J. DIFFERENTIAL GEOMETRY
60 (2002) 315-344

ON THE ZARISKI CLOSURE OF THE LINEAR PART
OF A PROPERLY DISCONTINUOUS GROUP OF
AFFINE TRANSFORMATIONS

H. ABELS, G.A. MARGULIS & G.A. SOIFER

Abstract

Let I be a subgroup of the group of affine transformations of the affine space
R27+1, Suppose I' acts properly discontinuously on R2%+1, The paper deals
with the question which subgroups of GL(2n+ 1,R) occur as Zariski closure

£(T") of the linear part of such a group I'. The two main results of the paper

say that SO(n + 1,n) does occur as ¢(I") of such a group I if n is odd, but
does not if n is even.

1. Introduction

A well known classical theorem due to Bieberbach says that every
discrete group I' of isometries of the n-dimensional Euclidean space
R™ with compact quotient I' \ R™ contains a subgroup of finite index
consisting of translations. Hence such a group I' is virtually abelian,
i.e., I' contains an abelian subgroup of finite index.

Let us now look at the group of affine transformations instead of the
group of isometries of R™. More precisely, let G,, = Aff(R™) denote the
group of affine transformations of R™. The group G, is the semidirect
product GL,,(R) x R™ where R" is identified with its group of transla-
tions. A subgroup I' of G, is said to act properly discontinuously on R™
if for every compact subset K of R" the set {y € I' | yK N K # (} of
recurrencies is finite. If a discrete group I' consists of isometries then I'
acts properly on R™. But this is not true for all discrete subgroups of
G, e.g., for an infinite discrete subgroup of GL,,(R).

Received December 13, 2001.

315



316 H. ABELS, G.A. MARGULIS & G.A. SOIFER

A subgroup T of G,, will be called crystallographic if T' acts properly
discontinuously on R™ and the orbit space I" \ R" is compact. In [4]
Auslander conjectured that every crystallographic subgroup I' of G,, is
virtually solvable, i.e., contains a solvable subgroup of finite index. In
[19] Milnor asked whether Auslander’s conjecture is true without the
assumption that the orbit space I' \ R be compact. Milnor’s question
has a positive answer for n < 2 (easy for n = 2, trivial for n = 1).
But for n = 3 the answer to Milnor’s question is negative. In fact, the
second named author proved that there is a nonabelian free subgroup
' of Aff(R?) acting properly discontinuously on R3 ([15, 16]). On the
other hand, D. Fried and W. Goldman [11] proved Auslander’s conjec-
ture for n = 3 using cohomological arguments. For higher dimensions
the existing results confirming the Auslander conjecture are proved un-
der the assumption that the linear part [(T") of I' belongs to some special
subgroup of GL,(R) where [ : G;, — GL,(R) denotes the natural ho-
momorphism ([12, 14]). For a survey on existing results see [1].

The two main results of the present paper are:

Theorem A. For n even there is no properly discontinuous sub-
group T' of Gopy1 with linear part [(T') Zariski dense in SO(n + 1,n).

Theorem B. For n odd there are properly discontinuous free sub-
groups I' of Gapy1 with linear part [(T') Zariski dense in SO(n + 1,n).

Theorem A, its proof and the statement were contained in the pre-
print [17] of Margulis circulated in 1991. The proof of Theorem B is
based on our results [2] and the strategy is essentially the same as in
[15, 16]. The results of the present paper and more were announced in
[3].

The authors would like to thank different institutions and foun-
dations for their support during the preparation of this paper: the
MSRI Berkeley, the SFB 343 Bielefeld, the MPI Bonn, Yale Univer-
sity, Columbia University, the NSF under grant DMS 9800607 and the
German—Israeli foundation for Scientific Research and Development un-
der grant number G-454-213.06/95. Without their help this paper
whose authors live on three different continents would not have seen
the light of day.
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2. A sufficient condition for failure of proper discontinuity

In this section we prove a general criterion for certain pairs of affine
transformations to generate a subgroup of the affine group which is not
properly discontinuous. Recall that G,, = Aff (R™) and that [ : G,, —
GL,(R) is the natural epimorphism. For any g € G, let us consider
the decomposition of R™ into a direct sum of the [(g)-invariant linear
subspaces

(2.1) R" = A~ (g9) ® A%g) & A™(9),

where A~ (g), A%(g) and A*(g) are determined by the condition that
their sum is R™ and all eigenvalues of the restriction I(g) | A7 (g)
(resp. I(g) | A%(g), I(g) | A*(g)) are of modulus less than 1 (resp. equal
to 1, greater than 1). We set D~ (g) = A (g) ® A%(g) and D*(g) =
At(g) ® A%g). It is clear that A°(g) = D~ (g) N D*(g). Let us call an
element g € G,, pseudohyperbolic if dim A(g) = 1 and the only eigen-
value of [(g) | A%(g) is 1 (not —1). Let Q be the set of pseudohyperbolic
elements of G,, and let Qy = {g € Q| gz # z for every x € R"} be the
subset of pseudohyperbolic fixed—point—free elements of G.

For g € € there is exactly one g-invariant line C; and Cy is parallel
to A%g). We call C, the awis of g. The restriction of g to Cy is a
parallel translation by a vector 7(g) € A%g). The vector 7(g) is the
A%(g)-component with respect to the decomposition (2.1) of g — x for
any x € R™. We call 7(g) the translational part of g. We have g € Q if
and only if 7(g) # 0.1t is easy to see that

Cym =Cy and 71(¢g™)=m7(g) for m #0.

If g € Qo then every x € D7 (g) has a unique decomposition z =
Az)7(g) + a(z) where A(z) € R and a(z) € AT(g). We say that a
vector x € DT (g) is positive with respect to g € Qo if A(x) > 0.

Two elements g1, go € (g will be called transversal if

R" = AT (g1) ® DT (g2) = D (g1) & AT (g2)
or, equivalently, if dim (D% (g1) N D" (g2)) = 1 and
R" = A% (g1) ® A (g2) ® (D™ (g1) N D" (g2)) -

For two transversal elements g1, g2 € )9, we say that g; and g form a
positive pair if the semiline {x € DT (g1) N D% (g2) | = is positive with
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respect to g1} coincides with the semiline {z € DT (g1) N D% (go) |  is
positive with respect to go}.

We shall denote by E and E; the affine subspaces containing C
and parallel to D™ (g) and D™ (g), respectively. We will use throughout
the whole paper the following notational conventions: affine subspaces
corresponding to g will be denoted by attaching g as lower index, like Cy,
E; etc., whereas vector subspaces corresponding to g will be denoted
by putting g into brackets, like A*(g), D™ (g), etc. Let us introduce an
order on E by saying that u € E; is greater than v € E}f if u — v is
positive with respect to g. The condition that g; and go form a positive
pair is equivalent to the condition that the orders on E;l N E;g induced
from E; and E coincide.

Lemma 2.2. Let g1,g90 € Qg be two transversal elements which
form a positive pair. Then there exist a compact set K C R™ and two
sequences {m;} and {n;} of positive integers such that

m; — o0 and mn; — oo as i — oo and
(gfmigg”K) NK # 0.

Proof. For x € R™ and g € Qo, let BJ () denote the affine subspace
containing x and parallel to A*(g). Let us define the projection Py :
E; — Cy by the equality

Py(x) =CyN B;r(a:) for z € E*(g).
Cy N Bf (x) is a point since D*(g) = A% (g) & A%(g) and Cj is parallel
to A°(g). The subspace A*(g) is I(g)-invariant. Therefore,
(1) Py(gx) = Py(x) +7(g9) foraze E;'.

Let d denote the Euclidean metric on R™. The absolute values of all
eigenvalues of the restriction [ (g_l) | AT (g) are less than 1. This easily

implies that there exist positive constants ¢ and b such that for any
z € Ef and n € Nt

(2) d(g "z, Py (g "z)) < ce d(z, Py(x)).

Let us fix a point 7(g) € Cy and let R(g) denote the interval [r(g), r(g)+
74) C Cy. It follows from (1) that, for every € E(g), there is a unique
integer k(z, g) such that

P, (gk(x’g)fc) € R(g).
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Note that if z is greater than 7(g) in E*(g) then k(z,g) < 0.

Since g1 and g2 form a positive pair one can find a vector v €
D" (g1) N D% (g2) such that v is positive with respect to both g; and
go. Let us fix zy € E;‘l N Eng and set 2; = xg +iv,9 € NT. We have
x; € E;rl ﬂE;;. Let

mi = —k(zi, 1) and  ni = —k(zi, g2)-

Let v; € A%(g1) and vy € A°(g2) be such that v € vy + A* (g1) and
v € vy + AT (g2). Since v is positive with respect to both g; and go we
have that v1 = A7 (g1) and vy = Aa7 (g2) where A; > 0 and Ay > 0.
Then it is easy to see that

(3) lim — =X and lim — =X\

i—oo My 1—00 Ny

It is clear that the growth of the functions f;(i) = d (24, Py, (21)) ,j =
1,2, is asymptotically linear. Thus (1), (2) and (3) imply that

(4) lim d (g; ""xi, R(g1)) = lim d (g, ""24, R (g2)) = 0.
1—00 1—00

We get from (4) that there exists a compact set KX C R™ such that for

all ¢

(5) g1 x; € K and gy, "Mz € K.

We have g; "z; = (g7 ™g5") g "'x;. This and (5) imply that K is a
compact set as claimed. q.e.d.

Corollary 2.3. Let g1,92 € Qg be two transversal elements which
form a positive pair. Then the subgroup of G, generated by g1 and go
18 not properly discontinuous.

Proof. Let {m;} and {n;} be as in Lemma 2.2. Then it is enough to
check that the set {g; "¢y | i € NT} is infinite. We may assume that
m; < m;p1 and n; < n;y for every ¢ since m; — +oo and n; — 400 as
i — oo. Then for i < j we have g; ™ gy # g, "~ gy’ because otherwise
g7 " =gy’ ™. But g* = g§ for positive m and n implies A*(g1) =
AT (g") = At (g%) = AT (g2) contradicting transversality. q.e.d.
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3. Orientations on subspaces of R?"*!

In this section we introduce orientations on certain lines. In the next
section we shall compare these orientations with the ones defined in the
last section.

We fix a positive natural number n. Let X = R**! and ¥ = R”
and let B be the quadratic form on X x Y = R?"*! given by

2 2 2 2
B($17"'7xn+17y1a-"ayn):x1+"'+l‘n+1—y1—---—yn’

where (21,...,2p41) € X and (y1,...yn) € Y. Consider the set ¥ of all
maximal B-isotropic subspaces V of R?"*1. We have the two projections

p:R*™! 5 X and ¢:R*™ — Y.

The restriction of ¢ to V € W is a linear isomorphism V' — Y. Hence
if we fix an orientation on Y we have also fixed an orientation on each
V € U. For V € VU let us denote the B-orthogonal complement of V'
by V1t = {z € R, B(2,V) = 0}. We have V C V< since V is
B-isotropic. We also have

dimV+t=1+dimV =n+ 1.

The restriction of p to V* is a linear isomorphism V+ — X. Hence
if we fix an orientation on X we have also fixed an orientation on V-
for each V € ¥. Thus we have orientations on both V and V+ and
we can single out one of the two halfspaces of VX \ V as positive by
the following definition: if (v1,...,v,) is a positively oriented basis of
V then a vector v in V* not in V is positive (with respect to V) if
the basis (v1,...,vn,v) of V- is positively oriented. Accordingly, every
affine line L in V= transversal to V is oriented: For two points zg, z1 of
L we have xg < x7 if v = £1 — zg belongs to the positive half of ViV,

If V1 € U and V5 € ¥ are transversal then V1l N V2l is a line which
is transversal to both V7 and V5. So there are two orientations w; and
wo on L, where w; is defined if we consider L as a line in V;l. We hayve:

Lemma 3.1. The orientations defined above on L are the same if
n is even and are opposite if n is odd.

Proof. One can easily show that there exists a basis (e1,...,€,+1)
in R?2"+1 such that Vi (resp. V5) is the linear span of (e, ..., e,) (resp. of
(ént1,--.,€2,)) and the form B with respect to this basis is given by
the equation

2
B (5517 cee am2n+1) = —T1Tp+1" " — TnTon T Topy1-
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Let us note that Vi- (resp. V5") is the linear span of (eq,...,en,e2n41)
(resp. of (€p+1,---€2n+1))-

Let us denote by Hp the group of elements of GLg2,,4+1(R) preserving
the form B, and let HY denote the connected component (in the Eu-
clidean topology) of the identity in Hp. Direct calculations show that,
for every j,1 < j <n, and every ¢t € R, the transformation h;(t) defined
by

€ — € enti — Cngq if 1 <1<, i#£]

e+ ent; cost(ej —enyj)  sintesniq
e;j — + +
J 2 2 2
€+ entj cost(e; — entj) _ sintegpi
2 2 2

eant1 — —sint(ej; — enyj) + costeanii

€ntj —

belongs to Hg. We have

hj(ﬂ')ei, = Ci,hj(ﬂ)€n+i = €En+i if 1 < ) < n, 7 75 j,

hj(m)ej = enyj, hj(m)ent; = ej,

hj(m)eans1 = —€amnt1.

Therefore, if we denote hy(7)...hy(w) by hr, we have
(1) hax(ei) = enyi, halensi) = €i and hp(ezni1) = (—1)"e2n 1.
Since h;(0) = Id and h;(t) € Hp depends continuously on ¢ we have
(2) h. € HY.

The orientations on V and V1 defined above depend continuously on
V € U. Hence these orientations are invariant under the action of the
group H%. Now assuming that the basis (e1,...,e,) (resp. (e1,...,en,
eant1)) is positively oriented in V3 (resp. in Vi-) we get from (1) and
(2) that the basis (en41,...,€2,) (resp. (€nti,- .., e, (—1)"€2n4+1)) is
positively oriented in V5 (resp. in V4-). This immediately implies the
desired statement. q.e.d.

4. The sign of an affine transformation

In this section we define the notion of sign for certain affine trans-
formations g. It tells us whether the translational part of g is positive
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or negative with respect to the orientation of the preceding section. We
translate this into the orientations of the second section thus obtaining
a criterion for (non—) proper discontinuity. The proof of Theorem A
will follow.

Let Hg = SO(n + 1,n) be the special orthogonal group of the
quadratic form B on R?"*! and let G5 be the subgroup of those el-
ements of Ga,4+1 whose linear part is in Hp. Let g be a pseudohy-
perbolic element of G, ie., g € Gg N, then dim A%g) = 1 and
dim A= (g9) = dim A*(g) = n. The subspaces A~ (g) and A*(g) are
isotropic, thus A~ (g) and A" (g) are in ¥. In the preceding section we
fixed orientations on AT (g) and on DF(g) = A*(g) @ A%(g) = (A*(9))"
and similarly on A~ (g) and on D~ (g) = A~ (g) ® A%g) = (A= (9))*.
We define the sign o(g) of g € GpNQ as +1 or —1 or 0 according to
whether the translational part 7(g) of g is a positive or a negative vector
of DT (g) ~ AT (g) or is zero. Recall that g € Q is fixed point free, i.e.,
g € Qp, iff 7(g) =0. For g € G N and m > 0 we have

(4.1) o(g™) =o0(9)

since 7 (¢™) = m7(g) and

A°(g) = A°(g™)
At (g) = AT (g™
A (g)=A"(¢™)

For g € G N2 we have

(4.2) o(g7h) = (=1)""a(g).

This follows from 7 (¢71) = —7(g) € A%(g) = A° (¢7') and Lemma 3.1
since A*(g) and A= (g) = AT (¢g~') are transversal.

We shall need to compute o(g). Let g € Gp N Q. Note that B
restricts to a positive definite form on A%(g). Let €%(g) be the unique
vector of A%(g) with B (€"(g),e%(g)) = 1 and positive with respect to
the orientations of A*(g) and D" (g). Define a(g) € R by

(4.3) 7(9) = a(g)e’(g).

Then

(4.4) o(g) = sgn a(g).
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We have

(4.5) a(g) =B ((g). gz — x)

for every point z of the affine space. To see this recall the decomposition
(2.1):

(4.6) R™ = A~ (g) ® A%g) @ AT (g).

Now (4.5) follows from (4.3) since the translational part 7(g) is the
A%(g)-component of gx — z for every point 2 and A%(g) is orthogonal
to both AT (g) and A~ (g). Note that

(4.7) a(g™)=ma(g) for m>0
and
(4.8) a(g™h) =" alg)

which is proved like (4.2).
The following proposition is basic for our approach.

Proposition 4.9. Let g1, 9o be transversal pseudohyperbolic ele-
ments of Gg. If 0 (g1) o (g;l) < 0 then the group generated by g1 and
go is not properly discontinuous.

Proof. Note that g1, go € Gp Ny since their signs are not zero. The
proposition now follows from Corollary 2.3 and the following lemma.

Lemma 4.10. Let g1,g2 be transversal elements of Gg N Qg. If
o(g1)o (g;l) < 0 then g1 and go form a positive pair.

Proof. Given g; € Gp N Qy we have defined orientations on V; =
A*(g;) and V- = DT (g;) and thus can talk about the positive half
space of VX \ V. The vector €(g;) defined before (4.3) is positive with
respect to Vi. Let L be the line Vi* N Vit An element ¢ # 0 in L is
positive with respect to V; iff (—1)"¢ is positive with respect to Vs, by
Lemma 3.1. Write

0 =wv1 + Bi7(g1)
= vy + [27(g2),

v; € V;, B; € R. Then g1, go form a positive pair iff 5162 > 0. But

7(9:) = a(gi)eo(gi)~
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Thus, ¢ is positive for Vi iff fra(gr) > 0 iff (=1)"¢ = (—1)"vy +
(—=1)"Bacr(g2)e®(go) is positive for Va iff Bo(—1)"a(ga) = —faar(gy ') >
0, by (4.8). Thus g1, g2 form a positive pair iff a(g1)a(gy ') < 0, which
proves our claim in view of (4.4). q.e.d.

Proof of Theorem A. Let I' be a subgroup of G,, and let H(I") be
the Zariski closure of its linear part ¢(I'). Suppose we have H(I')° = H},
for the connected components with respect to the Euclidean topology.
It then follows from the main algebraic result of [13] that I'" contains
an element 7y such that £(vg) is pseudohyperbolic. To see this look at
the natural representation p of Hg on A" R?"*!. The representation p
restricted to Hg is irreducible. Then p(h) is proximal in the sense of [2]
iff there is only one eigenvalue of A of modulus 1, counting multiplici-
ties, see [2, 5.1]. The main algebraic result of [13] implies that p(¢(T"))
contains a proximal element since p(Hp) does and the representation
p | Hy is irreducible, see [2, Theorem 4.1].

We have vy € Qg if I is properly discontinuous because otherwise
70 has a fixed point and hence the cyclic subgroup of I' generated by g
does not act properly discontinuously on R?"*1. We can find an element
~ € I' such that

(4.11) (AT (70) U A™ (%)) N L7 (AT (0) UA™ (70)) = 0

since H(T')? = Hg. Put v = vy~ '. Then A% (1) = vA*(y0) and
A7 (71) =vA (7). Then (4.11) implies that ~; is transversal to both g
and 70_1. On the other hand we see from (4.2) for n even that the signs
of vo and g U are different. It now remains to apply Proposition 4.9
either to the pair (g1 = 70,92 = 71) or to the pair (g1 = ’)/0_1,92 =).
q.e.d.

5. Pseudohyperbolicity of products

We are now heading for a proof of Theorem B. In this section we
give a sufficient condition for when the product of two linear maps is
pseudohyperbolic. In the next section we prove a generalization of the
basic additivity lemma.

We need the following concept of pseudohyperbolicity which is both
more general and more precise.

Before we give the actual definition which is somewhat technical we
give some explanation. Let V be a real vector space of dimension m.
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We fix a natural number p with 1 < p < m — 1. Let g € GL(V). We
order the complex eigenvalues of g according to their moduli |A;| >
|A2| > -+ > |\n]. The condition of (p, €)-pseudohyperbolicity stipulates
among other things that |A\,| > [A,y1]. We thus can talk about the
p eigenvalues {A1,...,\p} of maximal modulus and also of the m — p
eigenvalues of minimal modulus {Apy1,..., A }. Then V is the direct
sum of two g-invariant subspaces V' and V~ such that every eigenvalue
of g | V* resp. g|V ™~ is a \; with i < p resp. i > p. In particular V™ and
V'~ have dimension p and m — p, resp. The number ¢ in the following
definition of pseudohyperbolicity denotes the distance between these two
subspaces. The number s is related to the size of the gap between |Ap|
and |Ap41|, more precisely, s is an upper bound for |Api1] - [Ay|71, see
(5.3). The actual definition of pseudohyperbolicity is formulated not in
terms of eigenvalues but in terms of norms. The reason is that we want
to have pseudohyperbolicity of products of pseudohyperbolic elements,
see Lemma 5.6.

Here is the definition. Let V' be a real vector space of dimension m.
Fix a norm || - || on V and let d be the corresponding metric. Let S(V)
be the sphere {z € V;||z|| = 1}. Forp e {1,....m—1},0 < s <1,
e > 0let Q(p,s,e) be the set of elements g € GL(V') with the following
properties: There is a p-dimensional linear subspace VT of V and a
complementary linear subspace V'~ of V, both g-invariant, such that

(5.1) lglV=Il < s [lg~ VFI~

and d(v—,vT) > € for any two vectors v~ € S(V ™), vt € S(VT), where,
of course, S(V—) = S(V) NV~ etc. Note that

(5.2) lg~ VF~ = min{[|gol; v € S(VF)}.
We have for every eigenvalue A\~ of gon V~ and A" of g on V'
(5.3) AT <lglVTI < sllg VT < s (AT,

Since s < 1, it follows that the eigenvalues of g | VT are the p eigenvalues
of g of maximal modulus and the eigenvalues of g | V™~ are the m —p
eigenvalues of g of minimal modulus. In particular, the g-invariant
subspaces VT and V~ are uniquely determined by this condition.

5.4 (Inverses of pseudohyperbolic elements). Note that g € Q(p, s, ¢)
iff 7! € Q(n —p,s,¢) with V= (g7 = V1 (g) and V(g7 =V (g).

325
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An element g € |J Q(p, s,¢) will be called (p,e)-pseudohyperbolic
s<1
and we put for such g

(5:5) sp(9) = gVl - llg VFI.

So sp(g) is the smallest s such that g € Q(p,s,e) for some € > 0.
Note that g is (r,e)-proximal in the terminology of [2] iff g is (1,¢)-
pseudohyperbolic with s1(g) < r~!. Two (p,¢)-pseudohyperbolic el-
ements g, h are called (p,e)-transversal if d(v,w) > & whenever v €
S(V=(9))US(V~(h)) and w € S(V*(g)) US(V*(h)). In the follow-
ing lemma we will use the Hausdorff distance associated with || - ||, also
denoted by d. Thus, for any two compact subsets A, B of V' put

d(A, B) = max {max min d(a,b), max min d(a, b)} .
beB acA acA beB

So d(A, B) is the minimum of the numbers r such that A C B,(B) and
B C B.(A), where B,(X) = |J B.(z) and B,(z) = {y € V;d(z,y) <
reX

r} is the ball of radius r with center z. For two linear subspaces V7, Vs
of V put
d(Vi, Vo) =d(S(V1), S(V2)).

Assume now, that g € Hg, where Hg = O(B) and B is the quadratic
form of the signature (n + 1,n). Let g be (n,e)-pseudohyperbolic, then
g~ ! is also (n,ée)-pseudohyperbolic and VT (g) = AT(g), V(g™!) =
A=(9), V= (9) = D= (g), V= (97') = DT (g). In that case we will define
s(g) as s(g) = max{sn(g), sn(97")}.

Lemma 5.6. For any € > 0 there are two real numbers a(e) and
s(e), s(e) > 1 such that if g and h are (p,e)-transversal, s,(g) < s(e)~!
and sp(h) < s(e)™! then:

(1) gh is (p, %)—pseudohyperbolic.

2) a(e)'sp(g)sp(h) < sp(gh) < a(e)sp(g)sp(h).

(VF(gh), VT (g)) < a(e)sp(g)-

(V=(gh), V= (h)) < a(e)sn—p(h)-

We often call real numbers like a(e) constants because, although

they do depend on ¢, they do not depend on the other variables, in
particular not on g, V*(g),....
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Proof. We start with the case p = 1. We only show the claims (1),
(3) and the second inequality of (2). The remaining inequality of (2)
and also (4) will be obtained later by passing to inverses, using 5.4, but
for a different dimension. If g is (1, e)-pseudohyperbolic then VT (g) is
a g-invariant line corresponding to a real eigenvalue of g which we call
A(g), so gv = A(g)v for v € VT (g).

Lemma 5.7. For every € > 0 there is a constant a(e) > 1 with
the following property. For any two (1,¢)-transversal elements g,h in
GL(V) with s1(g9) < a(e)™! and s1(h) < a(e)™! we have:

Proof. Let B(z,r) = {y € V;d(z,y) < r} be the ball of radius r
with center x. For any (1, e)-pseudohyperbolic element ¢ fix one vector
zt(g) in S(V*(g)). Put

= 9(x) or x
9@ = ey Prero
and .
Ulg) =B (f(g), 5) :

It is easy to see that there is a constant a(¢) > 0 for every € > 0 such that
if g and h are (1,¢)-transversal with s1(g) < a(e)~! and s;(h) < a(e)!
then

(5.8) hU(g) C B(z"(g),7) or h1 U(g) C B(=z"(g),7)

with 7 = min (a(a)sl(h), g)

(5.9) a(e) 2| [l2] < [Ih()]| < a(&)2A(B)]| - ||al| ~for = € U(g)

(5.10) Ih(@) = )]l < a(e)2s1(M)]lx =yl for 2,y € U(g).
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The same holds with g und A interchanged. So we have by (5.8)

o

(5.11) mU(g) € +U(h)
and
(5.12) qU(h) € £ U(g).

Thus g1 ohy : U(g) — + Ef(g) and

(5.13) lg11(2) — g1l (y)[| < ale)si(g)si(h)]z -yl

for z,y € U(g). We then obtain the following facts from Tits’s lemma |2,
2.1] and thus basically from the Banch fixed point theorem: gh is prox-

imal, V(g h) does not intersect & (9) and the projective map induced
by g h on the projective space IP has a unique fixed point in the image of
U(g) in P and this fixed point is V(g h). This proves Claim (1). Claim
(4) follows from inequality (5.8) and the corresponding inequality with
g and h interchanged, and Claim (3) follows from inequality (5.9) for g
and h. Finally inequality (5.13) implies that s1(gh) < b(e)s1(g)s1(h) for
some constant b(¢) depending only on € and of course the given norm.
We may assume that b(¢) > a(e) and thus replace a(e) by b(e) to retain
everything and also obtain Claim (2). q.e.d.

5.14. We shall constantly use the following notion. Fix p. Let
k > 1 be a natural number and let two functions fi, fo be given on
some subset E of the direct product of k copies of GL(V). We say
that f is dominated by fo and write f; < fy if for every € > 0 there
is a ¢(e) > 0 such that fi(g1,...,9x) < c(&)fa(g1,-..,9r) whenever
(91,.-.,9%x) € E and the elements g;,i = 1,...,k, are pairwise (p,¢)-
transversal. If fi < fy and fo < f1 then we write f; ~ fo and say that
f1 and fo are equivalent.

Proof of Lemma 5.6 for arbitrary p. Note that if g € Q(p,s,¢)
then APg : A’V — APV is proximal, i.e., has a unique eigenvalue
of maximal modulus and this eigenvalue has multiplicity one. The
corresponding line V(AP g) is A’ VT (g), the hyperplane V<(A" g) is
{z e N’V;2 A \"PV~(g) =0}, the eigenvalue AT(AP g) of maximal
modulus is the product of the p eigenvalues of g of largest modulus and
all the eigenvalues of A” g on V<(A? g) are of modulus < s- |[AT (A" g)|.
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In order to proceed we need the quantitative specifications of prox-
imality as follows:

(5.15) d (2 (A’g), S (V=(A'g))) ~ 1

lg | V=N 9Nl
(5.16) AT (9)-

To see this we may assume that our norm comes from a positive definite
quadratic form @ on V. Now change the form @ to the form @, with the
following properties: V= := V™~ (g) is orthogonal to V* := VT (g) with
respect to Qg, Q4VT = Q|VT, Q4lV™ = Q|V~. Then sup Q,(x)
Q(z)=1

and Q(in)f Qq4(z) are ~ 1 as functions of g, i.e., there is a compact set
z)=1

K = K(e) of quadratic forms, depending on ¢, such that @, € K for
every (p,ée)-pseudohyperbolic g. For the induced form on APV, also
denoted @4, and which also belongs to a compact set K’(g) of quadratic
forms, we then have V(AP g) L V=<(A? g), which implies (5.15).

For orthonormal vectors z1,...,z, in V', @p4q,...,2, in V7 we
have for the norm || - || corresponding to Qg:

617) gz A= Awp)ll = llglar A= Aap)ll - llg(@rsn A--- Aap)l-

The second factor can be estimated by

(5.18) [lgzria A+ -Agapll < [[gzrsa |- lgzrgall - llgzpll < llg [ VTP,
since

21 Ao Azl = lza A Az -l (ze4) ]
where 7 is the orthogonal projection of z;1 onto the span of z1,..., 2.

As to the first factor in (5.17), take the Cartan decomposition of ¢ |
VT = ky-d-kg where ki, ko are unitary with respect to Qg | VT =Q | VT
and d is diagonal with entries di > da > --- > d, > 0 with respect to

an orthonormal basis y1, ..., y, of V. Assuming that z1,...,x, forms
part of the basis k;lyl, ey k;lyp, as we may, we obtain
(5.19) lgi A na)| =] di < di...dn,

i

where the index 7 runs through an r-element subset of {1,...p}. We
thus obtain

lg1V=(Ag)|| < C-s-[XT (A(9))]
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for some constant C, since we have a corresponding inequality for every
element of an orthonormal basis of V<(A? g) by (5.17)-(5.19). Changing
back to the original quadratic form @ gives the inequality < in (5.16).
The opposite inequality is easily proved using the Cartan decomposi-
tions of g | VT and ¢ | V™~ with respect to Q.

It follows now from Lemma 5.7, the case p = 1, that there is a
constant s(¢) > 1 such that if g and h are (p, e)-transversal and s(g) <
s(e)71, s(h) < s(e)~! then AP(gh) is proximal since (p, €)-transversality
of g and h implies (1,c(e))-transversality of A’ g and AP h for some
c(e) > 0. The proof of 5.7 and of the Banach fixed point theorem
show furthermore that then VT (AP(gh)) = lim (gh)"V (AP g) which
implies that the sequence (gh)™ V*(g) converges to a p-dimensional
linear subspace of V' which we call V*. Similarly, using inverses and
5.4, the sequence (gh)™"™ V'~ (h) converges to an n — p-subspace V™~ of
V. By 5.7(4) we have

(5.20) d(VT(g9),VT) < as(e)sy(g)
and
(5.21) d(V=(h),V™) < az(€)sn—p(h).

Finally, for z € U(g) := B(S(V*(g)),&/2) we have

(5.22)
az(e) " lmy ()| - |A7H [ V(R < (]
< az(e)|lmy ()] - [Ih | VF ()]

where 77 and m; are the projections in V' = V*(h) & V~(h), and
similarly with ¢ and h interchanged. This implies

I(gh) (@) = aa(e)™ - llg™ | V(g™ - |l
for z € VT by (5.20) and that there is a point z € S(V*) with
lgh(@)[l < as(e) - g~ [ VI IR VE@)IT- e,
since 7;F 1 VT — VT (h) is surjective and Eqr(le/ﬂ |77 (z)|| > as(e)]|z|,
Te
and similarly for g. Thus

ay(e) " g™ V@I I VEm)IT
<gh) ™ TVEIT < aa(e) - lg™ TVE@IT - IR [ VR
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Similarly for (gh)~!:

as(e)™ g [V (@l - IR | V= (Rl
<llgh [V~
<aa(e) - llg |Vl - [[n [ V(R

Hence for a(e) = max(2,a;(c)) and s,(g) < a(e)™!, sp—p(h) < a(e)™?,
we obtain that gh is pseudohyperbolic with V*(gh) = V*, V= (gh) =
Ve,

sp(gh) ~ sp(g)sp(h)
and d(V*(gh), V¥ (9)) < sp(g), d(V~(gh), V= (h)) < sp(h).  qe.d.

We obtain:

Corollary 5.23. Let g and h be e-hyperbolic, e-transversal elements
then there is a constant s(e) < 1 such that if s(g) < s(e), s(h) < s(e)
then gh is £/2-hyperbolic and gh and h, gh and g are €/2-transversal.

Proof. By Lemma 5.6 there is a constant s(¢), such that for s(g) <
s(e), s(h) < s(e) we have d(A*(g), AT (gh))=d(V"(g),V*(gh)) < /4
and therefore d(A*(gh),D~(h)) > —d(At(gh),AT(g)) + d(AT(g),
D~ (h)) > €/2. The same is true for the other subspaces. q.e.d.

The next lemma will be applied in the following situation. Let
hi,...,hn be e-hyperbolic, pairwise e-transversal elements and let H
be the group generated by hi,..., hy. Under certain hypotheses for the
h;s we can guarantee that certain elements h of H are still hyperbolic,
but h will not be e-hyperbolic, in general. E.g., think of h]™ ho h}.
The lemma shows that we can keep our elements e-hyperbolic and e-
transversal, namely by multiplying by a fixed element gq.

Lemma 5.24. Let go, hq,...,hy be e-hyperbolic, pairwise e-trans-
versal elements and let s = max{s(go),s(h1),...,s(hm)}. Let g =
go-hzl...h?f, i i1, L €Z, >0, n; €Z,ni 0 fori=1,...,¢
and My = |n1|+ -+ |ng|. Then there is a constant b(¢) > 1, such that
if s < b(e)72, then for every so, such that s < s3 < b(e)™2, and ¢ € Z,

£ >0, we have:

(1) s(ge) < sy

(2) d(AT(ge-1), AT (gr)) < gsé\h*l.
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(3) d(A*(g0), AT (ge)) <

N ™

(4) d(A™(ge), AT (hi) UA™(he)) = 5 for i # iy.

| ™

(5) g is €/2-hyperbolic.

Proof. Let us consider a(g/2), given by Lemma 5.6 and put b(e) =
4eta(g/2). Let us assume that s < b()~2 and let sg be any number
such that s < s3 < b(e)™2. Let us first to show, that the statements of
the the lemma follow from the following inequalities:

In fact,

V4
d(A* (90), A*(ge) < 3 d(A* (gi1). A*(g0))

and

Therefore, for all £, £ >0

d(A* (g0), A7 (9)) = d(A¥ (g0), A~ (hi,)) — d(A™ (g0), A* (99))
— d(A(g0), A~ (h))
S E,E5E
- 4 4= 2

which means, that for all £, ¢ > 0, g, is €/2-hyperbolic.
Additionally, if i # i, we have

d(A™(g0), AT (hy) U A™ (hy))

—

> (A (hi,), AT (hi) U A™ (h)) = d(A™ (ge), A (Ri,))
>E&— Z > g
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for all £ and 4, iy # i. So for all £ and i if iy # i elements the g, and h;
are ¢/2-transversal.

We will prove the inequalities above by induction on the index £.
We will assume, that they are true if the index is < £. Therefore, the
elements gy and h; are e/2-hyperbolic and e/2-transversal, if iy # i ,
therefore we can use the statements of Lemma 5.6. First of all, because
of (2) in Lemma 5.6,

s(9e+1) < ale/2)s(ge) - "0 < ae/2)sgH - sg T < Sl
Now, by (3) of Lemma 5.6,

A(A™ (g0), A* (g041)) < ale/2)s(00) < ale/2)s)" 2 < T,

d(A™ (g0), A7 (hy,)) < ale/2)sy" < Zsf.

6. The Basic Lemma

The main claim of the Basic Lemma states additivity of the function
a of (4.3).

So in this section we return to affine maps. Recall that Hp =
SO(n+1,n) is the orthogonal group of the form B of signature (n+1,n)
on R?"*! and G is the subgroup of Ga, 11 = Aff(R?**1) of those ele-
ments with linear part in Hg. Also, €2 was the set of those g € G,, for
which dim A°(g) = 1 and the eigenvalue of £(g) | A%(g) is +1, see para-
graphs following (2.1). These elements were called pseudohyperbolic in
Sections 2-4. Let us clarify how this notion of pseudohyperbolicity is re-
lated to the one of Section 5. If £(g) is in Q(n, s, ) of Section 5 for some
s <lande >0 and g € G then g is pseudohyperbolic. Conversely, if
g € §2 then some power of £(g) is in ©(n, s, ) for some s < 1 and € > 0.
Cf. the corresponding discussion for proximality in [2, Section 2].

We need some auxiliary lemmas before we can prove the Basic
Lemma.

Lemma 6.1.
(a) Let g € G%, L(g) € Q(n,s,e). Then £(g) € Qn+ 1,5 ,b(e)) for

).
some constant b(e) and % and % are bounded, independently of €,
if s is sufficiently small.
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(b) d(v,w) > c(e) for every g € Q(n,s,e),v € S(A%g)) and every

isotropic vector w with ||w| = 1.
(c) For the given norm ||-|| and the norm ||-||p induced by B on A°(g)
we have || - || ~ || - || B, i-e.,
x x
61(5) > sup H || . || || 61(6)_1

vead(g) |l ~ zead(o)||z]|B
for some ci(g) and every g € Q(n, s,¢).
() llg [ A%l ~ 1 and lg~" | A%g)ll ~ 1.
(¢)

s(g)=llg | D~ ()l llg~" | AT (9)l
~lgl A= (@) -llg~" I DT (g)ll = s(g").

Proof.

(a) Take a basis ey, ...ea,41 of V such that B(e;,e;) = 0 for ¢ # j
and B(e;,e;) =1 fori <n+1, B(e;,e;) = —1 for i > n+ 1. Suppose
our norm || - || is given by the Euclidean form () with respect to this
basis. Then for a € Hg we have a~! = Pa! P~1. Write a = ki1dk; in

Cartan form, so k1, k2 € O(Q), d = (dy, . ..,dan+1) is diagonal with
dy > dy > -+ > dopy1 > 0. Then a is (n,s,e;)-pseudohyperbolic
iff d,y1 < sd, iff a' is (n, s, ez)-pseudohyperbolic iff a=! = Pal P!
is (n, s,es3)-pseudohyperbolic, since P € O(Q) iff a is (n + 1,s,e4)-
pseudohyperbolic, by 5.4.

To see the claim concerning b(e), look at the map L which associates
to every subspace W of V' its orthogonal space with respect to B. Regard
it as a map from a subset of a Grassmannian to another Grassmannian.
Then L is continuous and the claim follows from D% (g) = A*(g)* and
D=(g)* = A (9).

(b) Otherwise there are sequences g; of (n,e)-pseudohyperbolic el-
ements such that D (g;) and D~ (g;) converge to spaces DT, D~ con-
taining an isotropic vector w. Then AT (g;) = D% (g;)* and A~ (g;) =
D~ (g;)* converge to spaces AT = Dt and A~ = D~ containing w,
contradicting (n, €)-pseudohyperbolicity.

(c) By part (b) of the proof the set of pairs of spaces {(A*(g), A~ (g)),
g (n, €)-pseu-dohyperbolic} in the product of Grassmannians is compact,
hence so is the set of A%(g)’s since A%(g) = D*(g) " D~ (g).
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(d) follows from (c) since g is a unitary operator on A°(g) with
respect to B | A%(g).
(e) is proved by the same method as (a). q.e.d.

We also need the following inequality:
(6.2) d(zx, E;) < s(g)d(z, g x)

for s(g) < 1.
To see this first note that d(x, E) ~ [p~(z — ¢)|| for arbitrary

¢ € C(g) where p~ is the projection to A~ (g) in the decomposition
V =A(g9)® A%g) ® A*(g), by (n, s,&)-pseudohyperbolicity. Thus

d(z, Bf) < s(g)d(g~"z, Ef)
by 6.1 (c) and (a). The triangle inequality gives
s(g) ld(z, Ef) < d(g™ " w,x) + d(z, EJ)

which yields (6.2).

Lemma 6.3. Let g and h be two e-hyperbolic e-transversal ele-
ments, such that gh is /2-hyperbolic, gh and g, gh and h are €/2-
transversal. Let q be any point in the affine space. Then there is a
constant d(g) such that

d(q, E,) < d(q, EJ) + d(e)s(g) [la(g)]
+d(g, Cy) + s(h)(la(h)| + d(g, Cn))] ,
d(q, Egy) < d(g, Ey) +d(e)s(h) [Ja(h)]
+d(g, Cn) + s(9)(la(g)] + d(g, Cy))],
d(q; Cgn) < d(e)(s(h) + s(9))d(g; Cy)
+d(e)(d(q, Ef) + d(g, Cp)) + s(g)|alg)| + s(h)|a(R)].

Proof. We know that |a(g)| = |a(g~ "), s(9) = s(g7"), d(q,Cy) =
d(q, Cgfl) and E;,l = E, for every hyperbolic element g, then the
second inequality follows from the first one, and because d(q, Cgp) <
d(q, E;h) + d(q, 1), the third inequality is just a corollary of the first
and the second. So we have to prove just the first inequality.
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Let now gy be a point on L = E,‘f N E; such that d(q,q) =
d(g, L). Let y = h™'qo and & = gqo, then d(y, E},) < s(gh)d(ghy,y) =
s(gh)d(xz,y). We have the inequalities

d(qo,y) < d(qo, Cn) + |a(h)]
d(z,q0) < d(qo, Cy) + |a(g)|.

Therefore,
d(z,y) < d(qo, Ch) + a(qo, Cg) + |a(h)] + |a(g)].
Now,
d(qo, Cn) < d(q, Cp) +d(gq, q0) < d(q,Chr) + d(q, Cy).
The same for d(go, Cy) i-e.,
d(qo, Cg) < d(q,Cy) + d(q, Cp)-
Then
d(y. E,) < s(gh) [la(h)| +|a(g)] + d(g,Cy) + d(a, Cp)]

and

d(q, By,) < d(q,90) + d(qo, y) + d(y, Ey),)
< d(q,Cy) +d(q,Cp) + a(h)
+s(gh) - [|la(h)| + |a(g)| + d(g, Cg) + d(g, Ch)] .

An elementary geometrical fact says, that

ld(g, E};,) — d(g, EJ)| < sin (4 B, E;> [d (q, E;Lh> +d (g, E;)] .

Now, using Lemma 5.6, we immediately have
dla, ) — dla. By )| < s(g) |dla. Bjy) + d(a, Bf)]

and
s(gh) < s(g) - s(h)
with d(q, E;) < d(q, Cy).
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Combining these two inequalities we have

d(q, E},) < d(g, EJ) +d(¢)s(g) [le(g)| + d(g, Cy)
+s(h) - (|a(h)| + d(g, Cn))]

for some constant d(e). q.e.d.

6.4. Basic Lemma. Let g and h be e-hyperbolic, e-transversal
elements such that gh is £/2-hyperbolic, gh and g, gh and h are €/2-
transversal. Let q be any point in affine space. Then there is a constant
c(e), such that

la(gh) — alg) — a(h)| < c(e) (s(g)lalg)] + s(h)|a(h)]
er(q’ Cg) + d(‘]a Ch)) :

Proof. Let gg be a point on L = E;Lr N E,, such that d(q,q0) =
d(q,L). The elements g and h are e-transversal, so d(q, qo) < d(g, E;" )+

d(q, E; ), but d(q, E;f) < d(q,Ch), d(q, E;) < d(q,Cy), thus

(i) d(q,q0) < d(q,Cy) + d(q,Ch).

Let us consider the two vectors vy = gqo — qo and vy, = qo — h~1qo.
By definition,

(it) a(gh) = B(gqo —h™"q0,€°(gh)) = B(vg, e’ (gh)) + B°(vn, €’ (gh)).

We have v, € D™ (g) and vy = a(g)e’(g) + w1, w1 € A~(g), and for the
vector vy, we have vy, = a(h)e®(h) 4+ wa, we € AT(h).

Now by e-hyperbolicity of g and h, we have ||w| < d(go,Cy) and
|lwa]| < d(go,Ch). Let now w and w be the projections of the vector
a(g)e(g) onto D~ (gh) parallel to A*(g) and A*(gh) respectively. Then
w = a(g)e’(g) +u1, u1 € A (g9) and w = a(g)e’(g) + uz, ug € A (gh).
Let us show that w = a(g)e’(gh) + ug, where uz € A= (gh). In fact,
w € D (gh), and w = ae’(gh) + us, us3 € A~ (gh). So we have to
prove that a = a(g). We have B(w,w) = B(ae®(gh) + ue, ae®(gh) +
ue) = a?B(e%(gh),e(gh)) = o? and on the other hand B(w,w) =
B(a(g)e(9) +u1, a(9)e’(g) +u1) = a(g)*B(e’(g), ¢*(g)) = a(g)*. Then
a = a(g) or —a(g) and because of the orientation procedure o = a(g).
By (3) of Lemma 5.6 d(A*(gh), AT (g)) < s(g) therefore |[w — w| <
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s(g)(|Jw|| + [Jw]]). It is easy to see, using €/2-hyperbolicity of ¢ and gh,
that ||w| < |a(g)] and ||w| < |a(g)| and so

|w —w|| < s(g)la(g)]-
Then

(i) [B(w,e’(gh)) — B(w,e’(gh))| = |B(w —w,e’(gh)]
< lw — ]| < s(g)|alg)]

We have, by definition of v,

|(g) — B(vg, €%(gh))|
< |a(g) — B(a(g)e’(9), €°(gh))| + |B(wr, e (gh)],

B(w, e’ (gh) = B(a(g)e’(gh) + us,
O(gh))| < |B(w, e’(gh)—B(a(g)e"(g), *(gh))|+d(q0, Cy)
) — B(w, e%(gh)| + d(qo, Cy). Now by (iii)
a(g) — B(vg, €°(gh)| < s(g)|a(g)] + d(qo, Cy).-
The same is true for h, namely,
|a(h) — B(up, €%(gh)| < s(R)|a(h)| + d(qo, Ch).
Then by (ii)
a(gh) — a(g) — a(h)| < |a(g) — B(vg, €”(gh))| + la(h) — B(vn, €®(gh))|.
Now from (i)

d(QOv Cg) < d(QO? q) + d(q7 Cg) < d(q7 Ch) + d(q7 Cg)

and

d(go, Cr) < d(q,Ch) + d(q, Cy).

Therefore,
la(gh) — alg) — a(h)| < s(g)la(g)] + s(h)|a(h)| + d(q,Cy) + d(g, Ch).

Which proves the statement of the Basic Lemma. q.e.d.
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Let go, h1,...,hm be e-hyperbolic e-transversal elements. Let us
now put g¢ = gohy! ... by ik # kg1, £ € Z, £ >0, My = |ng[+--+[ny.
We will fix a point ¢ € R?"*! and put a, = d(q, El), by = d(q,Cy,),
C = max{d(q,Cy,), d(q,Ch,),...,d(q,Ch,,)}. Let now t, = a(ge), T =
max{|a(go)|, |a(h1)l,...,(hn)|} and s = max{s(go), s(h1),..., s(hm)}.
Let a(e), b(e), c(e) and d(e) be the constants given by Lemmas 5.6,
5.24, 6.3 and 6.4, respectively. Put ag(e) = max{a(e),b(e),c(e),d(e)}.
We can rewrite the results of Lemmas 6.3 and 6.4 in the following form.

(6.5) ag1 < aprao(e)s(ge) (\m bt s () [fng T+ c}) .

(6.6) besr < ao(e) (s(hip, )"0+ s(g)) b

+ao(e)(ae + C + s(g0) te] + s(hip, ) ™o+t |, |1T).

(67) ’t[+1 — tg — niHla (hié-H) |
< ao(e) (ae+C s (hig) "4 i, IT + s(g)lel)

We would like to explain now the final steps in the proof of Theorem B.
The goal of the first step is to show that ay < 1, by < 1 and [t;| < M,
for all /.

The value of a1 depends by (6.5) on the values of ay, by, t, and the
same for byy1, and tg41. So the idea is as follows. Let r,=max{10a¢(g)ay,
by, 10ag(e)C, 10ao(e)T, |te| /10 Mpao(e)}. We will show, see (6.18), that

rer1 <1y (1 + 2a3(5)sg/f"*Mg) ,

and then, because sy < 1, we will have that

Q= H( + 2ad(e SoeMg)<OO

and therefore ry < roQ for all /, i.e., 7y < 1. Then, from the definition
of ry, we have a. < 1, by < 1, |tg] < M.

The fact that by < 1 has a clear geometrical meaning: Let H be the
group generated by the hyperbolic transversal affine transformations
hi,...,hs. Then under certain conditions, there is a universal constant
C(H), such that for every h € H, d(q,Cp) < C(H). Then we will show
that |t¢| ~ My, so one can interpret the statement of the Basic Lemma
as an additive property of the function .
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Lemma 6.8. Let ry = max{10ap(¢)a¢, by, 10a9(e)C, 10ao(e)T
[te|/10Myao(e)}. There are constants bo(e) > 1 and Qo(e) such that if
s < bo(e)™L, then for all 6,0 € Z, £ > 1 we have ap < Qo(e), by < Qo(e),
|te| < Qole) My, re < Qole).

Proof. Let us first take so € R, so < 1 such that ag(e/2)?s{* m < {
for all natural numbers m. Note that in particular sg < b(e ) 1. Put
bo(e) = sy and let s < by'(g). Then in view of Lemma 5.24 we can
assume that the elements g, are £/2-hyperbolic and e/2-transversal for
all £. Using again Lemma 5.24, we can rewrite inequalities (6.5)-(6.7)
as follows:

L
10

(6.9)  apr1 < ar+ap(e/2)s, M+l [\t | + b + 5 2l Z”1|| ZHl|T+C’]

(6.10) bey1 < ap(e/2) ( 2y g4 | + S(])Wz+1> by
+ ap(e/2) [C—I—ag—l— 0' ’“’+1|| 1z+1’T+5M‘}+1|tg} ,

(6.11)  |tes1 — te — niyyy | (Riy )|
< CZO(E/Q) |: M(Z+1|t£‘ + $2|nM+1||nlj+1|T+ C+ b£:| .

Now using the fact that ag(e/2)%sl'm < s0/10 in particular
ao(e/2)%s0 < 1/10, we have from (6.9)-(6. 11)

3“ T
12 < t b
(6.12) app1 < ag + [| ¢l +be + 0a0(c/2)? +C’] ,
by T M,
(6.13) ber1 < E‘l‘ﬁ‘l‘é’o |tg‘+ao(€/2)[c+ag],
(6.14)
|n’bg+1|
‘tg+1| < ‘tg| + |nw+1 ’T + sy £|M4|T + OT + a()(E/Q)[C + be].
Because of our notation we have
Ty 8/1ng sé\/l"m
1 —_ M, 2
(615)  ar < 5oy s0' Meao(e/2)re + 550+ g

"
~ 10ap(g/2)
¢

~ 10ap(e/2)

+ 250" Myag(e/2)ry <

[1 + 2a(2)(5/2)sg/leg .



A GROUP OF AFFINE TRANSFORMATIONS 341

From (6.13) we have
(6.16) beyr <1
and from (6.14) we have

(6.17)

|niz+1 ’W e
10do(¢/2) ' 100dy(£/2)
< 10ag(e/2)re(M; + |nil+1|)

= 10ao(e/2) My417¢.

|tg+1’ < 10Mga0(8/2)7“g +

Ty
+ E + ao(E/Q)Tg

Therefore
(6.18) ree1 < ro(1 4 2a3(2/2)s8"™ My).

If @ = TI(1 + 2a§(e/2)sp" M) < oo, then ag < Qr1/10a9(g/2), by <
Qri, |tg‘ < 10Mga0(5/2)@7‘. Let Qo = 10M0(5/2)Q7‘1 then ay < Qo,
be < Qolte| < QoM. q.e.d.

Lemma 6.19. Assume that d(q, Sq,) = a(go) = 0 and a(h;) > 0 for
alli=1,...,m. There is a constant cy(g) > 1 such that if s < co(e)™*
and C < Co(E)_lT, then ty > %MET.

Proof. Let sg be a positive real number < 1 such that ag(e/2)%sq <
1/10 and sg < bo(e)™!. Put co(e) = sy2. For s < co(e)™ we have

s < bg(¢)~! and we can therefore use the statements of Lemma 6.8. So
Qy < Qo(E), bg < QQ(&), ‘tg| < Mng(E). We have from (6.11)

(6.20) top1 >ty 4 |ng,,, |T — ao(e/2)C — ao(e/2)by

- 58”|te| - S|nie+1||nie+1 T

Now from (6.12) we have ap11 < ay + SS/IZMgQ(), therefore for some
constant Q1 = Q1(¢), agr1 < ag + soQ1(g), but ag = 0 then

(6.21) apr1 < s0Q1(e).
Assume that ¢ < T/10a2(g/2) then from (6.10) we have

sob soT
bes1 < %Of + %0 + ao(e/2)C + ag(e/2)50Q1 ().
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Then, because by = 0, there is a constant Q2(¢) such that

bey1 < s0Q2(g) + ao(e/2)C.

Let us now assume that soQa(c)ap(e/2) < L. We know that C' <

10
W, then from (6.20) we have

torr > te+ ipy [T — ——5—mr — == — —

3
>t + (’nie+1| - 10) T

2
>t + §|nie+1|T.

Now tg = 0, hence tp41 > %Mg. q.e.d.

Proof of Theorem B. Using [2], we can find elements hi,...  hy in
Aff (R?"*1) such that:

(1) ¢ (E) R4 (Em> are hyperbolic and pairwise transversal.

(2) The group <€(ﬁ1), e ,E(ﬁm)> generated by ¢ (?q) ooyl (ﬁm) is
free and Zariski dense in O(n + 1,n).

(3) The Zariski closure of every group <€ <hl) >, t=1,...,m is con-
nected.

We will assume that ﬁz =/ (ﬁl), i = 1,...,m, in other words,

that all these elements fix the point zero. Let now go € Aff (R?"*1)
be a hyperbolic element transversal to every h;, i = 1,...,m. We
can assume that we choose gg such that there is a point ¢ in R?"*!
such that go(q) = ¢q. Let now ¢, ¢ € R, be a positive number such
that go, h1,. .., hy, are e-transversal and e-hyperbolic. Then there are
vectors vy, ..., vy, such that if h; = hjv;, i = 1,...,m then a(h;) > 0,
for all i = 1,...,m, see (4.3) and (4.5) for the definition of a.

It is clear that for every n,n € Z, n > 0 and hyperbolic element h
we have: s(h™) = s(h)", d(q,Chn) = d(q,C}), a(h™) = na(h). So, there
is N, N € Z, N > 0 such that the elements g(])V, RY, ... hY satisfy the
requirements of Lemma 6.8, but on the other hand for every n, n > N,
the elements A7, ..., A", have Property (2).
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We will assume therefore that the elements gg, hi,...,h, satisfy
Lemma 6.19 and so for g, = goh?ll...h?f, we have a(gy) > %MET,
where My = |n1|+ -+ + |h¢| and T = max{a(hq),...,a(hn)}.

Let us now show that group (hi,...,h,) = H acts properly dis-
continuously on R?"*!. Let K be any compact subset in R?"*! then
{heH:hKNK#0}={he€H:ghKnNgK #0}.

There is a constant ¢ = ¢(K), such that if

goh K NgoK # 0, then d(gohx,gox) < c¢(K)
for some point z € K, hence
{he H:gohKnNgK #0} C{heH:a(gh) <cK)}

As we explained above, if h = h?ll, ey hZf is in the latter set, then
Salgoh)  3c(K)

M, <
t=""or oT

and therefore

#{hEH:hKﬂK#@}S#{hGH:Mgg362(1{()}<oo

q.e.d.
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