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CRITICAL EXPONENT AND DISPLACEMENT OF
NEGATIVELY CURVED FREE GROUPS

YONG HOU

Abstract

We study the action of the fundamental group I' of a negatively curved 3-
manifold M on the universal cover M of M. In particular we consider the
ergodicity properties of the action and the distances by which points of M
are displaced by elements of I'. First we prove a displacement estimate for a
general n-dimensional manifold with negatively pinched curvature and free
fundamental group. This estimate is given in terms of the critical exponent
D of the Poincaré series for I'. For the case in which n = 3, assuming that
I is free of rank k > 2, that the limit set of I' has positive 2-dimensional
Hausdorff measure, that D = 2 and that the Poincaré series diverges at the
exponent 2, we prove a displacement estimate for I" which is identical to the
one given by the log(2k — 1) theorem [1] for the constant-curvature case.

1. Introduction

In the following M is a complete Riemannian n-manifold with finitely
generated fundamental group I'. We will assume that the sectional cur-
vature K satisfies —b% < K < —a? for some 0 < a < b. A manifold which
satisfies curvature bounds of this type will be said to have negatively
pinched curvature. The Riemannian universal cover of M is denoted by
M, and M is identified with M / I'. The following additional notations
and terminologies will also be used:

e D is the critical exponent of the Poincaré series

Zexp(—s dist(z, yx))

yel

of I'. This means that for every x € M , the series diverges when
s < D and converges when s > D.
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I" is said to be divergent if the Poincaré series diverges at s = D.

S denotes a arbitrary, fixed free generating set of I', with conven-
tion that the inverses are not included.

e A(T") is the limit set of I', which is the unique minimal closed
I'-invariant subset of S...

e © denotes the Hausdorff dimension of A(I") (with respect to the
Busemann metric, the Gromov metric or the shadow metric: See

§2).

e M denotes the d-dimensional Hausdorff measure on S, with re-
spect to the Busemann metric.

e For each z € M and v € I, we refer to dist(z,yz) as the displace-
ment of z under ~.

Theorem 1.1.  Suppose that —1 < K < —a? and that T is free.
Then

IN

> 1 1
er 1+ exp(Ddist(x,vyz)) ~ 2
Theorem 1.2. Let M = M/F be a 3-manifold with —1 < K <

—a?. Suppose that T is free, that M2(A(T')) > 0, that D = 2 and that T'
1s divergent. Then the displacement satisfies

IN

> e ;
ot 1 + exp(dist(z,yz)) ~ 2

As corollary to the above Theorem 1.1, we have the following

Corollary 1.3. Suppose that M is a rank-1 locally symmetric
space normalized so that —1 < KK < —a?, and that T is free. Then,

IN

> 1 ;
rd 1 + exp(® dist(z,yz)) ~ 2

The study of the displacement function of fundamental group I' is
crucial in understanding the geometry of the manifold M. In constant
curvature spaces, the current best estimate is due to the work of Culler
and Shalen [4] where they have obtained an log3 lower bound for the
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displacement of rank 2 free group. Later the same estimate has been
generalized to rank k in [1] where the log(2k — 1) theorem is obtained.

In this paper we prove the estimate given by Theorem 1.1. The
crucial difference from the constant curvature case is the involvement
of the critical exponent in the estimate. Hence it provides an rela-
tionship between displacement and Hausdorff dimension ®. When the
critical exponent D is < 1 we have a estimate which is stronger than
the log(2k — 1) estimate even for constant curvature spaces (see Corol-
lary 3.7). Theorem 1.2 is closely related to the question of rigidity for
I' with D = 2 (see Theorem 3.5). In [8] a topological condition on M
has been established for which I is divergent at D.

In Section 2 will study invariant densities on Sy, and in particular
a decomposition theorem of I' with respect to the conformal invariant
density is proved. Section 3 is devoted to proving the displacement
function estimates and additional corollaries.

Acknowledgements

I would like to express my gratitude to Peter Shalen for his constant
encouragment and support. I also think Marc Culler for his interest. I
am also grateful to Sun Su Lan and Shu Ying Hou for their continuous
support and guidance. I am deeply indebted to my brothers Qun Hou
and Wei Hou for their inspiration and dedication.

2. The boundary S

In some situations we will take the dimension of M to be 3, otherwise
we will assume M is n-dimensional in general.

Let y € M and { € Sy be given. The following notations will be
assumed throughout.

e Sy denotes the unit sphere in the tangent space at y.

e &, denotes the natural homeomorphism between S, and S.

° cg(t) denotes the geodesic ray connecting y and (.

2.1 Metrics on S,

Fix a point x € M. Let 6 > 0 be a positive real number. Let £, in Sy
be given.
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In [7], Gromov defined a metric on Sa as follows. Let y,z € M be
given. Let us consider arbitrary continuous curve c(t) in M with initial
point and end point denoted by c(tp) = y and c(t1) = z respectively.
Define a nonnegative real-valued function G, on Mx M by

G.(y,2) := inf (/ exp(—d dist(z, c(t))) dt) .
all ¢ [to,t1]

In particular, Gromov showed that there exists 6(b) > 0 depending only
on the lower pinching constant b such that for any § with 0 < ¢ < 6(b),
the function G, extends continuously to S, X So and defines a distance.
Every element of I' extends to Sy, as a Lipschitz map with respect to
G-

There are also many other equivalent metrics on S.. In particular,
Kaimanovich [9] has studied the following metrics.

K, metric : Let B¢ denote the Busemann function based at xo, i.e.,

B¢ == lim dist(z,c§, (7)) — 7.
T—00
Changing the base point x¢ will change B¢ only by adding a con-
stant. Hence the function defined by B¢(x,y) := B¢(x)—B¢(y), for
T,y € M , is independent of the base point. The function B¢ (z,y)
is called the Busemann cocycle. Define a real-valued function g, :
Soc X Soc — R by 6:(£,() := Be(x,y) + Be(x,y) where y is a
point on the geodesic connecting & and (. It is clear from the
definition of the Busemann function that 5,(&, () is defined inde-
pendently of the choice of y. Geometrically, 5,(&, () is the length
of the segment on the geodesic connecting £ and ¢ cut out by the
horospheres centered at £ and ( passing through the point . The
K, metric is then defined by

Ka(6:0) = exo (=30 (6.0)).

L, metric: Let a; (&, () denote the distance between x and the geodesic
connecting ¢ and (. The function L, : Soo X Seoc — R is then
defined by

L:C (57 C) = exp(—&az(f, C))
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d, metric: Define a function [ : Soo X Soo — R by

12(¢,¢) == sup {7 | dist (cg(T),ch(T)) =1}.

Geometrically, a neighborhood about ¢ in Sy, with respect to the
topology induced by [, is the shadow cast by the intersection of
1-ball about ¢f(7) and 7-sphere about z. The d; metric is then
defined by

dx(§7 C) = exp(_élx(éa C))

Proposition 2.1 ([9]). There exists a positive number 6(a,b) > 0
depending only on the pinching constants a and b such that for every
0 < ¢ < d(a,b) the metrics Ky, L, d, are equivalent to Gromov’s
metric.

From now on we will fix a 6 > 0 having the property stated in
Proposition 2.1.

For completeness we include the following comparison theorem by
Toponogov [10]. Let M, and M, denote the simply connected com-
plete constant curvature manifolds with K = —a and K = —b respec-
tively. Denote a geodesic triangle with § = ZA and r = dist(4, B),
t =dist(A,C), s =dist(B,C) by AABC.

Theorem 2.2 (Toponogov’s Comparison). Keeping the above no-

tation, let AABC be a geodesic triangle in M. Then we have

(1) cos 0 sinh ar sinh at > cosh ar cosh at — cosh as,
(ii) cos 0 sinh br sinh bt < cosh br cosh bt — cosh bs.

2.2 [I'-Invariant Density on S,

First, let us recall a simple uniqueness result.

We will say that two Borel measures on S, are in the same I'-class
if the Radon-Nikodym derivative of v*1y with respect to v is equal to
the Radon-Nikodym derivative of v*15 with respect to vs.

Proposition 2.3. Let I' be nonelementary and discrete. Suppose
that I' acts ergodically on S with respect to a measure v defined on
Seo- Then every measure of Soo in the same measure class as v is a
constant multiple of v.
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Proof.  Denote the measure class of v by [v]. Let pu € [v] then
o= %(u—l—y) is also in [v]. Since both v and p are absolutely continuous
with respect to o, their Radon-Nikodym derivatives with respect to o
defines a v-measurable I'-invariant function on S,,. Then, the result
follows from ergodicity of I', which implies these functions are equal to
a non-zero constant almost v-everywhere.  qg.e.d.

A subset A of M is called uniformly discrete if there exists a pos-
itive number e such that for any two distinct point z,y € A we have
dist(z,y) > €.

Definition 2.4. Let V C M be a uniformly discrete subset. Let
hs(x,y) : M x M — R be a family of positive continuous functions

indexed by s € R such that K(z,y,() := lim,_.¢ 2282

defines a family of continuous functions on M x M x Sso- Suppose that
there exists a number o for which the series Z, s v 1= > oy hs(x,v) is

convergent when s > « and divergent when s < « for any € M. Then
we call Zgy an a-series of V. If we also have hy(vz,vy) = hs(x,y) for

exists and

every isometry ~y of M , then Zg v will be called an invariant a- series of

V.

For a given a-series Zy of V we will define a Borel measure v, z v,
on V by > hs(z,v)d,.

Proposition 2.5. Let x be a point of M and W C M infinite
uniformly discrete subset. Let Zsw be an a-series of W. Then for
every V.C W there exists a sequence (s;) of real numbers larger than o
such that:

(a) lim; o0 5; = .

(b) The sequence (Z;; WVJC,ZMS,L.),- is a weakly convergent sequence of
Borel measures of MU Soo with mass at most 1, and the limit

Borel measure denoted by v, 7y is supported on Su.
(¢) vazw is a probability measure.
(d) [Vy,Z,V]yeM is a density of Se with Radon-Nikodym derivative at

¢ € S given by Ko(x,y, ().

Proof. Take a sequence (s}) which converges to « from above. For

all 7, the Borel measure Z_ %, . v, » 1« has mass at most 1 . Hence there
[l',Si,W 14y Va9,
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exists a subsequence (s;j) of (s}) such that Z s, wVe,Z Vs converges

weakly to a Borel measure v, 7y with mass at most 1. If V W then

the measures in the above sequence are probability measures, hence

Vg z,w is a probability measure. If B C M is any compact subset then

BNV is finite. Since Z, ¢ w — 00, we must have vz zv(BNV) =0.
J

Hence, v, 7y has support contained in S. Finally, for y € M and
¢ € So we have

lim ——— = K (z,9,(),
M, 7  (2,9,€)

so the Radon-Nikodym derlvatlve of v, zv is given by the limit of
Ky (x,y,() as sgj — «, which is K, (z,y,(). q.e.d.
i

Proposition 2.6. Let W be an infinite uniformly discrete subset
of M. LetV be a collection of subsets of W with W € V. Suppose
we have an invariant a-series Zgyw of W. Then there exists a family

(vv)vey of Borel measures for MU Sy, indexed by the collection V and
satisfying the following conditions:

(1) v (Seo) = 1.

(2) For any finite collection (Vj)i<j<n of disjoint sets in V with V :=
[[;Vj €V, we have vy =3 vy;.

(3) ForanyV €V and~y isometry of M with~V € V we have Yy =
vy .

(4) The support of vy is contained in V N Su

Proof.  From Proposition 2.5 (c), we have (1). For (2), let xv,
be the characteristic function of V;. Then vy, = vyxy,, which gives
Zj vy, = Zj vyxv; = vv. Let v be a isometry of M. Since, Zsw
is an invariant a-series, we have Y"1, 7z v,s = Vi zv,s: therefore by
Proposition 2.5 we have v*vy; v = v y. This gives us (3). Finally, (4)
follows easily from Proposition 2.5 (b). q.e.d.

Next we will prove a result which is a generalization of the Culler-
Shalen paradoxical decomposition theorem to this abstract setting.

Theorem 2.7. LetT' be a finitely generated, free discrete group of
isometries of M with generating set Q. Let x € M be given. Suppose
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we have an invariant a-series Zsyw with W = T'x. Set W := QHQ_I.
Then there exist a I'-invariant density ['uy]yGM on Seo, and a family
[Vylypew of Borel measures on Suo with:

(1) ,U/a:(Soo) =1
(2) py = Zdze\l' V.

(3) fsoo K(z, ¢z, )dry-1(8) =1 — fSoo dvy,.

Proof. Let us write every element v € I as a reduced word ¢ - - - ¢y,
with {t¢;} C ¥. Then we have the decomposition of I as I' = {1} [ |
Hwew Iy, where I is the set of nontrivial elements in I" with inital

letter . By the fact that I' act freely on M we have W = Tz =
{2} [ yew Vo where Vi = {yx : v € I, }. Let V denote the collection
consisting of all sets of the form [, cq/ Vy or {2} [T [[eys Vi for ¥ C
U. Applying Proposition 2.6 with W and V so defined, we get a family
of Borel measures (”%Vw)yeﬂ for each 1) € ¥. By Proposition 2.6 (1),
pz,w is a probability measure on Sy, which gives (1). Define vy, := puz, v,
for each 1 € W. By the above decomposition of W, we have p, w =
Mo,z + Y pew V- But pg = 0, which gives (2). Since W = Vi [[¢Vy-1,
we have V-1 € V. Then by (3) of Proposition 2.6, we get

Hyp=tzv, 1 = ¢*Nm,W7V¢ =" (e — V).
By Proposition 2.5 (d), we have
duwflx,vw71 = K(wilxv z, f)dﬂx,vw_l .

From this, we get

/ K vy = / A =) = 1 [ v

The last equality gives us (3), which concludes the proof. q.e.d.

Next we will construct two a-series of W = I'z. The first construc-
tion is based on the work of Ancona, uses the A-Green’s function, which
gives rise to the Poisson kernel density (A-harmonic measure) on Se.
The second construction, utilizes the Poincaré series, gives rise to the
Patterson-Sullivan measure [15], which is a D-conformal density.
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Harmonic density. Let A\; and Xl denote the infinum of the spec-
trum of A on M = M /T, and of A on M, respectively. Recall that for a
noncompact open manifold, the infinum of the spectrum is characterized
as

A1 e

o INZik
_fec}ggffﬂ( IRk )

where Cg° is the space of smooth functions on M with compact support.
Note that we always have A\; < Aj.
The Aj-harmonic functions have been studied by Ancona in [2].

Proposition 2.8 (Ancona). For each s < A1, the elliptic opera-
tor A + sI has a Green function Gg(x,y), and there exists a function
f : RTY — RT such that Zyer Gs(x,vy) converges for s < A and

diverges for s > A, where Gs(z,vy) := exp(f(dist(y, vy)))Gs(z, vy).

Furthermore, Ps(z,y,() = lim,_,¢ gzgg defines the Poisson kernel of

A+ sl at ¢ € Seo.-

Theorem 2.9.  Let x be any point of M. With notation as in
Proposition 2.8, the series ) .y Gs(x,v) is a A-series for W = I'x.

Furthermore, there is a family of Borel measures [w;]yeﬂ on Se such
that:

(i) Forallz,y € M, Radon-Nikodym derivative dw;/dw}c at any point
¢ € Swo is equal to Py, (x,y,().

(i) wl is of mass 1.

Proof. The first assertion follows from Proposition 2.5 with av = A;.
The second assertion then follows from Proposition 2.8.  q.e.d.

A-dimensional Hausdorff measure. It is not straightforward to
define an “area” measure on Sy, in the variable curvature case. However,
there are useful ways of doing this, which involve making appropriate
choices of a metric on S, and considering the corresponding Hausdorff
measure.

For reasons that will become clear shortly, we will be working with
the K, metric on So,. Let C be a subset of So,. The A-dimensional
Hausdorff measure 92 (C) of C on the metric space(Sx, K;) is defined
as lim, o M} (C) where

m = inf{er-‘/(s |C CUjB(&,rj); £€C,ry < r}.
J
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Here B(j,r;j) is an r;-ball about §; with respect to the metric K.
Observe that for any # € M and any v € T', we have 7*9t} = 9

)
this follows from the straightforward identity B.¢(vz,vy) = B¢(z, yv)

(Note that in the case of H?, if we take a round metric about a point
2o in H3 and denote its extension to OH? by pg, then zmgo is the area
metric corresponding to the spherical metric A, .)

A family of finite Borel measures [uy]y ez Will be called a A-confor-

mal density under the action of I if for every = € M and every v € I' we
have v*vy, = v+, and the Radon-Nikodym derivative ddyy (¢) at any

Yy

point ¢ € S is equal to exp(—AB¢ (v 'y, y)). (This is to be interpreted
as being vacuously true if, for example, the measures in the family are
all identically zero.)

First we recall a fundamental fact about conformal density, which
was originally proved by Sullivan in the hyperbolic case and generalized
to the pinched negatively curved spaces by Yue [16]. It relates the
divergence of I' at the critical exponent D with ergodicity of the D-
conformal density under the action of I'.

Proposition 2.10 (Sullivan). Let I be a nonelementary, discrete,
torsion-free and divergent at D. Suppose [v] is a D-conformal density
under the action of T, then T is ergodic with respect to [v].

Proposition 2.11. Let I' be a discrete group of isometries of M.
Suppose M) is a finite measure. Then M) is a A-conformal density
under the action of I.

Proof. Let v € I' and &, ( € Ss be given. By definition we have

Bz (v€,7C) = Bye(x,vy) + B¢ (2, vy) where vy is a point on the geodesic
connecting v¢ and (. Since

Bye(w,7y) = Bye(z) — Bye(ry)
= Be(y'w) — Be(y)

we have

Be(v€,7¢) = [Be(v'a) — Be(y) + Be(x) — Be(x))]
+[Bc(v'x) — Bely) + Be(x) — Be()]
= Bﬁ(’Y—lxa iL‘) + BC(’V_I:va) + ﬁz(ga C)

Hence, as £ — ¢ we have Be(y~'a, ) + Be (v 'z, z) — 2B (v 'z, ).
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Therefore

. Ky (v€,7¢)
£ K60

Finally, using the fact that 7*93@ = S)JT?Y‘* , and the above transformation
property of K, we have the desired result :

1

= exp(—0B¢(y" ', x)).

dom

dy Iy (€)= eXP(—)\Bq(’flx, r)).

q.e.d.

Proposition 2.12. Suppose dim M = 3. Let A, be the normalized
area measure on Sy. Then, for any Borel subset C C S, we have

PEM2(0) < A, (C).

Hence, if M2(A(T)) > 0 then by normalization, M2’ defines a proba-
bility measure on A(I') which is bounded by A,.

Proof. Let £ and ¢ in S,. Then we have
By (&,¢) = lim (27 — dist(y, (7)) — dist(y, ¢z(7)))

where y is any arbitrary point on the geodesic connecting £ and (. By
letting y — & we get B,(&, ) = limr—00(27 — dist(c$(7), &&(7)).

Let Bi (¢, r) denote the ball of radius r about ¢ with respect to the
K,-metric. Let & € B (¢, ) be an element with exp(—b8, (€, ¢)) = r2/?
and minimal Zz£(. By the above formula for 3,(¢,() we then have
K,(£,¢) = lim;—oo exp(g(dist(cg(T), (7)) = 7)) . Let s(r) denote
dist(c3(7), S(7)) and 6 := Zz£¢. Then using inequality (i) of Proposi-
tion 2.2 we have:

cosh? br — cosh bs(7) > cos fsinh? br.
Substituting 1 + sinh? b7 for cosh? br we get
sinh? br (1 — cos ) + 1 > cosh bs(7).

By using the equality sinh? # = 1 (cosh bs(t) — 1) we then obtain

b
sinh? br (1 — cos ) > 2sinh? SéT),
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or

{exp(bsm/?) — exp(=bs(7)/2) }2 .

exp(br) — exp( —bT1)

Hence for large 7 we have

—_

lim {exp(bs(7)/2 — br)}? < 5(1 — cosf).
By using the last equation we get 72%/9 < A, (®, 1 (Bk(¢,7))).
Denote by C' := ®,(C). Let B := U;Bk({j,r;) be a cover of (",
with ¢; € C" and r; <r. Then

f):)’{% C/ — 1nf2’r < lanA BK Cjarj))

Let V; := ®; 1B (¢j, ;). Then C C U,V is a cover of C. Hence we have
infuy, Y- Ax(V;) = A.(C) by regularity of A,. Therefore M*(C’) <
A;(C). Letting r — 0 we get the desired result. q.e.d.

Corollary 2.13. Suppose M2(A(T")) > 0. Then [sm;jb]yeﬁ can be
normalized so as to define a 2b-conformal density under the action of T’
whose total mass is 1.

Proof. The corollary follows from Proposition 2.11 and Proposi-
tion 2.12. q.e.d.

The Patterson-Sullivan construction. Let x € M and s > 0
be given. Denote the Poincaré series for a infinite uniformly discrete
subset W C M by Zw (z,s), i.e., set

Zw(x,s) = Z exp(—sdist(x,v)).
veW
In particular, W can be the orbit I'z of x. We will use the notation
Zr(z) to denote the Poincare series for W = I'z in this case.

Proposition 2.14. There is a unique number 0 < D < (n — 1)b,
such that for s > D, Zy converges and Zyy diverges for s < D.

If Zy (z, D) is divergent, then we say that I' is divergent.

Let V. .C W. First consider the case that Zy (z, D) is divergent. Fol-
lowing Patterson-Sullivan, we will construct a family of Borel measures.
Define:

1

Zo(s) Z exp(—sdist(x,v))dy ; s > D.

veV

KV x,s =
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Since Zy (z, D) = oo, we have as s — D through a suitable sequence,
Wz, converges weakly to a limit probability measure, which we denote
by pyz. This limit measure has its support contained in Se.

From the definition of py . s we have

d:uV,x,s
———(v)

= exp(s(dist(y,v) — dist(z,v))).
divy,s

As v — (, we have exp(s(dist(y, v) — dist(z,v))) — exp(—sB¢(z,y)).
Hence

d:uV,:v,s dMV,z
V) —

=exp(—DB¢(x,y)).
Qivys dW’y(C) p( (z,9))

Therefore [py,;] is a D-conformal density.

The above construction was based on the assumption that Zy (z, D)
= oo. If Zy(x,D) < oo we can use the following lemma proved by
Patterson [12] and presented in [4].

Lemma 2.15.  There exzits a real-valued function a(t), such that
the perturbed Poincaré series Zy(x,s) := Y i, exp(—a(dist(z,v))) is
finite for s > D and infinite when 0 < s < D.

Proof. Let s, := 0D for some increasing sequence of positive
numbers 0, — 1. Let {Ry}r>1 be a monotone increasing sequence of
positive numbers with Ry — oo and dist(z,v) < Ry for all v € V.. We
also choose Vi, C V so that

Z exp(—sg dist(z,v)) > k.
IS %%

Note that 0 < s < D, so Zy(zx, si) < co. Let ((t) denote a continuous
increasing function with S(Ry) = 6y and [(t) < 1 for ¢ > 0. Then the
desired adjustment function « is defined by «a(t) := fg B(7)dr < Ot for
0 <t < Rg. To see this, note that

Z(z,D) > Y exp(—Da(dist(z,v))) > Y exp(Ds dist(z,v)) > k
vEV), VeV
for every k > 1. So we have Z(z, D) = co.  q.e.d.

Note that, Z(z, D) = oo for one z implies Z (z, D) is divergent for all
x, by the fact that Z(2', s) < exp(sdist(z,2'))Z(z,s), for all ',z € M.
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Proposition 2.16. For a given adjustment function o, we have:
exp(a(dist(z',v)) — a(dist(z, v)))— exp(Be (2, z))

as v — §. Hence the above construction with Z\/(ZL',S) in place of
Zy (z,s) still defines a conformal density.

Proof. Let {v;} be a sequence in V converges to & € So. Then
dist(z, vg) — oo and

lim exp(dist(y, vi) — dist(x, vy)) = exp(Be(y, x))-

k—oo

Since o/(t) = (B(t) approaches to 1 as t — oo, we have

: Oé(diSt(y,’Uk)) - Oé(diSt(ﬂj‘,vk))
lim - ;
k—oo  dist(y,vg) — dist(z, vg)

=1,
which gives the desired result:

lim exp(a(dist(y, vx)) — a(dist(x,vy))) = exp(Be(y, x)).

k—o0

q.e.d.

Proposition 2.17.  The series Zv(x,s) defined by Lemma 2.15
is an invariant D-series for V. with D € [0, (n — 1)b], and its Radon-
Nikodym derivative at ¢ € S is given by exp(—DDB¢ (2, x)).

Proof. The proposition follows from Proposition 2.14, Lemma 2.15
and Proposition 2.16.  q.e.d.

Let us define a function © : M x M x S, —> RT by O(z,y,§) ==
exp(—Be(z,y))-

Theorem 2.18. Let I' be a finitely generated, free discrete group

of isometries ofM with free gemerating set Q. Let x € M. Set ¥ :=
QI[Q . Then there exist a D-conformal density [,uy]yDGJ\7 under the

action of T', and a family [vy]yew of Borel measures on So with:
(1) p2(Ss0) = 1.
(2) pr = Speu
(3) [o OP(z, 7z, )dry-1(&) =1— [ duy.
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Proof. This follows from Proposition 2.17 and Theorem 2.7.  qg.e.d.

In the case where the curvature is a constant k, the density of
Patterson-Sullivan conformal measure coincides with the Poisson ker-
nel. Let Pk denote the corresponding Poisson kernel on M. Then,
Pr: M x M x S, — R is given by

Pr(x,y, &) = (cosh k dist(x, y) — sinh k dist(z, y) cos Lyz€) L.

Proposition 2.19.  Let (x,y,§) € M x M x So and X > 0 be
given. Then we have

(I) O (z,y,€) > P (2, y,€)
(11) O (x,y,8) < P (x,y,£)

Proof. Since

. cosha\dist(y,v)
—a\B =1
exp(—arBe(z,y)) vl—r{}g cosh a\ dist(z,v)

and by Proposition 2.2 (i) we have

cosh aA dist(y, v)
cosh a dist(x, v)

> (cosh a) dist(x, y) — tanh a) dist(y, v) sinh a) dist(z, y) cos Zzyv) L.

Hence, by letting v — ¢ we have exp(—a\Bg¢(z,y)) < PMz,y,&),
which proves (I). The proof for (II) is similar, but we use Proposition 2.2
(ii) in place of 2.2 (i). q.e.d.

3. Displacement

In this section, we will use the previous results to study the displace-
ment function of I'. We set b =1 (i.e —1 < K < —a?) throughout this
section.

3.1 Useful lemmas

Lemma 3.1. Let a point x € M and an isometry y ofM be given.
Let o and 3 be nonnegative numbers with « < 1/2 and 3 < 1. Let A # 0
be a positive number. Suppose that there exists a Borel measure v on
Seo such that:
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(i) ¥(Sw) < a.

(i) [q_ O,y 'z, &) v > 6.
Then

1. B
dist > —log —.
ist(z,yzx) > 3 log

Proof. By Proposition 2.19 we have

B

IN

O,y 'z, &)y < / P,y e, €)dv
Soo Soo

< sup 771)‘1/(500)

s 1 R
<cosh(dist(7x, x)) — sinh(dist(yz, x))) «

Using the last inequality and the definitions of cosh z and sinh z, we
have

el

< exp(Adist(yz, x)),

which gives
I
dist > —log —.
ist(x,yx) > 3 oga

q.e.d.

Lemma 3.2. Let dim M = 3. Fix a point x € M. Let us use the
notation of Lemma 3.1. Suppose that v satisfies:

(i) v <92
(i) v(Ss) < av.
(iii) [q_O(x,y '2,8)%dv > 6.

Then we have

dist(x,yx) >
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Proof. We define a function f: R x [0,7] — R by

1 2
(20) = 5(zp) cos ¢>

where p := dist(z,vyx), c(zp) := coshzp and s(zp) := sinhzp. Set
0 := 0(z,y 1z,¢).

Let A denote the normalized area measure on S;. Giving S, the
spherical coordinates (6, ¢), we have dA = - sin ¢dpde.

Let ¢ := cos (1 — 2a), and let C' C S denote the spherical cap
given by ¢ < ¢/, so that A(C) = a. Then by hypothesis (ii) we have
v(Sx) < A(C).

By Proposition 2.12, we have that ®*92 < A, which gives ®Xv <
A by hypothesis (i). Set v/ := ®%v and 02 := © 0 ®,. Then, by
Proposition 2.19 (II) we have

| et < [ Piayoa
Sz Sz

Note that by the definitions of P? and C, we have infc P? > supg, ¢ P2
Hence

PidV = /Pldy +/ Py
Sz z—C
/ PldV + <Sup P1> V/(Sa; _C)
/ Pid + <inf7312> A(C) < / Pd + / PdA
c ¢ c c
< / P A.
C

By the formula for P2, we have P? = f(1, ¢). Therefore

)= (

IN

IN

1 2 o’
/P%dA = /f(1,¢>)dA: f(1,¢) sin pdpdd
C C 4 Jy

0
«

(c(p) = s(p))(c(p) — 5(p) + 20(p))’

Using hypothesis (iii) and last equation above and equations for ¢(p),
s(p), we can solve for p. This gives

1, B0-a)
P2 518 )
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which is the desired result. q.e.d.

Lemma 3.3. Given x,y nonnegative numbers with x > y and
4y <1, we have
1— 1—
(M) = > P
Y D
(1-z)(1-y)

(1)
where p == (z +y).

Proof. We will only prove (I). The proof of (II) is similar and is
given in [1]. Let us write x = p+ z and y = p — 2z for some nonnegative
number z € R. Then we have (p — z)(1 — z) = y(1 — p — z), which
implies p(1 —z) + y(p — 1) = z — 2zp. But we have p < %, which gives
us p(1 —x) +y(p — 1) > 0. Hence the result follows. q.e.d.

3.2 Theorem 1.1 and 1.2

Proof of Theorems 1.1 and Theorem 1.2. Write S = {71, ...,7}. Let
U= S[[S7!, and let = € M be an arbitrary point. Then by Theo-
rem 2.18, we have a I'—invariant conformal density measure [1;]” on
Soo and a family of Borel measures [1y]ycw on So which satisfies (1)—(3)
of Theorem 2.18.

Denote vy, (S) and v_-1(Sx) by, r; and w; respectively for each
1 < j < k. Without loss ojf generality, we can assume x; < w;j. Now,
from Theorem 2.18 (1) and (2) and the assumption k; < wj, we get
0 <wj <1land 0 < k; <1/2. It follows from Theorem 2.18 (3) that
fSoo oP(x, 'yj_lzv, §)dv,, = 1 —wj;. Hence we can invoke Lemma 3.1 with
a = r; and =1 — w;. This gives

1 1 —w;
pj = dist(z,yjz) > — log —2
J J D Kj
By using Lemma 3.3 (I) with z = wj, y = K;, we get
1—p,;
exp(Dpj) > —,
Dy

which implies that
k k

1
Z 1+ exp(Dp;) = zlzpj -

1

N | —

e 1
zlz(wj +Kj) = 7
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Now let us also assume the hypothesis of Theorem 1.2. Then by Propo-
sition 2.3 and Proposition 2.10 and Corollary 2.13 we have [u,] = ¢N?
for some constant ¢. Since both are normalized probability measures,
we have ¢ = 1. By D = 2 and Theorem 2.18 (2) we get v,, < 92
Hence we can invoke Lemma 3.2 with o = x; and 3 = 1 — w; to obtain

b > llog (1~ wj)(A —r5)
2 /ijwj‘

Then, by using Lemma 3.3 (II), we get

1 _ .
pj > log — 2
by
and hence
1 1
< (s
1+expp; 2(""] + )
Therefore

q.e.d.

Proof of Corollary 1.3.  Suppose M is rank-1 locally symmetric
manifold, then it follows from results of Sullivan, Bishop-Jones [3] and
Ferndndez-Melidn [6] that the Hausdorff dimension of the conical limit
set A.(T') is equal to D. Hence we have D < ®, which gives the desired
result. q.e.d.

Remark 3.4. In the proof of Theorem 1.2, the condition that I is
divergent is used only to conclude that I' is ergodic with respect to p,.
Hence we can replace the condition that I' is divergent by the condition
that I' is ergodic with respect to p,.

Theorem 3.5. Suppose that M = M/F 1s a 3-manifold, that T is
free and that M2(A(T')) > 0. Suppose that D =2 and T is ergodic with
respect to p,. Then

1 1
D - <3
her! 1 + expdist(x,vyz) — 2
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Theorem 1.1 yields the following corollaries.

Corollary 3.6. LetT be free on a generating set S = {ay, -+ , o}
If " is convex-cocompact, then

k

1 1
< —
; 1 + exp(D dist(z, ajx)) — 2

It is resonable to believe that the equality of D and the Hausdorff
dimension of conical limit set of I' should remain true for the case of
variable (pinched negative) curvature. If this is the case, the hypothesis
that I is convex-cocompact can be removed from Corollary 3.6.

Corollary 3.7. LetT be free on a generating set S = {aa, -+, ax}.
There exists at least 1 <1 < k — 1 distinct generators such that

1
dist(z, o, z) > D log(2i + 1)

foranyxeﬂ.

Corollary 3.8. Let I be free on a generating set S = {ay, -+ ,ap}.
Let x € M, and let us assume elements of S is arranged so that the
displacement function of © € M under o1 has least value. Let m
be a nonnegative interger. Then each element of the generating set
{0/1”042,0/1”“042,043, -+ o} have displacement value > 10%3.

Proof. 1t is sufficient to prove this for I' of rank 2. The general
case follows from induction on k. Let {1, a2} be any free basis of T,
and denote the critical exponent of I' by Dr. By Corollary 3.7 we have
at most one generator say «j such that dist(z, a1z) < I‘E)gf’. Then for
any integer m > 0, {a1,af"as} is also a free basis for I' by Nielsen’s
transformation, hence dist(x, o*agx) > 1%%3 by Corollary 3.7. q.e.d.
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