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POISSON EQUATION, POINCARE-LELONG
EQUATION AND CURVATURE DECAY ON
COMPLETE KAHLER MANIFOLDS

LEI NI, YUGUANG SHI & LUEN-FAI TAM

Abstract

In the first part of this work, the Poisson equation on complete noncom-
pact manifolds with nonnegative Ricci curvature is studied. Sufficient and
necessary conditions for the existence of solutions with certain growth rates
are obtained. Sharp estimates on the solutions are also derived. In the
second part, these results are applied to the study of curvature decay on
complete Kahler manifolds. In particular, the Poincaré-Lelong equation on
complete noncompact Kéahler manifolds with nonnegative holomorphic bi-
sectional curvature is studied. Several applications are then derived, which
include the Steinness of the complete Kahler manifolds with nonnegative
curvature and the flatness of a class of complete Kéahler manifolds satisfying
a curvature pinching condition. Liouville type results for plurisubharmonic
functions are also obtained.

0. Introduction

In this paper, we will discuss the Poisson equation on complete non-
compact manifolds and derive some applications on Kéahler manifolds.

Let M™ be a complete noncompact Kahler manifold, where m > 2
is the complex dimension. Assume M has nonnegative holomorphic
bisectional curvature and has maximal volume growth such that the
scalar curvature decays like 72 where r is the distance from a fixed
point. Then it was proved in [20] by Mok-Siu-Yau that one can solve
the following Poincaré-Lelong equation

(0.1) V—=190u = p
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by first solving the Poisson equation 1/2Au = trace(p), where p is the
Ricci form of M. They then applied the results to study the analytic
and geometric properties of M. On the other hand, in [27] Yau discussed
certain differential inequalities. Again, applications on Riemannian and
Kahler manifolds were given. For example, some vanishing results for LP
holomorphic sections of holomorphic vector bundles over Kéahler man-
ifolds were obtained; see also [10], [18], [22]. In some cases, if one can
solve the Poisson equation then it is rather easy to apply the methods
in [27]. These motivate our study on the Poisson equation on complete
noncompact manifolds.

We are mainly concerned with manifolds with nonnegative Ricci cur-
vature. Let M™ be such a manifold and consider the Poisson equation:

(0.2) Au = f.

The first question is to find sufficient conditions for the existence of solu-
tions of (0.2). If a solution u exists, it is also important for applications
to estimate u together with its gradient and Hessian.

Our main result is that if f decays faster than r~' in a certain
sense, then (0.2) has a solution. More precisely, assume f > 0 and let
k(z,t) = k¢(z,t) = 1/V,(t) fo(t) f be the average of f over the geodesic
ball B;(t) with center at x and radius ¢, where V,(¢) is the volume of
B,(t). Let o € M be a fixed point and let k(t) = k(o,t). We prove
that if [ k(t)dt < oo and if there exist a constant 1 > § > 0 and a
nonnegative function h(t) > 0, 0 < ¢t < oo with h(t) = o(t) as t — oo
such that

1

/t sk(x,s)ds < h(t)
0

for all  and for all ¢ > dr(z), then (0.2) has a solution u. Moreover,
lower and upper estimates of u are obtained. In case that M is non-
parabolic (that is, M supports a positive Green’s function) such that
the volume of geodesic balls satisfy certain assumptions then the con-
dition [ k(t)dt < oo alone will be sufficient. This is the case if M has
maximal volume growth with n > 3. In any case, pointwise and integral
estimates for the gradient of the solution v and an integral estimate of
the Hessian of u are obtained.

The above conditions on the average of f over geodesic balls for
the existence of solution of (0.2) are reasonable, because in some cases
they are also necessary. For example, we prove the following results.
Let f > 0 be a function on a complete noncompact manifold with
nonnegative Ricci curvature. Then:
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(i) Au = f has a bounded solution if and only if there is a constant
C > 0 such that

/ te(z, t)dt < C
0
for all z.

(i) Au = f has a solution with supp (,y[u| < C'log(2 + r) for some
constants C' for all r if any only if

¢
/ sk(z,s)ds < C'log(2 +t)
0

for some constant C’ for all r = r(z) and for all ¢ > Lr.

(iii) Au = f has a solution with supg_(, |ul < C(1 + )19 for some
constant C' and 1 > § > 0 for all r if any only if

t
/ sk(xz,s)ds < C'(14+t)'°
0

for some constant C’ for all » = r(z) and for all ¢t > %r.

In [12], Li proved that if u is a bounded subharmonic function on
a complete noncompact manifold M with nonnegative Ricci curvature,
then the average of u over a geodesic ball of radius r with a fixed center
converges to sup,; u as r — 0o. Using the result (i) in the above, we
give another proof of Li’s result. Furthermore, one can estimate the
difference between sup,;u and the average of u over a geodesic ball
of radius 7 in terms of Awu, r and the dimension of M. Using the
pointwise estimate for the gradient of the solution of (0.2), we prove
that if in addition that f = Aw decays like 2 then u will actually be
asymptotically constant.

The rest of this work is to apply these results to Kéhler manifolds.
One of the applications is to study plurisubharmonic functions. It is easy
to see that if n > 3, then there are nonconstant bounded subharmonic
functions on R™ which are asymptotically constant. On the other hand,
it was proved by Ni in [22] that if w is a plurisubharmonic function on
a complete noncompact Kéhler manifold M™ with nonnegative Ricci
curvature and if u satisfies

u(x)

0.3 limsup ———= =0
(0.3) Pl logr(z)
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then (90u)™ = 0. We prove that u is actually constant under some
assumptions on M and Aw by using a minimum principle in [2], [1] or
a method in [20].

The above mentioned result of Ni can be generalized to nonparabolic
manifolds with scalar curvature R satisfying | v R— < 0o, where R_
is the negative part of R. This generalization is a consequence of one
of the vanishing results we obtain in this work. Consider a complete
noncompact Kéhler manifold M"™ with nonnegative Ricci curvature and
a Hermitian holomorphic line bundle L over M. We prove that given
any 7 > 0 and 0 < € < 1 there is a constant a depending only on 7,
€ > 0 and m such that if the average of the trace of positive part of the
curvature of L over B(r) is less than ar~2, then any holomorphic (p,0)
form ¢ with value in L is trivial if

1 T __ €
VO(T) /B(r) "f)‘ _O( )

as r — oo, where o € M is a fixed point and V,(r) is the volume of the
ball of radius r centered at o. The proof is a combination of our results
on the Poisson equation and the mean value inequality in [13]. If M is
nonparabolic then a similar result is true. In this case, we assume that
the negative part of the scalar curvature of M and the positive part
of the trace of the curvature of L are both integrable. The vanishing
theorems are similar to some results in [27], [10], [22].

Using the vanishing results and the L? estimate in [11], [7] one can
prove the following: Let M be a complete noncompact Kaher mani-
fold with nonnegative Ricci curvature. Suppose the scalar curvature R
satisfies

2
(0.4) limsup ——

R =0,
r—oo Vo(r) JB,(r)

where o € M is a fixed point, then the Ricci form p of M must satisfy
p"™ = 0. Observe that if M is nonparabolic and R is integrable, then
(0.4) is true. Hence this generalizes a result in [22, Theorem 3.6].
From the arguments in [23], under the additional assumption that
M has nonnegative holomorphic bisectional curvature which is also
bounded, one can conclude that if (0.4) is true for all base point o
so that the convergence is uniform then M is flat as observed in [4]. In
our case, we only assume that the Ricci curvature is nonnegative and
we do not assume the scalar curvature being bounded. The result is
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weaker and it is interesting to see whether M is actually Ricci flat in
this case. In fact, for Riemannian case, it is proved by Chen and Zhu [3]
that if (0.4) is true uniformly and if the Riemannian manifold is locally
conformally flat then the manifold is flat.

Finally we solve the Poincaré-Lelong equation (0.1). Let M™ be a
complete Kahler manifold with nonnegative bisectional curvature and
let p be a real closed (1,1) form with trace f. We prove that if f >0
and p satisfies the following conditions:

*© 1
0.5 / / plldt < oo,
05 o Vol Bo(t)H I

and that

1
(0.6) liminf/ llp||> =0,
r—oo Vo(r) JB, ()

then (0.1) has a solution w. It is easy to see that if M™ has maximal
volume growth with m > 2 and ||p|| decays like 7=2, then the above
conditions will be satisfied. In fact in this case we have

pll < Cr
Vo(r) JB,(r) el

for some C' for all . Hence our result is a generalization of a related
result in [20], see also [19]. Note that we do not assume ||p|| to be
bounded.

Using solutions of (0.1), we can discuss properties of Kéhler mani-
folds with nonnegative holomorphic bisectional curvature. For example,
we prove that if in addition M has positive Ricci curvature which sat-
isfies (0.5) and (0.6), then M is Stein, provided the sectional curvature
is nonnegative. This is related to the works of [8] and [19], [20]. In
[8], it was proved that M is Stein under the assumption that M has
positive biholomorphic bisectional curvature and nonnegative sectional
curvature. In [19], it was proved that M is Stein under the assumptions
that M has positive Ricci curvature and nonnegative holomorphic bisec-
tional curvature, has maximal volume growth and the scalar curvature
decays likes 7~2. Recently, it is proved by Chen and Zhu [4] that a com-
plete noncompact Kéhler manifold M™ with nonnegative holomorphic
bisectional curvature and with maximal volume growth is Stein if the
scalar curvature decays like 7~17¢ for some € > 0.

In [24], it was proved that if M™ is a complete noncompact Kéhler
manifold of complex dimension m > 3 with nonnegative holomorphic

(0.7)
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bisectional curvature and with a pinching condition, then (0.7) is satis-
fied with a constant independent of the point o. Using solution of (0.1),
we prove that if in addition the scalar curvature has a pointwise decay
like =2 or the volume of geodesic ball of radius r is no greater than r,
then M is actually flat. Here m is the complex dimension of M.

Using solutions of (0.1), we can also study relations between the
decay of the scalar curvature and volume growth of a complete Kéahler
manifold with nonnegative biholomorphic bisectional curvature. For
example, we prove that if the Ricci form p is positive at some point,
p satisfies (0.7) and ||p|| decays like 7—2, then M must have maximal
volume growth. In this case, the scalar curvature cannot decay too fast
in the sense that we have a reverse inequality of (0.7):

1 / )
— > Cr
Vo) oo 1ol

for some positive constant C for all r. If we only assume that M is not
Ricci flat in the above, then one can prove that V,(r) > Cr? for some
positive constant C'.

The arrangement of the paper is as follows. In Section 1 and Sec-
tion 2 we study the Poisson equation. Section 3 contains some vanishing
theorems. Section 4 is a discussion of Liouville property of plurisub-
harmonic functions. Section 5 gives a solution to the Poincaré-Lelong
equation with applications on manifolds with nonnegative holomorphic
bisectional curvature.

The authors would like to thank Xi-Ping Zhu for many useful dis-
cussions. The authors would also like to thank the referee for helpful
comments, which were of great help in improving the exposition and
readability of this paper.

1. The Poisson equation (I)

Let M™ be a complete noncompact manifold. Given any function
f > 0on M, define

1
(1) = Ve(t) /Bw(t) 4

In the following C(a,b,...) will denote a constant depending only on
a, b,.... We also denote r(z,y) to be the distance between x and vy,
and r(x) = r(x,0) where o € M is a fixed point. In this section, we will
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discuss the conditions on f so that Au = f has a solution u and we will
also discuss the properties of u.

Theorem 1.1. Let M™ be a complete noncompact manifold with
nonnegative Ricci curvature. Assume M is nonparabolic and there is a
constant o > 0 such that the minimal positive Green’s function G(x,y)
satisfies

2 2

-1 T (xay) r (xay)

== <Gy <o =

Vo) = Y =0 y)
forallx £y in M. Let f > 0 be a locally Hélder continuous function
and let k(x,t) = ky(x,t) and k(t) = k(o,t), where o € M is a fized point.
Suppose that fooo k(t)dt < co. Then the Poisson equation Au = f has a
solution uw such that for all 1 > € >0

(1.1)

[e'e) 2r
anr /2 k(E)dt + B /O te(t)dt > u()

> —0627“/ k(t)dt
2

Err 2r
~ 5 / th(x, t)dt + B / te(t)dt
0 0
for some positive constants ay(n,o), az(n,o,€) and Fi(n), 1 < i < 3,
where 7 = r(x). Moreover u(o) = 0.

Proof. By the estimate of Green’s function in [17, Theorem 5.2],
(1.1) implies

L my) [ _riz,y)
(1.2) ¢ Vol ) /r(x,y) V() “= CV$<T(x’y))

for some constant C' = C(n,o) > 0. For all R > 0, let Gr be the
positive Green’s function on B,(R) with zero boundary value and let

un(z) = / (Grlo,y) — Grla,y)) fy)dy.
Bo(R)

Then Aup = f in B,(R) and ugr(o) = 0. For any z with r(z) = r,
suppose R > r, then

(13) up(x) = { /B e /B (,(m} (Grlo,y) — Gra)) Fy)dy
=1+11.
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To estimate I, let y be any point in B,(R) \ B,(2r), then r = r(y) >
2r = 2r(z) and so r(z,y) > iry if 2 € Bo(r). Also B.(3r) C Bo(2r).
Hence by the gradient estimate [5, Theorem 6],

|Gr(o,y) — Gr(z,y)| < szJVkGR@awl
2EBy(r

S CIL sup GR(Z,y)
™ z€Bo(r)

S CQTLG(07 y)

1

r [ t
< C3— —— dt,
= 3r1/rl V,(t)

where C; — C5 are constants depending only on n by [5], [17]. Here we
have used the Harnack inequality for Gg(-,y), the fact that Gr(o,y) <
G(o,y) [17, Theorem 5.2].

N ( I thf)) F(y)dy
“oo [ (i ) (L)
<ol (v ) ()

LG vio) ()

<Cyr <Rk:(R) + /2 ! k:(t)dt)

T

for some constant Cy(n, o), where we have used (1.2).
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< Cs 027« (/too V:(S) ds> (/630@ f) dt
(/:" Vot(t) dt) </Bo<2r> f)
w4

< Cs {Cﬁr%(m) + /0 ! tk(t)dt}

for some constants Cs(n) and Cg(n,o). Combining (1.3), (1.4) and
(1.5), we have

R

2r
(1.6) ug(x) <C7 (rRk‘(R) +72k(2r) + 7 k:(t)dt))—l—ﬁl/o tk(t)dt

2r

for some constants C7(n,o) and (1(n).
As in the proof of (1.5), using the lower bound of the Green’s func-
tion, we have

2r
wn [ Gy = Cferken + [ oal
Bo(2r) 0
for some constants Cg(n) > 0 and Cy(n,o) > 0. For 1 > € > 0,

(18) /B Oy < / Gz, y) f(y)dy

By (er)

=/ [(fe:O th(t) dt) (/Bz(er) f)
N /067“ th(t) ( /B » f) dt]

< Croler)?k(x, er) +ﬁ2/ th(x,t)dt
0

< Cr*k (1 +€e)r)) + Bo /Oer th(z,t)dt

347
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for some constants Cio(n, o), C11(n, o, €) and B2(n). Here we have used
volume comparison and the fact that B, (er) C B, ((1 4 €)r)).

wy | Grlr.) )y < [ G, ) f (y)dy
Bo(2r)\ By (er) Bo(2r)\Bg (er)
1672 /
<o- Jf(y)dy
Vz(er) JB,car) (@)

< Chor?k(2r)

for some constant C12(n, 0,¢€). By (1.3), (1.4), (1.8) and (1.9), if R > 4r,
we have

(1.10) up(z) > — Ciar <Rk:(R)+ /2

R

k(t)dt)

r

e /0 th(x, t)dt

+ / Grlo,y)f(y)dy
Bo(2r)

where (3(n) and Ci3(n, o, €) are positive constants. Here we have used
the fact that for any a > 1, k(aR) > Ck(R) for some positive constant
C(n,a) for all R. Since [;°k(t)dt < oo, limp_.oc RE(R) = 0. Hence
from (1.6) and (1.10), ug is bounded on compact sets and there exists
R; — oo such that ug, converges uniformly on compact sets to a function
u which satisfies Au = f. By (1.6), (1.7) and (1.10), let R; — oo we
can conclude that u satisfies the estimates in the theorem. q.e.d.

Note that if n > 3 and M has maximal volume growth, then M
satisfies the assumptions in Theorem 1.1. In general, if M is a complete
noncompact manifold with nonnegative Ricci curvature, then M x R*
with the standard metric on R* satisfies the condition of the theorem
as observed in [23]. Using this, in some cases one can remove the as-
sumptions that M is nonparabolic and that its Green’s function satisfies
(1.1).

Lemma 1.1. Let M = M x Mo, where My and My are complete
noncompact manifolds with nonnegative Ricci curvature. Let f > 0 be
a function on My, and be considered also as a function on M, which is

independent of the second variable. Let x = (x1,22) € M and r > 0.
Then

c! / 1 C
e g e
(1) ( 1 ,r,) Ba(cll) (LT) V:E (T‘) B (T) Vx(ll) (T) Ba(cll) (T)

xr1 ﬁ V2
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for some constant C' > 0 depending only on the dimensions of My and
Ms. Here By(t), B;E;ll)(t) are geodesic balls with radius t in M, M,
with centers at x, x1 respectively, and Vy(t), Vz(ll)(t) are the respective
volumes.

Proof. Denote the geodesic ball with center x5 and radius ¢ in My
by Bg) (t) and its volume by Vm(f) (t). Then

1 1
B ( ) x B?) <
w\y2') T\

for some constant C' > 0 depending only on the dimensions of M; and
Mas by volume comparison. Hence

1 C
Va(r) /Bmf = Vi (r )/B<1 o )f

The other inequality can be proved similarly. q.e.d.

Theorem 1.2. Let M™ be a complete noncompact manifold with
nonnegative Ricci curvature. Let f > 0 be a locally Holder continuous
function and let k(x,t) = k:f(x t) and k(t) = k(o,t), where o € M is a
fixed point. Suppose that fo t)dt < oo and suppose that there exist
1>6>0, h(t) >0, O§t<oowzthh() o(t) as t — oo such that

/t sk(x,s)ds < h(t)
0

for all x and for all t > or(x). Then the Poisson equation Au = f has
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a solution u such that for all1 > ¢ >0

o) 2r
onr /2 k(t)dt + /O th(t)dt > u(x)

r
[e.9]

> aor [ k(t)dt— B / th(x, t)dt
0

2r
+ 53/0 tk(t)dt

for some positive constants a1(n), as(n,e) and Bi(n), 1 < i < 3. In
particular, |u(z)| = o (r(x)) as x — oo.

Proof. Let M = M x R* with the flat metric on R4, Then M is
nonparabolic by [17, Theorem 5.2]. By the volume comparison, it is
easy to see that (1.2) is satisfied by M and hence (1.1) is also satisfied
by M with o depending only on n. Denote a point on M by 7 = (x,2"),
and let 0 = (0,0). Let 7(Z) and r(z) be the distance functions on M
and M from the 0 and o respectively. Let (@) = f(=) for T = (z,2)
and let k‘(m t) be the average of f over the geodesic ball of radlus t with
center at Z. By Lemma 1.1, for any ¢ > 0 and ¥ = (z,2’) in M,

Oyl k(z,1/V2t) < k(Z,t) < Crk(x, t)

for some constant Cy(n). Since [;° k(t)dt < co and

/t sk(x,s)ds < h(t)
0

for all t > dr(x) with h(t) = o(t) as t — oo, we have

(1.11) /Ooo E(t)dt < oo and /06?{/5(55, t)dt = o(F)

as T =7(x) — o0

where we have used the fact that 7 > r(z). Let A be the Laplacian of
M. By Theorem 1.1, there is a solution u of Al = f on M such that
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foralll >e>0

o0

_ 7
(1.12) arr | k()dt+ 6 /0 th(t)dt > (x)

27 o
> az?/ k(t)dt

— fo / B th(Z, t)dt
0
%

+ s / th(t)dt
0

for some positive constants ay(n), as(n,€), and F;(n), 1 <i < 3. More-
over, u(o) = 0. By (1.11) and (1.12), it is easy to see that

[a(@)] = o (r(x))

as T — 00. Let xo € R* be fixed, then v(x,2") = u(z, 2’ + f) is also a
solution of A = f Hence v — u is harmonic and is of sublinear growth.
By the result of [5], u — v must be a constant. Hence

u(x, o' + zp) — u(z, 2') = (o, zj)).
Let © = o, we conclude that
(o, 2" + xp) = (o, 2) + (o, ")

for all 2/, zf, € R Since u(o,2') is continuous, it must be a linear
function. Using the fact that u is of sublinear growth, we conclude
that w(o,2’) is a constant which is zero because u(0) = 0. Hence u
is independent of 2’ and if we let u(z) = u(z,0), then Au = f in M
and u satisfies the estimates in the theorem by (1.12), the fact that
O 'k(x,1//2t) < k(Z,t) < Cik(z,t) and the fact that if 7 = (z,0)

then 7(z) = r(x).
The last assertion of the theorem follows easily from the assumptions
that [;° k(t)dt < oo and fo sk(z, s)ds = o(t) as t — oo uniformly on x.
q.e.d.

Observe that if [~ k(o,t)dt < oo then [° k(z,t)dt < oo for all z. If
u is the solution obtained in Theorem 1.1 or 1.2, then for any zg € M

u(z) — u(wo) = /M (G0, ) — G(z,v) f(y)dy.
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From the proof of the theorem, it is easy to see that

00 2r
(1.13) alr/z k(xo,t)dt + ﬂ1/0 tk(xo,t)dt > u(x) — u(zo)

r

> —0427“/ k(xo,t)dt
2

r

4 / th(z, £)dt
0
2r

+ﬁ3/ th(xo,t)dt
0

where «; and [3; are the constants in Theorem 1.1 or 1.2 and r = r(x, xo).
In the following proposition, we will give a criteria for f to satisfy
the assumptions in Theorem 1.2.

Proposition 1.1. Let M™ be a complete noncompact manifold with
nonnegative Ricci curvature and let f > 0 be a function on M. Define
k(z,t) = kg(z,t) and k(t) = k(o,t) as before. Suppose [;° k(t)dt < oo
and supyp, () f = o(r~') as r — co. Then

/Ot sk(x,s)ds = o(t)

as t — oo uniformly on x. In particular f satisfies the assumptions in
Theorem 1.2.

Proof. Given € > 0, there exists rg > 0 such that if r > 7y, then

sup f < 67“_1,
OBo(r)

and there exists tg > 0 such that

t
/ sk(s)ds < et
0

for t > to because [;° k(t)dt < co. Let t; = max{ro, 3to}. Let z € M
be such that r(z) =r > 2rg. If § >t > t;, then 7 > 27 and

t
/ sk(z,s)ds < Crer 2 < Z(Cyet
0

N =
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for some absolute constant Cy. If ¢t > %, then

t r t
/ sk(x,s)ds = /2 sk(x, s)ds —l—/ sk(x,s)ds
0 0 z

1 3t ’
< 56'1675—1— 02/ sk(s)ds
0
< Cget

for some constants Ca(n), C3(n). This completes the proof of the first
part of the proposition. As for the second part, we just take h(t) =
SUP e fg sk(z, s)ds which is well-defined because f is bounded.

q.e.d.

Suppose f(z) < Cr=2(z) and k(t) = 1/V,(t) fBo(t) fly)dy < Ct=2,
then the solution u obtained in Theorem 1.2 is bounded if and only if
Jo~ th(t)dt < co. We will discuss bounded subharmonic functions in the
next section. Here we consider the case when [ tk(t)dt = co.

Corollary 1.1. Let M™ be a complete noncompact manifold with
nonnegative Ricci curvature and let f > 0 be a locally Holder contin-
uous function on M. Assume that f(z) < Cr=2(x) and that k(t) =
1/V,(t) fBo(t) fly)dy < Ct=2 for some constant C for all v+ € M and
t > 0. Let u be the solution of the Poisson equation Au = f which is
obtained in Theorem 1.2. Suppose [ tk(t)dt = oo. We have:

(i)
. SUPoB, ) U _ .. . . infap mu
> limsup ———r— > f—7" >
ez dimsp e ar = R T ar =

where 31 and B3 are the positive constants in Theorem 1.2.

(ii) If M™ has mazimal volume growth with n > 3 then

u(z)

lim ————— =

1

Proof. Since f satisfies the conditions in Proposition 1.1, one can
solve Au = f by Theorem 1.2. The solution satisfies the estimates in
the theorem. By the assumptions on f, we can prove that

2r 2r
Ci+ / th(t)dt > u(z) > —Ca + B3 / th(t)dt
0 0

353
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for some positive constants C and Cs independent of z, where r = r(z).
From this, (i) follows easily.

If n > 3, M has maximal volume growth and w is unbounded, then
by (i) and the proof of Theorem 1.1, it is easy to see that

lim u(z)

= 1.
7= [ o0 Glo,y) f(y)dy

(ii) follows from the sharp bound of the Green’s function in [6], see also
[16]. q.e.d.

Next we will estimate the gradient and the Hessian of the solution
u obtained in Theorem 1.1 or 1.2.

Theorem 1.3. With the same assumptions and notations as in
Theorem 1.1 or 1.2 and let u be the solution of Au = f obtained in
Theorem 1.1 or 1.2. We have the following:

(i)
|IVu(z)| < C(n, o)/o k(z,t)dt.

(ii) For any p > 1 and o > 2, if u is the solution obtained in Theo-
rem 1.1, then

1 / o0 Pooovpe
Vup§0’(/ ktdt)—l— / fP
Vo(R) JB,(R) Vul aR () Vo(R) JB,(aR)

for some constants C'(n,o,p) and C"(n,o,p,«), and if u is the
solution obtained in Theorem 1.2, then

1 o] p C//Rp
1/ N c’( k:(t)dt) 4 V(R)/ I
Vo(E R) BO(ER) aR 0 Bo(aR)

for some constants C'(n,p) and C"(n,p,a).

(iii) If u is the solution obtained in Theorem 1.1, then
1

2
o0 1

— V> <cC RQ(/ ktdt> +/ f?

Vo(R) /BO(R) V7 4R () Vo(4R) JB,4r)

for some constant C(n), and if u is the solution obtained in The-
orem 1.2, then
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v (o b0 i fon

1
(o) Iy T

for some constant C(n, o).

Proof. Let us first consider the solution u obtained in Theorem 1.1.
Divide (1.13) by r, choose € = 1 and let r — 0, it is easy to see (i) is
true. To prove (ii), by Theorem 1.1 for any = € B,(R), we have

115)  [Vu@)| < [ 9.6l Wy
M
<o /M v, 9)G o, ) F () dy
r(z.y)

< Ca /M\Bo wr) Valr@,y))? DY

(
e /B o @Gy

for some constants C(n), Ca(n, o). Here we have used (1.1) and (1.2)
and the gradient estimate in [5]. Now

r(z,y)
(1.16) /M\BO(aR) =(r(z,9)) f(y)dy

r(y)
/\Bo aR) VO(T(y )d

<

| /\

||
Q\,
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for some constants Cs(n), Cs(n), where we have used the fact that
a > 2, volume comparison, tA,(t) < nV,(t) and the fact that tk(t) — 0
as t — oco. Note that for any z € M and for any p > 0

7“(2, y) - P tAZ(t) n
(L17) /Bz@) vz<r<z,y>>dy‘/o V() =

Let us first assume p > 1 and let ¢ = p/(p — 1). By (1.15) and (1.16),
we have

/BO(R) IVl < CsVi(R) </a: k:(t)dt)p

P

(1.18) +Go [ ( / r‘l(w,y)G(x,y)f(y)dy) dr
o(R) B,(aR)

for some constants Cs(n, o, p) and Cg(n, p).

(1.19)

/ </ (@, y)G(x, y)f(y)dy> dzx
Bo(R) \ Y/ Bo(aR)

—1
< /BO(R) (/BO(QR)T (x,y)G(w,y)dy>
: (/ T‘l(w,y)G(w,y)fp(y)dy> dx
Bo(aR)
a r Yz T p T
S C7(n,a,p)R /O(R) (/BO(QR) ( 7y)G( 7y)f (y)dy> d

= C7R4 / </ 7"_1(fv,y)G(:ﬂ,y)dﬂc‘) fP(y)dy
Bo(ocR) BO(R)

g@m/ P (y)dy
Bo(aR)

Q3

for some constants C7(n, o, p, ) and Cg(n, o, p, o), where we have used
(1.1) and (1.17). Combine this with (1.18), (ii) follows if p > 1. The
case that p = 1 can be proved similarly.

To prove (iii), in terms of a local orthonormal frame,

1
§A|V’u‘2 = Zuil + Zuk(Au)k + ZRklukul
k,l k k,l

> |Vl + (Vu, V f)
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where Ry; is the Ricci curvature tensor of M which is positive semi-
definite. Let ¢ > 0 be a smooth function with compact support in
B,(2R). Multiplying the above inequality by (? and integrating by
parts, we have

/ PIV2ul?
Bo(2R)

< / AL + / Vel [Vl If]
Bo(2R) Bo(2R)

+o / oVl |V(Vul?)
Bo(2R)

/ o f?
Bo(2R)

4 / V2 Vuf? + / oIV [Vl V2l
Bo(2R) Bo(2R)

1
/ AP+ / V2| Vuf?
Bo(2R) € JB,(2R)

—i—e/ ¢2\V2u]2
Bo(2R)

for any € > 0, for some absolute constant Cy. Hence choose € = (2Cq) !,
we have

/ ¢2rv2u12szcg</ PP+ / rwr?\w?)
BO(QR) D(ZR) Bo(2R)

for all ¢ > 0 with compact support in B,(R). Choose a suitable ¢ we

obtain
/ V2% < Cio </ 2o R-2/ yvuP)
O(R) BD(QR) BO(QR)

for some absolute constant Cjp. Combining this with (ii) the results
follows.

Suppose the assumptions of Theorem 1.2 are satisfied. Using the
same notations as in the proof of Theorem 1.2. Then the gradient and
the Hessian of u can be estimated as before. Since w is independent of
z' € R%, the results then follow easily from Lemma 1.1.  q.e.d.

< Co

< Oy
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Remark 1.1. The assumption that f > 0 in Theorem 1.1, 1.2
and 1.3 can be relaxed. For general f, let k(z,t) = 1/V,(t) me(t) |/
instead. Under similar assumptions as in Theorem 1.1 or 1.2, we can
solve Au; = max{f,0} and Aug = max{—f,0} using these theorems.
Then u = uy — uo satisfies Au = f. Even though the estimates for u
in Theorem 1.1 or 1.2 will no longer be true, however the estimates for
|Vu| and |V2u| in Theorem 1.3 still hold.

Corollary 1.2. With the same assumptions on M and f and with
the same notations as in Theorem 1.1 or 1.2. Let u be the solution of
Au = f obtained in Theorem 1.1 or 1.2. We have the following:

(i) Suppose there is a constant C > 0 such that [° k(xz,t)dt < C for
all z. Then supy, |Vu| < co.

(i) Suppose f(x) < Cr~2(z) and k(t) < Ct~2 for some constant C
forallx € M and t > 0. Then

|Vu(z)| < C'r~L(x)
for some constant C" for all x.

(iii) Suppose there is a constant C > 0 such that f(x) < Cr=2(x) and
k(t) <t72h(t) with lim;_o h(t) = 0. Then

Vu(z)] = o (r~!(2))

as r — OQ.

Proof. (i) follows easily from Theorem 1.3(i). To prove (iii), by
Theorem 1.3(i), it is sufficient to estimate [;* k(x,t)dt. For any $>e>
0, let x € M and let r = r(x), then

Er
(1.20) / E(x,t)dt < Crer™?
0
for some constant C; independent of x and €. For t > er,

(1.21) k(o) = xl(t)/B(t>f

<

Vet +r) . 1
R A O A /Bo@m !

o 1
< Colm) (1+€7) Vo(t)/o«ue—l))tf

<O (14D k(1 +e M)




POISSON EQUATION, POINCARE-LELONG EQUATION 359
for some constant C3(n). By (1.20) and (1.21), we have

/oo k(z,t)dt < Crer™' + /Oo (14 Dk ((1+e )
0 €

T

< Ber~! 4+ Oy ( sup h(t)> ot

t>(14¢)r

for some constant Co(n, €). Since h(t) — 0 as t — oo (iii) follows.
The proof of (ii) is similar.  q.e.d.

2. The Poisson equation (IT)

In the previous section, we have obtained some conditions on f so
that the Poisson equation Au = f has a solution. In this section, we
will study the problem from another perspective. Namely, suppose a
solution u of the Poisson equation Au = f exists, we want to discuss
the properties of f. We have the following general result.

Theorem 2.1. Let M™ be a complete noncompact manifold with
nonnegative Ricci curvature. Suppose u is a solution of Au = f on
M, where f > 0 is a nonnegative function. Suppose that there exist
nondecreasing functions h and g such that

—g(r) < inf u < sup u < h(r)
Bo(r) Bo(r)

for all r, where o € M is a fixed point. Then for any R >0 and x € M
R
C(n) [Rzk(:c, R) +/ tk(:c,t)dt] < —u(z) + h(5R+7)
0
<g(r)+h(BR+T)

for some positive constant C(n), where r = r(z),

k(z,t) =1/V,(t .
@0 =1%o [ 1
In particular, if we let k(t) = k(o,t), then
R
C(n) [RQk(R) + / tk(t)dt} < —u(o) + h(5R)
0

for all R.
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Proof. Let x € M and let r = r(x). For any R > 0, let G be
the positive Green’s function on B, (R) with Dirichlet boundary data.
Then

/ Grz,y) f(y)dy = / Gz, y) Au(y)dy
«(R) Bi(R)

0GR
= —u(x) — U
8By (R) v

where we have used the fact that %G—R < 0 on 0B;(R) and that

v

9 .
faBI(R) gyR = —1. By Lemma 1.1 in [25]

R
t
Gr(z,y) > C / g
( ) ' r(z,y) Vw(t)

for all y € By(3 R) for some constant C1(n) > 0. Hence

Ry
=0 </R V0<t>dt> </Br<’§> )
5 ¢
Jr/o (Vz(t) /Bw(t) f) dt]
> Oy RQk(x,§)+/5tk(x,t)dt]
0

for some positive constant C2(n), where we have used volume compari-
son. From this the theorem follows. q.e.d.

Note that similar estimate has been obtained in [15, Lemma 2.1],
where no curvature assumption was made and hence the result was
weaker.

Using Theorem 2.1 and the results in Section 1, we can obtain nec-
essary and sufficient conditions for a function f so that Au = f has a
solution with certain growth rate.
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Theorem 2.2. Let M™ be a complete noncompact manifold with
nonnegative Ricci curvature and let m(t), 0 <t < oo, be a nonnegative
nondecreasing function such that for any A > 1 there exists C' > 0 with

(2.1) m(At) < Cmf(t)

for allt, and
(2.2) / t2m(t)dt < oo.
1

Let f > 0 be a locally Hélder continuous function on M and let k(z,t)
as in Theorem 2.1. Then the Poisson equation Au = f has a solution
on M with supg,_ [u| < Cm(r) for some constant C for all r if and

only if
(2.3) /t sk(z,s)ds < C'mf(t)
0

for some constant C' for all x and for all t > %T(.T)

Proof. By (2.2) and the fact that m is nondecreasing, m(t) = o(t) as
t — oo. Suppose f satisfies (2.3). Then it is easy to see that f satisfies
the assumptions in Theorem 2.1. Hence Au = f has a solution u such
that

) 2r
alr/z k(t)dt+51/0 tk(t)dt > u(x)

r

2r
+ 03 /(; tk(t)dt

for some positive constants ay(n), as(n) and G;(n), 1 < i < 3, where
r=r(x), k(t) = k(o,t). Combine this with (2.1)—(2.3), we have

(2.4) sup |u| < Cym(r)
Bo(r)

for some constant Cy for all r.
Conversely, suppose Au = f has a solution satisfying (2.4). Then
by Theorem 2.1 and (2.1), it is easy to see that (2.3) is true.  q.e.d.
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Remark 2.1. (i) We assume condition (2.1) so that we can state
the theorem more simply. Otherwise, we may replace some of the m(t)
in the theorem by m(At) for some constant A. (ii) From the proof it is
easy to see that if Au = f has a solution satisfying supp, ) [u| < Cm(r),
then u is the solution obtained in Theorem 1.2. Because in this case,
both u and the solution in Theorem 1.2 are of sub-linear growth.

If we take m(t) =constant, m(t) = log(2 + t) or m(t) = (1 +t)'~?
for some 1 > ¢ > 0, then we have the following.

Corollary 2.1. Let M™ be a complete noncompact Riemannian
manifold with nonnegative Ricci curvature and let f > 0 be a locally
Holder continuous function on M. Let k(z,t) and k(t) be as in Theo-
rem 2.2. Then:

(i) Au = f has a bounded solution if and only if there is a constant
C > 0 such that

th(x, t)dt < C
0

for all x.

(ii) Au = f has a solution with suppg, . |u| < Clog(2 + 1) for some
constant C for all v if any only if

¢
/ sk(x,s)ds < C'log(2 +t)
0

for some constant C' for all r = r(z) and for all t > %7’.

iii U = as a solution with sup u| < +7)"7°% for some
iii) Au=fh l h supg, () C(l+7r)' f
constants C' and 0 < d < 1 for all r if any only if

t
/ sk(x,s)ds < C'(1+t)17°
0
for some constant C' for all r = r(z) and for all t > tr.

Suppose [,°tk(t)dt < oo and if f is not identically zero, then
[T t/Vo(t)dt < oo and M must be nonparabolic. In this case, it is
easy to see that u(x) = — [}, G(x,y)f(y)dy + C for some constant C.
As an application of this remark and Corollary 2.1, we will give another
proof of a result of Li [12, Theorem 4] on bounded subharmonic func-
tions. The method is not simpler, but we obtain some estimates that
may be useful.
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Theorem 2.3. Let M™ be a complete noncompact manifold with
nonnegative Ricci curvature. Let u be a bounded subharmonic function,
and let o = sup,; u, then:

(i)

1
Vo(R) /B,,(R)(a —u)

R? < [ ¢
=¢ (Vo(ZR) /Bo(2R) e+ /23 (Vo(t) /Bo(t) f) dt)

for some constant C(n) for all R > 0, where f = Au.

(i1) (Li [12])

lim

u = sup u.
R—o0 Vo(R) /BO(R) M

Proof. First we assume that M is nonparabolic and satisfies (1.1)
and (1.2). Then f > 0 because u is subharmonic. By Corollary 2.1, we
have

o0 t
25) / (Vm . /M) f) i<y

for some constant C] for all x € M. Moreover, by adding a constant to
u, we may assume that

u() = — /M G, y) f(y)dy.

Note that w is nonpositive. Using similar methods as in the proof of
Theorem 1.3, let R > 0

(2.6) /BD(R)(_“) = /IEBO(R) < o G(x,y)f(y)dy) da
- /xEBO(R) (/yEBO(QR) G(%@/)f(y)dy) dx

4 / ( / G(w,y)f(y)dy> dz.
z€By(R) yEM\ B, (2R)
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For any y € M,
3R 2
/xGBy(BR) (=:9) 0 ol )Vy(t)
3R
= Cg/ tdt
0
< C4R2

for some constants Cy, C'5 and C4 depending only on n and o, where
we have used (1.1) and (1.2). Hence

(2.7) /meBo(R) </y€BO(2R) G(J:,Z/)f(?J)dy) da
-/ W ( / G@,y)dx) "
vemaem " \Jeen(m)
: /ZJEBO(ZR) @) (/:cesy(gR) G(ﬂt,@/)dw) dy

< C4R* / f.
Bo(2R)

For any x € B,(R), using (2.5)
(2.8)

/ Gz, ) f(y)dy < Cs / G(o,)f(y)dy
yeM\Bo(2R) yeM\Bo(2R)

< Cy /2: </t°° Vjs)d8> </830(t) f) :
cof (o fo )

for some constants C5, Cs depending only on n and o. By (2.6)—(2.8),
we have

1
Vo(R) /BO(R)(_U)

R? el
< (G +Co) (VO(R) /BO(ZR) f+ /2R (VO(t) /Bo(t) f) dt) '
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This implies (i) because o = supy; u < 0. By (2.5), the right side of the
above inequality will tend to 0 as R — oo. This implies (ii) by noting

that
1

VR /O(R)(—u) > i]1\14f(—u) > 0.

For general cases, we just take M x R?* with flat metric on R* and
consider u as a subharmonic function on M x R* and use Lemma 1.1.
Note that in this case, we can choose ¢ to depend only on n.  q.e.d.

Consider the following example: let w be a nonconstant bounded
subharmonic function on R? and consider u as a bounded subharmonic
function on R*. Then the average of u over B,(r) will tends to sup,, u
as r — oo. However, it is obvious that w will not be asymptotically
constant at infinity. In this respect, we have:

Theorem 2.4. Let M"™ be a complete noncompact manifold with
nonnegative Ricci curvature and let u be a smooth bounded subharmonic
function on M. Suppose f = Au is such that f(x) < Cr=2(z). Then

lim u(x) = supu
T— 00 M

where © — oo means that r(x) — oo.

Proof. Since u is bounded and subharmonic, by Corollary 2.1 we
can conclude that
t2k(t) — 0

as t — oo, where k(t) = 1/V,(t) fBo(t) f. By Corollary 1.2(iii) and the
assumption that f(x) < Cr=2(x), we have

(2.9) [Vu(z)| = o(r™ (x))

as r(z) — oo. We may assume that sup,; u = 0. By Li’s result Theo-
rem 2.3(ii)

1
lim / u = 0.
r—o00 Vo (1) JB,(r)

Since u < 0, for any € > 0, let D, = {x € B,(r)| u(x) > —e}, then it is
easy to see that

V(Dy) > (1—¢e)V(r)
if r is large enough. Hence if = is such that r(z) = R and if R is large
enough, V,(3R) N Dag # 0. By (2.9) we conclude that u(z) — 0 as
r— o0o. q.e.d.

365
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3. Some vanishing results

In this section, we will apply the results in Section 1 and Section 2
to obtain some vanishing theorems on holomorphic line bundles over
complete noncompact Kéahler manifolds. The results are related to those
in [22] and [10]. We need the following Kodaira-Bochner formula [21,
Chapter 3, §6]:

Lemma 3.1. Let M be a Kdhler manifold, let L be a Hermitian
holomorphic line bundle over M and let ¢ be a holomorphic (p,0) form
with value in L. Denote |¢| to be the norm of ¢ with respect to the
Kdhler metric on M and the Hermitian metric h on L. Then

812 Alp]> — |V]g*[?

>4 <—Q + min (Vi +Yig + 0+ %‘p)> \¢|4‘

1<iy <ig<--<ip<m

where v; are the eigenvalues of the Ricci form Rz‘j’ of M, Q is the trace
of the curvature form sz of h.

Theorem 3.1. Let M™ be a complete noncompact Kdahler manifold
of complex dimension m with nonnegative Ricci curvature. Let L be a
Hermitian holomorphic line bundle over M and let Q0 be the trace of
the curvature form of L. For any 0 < € < 1 and 7 > 0, there exists a
constant a(m, T, €) such that if

2
3.1 lim sup / Q) <a,
(3.1 oo Vo(r) Jpomy

where Q4 is the positive part of 0, then any holomorphic (p,0) form ¢
(valued in L) is trivial if the norm of ¢ satisfies

L 2T _ r¢€
5:2) T oo 167 =06

asr — oQ.

Proof. Suppose €24 satisfies the condition (3.1) with a to be deter-
mined later. Let M = M x R* and denote # = (z,2'). Consider €
as a function on M. By Theorem 1.1 and Lemma 1.1, we can find a
solution u(Z) of Au = 479, such that

o

u(x) < aﬁ/w k(t)dt + B /027" tk(t)dt

T
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where oy and (3 are the constants depending only on m, ¥ = r(:z:N) is the
distance from Z to 0 = (0,0) and k(t) = 1/V,(t) fBo(t) Q.. Here A is the

Laplacian on M. Choose a > 0 such that a1 < %6, then a depends
only on m, 7, e. By (3.1), we have

. u()
limsup ———— <1
'r(i)—»ols a7 log7(z)
and hence
(3.3) @ < C1(1+7)24(@)

for some constant Cy for all z. Let ¢ be a holomorphic (p,0) form such
that

1
T — O T—E
o /B e =067,

and let f = |¢|>. By Lemma 3.1, we have

(3.4)

FAf —|VfI? > —494 f
and if we consider f as a function on M , then
(3.5) FAF = |Vf? > —49, f*

where V is the gradient on M. For any § > 0, let g = (f+9). At a
point = where f(z) > 0, we have

gAg — |Vg> = g*Alogg

_ oA VP
T \F+s (F+o?

2792< 0.0 (VP |W!2>

CfH0 T f(fH0) (f+0)?

> —41Q, g

On the other hand, suppose f(z) = 0, then g attains minimum at Z.
Hence we still have

gAg —|Vg|* > —47Q, g*.
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Let v = e*g, then
vAv = elg (e“ﬁg +2¢e" < Vu, Vg > +etgAu + e“g\%u|2>

> e (—47Q g% + [Vgl* = 2|Vu| [Vg| + 4724 6° + g% Vul?)

> 0.

By the mean value inequality of Li-Schoen ([13, Theorem 2.1}), for any
r >0,

sup v < 02/ v
By Va(2r) J0m)

for some constant Co(m). Let 6 — 0, we have

Cy
3.6 sup e T < e fT
(3:6) B5<I;)) < Vs(27) JB,(2m) J

< Cy(1 +7)2°V(27) / T
Bz (27)

< Cy(1 +7)2V,(2F) r
Bo(27)

for some constants C3 and Cy independent of 7. Here we have used (3.3)
and Lemma 1.1. For any z € M with r = r(x), if we take ¥ = R > 2r
in (3.6), we have

eu(x,O) |¢($)|2T — eu(m,O) fT (x)
1
2

< C5(1+ R) / i
Vo(2R)  JB,(2R)

= 05(1+R) E/ |¢’2T
Vo(2R)  JB,2R)

-0 (R7¥)
for some constant C'5 independent of r and R. Let R — oo, we conclude

that ¢ =0. q.e.d.

Remark 3.1. If [}, |¢|*" < oo, then obviously ¢ satisfies (3.2)
because the volume growth of M is at least linear by [27].

N[

As an application, we have:

Corollary 3.1. Let M™ be a complete noncompact Kdahler manifold
with nonnegative Ricci curvature and let L be a holomorphic line bundle
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over M with Hermitian metric h. Let p = \/—1Qij.dzi A dZ be the
curvature form of L, h and let Q be the trace of p. Suppose p > 0 and

2
lim sup / Q=0.
r—oo Vo(r) JB,(r)
Then p™ = 0.

Proof. Suppose p™ # 0 at some point, then there exists a positive
integer ¢ and a nontrivial holomorphic section ¢ of L’ such that |¢| €
L?(M) by Corollary 3.3 in [22]. Note that the trace of the curvature
form of L’ is ¢92. By Theorem 3.1 and the assumption on (2, we have a
contradiction. q.e.d.

Later in Section 5, we will discuss conditions so that L is actually
flat, see Proposition 5.2.

If we take L to be the anti-canonical bundle of M, then we have the
following generalization of the first part of Corollary 3.5 in [22].

Corollary 3.2. Let M™ be a complete noncompact Kdhler manifold
with nonnegative Ricci curvature and let R be the scalar curvature of
M. Suppose

2
3.7 limsup/ R =0.
3.7) r—oo Vo(r) JB,(r)

Then the Ricci form p of m satisfies p™ = 0.

Remark 3.2. (i) If M is nonparabolic and if R is integrable, then
(3.7) is true. Hence Corollary 3.2 is a generalization of Corollary 3.5
and Theorem 3.6 in [22] for the case that M has nonnegative Ricci
curvature. (ii) As observed in [4], from the arguments in [23], if (3.7) is
true for all base point o so that the convergence is uniform and if the
holomorphic bisectional curvature of M is bounded and nonnegative,
then M is flat. In the above corollary, we only assume that the Ricci
curvature is nonnegative and we do not assume that the scalar curvature
is bounded. The result is weaker and it is interesting to see whether
M is actually Ricci flat in this case. In fact, for Riemannian case, it is
proved by Chen and Zhu [3] that if (3.7) is true uniformly and if the
Riemannian manifold is locally conformally flat then the manifold is
flat.

In the next result, we will relax the assumption that M has nonneg-
ative Ricci curvature.
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Theorem 3.2. Let M™ be a complete noncompact nonparabolic
Kahler manifold with complex dimension m. Let L be a Hermitian holo-
morphic line bundle and let Q) be the trace of the curvature form of L.
For any 1 <p <m, let

S(z) = lgil<i£21-l-l-<ip§m(%1 (@) + i (®) + -+ - + 73, (7)),

where 7y, are the eigenvalues of the Ricci form of M, and let S = 0 if
p = 0. Suppose

/M (—2+S)_ < oo,

i particular, suppose

/M (Qp+8-) <

where Q4 s the positive part of ), S_ is the negative part of S and
(—Q + S)_ is the negative part of —Q2+S. Then any holomorphic (p,0)
form ¢ with value in L must be trivial if ¢ satisfies

| 1o = o)
Bo(r)

as r — oo for some T > 0.

Proof. The result follows immediately from Lemma 3.1 and the
result in [18, Corollary 2.2]. For the sake of completeness, we prove the
result in the same spirit as the proof of Theorem 3.1.

First, we claim that there is a solution u of Au = (—Q + S)_ with
u < 0. To prove the claim, let R > 0 be fixed, and let G be the minimal
positive Green’s function of M. G exists because M is nonparabolic.
Let 0 =4(—Q+ S)_, then for z € B,(R),

/ G(fv,y)a(y)dyI/ G(fv,y)a(y)der/ G(z,y)o(y)dy
M Bo(2R) M\B,(2R)

SQC+/ mmm@@)
M\B,(2R)
< Oy

for some constants C;, C independent of x with x € B,(R). Here we
have used Harnack inequality, the fact that supyp g, (2r) G(0,y) < oo
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(cf. [14, p.1138]), the fact that for ¢ € L'(M), and that there exists a
constant C'3 such that

| Gy <y
Bo(2R)

for all © € B,(R). Hence [,,G(z,y)o(y)dy is locally bounded and
u(z) = — [, G(x,y)o(y) is well defined with Au = . Obviously u < 0.

To complete the proof of the theorem, let ¢ be a holomorphic (p,0)
form such that fBo(r) |¢|>” = o(r?). As in the proof of Theorem 3.1, for

any € > 0, let f = |¢|? and let g = (f +¢€)7. If v = e™%g, then
vAv > 0.

We can then apply the method in [27], [18]. Namely, multiplying the
above inequality by a suitable cut off function, we have

/ Vol? < / Vo2 < C;L/ v?
o("')mMa Bo(r) r BO(QT)

where M, = {z € M| f(x) > a} and C} is a constant independent of r
and a. Let ¢ — 0, we have

(3.8) / IVl < C,j/ w?
o("’)mMa r BO(QT)

where w = €™ f7. By the assumption on f = |¢|? and the fact that
7> 0, u <0, we conclude that

2 TU £T\2 __ 2
(3.9) /B s /B PRCERIETC

as 7 — 0o. Combine this with (3.8) and let r — oo, |[Vw| = 0 on M,.
Since a is arbitrary, w must be a constant. Since M is nonparabolic,

Vo(r)

r2

lim sup > 0.

r—00
and hence (3.9) implies that w must be identically zero.  q.e.d.

Theorem 3.2 generalizes Theorem 2.3 in [22] which deals with holo-
morphic section of line bundles. By taking L to be the trivial bundle
with flat metric, it is easy to see that the theorem also generalizes part
of Theorem 2 in [10] for the case of holomorphic p-forms.
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4. Liouville property of plurisubharmonic functions

In this section, we will apply the results in Section 1 and Section 2
to study plurisubharmonic functions on a complete noncompact Kéhler
manifold M™ with nonnegative Ricci curvature, where m is the complex
dimension of M. In [22, Proposition 4.1], it was proved that if u is a
plurisubharmonic function such that

lim sup =0
r(z)—oo log T(LU)

then

(4.1) (90u)™ =0

on M. Let us first prove a more general result as an application of
Theorem 3.2.

Proposition 4.1. Let M™ be a complete noncompact nonparabolic
Kahler manifold such that the scalar curvature R satisfies

/R<oo.
M

where R_ is the megative part of R. Suppose u is plurisubharmonic
function on M such that
u(z)

li =
lflsip logr(x) 0

Then (85u)m =0

Proof. Suppose \/—190u(xg) > 0 at some point x9. We can find
a coordinate neighborhood U with holomorphic coordinates z(z) where
z = (21,...,2m) so that xg corresponds to the origin and U corresponds
to |z| < 4, and that v/—190u > 0 in U. Let A > 0 be a smooth function
on U such that A(z(z)) =1 1in |z(z)| < 1 and A = 0 outside |z(x)| = 2.
Let ¢ be the function on M such that ¢(z) = 2(m+ 1)A(2(z)) log|2(z)]
on U and zero outside U. Then ¢ is smooth on M \ {xo} with compact
support. Since 3¢ > 0, in the weak sense, within {|z(x)| < 1} and
vV/—100u > 0 in U. Hence there is a positive constant A such that
if ¢ = Au + ¢ then /=109y > ew for some nonnegative continuous
function e which is positive on [z(z)| < 1. Here w is the Kéhler form
of M. Let p > 0 be a smooth cutoff function such that p(z(z)) = 1 if
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|z(x)] <1/2 and p = 0 outside |z(z)| = 1. Let n = pdz1 A -+~ A dzp,. It

is easy to see that
nl|2
[
M €

By Theorem 5.1 in [7], there is an (m, 0) form 7 such that O = 9n and

2
/HTH2 w<C/ H@WH

Note, here we do not need assumptions on the curvature of M because
we are dealing with (m,0) forms. By the definition of ¢, we conclude
that 7(xo) = 0. Hence 7 = 7 — 7 is holomorphic (m,0) form which is
nontrivial. Moreover, by the above inequality and the growth assump-

tion on u, we have
|k =ow.
o(r)

as r — oo. This contradicts Theorem 3.2 with L being the trivial line
bundle with flat metric.  q.e.d.

Because of Ni’s result [22], it is interesting to see whether w is actu-
ally constant if u satisfies (4.1).

Let uw be a plurisubharmonic function and let f = Au. As before,
let k(z,t) = 1/V,(¢ fB ) [ and k(t) = k(o,1). First, we assume that
M supports a strictly plurlsubharmonic function.

Theorem 4.1. Let M™ be a complete noncompact Kdhler man-
ifold with nonnegative Ricci curvature. Let u be a plurisubharmnonic
function satisfying (4.1) such that f(x) = Au(x) < Cr=2(x) for some
constant C > 0 for all x. Suppose M supports a strictly plurisubhar-
monic function. Then u must be constant if one of the following is
true:

(a) u is bounded.

(b) suppg,(yu =o(r) asr — oo and there exist r; — oo and a constant
C' such that r; f:o k(t)dt < C.

(¢) u(x) < alogr(x) for some constant a for all x with r(x) > 2 and
M is nonparabolic with Green’s function satisfying (1.1).

Proof. (a) Since f(z) < Cr~%(z), by Theorem 2.3, we have

lim u(z) = sup u.
r—00 M

373
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By the minimum principle of [2], [1], © must be a constant.

Suppose (b) is true. Then [~ k(t)dt < oo. Since f(z) < Cr—?(x),
we can find a solution v of Av = f such that |v(z)| = o (r(z)) as z — oo
by Proposition 1.1 and Theorem 1.2. Hence u—v is a harmonic function
and supp,_ () (u — v) = o(r) because supp,(,yu = o(r). By the gradient
estimate [5, Theorem 6], u — v must be a constant. Without loss of
generality, we may assume that v = v which is the solution obtained in
Theorem 1.2. In particular,

o0

%r 2r
w(z) > —anr /2 k(D) — B /0 (i, £)dt + s /0 te(t)dt

where ao and 5 are positive constants depending only on m and r =
r(x). Since f(z) < Cr—2(z),

o

2r
(4.2) u(z) > —Cy — agr/ E(t)dt + ﬁ3/0 tk(t)dt

2r
for some constant C] independent of x. By the assumption, there exist
r; — 0o and a constant Cy such that

(4.3) T /OO k(t)dt S CQ.

Hence

ri
inf w> —Cy+ By / He(t)dt
630(%7”1') 0

for some constant C3 for all i. Suppose [;°tk(t)dt = oo, then u(0) =
oo by the minimum principle of [2], [1]. This is impossible. Hence
fooo tk(t)dt < oco. By the minimum principle again, we conclude that u
is bounded from below. By Theorem 1.2, u also has an upper bound

o0

2r
u(z) < agr k(t)dt + ﬁ1/ tk(t)dt
2r 0

for some constants «; and ; depending only on m, where r = r(z).
By (4.3), the fact that [° tk(t)dt < co and the maximum principle for
subharmonic function, we conclude that u must be also bounded from
above. Hence u is constant by (a).

Suppose (c) is true. By the assumption on the upper bound of u(z)
and Theorem 2.1, there exists a constant Cy4 such that

R
(4.4) / tk(t)dt < CylogR
0
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for all R large enough. It is sufficient to show that there exist r; — oo
such that (4.3) is true. First note that

(45) = [T ([ ) ( /. f) dt

> A(t)
<C —dt
- 5/r 1V (1)
S 067‘_1
for some constants C5 and Cg independent of r. Here we have used the

fact that f(z) < Cr~2(z) and the fact that tA(t) < 2mV(¢). On the
other hand,

an = ([ ) </Bo<t> f> T
L ) ()
M /TOO V1<t> </Bo<t> f> !
e ( / N f> + [

for some positive constant. Here we have used the fact that the positive
Green’s function satisfies (1.1). By (4.4), (4.5), (4.6) it is easy to see
that (4.3) is true for some r; — co.  q.e.d.

[e9]

By the method of [20, pp.195-199], we can obtain the following Liou-
ville result for bounded plurisubharmonic functions on Kéhler manifold
with nonnegative sectional curvature with maximal volume growth.

Proposition 4.2. Let M™ be a complete noncompact Kdahler man-
ifold with nonnegative sectional curvature and with mazximal volume
growth. Let u be a bounded plurisubharmnonic function satisfying (4.1)
such that f = Au satisfies f(z) < Cr=2(x) for some constant C > 0
for all x. Then u must be constant.

Proof. Since u is bounded and f(x) < Cr~2(z), u is asymptotically
constant by Theorem 2.4. Using the method in [20], we conclude that
u is constant.  q.e.d.
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Suppose M has positive holomorphic bisectional curvature, then M
supports a strictly plurisubharmonic function by [9]. Hence we have the
following.

Corollary 4.1. Let M™ be a complete noncompact Kdahler manifold
with positive bitholomorphic sectional curvature. Let u be a plurisubhar-
monic function satisfying (4.1) such that f(x) < Cr=2(x). Suppose one
of the conditions (a), (b) or (c) in Theorem 4.1 is true, then u must be
constant.

5. The Poincaré-Lelong equation

Let M™ be a complete Kéhler manifold with nonnegative bisectional
curvature. In [20, Theorem 1.1}, it was proved that if M has maximal
volume growth and if p is a closed (1,1) form on M such that the norm
l|pl] of p satisfies ||p(x)|] < Cr~2(x) for some constant for all 2, then one
can solve the Poincaré-Lelong equation by solving 1/2Au = trace(p).
In this section, we will apply the results in Section 1 and Section 2 to
show that given a closed (1,1) form p with trace f, one can solve the
following Poincaré-Lelong equation under rather general assumptions
on p:

(5.1) V—100u = p.

We will also give some applications of the result.
In this section, m always denotes the complex dimension of M™.

Theorem 5.1. Let M™ be a complete Kdhler manifold with non-
negative holomorphic bisectional curvature. Let p be a real closed (1,1)
form with trace f. Suppose f > 0 and p satisfies the following condi-
tions:

* 1
5.2 / / plldt < oo,
(5:2) o Vo(t) Bo(t)” I

and

1
(5.3) lim inf / llp|> = 0.
r=oo Vo(r) JB,(r)

Then there is a solution u of the Poincaré-Lelong Equation (5.1). More-
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over, for any 0 < € < 1, u satisfies
00 2r
alr/ k(t)dt +51/ tk(t)dt > u(x)
2r 0
o
> —agr/ k(t)dt
2
€r
_ 4 / th(, £)dt
0

2r
+ 3 /0 tk(t)dt

for some positive constants a1 (m), aa(m, €) and B;(m), 1 < i < 3, where
r = r(x). Here as before, k(x,t) = 1/V,(t) fBz(t)f and k(t) = k(o,t),
where o € M is a fized point. Moreover, the gradient of u satisfies the
estimates in Theorem 1.3.

Proof. Let us first consider the case that M is nonparabolic and its
Green’s function satisfies (1.1). By (5.2), since f is the trace of p we
have

/OOO k(t)dt < oo.

By Theorem 1.1 we can find a solution u of %Au = f. Moreover, u
satisfies the estimates in Theorems 1.1 and 1.3. We claim that u satisfies
(5.1). By (5.3), we can find R; — oo such that

1
lim [ el =o.
i—oo Vo(R;) JB,(r))

It is known that ||\/—100u — p||? is subharmonic, see [20, p.187] for
example. For any x € M, if j is large enough so that R; > 8r(z), then
by the mean value inequality for subharmonic function in [13, Theorem
2.1], using Theorem 1.3(iii) we have

_ C _
IV=T09u - plP@) < — = [, IIV=T08u - gl
V(%) St
CQ / 2,12 2
<[ (VP )
Vo(B1) JB,(5)

2
> 1
<Cs |R2 / k(t)dt | + / pl)?
3 ( R, () > ‘/O(Rj) Bo(Rj)” H

— 0

377
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as j — oo, where C; — (3 are constants independent of j. Hence
V/=100u = p and the proof is completed in this case.

In general, let M = M xC?. Then M is nonparabolic and its Green’s
function satisfies (1.1). We may consider p as a closed (1, 1) form on M.
Moreover, the trace of p is still f which is independent of the variable in
C2. Tt is easy to see that p still satisfies (5.2) and (5.3) by Lemma 1.1.
Hence we can find @ such that /—190u = p. It is easy to see that for
any fixed z9 € M, @(xo,-) is pluriharmonic on C?. Moreover, since U
satisfies the estimates in the theorem, we have

=0.

lim sup u(zo, y)

yeC2,y—oco |y|

Hence (zo, ) is constant on C? by Harnack inequality, and u(x,y) =
u(x) which satisfies (5.1) on M. Moreover, u satisfies the estimates
in the theorem. The estimates of the gradient of u follows from the
construction and Theorem 1.3.  qg.e.d.

Remark 5.1. (i) If p satisfies (5.2), and if

liminfr=! sup ||p|| < oo,
r—00 aBo(T’)

then (5.3) will also be satisfied. In particular, ||p|| may be unbounded.
(ii) By Remark 1.1, it is easy to see that the theorem is still true without
the assumptions that p is real and f is nonnegative. What we need is
(5.2) and (5.3).

In the following we give some applications of the theorem.
(I) Steinness of Kéahler manifolds.

Theorem 5.2. Let M™ be a complete noncompact Kdahler manifold
with nonnegative holomorphic bisectional curvature. M is Stein if one
of the following is true:

(i) There exists a closed real (1,1) form p which is positive everywhere
such that ||p||(x) < Cr=2(x) and k(t) < Ct=? for some constant
C for all x and t. Here f is the trace of p and k(t) is as in
Theorem 5.1.

(i) M has nonnegative sectional curvature and there erists a real
closed (1,1) form p which is positive everywhere and satisfies (5.2)
and (5.3).
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Proof. (i) By Theorem 5.1, we can solve the Poincaré-Lelong equa-
tion v/—100u = p. Since p is positive everywhere, u is a strictly
plurisubharmonic function. Since u satisfies the estimate in the the-
orem, by Corollary 1.1 and Corollary 3.1, we see that u is an exhaustion
function. Hence M is Stein.

To prove (ii), by the assumption, we can obtain a strictly plurisub-
harmonic function as before. Since the sectional curvature is nonneg-
ative, one can apply the method in [8] to show that the manifold is
Stein.

q.e.d.

Corollary 5.1. Let M™ be a complete noncompact Kdahler manifold
with nonnegative holomorphic bisectional curvature. Suppose that M
has positive Ricci curvature. Then M is Stein if M satisfies one of the
following:

(i) The Ricci form p satisfies ||p||(x) < Cr~2(x) and 1/V,(t) fBo(t) lpl|
< Ct=2 for some constant C for all z € M and t > 0.

(ii) M has nonnegative sectional curvature and p satisfies (5.2) and
(5.3).

Corollary 5.1(i) was basically proved in [19] (see also [20]) under
the assumption is that ||p||(z) < Cr~2(x) and M has maximal volume
growth, which will imply that 1/V, () fBo(t) l|pl| < Ct=2 provided m >
2. Corollary 5.1(i) seems to be more general at first sight, but we will
see later that if m > 2, the assumptions in Corollary 5.1(i) will imply
that M has maximal volume growth. Also, it was proved in [8] that
if M has nonnegative sectional curvature and has positive holomorphic
bisectional curvature, then M is Stein. In (ii) of the corollary, we still
have the same assumption on sectional curvature, but we replace the
assumption on the positivity of holomorphic bisectional curvature by the
assumption that the Ricci curvature is positive and whose norm decays
faster than linearly in a certain sense. We would like to mention that
in [4], it is proved that if M has nonnegative holomorphic bisectional
curvature, has maximal volume growth such that its scalar curvature R
satisfies R(z) < Or~!'=¢(x) for some constants C' and € > 0 for all z,
then M is Stein.

(IT) Plurisubharmonic functions revisited

Proposition 5.1. Let M™ be a complete noncompact Kdihler man-
ifold with nonnegative holomorphic bisectional curvature and positive
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Ricci curvature with Ricci form p satisfies (5.2) and (5.3). Let u be a
plurisubharmonic function satisfying (4.1) such that f(x) < Cr=2(z).
Suppose one of (a), (b) or (c) in Theorem 4.1 is true, then u must be
constant.

Proof. By Theorem 5.1, (5.1) has a solution with p being the Ricci
form of M. Since p > 0 everywhere, M supports a strictly plurisubhar-
monic function. The result follows from Theorem 4.1.  q.e.d.

Proposition 5.2. Let M™ be a complete noncompact Kahler man-
ifold with nonnegative holomorphic bisectional curvature and let L be a
holomorphic line bundle over M with Hermitian metric h with nonneg-
ative curvature. Let €2 be the trace of the curvature of L with respect to
h. Suppose

(i) M supports a strictly plurisubharmonic function;
(ii)

2
limsup —— / Q=0;
r—oo Vo(r) JB,(r)
and
(iii) Q(x) < Or—2(x).

Then L is flat.

Proof. By Theorem 5.1, we can find a solution u of (5.1) satisfying
the estimate in the theorem with f = 2 and p be the curvature form of

L. Since p™ = 0 by Theorem 3.1, v must be constant by Theorem 4.1.
Hence p=0. q.e.d.

(III) Volume and curvature estimates

Lemma 5.1. Let M™ be a complete noncompact Kdahler manifold
with nonnegative holomorphic bisectional curvature. Let p be a real
closed (1,1) form with trace f. Suppose p >0 and p > 0 at some point
o and satisfies (5.2) and (5.3). Then for any o > 2 and p > 1, there
exists constants C1 > 0, Co > 0 independent of R and C* independent
of R and a such that

CiR L[> 1 z
V(R < |C /aR k(t)dt+CzR<%(R)/o(R)fp>

1 / atm- |’
Vo(R) JB,(2r)\B. ()
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where ¢ = p/(p — 1) if p > 1, and if p = 1, then the last integral is
) -1
interpreted as SUD g, (2 )\ B, (£) fm-1,

Proof. By Theorem 5.1 we can solve the Poincaré-Lelong equation
v —100u = p. Let us first assume that p > 1. Since p > 0 and is strictly
positive at o, there is a constant C; > 0 such that for all R > 1

C1 < / P
o(R)

= / (V=100u A p™ 1)
o(R)
= V—10u A p™t

8B, (R)

: :
< / |VulP / fq(mfl)
8B, (R) 8B, (R)

for some constant Cy independent of R and ¢ = p/(p — 1). For R > 2,
integrating from %R to R, there is a constant C5 > 0 independent of R
and « such that

Ch z g
(5.4) “1r< / |VulP / fq(mfl) )
2 Bo(R)\Bo(£) Bo(R)\Bo(%)

By Theorem 5.1, the gradient of u satisfies

1 / . </°O )p CQRP/
_ TulP < C k(t)dt ) + -2 7
Vo) Sy " o D) TR L

where a > 2 is a constant, C* is a constant independent of R and «
and Csy is a constant independent of R. Combine this with (5.4), the
theorem is true if p > 1. The case that p =1 is similar.  q.e.d.

Theorem 5.3. Let M™ be a complete noncompact Kahler manifold
with nonnegative holomorphic bisectional curvature. Let p be a closed
real (1,1) form with trace f. Suppose p > 0 and p > 0 at some point o
and suppose that

1 D % T—l—e
(55) <V0(T) /Bo('r’) f ) =¢
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and

(5 6) 1 / fq(m_l) am= < C —1—e¢
N ~ T
Vo(r) JB,m\Ba(3)

for some 1 < p < m and for some constant C' for all r, where 0 < e < 1,
g=p/(p—1). If p=1, (5.6) means that

sup f<CriTe
BO(T)\BO(g)

Then
VO(R) > CRm(1+e)

for some constant C > 0 for all R > 2. If, in addition,
V,(R) < ¢'R™1+9)

for some constant C' for all R, then

1
1 / ! 1", —1—
Pl =0
(Vo(r) Bo(r)

for some constant C"” > 0 for all v large enough. In particular, if e = 1,
then M has mazimal volume growth and

1
1 / P _92
Jid > "4,

<%(T) Bo(r)

Proof. Let us consider the case that p = 1. Then p satisfies the
conditions in Lemma 5.1. Hence we have for R > 2,

CiR c* CzR/ —(m—1)(1+¢)
< + IR
Vo(R) (aR Vo(R) JB,(R) )

< ORI+

where (7 and C* are positive constants independent of o and R, and
(5 and Cj are constants independent of R. From this it is easy to see
that

VO(R) > CRm(l—i—e)
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for some constant C' > 0 for all R > 2. If in addition,

for some constant C’ for all R. Then for R large enough, we have

C c* CoR
4 L L Lo / f
Bo(R)

Re ~ aR " V,(R)

where Cy > 0 is a constant independent of R and «a. If we take « large
enough, we can conclude that

f>CsR ¢
Vo(R) JB,(R) i

for some constant Cs > 0 independent of R. Suppose p > 1. By (5.5)

we have )
— pl| < Cr—1c
07 Sy

Let ¢* = g(m — 1). Since p < m, we have ¢gx > m > 2. Let kK > 1 be an
integer. By (5.6), for ¢ < k, we have

/ ]| < 0275 0F9 5 v, (2°)
Bo(2)\Bo(201)

where C' is a constant independent of /. Hence for any kg < k, we have

1 q* 1 & —Lg*(1+€) 14
Vo(2F) /]30(2k)\BO(1) lell*” < CVo(2k) ;2 X Vo)
oo
+ Z 2—€q*(l+e).
l=ko+1

Fix kg, let k — oo and then let kg — oo, we have

1 X
lim / oIl =o.
r—oo Vo(r) JB,(r)

Since ¢* > 2, we have

. 1 / 2
lim —— llpl|© = 0.
r—o0 Vo(r) JB, ()
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Hence the conditions of Theorem 5.1 are satisfied and we can proceed as
in the case that p = 1 and complete the proof of the theorem. q.e.d.

In particular, we have:

Corollary 5.2. Let M™ be a complete noncompact Kdhler man-
ifold with nonnegative holomorphic bisectional curvature. Suppose the
Ricci curvature is positive at some point and scalar curvature R satisfies
R(z) < Cr=2(z) and 1/V,(t fB R < Ct=2. Then M has mazimal
volume growth, and

2
liminf —— / R > 0.
) JBo(r)

r—00

Proof. Set e =1 in Theorem 5.3, the result follows easily by noting
that V,(r) < Cr?™, by the volume comparison.  q.e.d.

This result says that under the assumptions of the corollary, even
though the scalar curvature decays, but it actually cannot decay too
fast. One should compare this with Corollary 3.1.

Remark 5.2. If we assume that p has rank ¢ > 1 at o rather
than p is positive at o and if we assume that (5.5) and (5.6) are true
with ¢ = 1 and with m replaced by ¢, then we can modify the proof of
Lemma 5.1 and conclude that V,(r) > Cr?¢ for some positive constant
C for all r. In particular, if M is not Ricci flat, then V(r) > Cr? for
some constant C' > 0 for all » > 1.

(IV) Positive (1,1) forms satisfying a pinching condition

Theorem 5.4. Let M™ be a complete noncompact Kdahler manifold
with nonnegative holomorphic bisectional curvature, with m > 2. Let
p >0 be a closed real (1,1) form on M such that infi<j<m Aj(z) > ef(x)
for some positive constant €, for all x, where \; are the ezgem}alues of
p and f is the trace of p. Define k(z,t) = l/Vm(t) fBI(t)f and k(t) =
k(o,t) as before. Then p =0 if one of the following is satisfied:

(i) k(t) < Ct72 and f(x) < Cr=2%(x) for some constant C for all
t>0 and x.

(ii) Vo(r) < Cr™ for some constant C for all r, p satzsﬁes (5.2) and
(5.3) and there exists a constant C' such that [} k(z,t)dt < C for
all z.



POISSON EQUATION, POINCARE-LELONG EQUATION

Proof. 1If (i) is true and if f > 0 at some point, then M has maximal
volume growth by Theorem 5.3. Combining this with the assumptions
in (i) and the fact that m > 2, it is not hard to prove that k(z,t) < Ct 2
for some constant C for all t and x. By Theorem 5.1, (5.1) has a solution
u. Moreover, by the gradient estimate in Corollary 1.2, there exists a
constant C such that

(5.7) Vu(z)| < C1r ().

As in the proof of Theorem 5.3, using the pinching condition that A\; >
ef, we have

R R Y
Bo(r) Bo(r)
e / (vV=T08u A o)
Bo(r)

=y V—=19u A pm!
OBo(r)

1 m—1

(o) (L)
8B, (r) 8B, (r)

m—1

< Cy <T/ fm>
9Bo(r)

for some constants Co — —Cy independent of r, where we have used
(5.7) and the fact that A,(r) < Cr?™~! for some constant depending
only on m. Since f > 0 at some point, there exists o > 0 such that
F(r)= fBo(r) f™ >0 for all » > ro. By (5.8), we have

Fl
w— > Cpr™!
Fm-1

for some positive constant Cs for all > ry. Integrating from rqg to r
with r > 7y, we have

1 1 Cs r
F m—1 — F m—1 > 1 I
(r0) (1) 2~ log
Let » — o0, we have a contradiction. Hence f =0 and p = 0.
Under the assumptions of (ii), we conclude that |Vu(x)| < Cg for
some constant Cg for all = by Corollary 1.2. As in (5.8), using the same

385
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notations as before, we have

F(r) < CrA7 (r) (F'(r))

m—1

< (g (T‘F/(T’)) m

for some constants C7, Cg independent of r, where we have used the
assumption that V,(r) < Cr™ and the fact that rA4,(r) < 2mV,(r). We
can proceed as before to show that f and hence p must be identically
zero. q.e.d.

Remark 5.3. If we let g(r) = faBo(r) |Vu|™, then it is easy to see
that f = 0 provided that

> 1
/ g m1(t)dt = +o0.

0
Hence the conditions of Theorem 5.4 may be relaxed a little bit further.

In [24], Shi and Yau proved the following: Suppose M is a complete
noncompact Kahler manifold with m > 3 and with bounded nonnegative
holomorphic bisectional curvature and suppose that R w50 > €R for

(6

some positive constant €, where R asj is the holomorphic bisectional
(03

curvature and R is the scalar curvature. Then 1/V,(t) fBz(t) R<Ct™2
for some constant for all z. Using Theorem 5.1, we have:

Corollary 5.3. Let M™ a complete noncompact Kdhler manifold

with complex dimension m > 3. Suppose that R asp > €R for some
o

positive constant € and suppose that the scalar curvature satisfies (i)
R(z) < Cr=2(z) for all x or (i) V,(r) < Cr™ for some constant C for
all r. Then M is flat.
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