + n aveg[(w,v — e)e] (where w = &), we
obtain:

&=n aV?5[1}<X>€] —n aveg[(w, v — e)e]

ot = vn(X) = (&, e) — (w,v —¢),
which is the barycentric system.

Summary. For f € C?*%(S), denote by ° the L? projection on the
subspace Ca™ defined by aves[fu'] = 0:

f° = f —nlaveg|fe],e) = f — aveg[nfui]ui.

Then the barycenter system has the structure:

(1.2) & =n aveg[(vy — E)e]
V&e =0
ot = (vv — B)%;

here £ = E(vy) is uniquely defined so that:
Z =& + pre = satisfies (z,v) = vy,
or equivalently for X (t) = ®(£(t), e(t), o(t)) € Nya:
Xy = Y2 = unyl(p) + T = (H® — H)N +T;.

Since z is a ‘tangential correction’ of vye: z = vye + w — (w,v)e =
vye +wt — Ee, we see that (Z,e) = vy — E, and the system can be
written in the alternative form:

& = aveg|z]
ot =(z,€)%

269
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note aveg[z] = n aveg[(Z, e)e]. From the point of view of the system on
My, the reason for the correction is that we want to prescribe (zZ,v),
not (z,e). In fact we have:

<5,I/> :UN<:><5,6>:1}N—E.

In the proof of global existence, we use a slightly different form of
the barycentric system. Any 0 < ¢ € C37*(S) can be written in the
form ¢ = R(1 + %), where R = aveg[p] > 0 and ¥ = (1/R)(¢ — R)
(1 = 0 if p = 0) is in the subspace K2t of Cat®, where we denote:

K2ta . — {y € Cg+°‘(5);aVeS[¢] =0},
Ke21+a ={y e K2t l]|c2+a < €1}

Thus we may write:
Mo = Mo(61,61) = (0,61) x FM x K2+,
and derive differential equations for R and v via:
or =1+ )R+ Ry, Ry = aveg[pr], Ry = p — (14 ¢)aves|py].

Denoting by f ~ (f)x the L? projection C?*® — K2 the R,
equations may be written in the form:

R, = aveguy — E]
Ry = (vy — E)g — ¢ avegloy — E]|

Thus the equations of motion take the form:

(1.3) R; = avegluy — E]
& = aveg[n(vy — E)e]
Vee=0

Ry = (vy — E)g — ¢ avegluy — EJ.
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2. Asymptotics in Riemannian normal coordinates

2.1 Second fundamental form and mean curvature

In this section we apply some classical expansions in Riemannian normal
coordinates to obtain the leading terms in the barycentric system on
Mo (0o, €0). The main results are the asymptotics of the normal velocity
v=H* — H (Lemma 2.1), an a priori estimate for R(t) (Lemma 2.2),
the asymptotics of the tangential correction F (Lemma 2.4), and, finally,
of the barycentric system (Lemma 2.5). Only the statements of these
lemmas are needed in Section 3; the expansions themselves are obtained
in a completely standard way.

Ultimately we would like to identify the terms of order up to RZ,
and up to first order jointly in (v, V4, D24) explicitly. Intermediate
expansions will be obtained to varying orders; for instance, since v is
of order R™!, in Lemma 2.1 we actually state the asymptotics of Rv to
order 3 in R.

We begin by considering the second fundamental form and mean
curvature of a hypersurface ¥ = im(X) in a Riemannian n-manifold M,
parametrized by a ‘radial embedding’:

X:8—M, X(u)=expg[p(u)ue,

where £ € M is fixed and u + ug is a fixed isometry from S to the unit
tangent sphere Sg C Tz M. We assume X C Cf 1= C¢ — {¢}, where C¢
is a totally convex open neighborhood of ¢ in M. (In other sections of
the paper u¢ is denoted e(u, ) or e(u); but in this section-except for
Subsection 2.4, when we estimate E- we will not keep track of the frame
e explicitly.)

It is easy to describe a local basis of tangent vectors and an outward
normal vector for . Let (e;) be a local orthonormal frame on S, (&;)
the corresponding (under the isometry fixed above) local frame of S¢.
We assume (€;) is extended to an open sector Ug C C¢ by parallel trans-
lation along radial geodesics from £. Denoting by (p,w) polar normal
coordinates in Cf (p > 0,w € S¢), and by 7.,(p) the unit speed geodesic
from ¢ with initial tangent vector w, we define n vector fields in Ug:

eo(p,w) = dexpe(pw)w = v, (p);

Ji(p,w) = dexpe(pw)|peil,
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the Jacobi field along v, (p) with initial conditions J;(0,w) = 0, J;(0,w)
= ¢;(w) € T,,S¢. By the Gauss lemma < J;,eg >= 0 in Ug. A basis of
tangent vector fields to ¥ is given by:
E; = dXe; = dexpg(pug)[piue] + dexpe(pue)[pe;]
= cpi(eo OX) + J; o X,
where we have set p; = (d°p)e; (differential on S). The Ej; are ‘vector
fields on M along X’, in the sense that E;(u) € TxM,i=1,...n—1.
Setting h;; = (Ji, J;) : Us — R, we obtain an outward normal vector to
PIY
(2.0) N =¢poX — pp(h*)) 0 X,
INI? =1+ (h" o X)pip : Ue — R™.
N is also a vector field along X, and it is easy to check that it is

orthogonal to the E;.
The second fundamental form of ¥ with respect to NN is defined by:

AN(E;, E;) = (Vg,N, E;).
Using the above definitions for N and FE;, one easily obtains the expres-
sion:
AN(E;, Ej) = H(Ji, Jj) + B (H (i, J) e + H(Jj, ) i) ex
— Ji(@5) + WV 15, ),

where:
H(X,Y) = (Vxeo,Y) is the Hessian of the distance function dg
(Vdg = 60);

@; is the function on Ug defined by:

Dj(p,ue) = @j(u), or pjlexpe[pue]) = p;(u).

A little more precisely, the functions H(J;, J;), h* and (V ,J;, J)
on Ug define by composition with the embedding X the functions Af}f
on S:

(2.1) Ag = H(J;, J;) o X + @i WM H(J;, Jy)] o X
+ orpi PP H (T3, 1)) 0 X + ok [R™(V 5, 5, Ji)] 0 X
— (V3 ej, orer)s — (H5p) (e e5),
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where H® denotes the Hessian on S:

(H9)(eivej) = (d%ps)ei — (Ve e, pren)s.
We also used the fact that:

(d%pj)ei = dp; o dexpg (pug)|pe:i] = Ji($;)-

We also need an expression for the induced metric on X:

(2.2) gij = (Ei, Ej) = @ipj + hij
1 1
= pi; + ¢ |6ij — §Rij902 - ERQJ*PB +0(|¢l%,

using the expression for h;; given below.

The functions on Us C M defined above have well-known Taylor
expansions in normal polar coodinates; in order to state them, we in-
troduce the notation:

Rij(w) = Rm™ (€)(w, ei)w, &j),  Rij(w) = (VuRm™)(€)(w, e1)w, &)

The following Taylor expansions in p, at a fixed w € S¢ and p = 0,
are easily obtained from the Jacobi equation:

Ti(pr) = pei — <p RmM (€)(w, &)
{(VRm (€)) (w, &)w + O(°):
2

)
Zp (N3 2 pr oy 4 5
3R”(w)p 12Rw(w)p + O(p°).

H(J;, J;)(p,w) = dijp —

Rm™ denotes the (3,1) Riemann curvature tensor of M. (Here we used:
H(J;, J;) = (Veo,J5) = (T3 Jp) + (i eol, Jy) = (T Tj),

since for the geodesic variation f(p,7) := expg(pdL(w)), with ¢% the
local flow of €; on S:

e, Ji] = [dexpg(pw)w, d expg (pw)é;]

_|oror _gl2 9
- [8/77 87] |7=0 e [80’ 67] |7=0 - 0)
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1 1
hij(p,w) = p* [5@' - ng'j(W)P2 - ngj(w)p3] +0(p°);

) ) | 1
Wi(p,w) = p? {&j + 2Ry (@) + 121%;]-<w>p3} L O
(V. g, ) (p,w) = Tiji(w)p? + Tuiji(w)p* + Tsiji(w)p® + O(p%),

where in the last line we set:

Liji(w) = <V§féj,él>s§ (w), so <V;iej,el)g(u) = f‘ijl(ug).

These are the only expansions in normal coordinates we’ll need; all other

expansions obtained below follow from these and algebraic computation.
Introducing the decomposition ¢ = R(1 + ) with fsw =0, we

define smooth functions on SM x [0, dg) x [0,€9) x R™ x Sym?(R™):

Aij(57w7r7zvp7q)7 gij(f,W,r,Z,p), N(ngurazvp)y

so that the second fundamental form and induced metric of ¥ =
im(X (¢, R,v)) and the length squared of N are given by:

AN(E;, Ej) = Aij (& ug, R, VO, H)

9ij = 9ij (&, ug, Ry, Vo), |IN|? = N (& ug, R, 0, V).

In terms of the Riemannian functions defined above:

Aij = H(J;, Jj)(r(1 + 2),w) + rpep (W H (i, J))(r(1 4 2), w)
+ r2pepi [P H (T, Je)] (r(1 + 2),w)
+rpp (Y 5,5, I (r(1+ 2),w) = rprT (W) — rq(es, e5),
gij = rpip; + hij(r(1 + 2),w),
N=1+ r2pipjhij(r(1 +2),w).

The functions A}, gij, g and N have Taylor expansions (at fixed
(&,w) and (7, z,p,q) = (0,0,0,0)) given as follows.

2 ) 5
Aij(r’ Z,p, q) = 51J7= _ ng’jTg _ ER;JTA + 5“‘7'2 — 2Rij’r’3z — gR;]r4Z

1 1
+ <T4z'jk + 3Rklriﬂ> rpr, + <T5ijk + 6R;€lrijl> rpi

—rq+ Bij(u,r, 2,p),
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where B;; satisfies the estimate:
|Bij(u,r, z,p)] < C[r® + |2* + pl?],

provided r € (0,09) and |z| + |p| < €, for a constant C' depending only
on M.

1 1
Gij (1, 2,p) = r? ((Sij — gRijrz — 12R§jr3)

4 5
+ |:25ij — gRij’I‘Q — 12R;j7“3:| 7‘22 + bl'j,

where we have the estimate:
1bij (u, 2, p)| < Cr?(r* + |2 + [pl*),

for r € (0,0¢) and |z| + |p| < €o, with C' depending only on M. For the
inverse metric tensor g%, we have:

g7(r,z,p)

=726 + ERZ"T‘Q + L s 20z + %Ri 2z + D Ry + b9,
A R DA R R 1277

69 (r, z,p)| < C(r* + |2 + |pl*),

for C,r, z, p as before.

1 1
(2.2)  N(r,z,p) =1+ pip; (6ij + §Rijr2 + gRést + By (r, Z))
=1+ BN(Ta va)7

where |By| < C(r* + |2]), |By| < C|p|? for C,r,z,p as before. (In
particular, we see that for expansions up to first order in (z,p), the
superscript N in AV may be supressed.)

The mean curvature of ¥ with respect to the unit normal vector N

is the trace:
He g AN (E;, E;)
= i Ei).
[Vl ’
As before, we use this expression to define a smooth function H : SM x
[0,00) x [0,€0) x R® x Sym?(R") — R so that:

(RH)|X:X(R’E’U)) = H(é’ Ug, Rv ¢a VST/% quyb)
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H is linear in ¢ and admits the Taylor expansion at (§,w,0,0,0,0) (to
third order in r and first order jointly in (z, p, q):

(2.3)
H(E w,rz,p,q) =n—1—[(n—1)z+ tr(q)]

(Rlc)r + (Ric)r?z 4+ (T}, p)r? — *<R1C q)r?

— f(R1c ) — *(RIC Y3z + (T3, p)rs — i(Rlc q)r?

+B(§7w7r7z7p) < (§7w7r7z7p)7Q>
:= hg 4 hor? + hgr® + B + (C, q),

where ¢;; = q(e;, ej) and we have set:

tr R;; = Ric (§)(w,w) = Ric
tr R; = (VuRic)(¢)(w,w) = Ric’,

1
(T4, p) = (Tiik + nglFuz)pm
1
(T3, p) = (Tsiix + éRﬁdriiz)pk
(Ric, ) = (Rm™ (§)(w, &)w, €)q(ei, e)),
(Ric’, q) = (VR (€)(w, &), &3 aleir ).
Here Ric (§)(w,w) denotes the Ricci curvature of M at £ in the di-

rection w.
The remainder terms satisfy the estimates (for r € (0,dp), |2| + |p| <

€0):
[z + [pf),

‘B(‘an7r72ap>‘ S
| <O + [z + |pl).

C

|CY (&, w,r, 2,p)| < C
(2.3') |d.B| + |d,B| < C
|d,CY| + |d,C¥| < C

r +|ZI+|p|)

+1).

We record the lowest order contribution (in R) to the linear term in
P in H(E, ug, R, ), V54, H54), the linear operator in C?+:

(r*
(rt
(r*
(r*

Ap = A%+ (n — 1)y,

where A® is the Laplace-Beltrami operator in S.
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Remark. In the case M = R", we have the exact expression for
H:
H = [(1+2)° + [plP] 21 + 2)%6i; + pips] !
(14 2)%6i5 + 2pips — (1 + 2)qs5]
=n—1—[(n—1)z+tr(g)] +O(p|* + 2> + [pllal + [[la]);

where the remainder term is independent of r.

2.2 The Jacobian of X and the average mean curvature

The Jacobian of the embedding X = X(§,R,v¢) : S — M is given in
terms of the induced metric by:

Jac(X) = [det(gi;)]/2.

As before, there is a smooth function J : SM x [0, ) X [0, €g) X R™ — R
so that:

\7(55 Ug, Ra sz)a VS,‘?Z}) = Ja’C(X(R,E,dJ))'

We are interested in the Taylor expansion of J at (r,z,p) = (0,0,0),
for fixed (§,w) € SM, to third order in r and first order jointly in (z, p).
From (2.2), it is easy to see that we may write:

det(gsj) = rQ("_l)[det(I + E) +O(Ip*)],

where:
~ 1 1 4
hij = _gRiﬁ -5 2R;jr3 + [2% —~ gRier

Ibij] < O + 2.

O

— ﬁ ijr3:| z +6137

From the well-known formula:

z

d = h 3
7 det(I + h).—o = det(I + h)|,—q tr (dh) o’

one easily computes:

(2.4) T _ g4 (n—1)z - [é(Ric) + ?,)(Ric)z] 2

pn—1 -

1 ., 5
—|:24(R1C)+24

=Jo+ J2T2 + J3T3 + By,

(Ric’)z] r® 4+ Bi(§,w,r,2,p)

277
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where the estimate:
1By < C(r* + |2° + |pl)

holds whenever r € (0, ), |2|+ |p| < € (with C' depending only on M).
We now use (2.4) to compute the average mean curvature:

_ aves [HJac(X)]
aveg[Jac(X)] ’

or equivalently:

. aVeS[(Hj)(gvufv R7 1% sz’ HS¢)}
X (rew) — aves[J (&, ug, R, v, V1, H9)]

_aveg[HJ]/R"!

~aveg|J|/Rr1

(RH™)

From now on when evaluating averages on S (denoted by bar) we
always assume (§,ug, R, 1, VS, HS) as the argument of 7, JH, etc;
and we also assume ¢ € K2+%(S). From (2.4) we compute:

1

Waveg[j} =1- GLTLSCad(f)R2 - gaveg[Ric (ug)h(u)| R?

- %aves[Ric’(ug)w(u)]RS + By

= Jo + jQ(é)RQ + j3(§)R3 + By,

where Scal(§) denotes the scalar curvature at £ and we used the easily
verified fact: aveg[Ric’(ug)] = 0.
Similarly, for H we have:

aves[H] = ho + ha R? + haR® + aveg[B + (C, q)],
where:

710:71—1

1
= —— 1
ho i Scal(&)

+ aves[(Ric (ug)ub(u)] + aves (T}, V59)] — saves(Riy, HEw)]

hy = — gaves [(Ric'(ug)] + aves (T8, VS0)] - Ssaves((Riy, H)L.
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We are interested in the difference:
HT J
aveg 1| aveg T 1
= (hoi]g - Bojz + hzi]o - ngo)Rz
+ (hoi]g - Bojg + h37J0 — ngo)RS + BQ
= C + BQ.

| avesir

A straightforward computation yields for the ‘correction’ C:

R? R3
(2.5) C = aveg](Ric )A@D]? + aveg[(Ric’)(=3(n — 1)y + Ad})]ﬂ

= CiYIR? + Co[y] R,
while B, satisfies the estimate:
|Ba| < C(R* + ¢l o [[¥ll o).
For the average mean curvature we obtain the expression:
(2.6) RH* = aveg[H] +C + By,

where By = BoR" ! /aveg[J] satisfies the same estimate as Bs.
Evaluated at (R,, VS, HS%), the expression (2.3) for H may be
written as:

1 1
(26) H=n—-1- g(Ric)R2 - g(Ric’)Ri” — Ay

+ Li[Y]R?* + Ly R* + B+ (C, q),

where:

L] = (Rie)y + (Ve T}) — 2 (Riy, Hig)

Lali] i= — 5 (Ric) + (Vo) T2) — o (R, Hige).

Combining the above (and using ¢ € K?T%), we obtain for the
average mean curvature the expansion:

(27) RH®=n-—1- 3insca1(g)R2 + Li[]R? + L[] R® + Bs,
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where L1, Ly denote averages over S of Ly, Lo and B3 satisfies the esti-
mate:

(2.7) |Bs| < C(R* + [[¢]120) + C(R* + 9]l o1) I D* | o,

provided 0 < R < dp and ||¢||c1 < €p.
Combining (2.3) and (2.7), we obtain an expansion for the ‘speed’
H* — H, which we state as a lemma:

Lemma 2.1. There exist constants dg, €g depending only on M with
the following property. The expression Rv = R(H* — H) evaluated for
the embedding X (g c ) defines a continuous (in fact, smooth) nonlinear
map:

R(H*® — H) : My(dp, €9) — C(S),

which admits the expression:
(2.8)
Ro=R(H” — H) = Ay + £(Rico) R* +
+ (L1 — L) [ R? +

L Ric')R?

Lo — La)[Y] R’ +C + By,

—~ W

where C is given in (2.5), L1, Ly are given in (2.6') and Rico denotes
the trace-free Ricci tensor: Rico(&, ue) = Ric (€, ug) — 2Scal(€).
The term B, satisfies the estimates:

1Bulloo < C(R* + [$lIEn) + C(R* + [[9llcn) | D* ]l o,
(2.8) [Buloe < C(R' + [l [¢llcrte) + C(RY + ||| o1) [D*¢]ce,
provided 0 < R < 6y and ||¢]|cr < €o.
Proof. Only the C'™* estimate remains to be shown. We have:
B, = B3 — B — C(Hv),

where B(1), V1), C¥ (v, V) are functions on S and Bs is a real num-
ber satisfying the desired estimate (2.7). For B we have:

|B(1h, Vo) (u) — B(ep, Vo) ()]

< sup (|d.B|+ |dpB|)||[¢[lcr+alu —al®,
|z|+|p|<eo

so from (2.3'):

(B, VZ9)lca < C(R* + [llon) 14l cr+a-
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The estimate of the remaining term is similar, again using (2.3'):

|CY (4, V) (u) Hijip(w) — C (4, V) H ()|
< sup  (|d.CY[+[dpCY )[4l g1+ | Dl co|u — @l*
|z|+[p|<eo
+ (Sl;p |CY )| H%p(u) — HE ()|
<{C(1+ RY|ID*¢|| o]l crea + C(R* + [t c1) [D* ] 0o }Hu — ul®.
We conclude:
[CYH e < Cllpllcrral| D*¢)lco + C(R* + [|9h]| 1) [D*4h] ¢,
as desired.
Remark. We have the bounds:
(2.9) Rl[v]lco < C(R® + || A4l co + R?|[¥ o2 + | Byllco),
R[v]ca < C(R? + [AY]ce + R2||[Y]|c2+a + [Byce)

2.3 The enclosed volume and an ‘a priori estimate’ for

R.

The volume enclosed by ¥ = im(X (g ) may be computed from the
expression:

R
V(¥) := vol,(int (X)) = /0 /SJaC(X)(f,T, Y)dudT

R J
= Wn-1 / aveS[Tn—l (7,9, VS¢)]TH_1dT>
0

where wy,_1 = vol (S). From (2.4), we have:

R
= / (1 + j2T2 + j37'3 + Bl)TnfldT
0

_ pn l 1 T P2 1 7 P3 n D
=R <n+n+1J2R +n+2J3R>+R Bs,

where Bjs satisfies the estimate:

— R_
R”|B5y:/ By ldr
0

< C(R™ 4 |[0lIg R™).
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This gives the expansion for V(X):

Bt = G Ty SCOR” — gvesiRic ()]
~ oy 5 zyevesIRie (e + By
=1 + BG;

where |Bg| < CR? if R < &, ||[¥|lcn < €. Thus, assuming we have
V(X) = V(Xp) for two such hypersurfaces, we obtain:

R™(1+ Bg(R)) = R?(1+ Bs(Ry)).

This easily implies the following lemma.

Lemma 2.2. Assume that for hypersurfaces ¥ = im(X),¥y =
im(Xp) as above we have equality of the enclosed volumes: V(¥) =
V(Xo). Then:

R

— =1+ B7(R, R

RO + 7( ) 0)7

assuming max{R, Ry} < &, where |B7| < C(R%+ R?), for C depending
only on M. Moreover, there exist functions Rmin(Vo,€0) < Rmax(Vo),
taking values in (0,60) and defined for Vo € {vol (X); X = X(r ¢ cy),0 <
R < b0, [|9]lco < €0} so that if V(X) = Vo, X = X(reep) € Esoyeos then:

Rmin(VOp 60) <R<L Rmax(‘/())‘

Proof. Only the last claim remains to be shown. Since the volume
enclosed by geodesic spheres V (S¢(p)) is a monotone increasing function
of p (for fixed &), for each 0 < v < max{V(S¢(p));0 < p < 6o} there
exists a unique p = p(v,§) < dg such that V(Se(p)) = v. In particular,
we may define Rpyin(Vo,€,&) < Rmax(Vo, €,§) by:

(1 + G)Rmin - p(‘/(bf)’ (1 - 6)}%max = p(Vb,f),

and then minimize R, and maximize Ry,.x over £ and € to obtain:

Ruin = (1 “Tminp(Vp,€) >0, Rmax = Vo, &) < dp.
(1+e€o) gelg}p(oﬁ) gg}gﬂ(of) 0
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2.4 The ‘tangential correction’

In this subsection we estimate the ‘correction term’ in the barycenter
system. Recall from Section 2.1 that, given (&, e, p) € My, we define:

N (u) = Yo (0) = B i),

where ¢, are components of the gradient V¢ with respect to a local
orthonormal frame (€;) on S (defined in a neighborhood of u) and the
Ji are Jacobi fields along the geodesic (), orthogonal to ~/ ()’ We
then set:

E=(w,v—e), w=nS (aves[uye]), vnx =v|N|,
where v = H* — H and S is the linear map:
S =1+ aveg[n(-,v—e)e] : TeM — T:M.
Define the functions of u € S:
wj = (Ye(p)w, Ye(p)ej),  yij = (Ye(p)ei, Ye(p)ej);

Here (e;) is the o.n. frame on Sg, image of (¢;) under the isometry
e: S — S¢. With (y) the inverse matrix, we have:

w = yklwlek, Ye(p)w = yklwlYe(go)ek.
Then, from:

(YcSw,Yeej) =n aveg[vNui} (Yeei, Yee )
and:

(YeSw, Yee;) = (Yew, Yee;) + aveg[n(Yew, N — y)u'|(Yee;, Yee,)
= wj + aveg[n(Yeep, N — 'y;>uiyklwl]yij,
we obtain:

w; + aveg [né'kuiyklwl]yij = aVeS[n'UNui]yijv

where:
Ek = (Yeep, N —7L).
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Thus, defining w™ = y/™w; and v,, = aveg[vyu™], we conclude (w™)
is independent of u € S, and is a solution of the linear system:

k

w™ 4 aveg[nEu"w" = nvy,.

We are interested in:
E = (Yow, N —4l) = w*&,.

Note that N — +/(p) = —h* . Ji(¢). This motivates the definition
in the following lemma.

Lemma 2.3. Given a frame (e;) on S¢M, defined in a neighborhood
ofw € S{) let gl(ga w, T, Z’p) = 7<Y¢U(p)e’ia hklpk‘]l(p)>‘p:7‘(1+z)' We have
the Taylor expansion:

R R/
& =pi— ?ZPH‘Z - QZkaTS + Bi
=i + B,

where |G| < C(r* + [2]> + |p|?) for r < do, |2 + [p| < €0
Proof. With Y; = Y,e;, we have the expansion:

1 1
Vilp,w) = pei — 5 R (@, 1w — <p*(VRm ) (w, &) + O(p*).
Combining this with the previously obtained expansions of h¥ and Jj,

we easily obtain:

ik Ry,
W (Yi(p), Ji(p)) = w42 3

/
r(1+2) — %rm 422400,

Since —& = rpph* (Yi(p), Ji(p)), this yields the result.

Remark. For the evolution in euclidean space (M = R"™), we have:

Di
1+ 2

& =

(in particular, &; is independent of 7).
The lemma implies:

il < Clpl(1+7%) + O(r* + |2 + [p]*).
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In particular, for a given (£, e, R,v) and evaluating &; at (&, e(u), R, 1,
V51), we have n|&| < 1/2 for €y, g small enough, and the system for
(w™) is uniquely solvable:

wk = (5mk - aveS[ngkum])nam + 17mBmk,

where By, is independent of u and |Bp| < C(R* + [[9]|2,).
For the expression E, evaluated at (&, e, R, ), we obtain:
E = wkgk = —n(5mk — aveg[ngkum])ﬁm(izk + ﬁk)
= —n¥Yx + Bp,

where:

0 Rig o Rl 13
i = ik — -5 R
Vi = i (5 Y

and:

B = —nif — n aveg[n(P + Br)u™0m Yk + Br) € C*(S)
satisfies:

I1Bellco < Cllvlloo (4122 + RY)
IBElloe < Cllvllco(I¢lEna + RY).

From the expression (2.12) for aveg[vu*] obtained in the next sub-
section, we obtain for 7}, = aveg[vyu”]

~ 2

B = mek(Scal)RQ + Raves[L1u*] + R*aveg[Lou"]

1
+ Eaveg[B4uk] + aveg[vByu"].

Thus we have our final expression for E, which we state as a lemma.
Lemma 2.4. £ = —SpyR? + Bg, where S, = ﬁek(Scal)(f)
and Bg, defined as:

73(n+2)ek(Scal) ( 3 R7; + 24 R 1/11)

— iy (ave[L1u*| R + ave[LyuF| R?)

B =

~ 1 - _
— (nwk)ﬁaveg [B4uk] — n¢kaveg[vBNuk] + By
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satisfies:

IBEllco < C(RY[Ycr + [¥llcr[$llo2 R + llvlloo ([ [IEn + RY)
+ Rl er || Bulloo),

IBlloe < C(R* + [¢llcrvall$llo2 R + [olloo (19 E1a + RY)
+ Ry r+al| Bullo)-

2.5 Asymptotics for the barycenter system
Using ||N|| = 1 4+ By, we recall the barycenter system (1.3):
(2.10) & = n aveg[vu'le; — aveg[nEu'le; + n aves[vByu'le;
Vee=0
R; = aveg[v] — aveg|FE] + aveg[vBy]
RyYy = (v— E +vBy)kx — aveg[v — E + vBy],

where f — (f)x is the L? projection C?*® — K2 Our goal in this
subsection is to identify the main terms in the asymptotics of (2.10),
with estimates for the error terms.

From (2.9) it follows easily that:

(2.11) R; = CR™! + aveg[Si¥x]R + Br
= C1[¢)|R + aves[Sipbx| R + Co[]R? + Bp

where Sy, 1= %ek(Scal)(f) and Bp, given by:

Br = R™'B, — aveg[Bg] + aves[vBy]
satisfies the estimate:
(2.11) |Br| < CR™Y|Byl|co + Cllvllco([llgn + RY)
+Cl[ller [¥llc2 R + CRY[[9]|cr-
Furthermore, we have the estimate:
|Ri| < Cll¢]lc2R + | Br|-
Turning to &, we consider the average (using (2.8')):

(2.12)
2

. . 1 .
avegvu'] = ?aves [Ricou'] + ?aveS[Ric "u'] + Eaves[(/h/))uz]

— Raveg[L1 [§]u’] — R*aves[La[y]u'] + %aVes [Byu].
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It is easy to see that the first term vanishes (since it is the average
of an odd function of u), and so does the third (since v € K2*%). For
the second term we use:

1
Wn—1
1 .
= Rjimi;n(f)/u”u]umuldu

Wn—1 S

aveg[Ric'u!] =

/(Vu5 (Riern]w)(u57 éi)ug, éi)uldu
S

2
= —a(Scal)(©)

by the calculation in Lemma 1.2 in [14].
We conclude:

2n
3(n+2)
— nR%aveg[Lo[Y)u'le; + R*aveg[nSyiputle; + B,

(2.13) & = VMScal(£)R? — nRaves| L []ul]e;

where Be = naveg[vBnu'le; — aveg[nBgu'le; + nR™'aveg[Byu'le; satis-
fies the bound:

(213) Bl < Cllvlleo([9lIE + RB*) + CR™|Byllco
+Clellorl[vllo2 R + CRY[¢ | cn-

With (2.11) and (2.12) we obtain the equation for v,:

(2.14)  Ripy = %Aw + éRico(f, u)R + %Ric’(ﬁ, u)R? — Sypuf R
— (L) xR — (L2[¢]) k R? + (Skibr) k R? + By,
with By, given by:
By = R Y(B,)k — (Bp)k + (vBN) K — Yaveg[v — E + vBy].

From this definition, (2.2"), (2.8) and Lemma 2.4 one sees easily
that:
1Bylloo < Cllvlleo([9llEn + B) + CR™H Bylco
+ CR[[Yllor[¥llc2 + CRY[¢lons
(214)  |Bylcs < Clolloa(16]20sa + BY) + CR| By e
+ CRI[Y | cr+all$licz + CRY[¢ ] crve,

287
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(still under the assumptions R < do, ||¥]c1+a < €0)-

Combining (2.11’), (2.13") and (2.14’) with the estimates (2.8) and
(2.8') for v and B,, we obtain a more useful estimate for the remainder
terms, stated in the final lemma of this section.

Lemma 2.5. The barycentric system (2.10) in Mo(dg, €9) may be
written in the form (2.11), (2.13), (2.14), plus the parallel transport equa-
tion for the frame e. The remainder terms satisfy the estimates:

(2.15)
|Br|+|Be| + | Byllco < cR* + cR7H¢||on [¢llc2 + cR*| D*9|l co,
IByllce < eR? + cR7Y[Y[lgrva [¢llcara + R D] co.

3. Local and global existence

3.1 Local existence via maximal regularity

Our goal in this subsection is to prove local existence for the barycenter
system on Mj:

(3.1) & = aveg[n(vy — E)e]
Ve e=0
pr = (on — E)°,

where vy = (H* — H)||N|| and f ~ f° is the L? projection C* — C¥.
In Section 2 we derived the expression for HY = | N| H:

HY = —P(p,V50) 0] + B(p, VS ),

where: -
P, V) X] = g7 (H5X)(ei, e5),

9ij = @ip; + hi; is the induced metric on ¥ and H 9 is the Hessian on
S. Defining:

vol vol

we may write:
vy = P[y] — P¥[p] — B + B,
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To apply the results in [3] on local existence, we introduce appropri-
ate function spaces. We denote by h¥*7(S) (for an integer £ > 0
and v € (0,1)) the closure of smooth functions in C¥*7(S), with the
standard C**7 norm. h§+7(S) denotes the corresponding subspace of
Cg *7(S). We also introduce local coordinates on the manifold FM, lo-
cally modelled on R"™ x so(n). For fixed 0 < a < # < By < 1, define the
Banach spaces:

Ey =R" x so(n) x hi™(S), Ey=R" x so(n) x h§(S)
Eg =R" x so(n) x hTP(S), E, =R" x so(n) x hyt7(9).

In the notation of [3], we seek a solution in the space:
WL (R™) = C([0,T], E,) N Cy([0,T], Ey) N CL((0,T7], Ep).
The initial data (£(0), e(0), ¢(0)) will be taken in the open subset of E:

O;;iO(UO) = {(:c,A, ¢) €EEy;x €Uy, e(x) = ez € Fy(Up), p € B;;éo} .
Here Uy C R" is the image of a normal coordinate neighborhood of £(0)
in M, and we identify Uy and this neighborhood in the notation. F,Uy
is the orthonormal frame bundle of Uy, with respect to the metric g
pulled back from M via the coordinate chart. We also use the fact that
any 0 < ¢ € C°(S) may be written uniquely in the form ¢ = R(1 + 1)
with aveg[y)] = 0.

Prior to proving the local existence lemma, we need an observation
regarding the term E.

Lemma 3.1. The linear assignment vy — FE defines a smooth map:
E: 0P (U) - (e, h ).

01,€1

Proof. Given (§,e,p) € O;:ﬁ (U), the map E¢ ., is the composition
E=YoS of:

(i) vy — Sun] € TeM,

where S[w] = nSg;M(aveg[we]) defines a smooth map (’);;ﬁ(U) —
L(C* TM), preserving £ € M;

(H) y(f,e,g@) N <Ye(<P)777 N — Vé(tp)>7
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which defines a smooth map (’)Hﬁ (U) — L(TM,h**5(S)). These ob-

servations prove the lemma.

Denoting P(E,e,w) [X] = (P - PZ)[X]? B(g,e,go) =B - BZ> we may
write:
vy — E = (vn — E)ifp] + (on — E)a,

where
(UN - E)l[X] (P(E €,9) E(f e,p) o P(E,e,<p))[X]:
(UN—E)Q(f,E,SO) —B(E,e SO)—I_E(Eecp)( (gaea@))‘

In local coordinates (z%,e?, ¢) € U x R x h3t(S), e; = ¢ 5oa, the
barycentric system is written:

2% = aveg[n(vy — F)u'led

(ef) = —Tp.(x)avegn(vy — E)uj]e?ef

Pt = (UN - E)07
where I'f (z) are the Christoffel symbols of the Riemannian connection.
We may write this as the quasilinear system in U X R™ x h(2)+°‘(S ):

(3'2) (xa’ 6?, (p)t = P(:D,Ei,tp) [90] + B(:L’, 6?, (p)a
with:
IP)(.’E,@,LP) [X] = (aveS [n(UN - E)l[X]ui]e?’
fo(@)aves vy — Elxullelef, (on = E)3[x])

and:
B(z,¢ef, p) = (aVES[n(UN — E)su'lef,
baveg[n(vy — E)au’lebef, (vy — E)S)

(Since parallel translation preserves orthonormality, it is harmless to
consider R™ instead of so(n).)

To state the local and global existence results for (3.1), we introduce
the space:

W5 e, = C°([0, ), Mo(61, 1)) N CH((0,T], M (61, 1))
and the open subset:

Wi, (U) = C°([0,1], 0572 (U)) n C'((0,T), O, , (U)).
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Lemma 3.2. Let 0 < a < [y < 1.

(i) There exist constants d2 € (0,61/2),e2 € (0,€1/2) depending only
on M and T = T(d2,€2) > 0 so that for any (£(0),e(0),¢(0)) €
Méﬂao (02, €2) such that ©(0) € C°(S), there exists a unique solu-
tion (&(t),e(t), p(t)) of (3.1) in Wg;sl(Ug) (where Uy is a normal
coordinate neighborhood of £(0)).

(i) @(t,-) € C>®(S) and (£(t),e(t)) is a smooth curve in FyUy for
te[0,T].

(iii) The hypersurfaces X(t),t € [0, T] parametrized by X(t) €
N’Std (615 61)"
X(t7 u) = €XP¢, [Qo(t: ’U,)e(t, u)]

are smooth fort > 0 and satisfy:
X, =(H® —H)N +T,

where T(t,u) is tangent to X(t) at X (t,u). Thus X(t) is a motion
by normalized mean curvature.

Proof.

(i) We apply Theorem 2.11 in [3] to the quasilinear system (3.2).
There are three conditions to verify.

Claim (a): P defines a smooth map (’);;i (Uo) — L(E1, Ey).

In Section 2 we showed that:

Yili | 1 ij
500, Vs) = (54 22 4Tig() ) IN] = (14 Wi
where Eij, the smooth function of 7 > 0 defined by:
hij = (Ji(7), Jj(7)) = 72(8ij + hyj)

satisfies mw(go)] < c|p|? for |p| < &2, for some ¢ > 0 depending only on
M. From the definitions of P and P*, it is clear that for §; > 0 suf-
ficiently small, P defines a smooth map P : O (Uy) — L(h2T*, hg).

d2,€2
From Lemma 3.1, E defines a smooth map (’);;i (U) — L(hg, h*A(S)).
This shows (vy — E)1 = P —EoP defines a smooth map from the same
set to L(h2T™ h®). Tt is then clear that P defines a smooth map into
E(thra, Ey), which may be regarded as a map into L(F1, Ep).

Claim (b): B defines a smooth map (’);ji — Ej.
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Since Hdg,(7)(Ji(7), J;(7)) (where Hdg, denotes the Hessian of the
distance function to &p) is a smooth function of 7 satisfying:

[Hde, () (Ji(p), Jj ()] < clop] for [ip] < do,

with ¢ depending only on M, the expression for B(yp, Vgy) (see Sec-
tion 2):

B = g |Hdg,(J;, J;) + WMoy (i Hde, (J;, i) + piHde, (5, J1))

+ hklﬂpk<VJiJj, Jl>

and the expressions above for g;; immediately imply that B = B — B>
defines a smooth map B : C’)gf; — hg, for d € (0,00) sufficiently

small. Given that E is smooth into £(h§, h'*#) (Lemma 3.1), this shows
(vy — E)2 is smooth in A%, and hence B is smooth from the same set
into Ej.

Claim (¢): P(e o) € Mo(Er, E) for (€, e,9) € O30 (U).

It follows from theorem (2.14) in [3] (which generalizes [4]) that
Pieres) € M, (h?*% h®), provided we can verify that Pie.e,p) generates
an analytic semigroup in (F, Fy), where we set Fy = h?t®0 [, = h0
(for some ag € (0, )):

Plp, V) € Hol(h?T20 1h20), for all p € O,

This follows from the fact that, for such ¢, P(¢, Vgp)[.] is a second
order, uniformly elliptic operator in S, and P* defines a perturbation
with zero relative norm: since P*[x] € R with |P¥[x]| < |Ix|c2, we
have for each € > 0:

1P*[X]lIne0 = [P [X]| < ellxllp2+a0 + Cellx|lnoo-
Since, in the notation of Lemma 3.1 above:

1E o Px]llpi+s < el (Y o S)Px]lp+s
< c|S[PX]lrar < ¢ Pxllco < lIxlicz,

the same argument shows:

(vy —E); =P —EoP € My(h* h%).
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Likewise, since:

laves[n(vx — E)1[x]u'lef| + |Th.(z)aves[n(vy — E)[x]u’]ejef]
< c(z, e,9)lxllc2,

P(4.e,0) may be regarded as a ‘lower order perturbation’ of (0,0, (vx —
E)1) € My(E1, Ep), which suffices for the claim.

(ii) (Higher regularity.) This follows from a standard ‘bootstrapping’
argument. From Part (i), ¢(t) € h?T® for each t > 0. Fix s > 0
and apply Theorem 2.11 in [3] with initial data ¥(s) and spaces F =
Ey, E,, Ey, By defined as E = R x so(n) x h, where h = h(1)+°‘ for Ey,
h = hi™™ for E,, h = h2™® for Ep, h = h3t® for Ey. Tt follows as
above that P(p, Vsp) € Hol(Fy; Fy), where Fy = h3ta0 [y € pltao,
We obtain a local solution Wy:

Uy € CO%[s, Th]; MET*) N CO((s, Th]; MET®) N O ((s, T ); MGT),

which must coincide with ¥ on some interval (s, s1). Since s € (0,7) is
arbitrary, this shows ¥ € C°((0,T); M3T*)NCY((0,T); MGT®). Tterat-
ing this argument yields the conclusion of (ii).

(iii) This follows directly from Lemma 1.7.

The same argument yields local existence in a slightly different space.

Lemma 3.3. There exist constants d2 € (0,01/2),€e3 € (0,€1/2) de-
pending only on M, and T = T(d2,€2) > 0 so that if (£(0),e(0),¢(0) €
Mo (62, €2) with ¢(0) smooth, there exists a unique solution of (3.1) in
WaTl,q (Up), where Uy is a normal coordinate neighborhood of £(0). State-
ments (ii) and (iii) of Lemma 3.2 still hold.

Proof. Identical to Lemma 3.2. Since no ‘smoothing effect’ is needed,
Theorem 2.7 in [3] could also be used.

3.2 Global existence for the scaled system

Prior to establishing global existence, we introduce two small scale pa-
rameters € € (0,61),0 € (0,01) and write a general X € Nyq in the
form:

X =®(0R, & e, e0),  X(u) = expe[dR(1 + ey (u))e(u)],

where we always assume 0 < R < 1,9 € K2t |[i)]|c2+a < 1. (Thus &
measures the ‘size’ of the bubble and e the ‘deviation from sphericity
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relative to size’.) With these scale parameters, the equations of motion
take the form:

(3.3)5. R, = aveg[vy — E]
& = aveg[n(vy — E)e]
Vee=0

deRY, = (vy — E) g — 6 aveg|uy — B,

with vy and E computed at (dR, &, e, 1)) € M.
To prove global existence, we use the expansions obtained in Sec-
tion 2 (Lemma 2.5) to write the system in the form:

(3.4)
SRy = C1[1)]0€R + Ca[1]0%€R? + aves[Spr]0eR + Br(€, e, 0R, e1))
& = ¢, VMScal(€)6%R? — aveg[nLi[i)]e]deR — aves[nLo[t]e]d%eR?
+ aveg[nSkyre]6%eR? + Be(€, e, 0R, 1))
Vee=0
1 1

SeRy; = 0 'R e Ay + 5 (Rico)dR + g(Ric’)52R? + SpuF o2 R?

— (L1[))keS R — (La[)]) k€6 R* 4 By(&, €,0R, €t)).

For the remainder terms, we have the estimates:

|Brl + |Be| + | Byllco < 6’ R + 6~ R™H[9]| on [[0]] o2 €2
+ cR6%e| D]l o,
1Bylice < e6°R® + 0 R [¢l|crva [$ll g2 4ae® + cRP6 | D* ¢
v

Remark. The traceless Ricci curvature Ricg vanishes identically
on surfaces, so the R term is not present in the equation for i, when
n=2.

We re-state Lemma 3.3 as follows:

Lemma 3.4. There exist do > 0,ea > 0 depending only on M
and T = T(d2,€e2) > 0, with the following property. For each ¥(0) =
(60R(0),£(0),e(0),e(0)) in Mo(d2, €2) with € < €2,0 < da, there exists a
unique solution V(t) = (6R(t),&(t),e(t), ep(t)) € Mo(d2,€2) to (3.3)s.e
in the space Wg;ﬂ(Uo), where Uy is a normal coordinate neighborhood
of &. In particular, we have ||¢(t)||c1+a(S) < 1 in [0,T].



NORMALIZED MEAN CURVATURE FLOW 295

From Lemma 2.2, the following estimates hold for R(t), ¢t € [0,T].
(3.47) dRmin < 0R(t) < 6 Rmax,
where Rpax and Ry, given by:

Rimax = Rimax(vol (X(0))) < Rumax(vol (X(s,.£(0),(0),¢2))
Rpin = Rmin(V01 (X(O))a 62) > Rmin(V01 (X(52,§(0)7€(0)162))

may be taken to depend only on M.

For t € [0,T5,), we have the estimates for remainder terms (using
the bound [|¢]|c1+a < 1):

|BR| + |Be| + || Byllco < ed*R3,, (1 + €] D*| o)
+ 6 R (€2 + | DX o),

|Byllce < R3.x0°(1 4 €| D*]|ce)
+ed 'RL (62 + 62HD21/J||C<>4).

min

We will need some facts from semigroup theory. Consider the oper-
ator A) = A%y + (n — 1)2 on the Hilbert space:

X = {p € L*(S); aves[t)] = 0 = aveg[vu'],i = 1,...,n}.

A is self-adjoint on X with eigenvalues A, < Amax < 0. A € /\/ll(h(zfra,
h§), i.e., A has the maximal regularity property in the Banach cou-
ple (A3t hg) (see [3]). Denote by e*4, s > 0, the analytic semigroup
generated by A.

Lemma 3.5. There exist constants p > 0, My > 0 such that the

semigroup generated by A in h(2)+a satisfies the estimates:

1) llegllgzra < Moe ™ dllc2ra, ¢ € BGT,

My _
@) lelosen < e glon, o n

/S e~ (0)do

0

(3)  sup
0<s<s

< My sup [[¢(s)llce(s)
czHa(s) Ososs

if ¢ : (0,5 — hf is continuous (where My is independent of §).
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Proof. The first two estimates are well-known consequences of the
fact that A generates an analytic semigroup on h%“‘. Estimate (3)
is equivalent to the statement A € My (h3"* hg). The fact that M,
may be taken independent of 5 uses the negative upper bound on the
spectrum of A.

We may now state and prove the global existence lemma. For ¥ €
Mo (b2, €2), define Ty (V) as the supremum (possibly infinite) of all
T > 0 such that the solution of (3.3)s, found in Lemma 3.4, with initial
condition W, is in Wg’@.

Lemma 3.6. There exist 03 € (0,02), €3 € (0,€2) so that if 0 < 6 <
83,0 < € < €3 and 6% < €, we have T} (V) = oo, for any ¥ € Mo (3, €3).
In addition, ||e)(t)||c2+e < €2, for allt > 0.

Proof. By contradiction, suppose Tgi . is finite. Let {, € M be a
limit point of £(t) as t " T ; choose a normal coordinate neighbor-
hood Uy, = Bt (dso) of &uo in M (identified with the open set Uy in
R™). Now take 75, € (0,75 ) so that {(75) € Uso. Our goal is to show
that W(-) extends continuously to [75, T§ ], taking values in Og;g (Uso)-
Then local existence and continuity (Lemma 3.4) contradict the maxi-
mality of T}, (note that in particular we would have ¢ (T},.) € h3T®).
Thus, we must show: 7

(i) R(t) extends to a C! function (75,6, T3] — (0,02).

(ii) (£(t),e(t)) extends continuously to a C! curve [rs, T; )= FoUs;
(by standard results in differential geometry, it is enough to show
this for £(t)).

(iii) (t) extends to a C° map |75, T ] — Ot

d2,€2°
We begin by re-scaling time, setting

ds o 9
a_é R™4(¢).

Since R(t) is uniformly bounded from above and from below, if we
let S5 < oo correspond to T3, (and o5, correspond to 75.), we are
assuming S5 < 0o, and must show (i)-(iii) for W(t(s)) and (05,6055 -
We abuse notation by writing ¢(s) = 1 (t(s)),etc. Omitting the parallel
transport equation for the frame from now on, we write the system in
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the s variable as:

Rs = p(R(s),£(s), e(s),9(s))
§s = a(R(S)’ 5(5)’ 6(5), (0
Vs = A + ¢(R(s),£(s), e(s),9(s)),

where:

p = C1[]6% € R? + Co[1]0%e R + aves[Spbx|6%eR® + SR%Bp

a = ¢, VMScal(€)0*R* — aveg[nLi[y)e]63eR® — aveg[nLa[]e]d%eR?
+ aveg[nSyibg|6*e R + §8* R? Be

¢ = %(Rico)#R%*l + %(Ric’)a%*lR?’ — Skuk§3e 1 R3
— (L[] g 0°R* — (L2[Y)) k6> R? + (Sktor) k0° R® + ¢ ' RB,,.

The main step in showing (i)-(iii) consists of estimating:

Zse = sup |v(s)|cz+a-
sE[O,Sgye)

(This supremum may in principle be infinite.) Choosing local coordi-
nates x on Uy, with £ corresponding to x = 0, we have the represen-
tation formulas for the solution:

R(s) = R(0) + /0 Cplo)do, s € [0.55,):

z(s) = x(05,) +/ a(o)do, as long as z(s) € Us;

05,¢

¥(s) = e*4(0) + / ) = 4g(0)do, s € [0, 55,).
0

Claim 3.7. sup,cp,s: ) |¢llca < C(6,€)(1+Zs,), where C(d,e) — 0
for 6§ — 04,¢,— 04. ’

Assuming the claim, from Lemma 3.5(1) and (3) we obtain, for all
0<s<S;:

[o(8)lg2ve < Moe™[[¢(0)[g24e + Mo sup )W(S)Hca

5€0,55

< Mo|[9(0)[|cz+a + MoC(6, €)(1 + Zs,e).-
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Thus:
Z(S,e < MOC((Sa 6)(25,5 + 1) + MOHw(O)HC2+C“

If 0, € are chosen small enough that C'(d,e) < 1 and C(d,€) < e2/4Mp <
1/2Mp, we have:

(3.5) Zs.e < 2Mo|[(0) e + -

Thus Zs. < oo. This and the bound on ¢ (from the claim) easily
imply (iii). In particular, one sees immediately from the expressions for
a, p, Bg and B (and still assuming €2 < §) that:

(3.5 sup  (lpl + |alrn) < s,
5€(05,¢,5% )

where c5 . depends only on the manifold M, the constants My, R, and
Rmax, and on ||4(0)||g2+a. Thus we may choose 05 € (05, Ss.¢) so that

2(05,6) < do/3 and
/ a(o)do
05.e

as long as x(s) € Ux. In particular z(s) € U for all s € [05,,5},)-
This bound on |z(s)|, the bound R, < R(s) < Rmax < d2 and the
estimates (3.5), (3.5") easily imply (i) and (ii).

In addition, assume (0) satisfies:

2M0||¢(0)||02+a < 62/2.

Then (reverting to the original time variable t) (75 )||cz+a < €2. By
the local existence Lemma 3.4, this contradicts the maximality of T,
(and also implies the last claim in the lemma). 7
Proof of Claim 3.7.
The claim follows directly from the estimate:

3.6
(\qu)Ca < 8% Ry + 6% Ry + ¢l 240 0% Ri
+ cllip]| a0’ Ry
+ 0% Rina [0 (1 €l[9]| co0) 407 R (1|9 g4 )]
< e8¢ Ry e + €8 R [ 24
+ 0 e Ry + 8" Ry [ Yl + cde(1 + [[l|2+a)
< 6% R2, + coe+ (62 RE ., + 0€)|[Y)|| cata
< (8, €) (L + [[¥f|c2ta) < (8, €)(1 + Z(0,€)),

|(s) — 2(05.6)| = < doo/3,
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assuming (on the last step) 0% < e.

Remark. One can easily trace the origin of the condition 6% < ¢ to
the equation for v;: it is needed so that the (euclidean) linear operator
term ﬁfw) dominates the largest Riemannian term iRico.

Motion of the analytic barycenter.
Under the assumption §2 < ¢, the largest terms in the equation for
& are:

(a) the y-independent Riemannian term ¢, VM Scal(¢)5§2 R?;
(b) the Riemannian term linear in t: —aveg[nLi[i]e]deR;
(c) the Euclidean term R™Y|9)||cn ||¢0]| 20~ €2

We may choose the relative scales so that the term (a) dominates the
euclidean term (c) by imposing 6 'e? < §2. This also implies (a) dom-
inates (b). Thus we have the lemma (Part (iii) of the main theorem):

Lemma 3.8. Assume the scale parameters € and § satisfy:
02 < e < 832,
Then the leading terms in the equations of motion for & and v are:

& = e, VMScal(€)R?6% 4+ O(e%671),
Y =0 2R2AY + O(e7 ).

4. Asymptotic behavior

In this section we discuss the asymptotic behavior of a global so-
lution of (0.1), and prove Part (iv) of the main theorem, asserting the
convergence of solutions to parametrized hypersurfaces of constant mean
curvature.

It is simpler to argue subconvergence of solutions, based on the fact
that (0.4) is a gradient system on My, satisfying (0.2):

dA(%(1))

=— [ (H—-H*)?do <0.
dt /E( )7do <0
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By parabolic regularity the solution curves of (0.4) are relatively
compact in C?T(S) (cf. the last statement in Lemma 3.6), and so by
the Invariance Principle ([7]) the w—limit set of a complete orbit is
contained in the maximal invariant set of:

(4.1) Q= {(R.&e ) € MosH=H"S =im(X(ngey))} -

Thus, for any initial embedding X for which a global solution exists, the
w—limit set w(Xp) is contained in the set of hypersurfaces (topological
spheres) in M with constant mean curvature.

In the proof of convergence we will need a lemma contained in R.
Ye’s paper [14]. We need to point out a slight difference between Ye’s
parametrization of quasi-spherical hypersurfaces and ours. Fix p € M
and a totally convex neighborhood U, C M. For 7 € U, x € C?(S) and
0 < r < dg, consider the embedding:

Yoy i S — M, Yq.)(u) =exp,[r(l—x)e(u,T)],
L) = (Y y),

where the frame é(-, 7) is defined by radial parallel translation of a fixed
frame at p. (In contrast with the notation in the present paper, it is
not assumed that aveg[y] = 0.) To obtain a local foliation by constant
mean curvature spheres, R. Ye considers the function:

H(r,7,x) = r x (mean curvature of ¥, - ),

defined on an open subset of (0,d) x U, x K1, taking values in C*(S);
here K = C3T* C C?*%(S) denotes the kernel of A = A + (n — 1), and
Kt its L? orthogonal complement.

Lemma 4.1 ([14]).

(i) If p € M is a nondegenerate critical point of scalar curvature,
there exists 6 > 0 and smooth functions (1,x) : [0,0) — U, x Kt
with 7(0) = p, such that H(r,7(r),7?x(r)) =n —1 for 0 <r < 6.
The family F = (Er),e(0,5): 2r = Z(rr(r)r2x(r)) defines a foliation
of a deleted neighborhood of p by hypersurfaces of constant mean
curvature (n — 1)/r.

(ii) Conversely, there is a neighborhood V,, C U, of p and 6 € (0,9)
so that if ¥ = im(X), X = X(pey) € Nswa(01,€1),§ € Vp, is a
hypersurface of constant mean curvature (n —1)/r with r € (0,6),
then X = X, is a leaf of the local foliation at p.
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Proof. R. Ye [14] uses the implicit function theorem to argue the
existence of functions 7(r), x(r) such that H(r,7(r),r?x(r)) = n — 1.
Conversely (as observed in the ‘intermediate remark’ on p. 389 and in
the proof of Theorem 2.1 in [14]), there exist 6 > 0,V,, C U, so that if,
for some fixed ry € (0,0) and some £ € V,, we have ¥ = E(m’ng) with
constant mean curvature (n — 1)/rg contained in U, then x = x(ro)
and € = 7(rg), and ¥ is a leaf of the local foliation at p.

Switching to our parametrization, we observe that if

2= im(Xrgen) =Y, en0):
we have: R(1+ ) = ro(1 + r3x). To conclude (ii), we just have to
observe that ry € (0,0) (defined as (n — 1) times the reciprocal of the
mean curvature of X) satisfies 7 — 0 as R — 0 (uniformly for £ and x
varying in compact sets). This follows immediately from the expression
R =ro(1+ rgaveg[x]).

We now conclude the proof of Part (iv) of the main theorem

Lemma 4.2. There exist constants 64 > 0,e4 > 0 depending only
on M so that any limit point:

ImU(t;) = U, = (0R., &y €4, €05),  t; — 00,

of (3.3)5, with € < €4,6 < 4,62 < 83 corresponds to X, € Niq(64,€4)
parametrizing a hypersurface X4 of constant mean curvature, which is
contained in some V, as in Lemma 4.1 (with p a critical point of Scal)
and is a leaf of the local c.m.c. foliation at p.

In particular, since the set of leaves of local c.m.c. foliations enclos-
ing a given volume is finite (with at most one in each V},, p a critical
point of Scal), we must have convergence ¥(t) — U,, where ¥, corre-
sponds to X, parametrizing a c.m.c hypersurface 3, enclosing the same
volume as X (0) — as claimed in Part (iv) of the main theorem.

Proof. We first argue that &, € Upr if d4,€4 are small enough
and €7 < 63. Otherwise we can find sequences & — 0,¢, — 0 with
€2 < 83, and solutions W¥(¢) of (3.3)(64,¢,) @dmitting a limit point Uk =
(0xRE, €8 eF k) as t — oo, where &, ¢ UpECrit(Scal) Vp for any k > 1.

The corresponding embedding X* parametrizes a hypersurface of
constant mean curvature- a stationary solution of (0.1). From (3.3) we
see that aveg[n(vy — E)e] = 0 (evaluated at ¥, € My.) From (3.4)
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(after division by 7), we obtain:

eV Seal(¢l) = aves[nLy [wH)el] S RE + aves[nLa[uf]et]en (RL)?
k

+ aveg[nS,; 0k el en (RE)?

+ (5k)_231/1( fa 61:7 5/€Rfa €k¢f)

Since € < &3 (in particular also e; < &) and [|{0¥||c2ta, |RY| are
bounded independently of k, we see that &F ¢ Upecrit(sml) would lead
to a contradiction for k large enough.

In particular, for d4, €4 sufficiently small, given the estimate (3.5) we
obtain £ € V}, and 3, C V), for some p € Crit(Scal). It then follows from
Lemma 4.1.(ii) that X, is a leaf of the local c.m.c. foliation at p.

Remark. We expect a stronger result linking the dynamics of (0.4)
to the gradient flow of scalar curvature on M, namely that there exists
an n-dimensional attracting invariant submanifold of Mg on which (3.3)
is conjugate to the gradient flow of Scal via a time-preserving homeo-
morphism (for J, € small enough).
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