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Optimal unions of scaled copies of domains and
Pélya’s conjecture

Pedro Freitas, Jean Lagacé and Jordan Payette

Abstract. Given a bounded Euclidean domain §2, we consider the sequence of optimisers
of the kP Laplacian eigenvalue within the family consisting of all possible disjoint unions of
scaled copies of € with fixed total volume. We show that this sequence encodes information
yielding conditions for 2 to satisfy Pdlya’s conjecture with either Dirichlet or Neumann boundary
conditions. This is an extension of a result by Colbois and El Soufi which applies only to the
case where the family of domains consists of all bounded domains. Furthermore, we fully classify
the different possible behaviours for such sequences, depending on whether Pélya’s conjecture
holds for a given specific domain or not. This approach allows us to recover a stronger version
of Pélya’s original results for tiling domains satisfying some dynamical billiard conditions, and a
strenghtening of Urakawa’s bound in terms of packing density.

1. Introduction and main results

1.1. Pélya’s conjecture for Laplace eigenvalues

For d>2 let QCR? be a bounded open set with Lebesgue measure |Q|. We
consider the Dirichlet eigenvalue problem

Au+Au=0 in Q

u=0 on 0f).
It is well known that the eigenvalues of the above problem are discrete and form a
sequence

0<A1(Q) S Ao(R) S Aa(Q) ... Soc

accumulating only at infinity. Moreover, if the boundary 0f2 is Lipschitz, the Neu-
mann problem

Au+pu=0 in

d,u=0 on 092,
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where v denotes the outer unit normal vector of 2, also has discrete spectrum and
forms a nondecreasing sequence

0=po() <m () <... oo

Note that we choose the convention to start numbering Neumann eigenvalues with
0 instead of with 1, which allows for a cleaner statement of our theorems. Both the
Dirichlet and Neumann eigenvalues satisfy so-called Weyl asymptotics

A= pur+0 (kl/d) = #kwuo (kl/d) ’

where wy denotes the volume of the unit ball in R?. If Q has smooth bound-
ary and satisfies some dynamical conditions, namely that the measure of periodic

trajectories in the billiard flow is zero, the eigenvalues also satisfy two-term Weyl
asymptotics [21] and [35]

2 2
(1) )\k:Lk2/d+QL wq—1 |09 pd o (K14
2/d d d+1
(wal€2) (wa Q)
and
2 2
(2) jpm 2Ty 20 waa|OU g ()
2/d d dt1
(wal€2[) (wa Q)

The regularity assumption on the boundary can be weakened, see [22] for a precise
description of the required conditions. From these asymptotic formulae it is clear
that given a domain € for which (1) and (2) hold there exists k*=k*(Q) such that
for all k>k*,

472

_ = p2/d
(aiara® <)

(3) i (2) <
Furthermore, the Rayleigh-Faber-Krahn [16] and [24] and the Hong-Krahn—Szegd
[25] inequalities imply that the right-hand side inequality holds for A; and A,
while the Szeg6-Weinberger [37] and the Bucur-Henrot [12] inequalities ensure the
inequality on the left-hand side for p; and po. In this paper, we investigate a
conjecture of Pédlya.

Open problem. (Pélya’s conjecture) For all QCR? and all k€N,

472

2/d
(aara = M)

(4) k() <
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In 1961 Polya proved that the above inequalities do hold for all domains which
tile the plane, and conjectured that this would be true for general domains [34] —
see [23] for the proof for general tiling domains with Neumann boundary conditions.
Pélya’s result was later extended to tiling domains in higher dimensions by Urakawa,
who also obtained lower bounds for all Dirichlet eigenvalues of a domain based on
its lattice packing density [36].

For general domains, the best results so far remain those by Berezin [5] and Li
and Yau [30] in the Dirichlet case, while for Neumann eigenvalues the corresponding
result was established by Kroger [26]. In either case, these are based on sharp
bounds for the average of the first k eigenvalues of the Laplacian, namely,

Z _drd [k 2/d 12’“:
m@sTsom) 5w <

From these inequalities and an estimate in [26] it follows that, for individual eigen-
values,

2
() > AT ey

~ d+2 (wq|Q))2/@

and

d+2\**  ax?
0) < K%/,
b )—< 2 ) PAIEL

which both fall short of (4).
Note that inequalities (3) lead naturally to a strenghtening of Pdlya’s conjec-
ture, which we also investigate.

Open problem. (Strong Pélya’s conjecture) For all QCR? and all k€N,

() < AT o <e(9).
(wal€2])?/

As mentioned above, the first two eigenvalues are known to satisfy the strong
Pélya’s inequalities since their extremal values are known. However, for higher
eigenvalues and although some conjectures do exist, there are no other situations
where the extremal values are known. Furthermore, numerical optimisations car-
ried out within the last fifteen years by different researchers using different methods
have made it clear that not much structure at this level is to be expected in the
mid-frequency range, in the sense that extremal sets are not described in terms of
known functions — see [1] and [32] for the Dirichlet and [1] for the Neumann prob-
lems respectively; see also [3] and [10] for the same problem but with a perimeter
restriction. In the planar case, it has also been shown that, except for the first four
eigenvalues, the Dirichlet extremal domains are never balls or unions of balls [9].
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Recently, it has been shown that the Faber—Krahn inequality may be used to extend
the range of low Dirichlet eigenvalues for which Pélya’s conjecture holds [18]. For
instance, in dimensions three and larger, eigenvalues up to A4 also satisfy Pdlya’s
conjecture, with the number of eigenvalues which may be shown to do so by this
method growing exponentially with the dimension.

These findings prompted the study of what happens at the other end of the
spectrum, in the high-frequency regime, in the hope that some structure could be
recovered there. The first of such results proved that, when restricted to the par-
ticular case of rectangles, extremal domains converge to the square as k goes to
infinity [2]. In other words, they converge to the domain with minimal perimeter
among all of those in the class of rectangles with fixed area, and indeed, just like
with the first eigenvalue, the geometric isoperimetric inequality plays a role in the
proof. This was followed by an extension of these results to higher-dimension rect-
angles in both the Dirichlet and Neumann cases [6], [7], [20] and [31]. In the case
of general planar domains with a perimeter restriction, it was shown in [11] that
extremal sets converge to the disk with the same perimeter as k goes to infinity, thus
again displaying convergence to the geometric extremal set. Some results regarding
existence of convergent subsequences within classes of convex domains and under a
measure restriction were also obtained in [28].

The connection between the problem of determining extremal domains for the
kth eigenvalue and Pélya’s conjecture was established in 2014 by Colbois and El
Soufi [14]. There they showed that the sequences of extremal values (\)%? (Dirich-
let) and (u;)%/? (Neumann) are subadditive and superadditive, respectively. As a
consequence of Fekete’s lemma, both sequences A}/ k2/4 and wi/ k2/4 are convergent
as k goes to infinity and, furthermore, Pélya’s conjecture is seen to be equivalent to

A 4 .My 472
lim = and lim = ,
koo 2/d (|Q\wd)2/d koo |2/d (|Q|wd)2/d

in the Dirichlet and Neumann cases, respectively.

A major obstacle in attacking the general Pdlya’s conjecture is that it is not
even known if there exists an open domain minimising A\, or maximising py for k>3
under volume constraint. This prevents one from using properties of the minimisers
to argue in favor of the conjecture. Our aim will be to restrict ourselves to the study
of classes of domain within which we are able to show existence of extremisers, but
within which the subadditivity and superadditivity results of Colbois and El Soufi
still hold. Note that subadditivity or superadditivity for the optimal eigenvalues do
not hold for all families of domains — if we take as a family of domains rectangles
of unit area, the extremisers always exist but the optimal Dirichlet eigenvalues are

=272 \;=572 and \;=3572/(2v/6)~7.14472, see [2].
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1.2. Suitable families of domains

Before stating our results, let us define precisely the class of domains under
consideration in this paper. Given r€(0,00) and QCRY, we denote by r) any
subset of R? obtained from 2 as a result of a homothety with scale factor r and an
isometry.

Definition 1.1. Let Qq,...,,, be bounded, connected, open subsets of RZ.
We denote

N
R:=R(Qy, ..., Q) = {|_| 7 Qn, : NeN,n; € {1,....n},r; > o} .

=1

The sets 4, ...,, are called the generators for R. The above notation is to be
understood in the sense that all sets T€R are subsets of R? all of whose connected
components are of the form r;Q,,, for 1<i<N. We denote by v(T) the number of
connected components of Y, by |T| its volume and we slightly abuse notation by
denoting by |0Y| the (d—1)-dimensional Hausdorff measure of the boundary. We
also observe that the family R is closed under disjoint union and homothety, up to
rearrangement. Whenever the Neumann eigenvalue problem is discussed, it is also
assumed the generators have Lipschitz boundary.

One particular instance of this type of families, namely, those generated by
rectangles, was used recently to study the possible asymptotic behaviour of extremal
sets in the case of Robin boundary conditions [19]. We note that in the definition
we could allow a countably infinite number of connected components. We are,
however, interested in optimisers and it will be clear that sets with an infinite
number connected components can never be one, see Lemmas 2.1 and 2.2.

The following elementary facts about scaling properties of volumes and eigen-
values will be used repeatedly in this paper:

o [rY|=rd|T];

o [rOY|=ri"107|;

o A\ (r¥)=r=2X,(Y);

o e (r0) =2 (T);

It is easy to see from the first two points that the generator {2; minimising the

isoperimetric ratio
o
I(T7):= —‘ d|71
7]

among {21, ..., 82, also does so in R. The first, third and four bullet points imply
that the quantities A, (T)%2|Y| and puy(Y)%2|Y| are invariant by homothety.



16 Pedro Freitas, Jean Lagacé and Jordan Payette

Definition 1.2. We define the extremal eigenvalues

Ni(R) = inf Ak(Y)
ITI<1

and

Wi (R) = sup i (T),

TeR

IT|>1
We shall say that a domain YTeR is a minimiser for Aj(R) or that it realises A\j,(R)
if |T|<1 and if Ax(T)=A};(R). Similarly, a domain can be a mazimiser for p;(R)
or it realises pj(R). Note that an extremiser necessarily verifies |Y|=1.

In Section 2, we show that these families R of domains are suitable for the study
of asymptotic eigenvalue optimisation. By suitable, we understand that for every k,
there exists T €R realising the extremal eigenvalues, and that the results of [14], [33]
and [38] describing the extremal eigenvalues and their associated extremisers still
hold within the families R. Existence of the extremisers is proved in Lemmas 2.1
and 2.2.

The properties of extremal eigenvalues and their associated extremisers are the
subject of Theorems 2.3-2.7. They rely on the fact that two properties are needed
for the proofs of these theorems: closedness under homotheties, and under disjoint
unions. Of specific use is Corollary 2.5, which says that it is sufficient to study the
limit of the sequence of optimal eigenvalues if one wants to get universal bounds
within a family R.

1.3. A trichotomy for Pélya’s conjecture

In Section 3, we restrict our search to families R generated by a single domain
Q. There is no loss of generality here: we will first show that if Pélya’s conjecture
holds within two families R(2;) and R(Qs) in either its standard or strong form,
then it also holds in R(21, Q).

Our aim is to characterise the structure of the set of optimisers in R(Q2) de-
pending on whether Polya’s conjecture holds or fails in R. This gives, in principle, a
way to investigate the conjecture for a given domain, since Q€R(€2). We note that
Pélya’s conjecture remains open for except in very restrictive classes of domains.
Indeed, it is only known in the following situations:

e Domains that tile R? [23] and [34];

e For Dirichlet boundary conditions, domains of the form €y x Qy CR% x R4,
d1+dy=d where d;>2 and ; itself satisfies Pdlya’s conjecture (for instance by
tiling R%1) [27].
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e For Dirichlet boundary conditions, domains of the form Q=; x Qs CR% x
R d,>3, Q, itself satisfies Pélya’s conjecture and €2y is convex, then €2 satisfies
the strong Pélya conjecture [29].

Notably, even in the case of the ball in R? where we have explicit formulae for the
eigenvalues the status of the conjecture is unknown.

Our main theorem is as follows.

Theorem 1.3. The following trichotomy holds: either

(1) the generator Q2 realises Aj(R) infinitely often and Pdlya’s conjecture for
Dirichlet eigenvalues holds for all TeR(Q);

(2) the generator Q2 realises Aj only finitely many times, Pdlya’s conjecture for
Dirichlet eigenvalues holds for all YER(Q) and, for infinitely many k€N,

M(R)Y2 (2m)

k wd’

or
(3) the generator §) realises A}, only finitely many times, Pdlya’s conjecture for
Dirichlet eigenvalues does not hold for Q0 and, for infinitely many k€N,

MR AR
————=inf ——.
k J J

The same trichotomy holds replacing all instances of Dirichlet with Neumann, of A
with @, and inf with sup.

In Theorem 3.4, we furthermore obtain an indication of when ) can realise
AL(R) or pi(R) infinitely often. Namely, we show that as soon as there exists a
subsequence {k,} such that the number of connected components of the domain
realising Aj , respectively uy —has slower than linear growth, then (2 realises A7,
respectively p infinitely often. This, in combination with Lemmas 2.6 and 2.7
allows us to understand the propagation of extremal domains in R as k— oc.

Finally, when the generator Q) satisfies the two-term Weyl law (1) or (2), we
obtain the following list of equivalences with the strong Pélya conjecture

Theorem 1.4. Suppose that QCR? is such that the two-term Weyl law (1)
holds. Let QZ:UigNk T k2 be a sequence of domains realising Aj,(R). Suppose that
[Q5:]=1 and r; ;>1j whenever i<j. The following are equivalent:

(1) The strong Pdlya conjecture for Dirichlet eigenvalues holds in R(2).

(2) The largest coefficient 11 ;—1 as k— oo.

(3) The largest coefficient r1 —1 along a subsequence.

The same equivalence hold replacing all instances of Dirichlet with Neumann, X
with p, and the two-term Weyl law (1) with (2).
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Comparing those equivalent statements to the trichotomy in Theorem 1.3, it is
clear that if the strong Pélya conjecture holds, 2 realises Af(R) infinitely often. On
the other hand, if  does realise Aj(R) infinitely often, it is the case that 71 ;—1
along a subsequence. Theorem 1.4 indicates that for domains {2 that satisfy a
two-term Weyl law the strong Pélya conjecture for R(f2) is equivalent to weaker
statements than those needed to imply Pélya’s conjecture in Theorem 1.3.

1.4. Density lower bounds for Dirichlet eigenvalues

In the paper [36], Urakawa obtained a lower bound for Dirichlet eigenvalues
in terms of the lattice packing density of a domain . As an application of our
construction, we obtain in Section 4 similar results for the asymptotic packing
density defined as follows.

Given a set {2 and ne N, we define the n-th propagation of € as the set

"ol
o= | —7a
=1

Definition 1.5. Given two bounded domains Q and V with volume 1, an
integer n€N and a real number p€ (0, 1], a packing of Q™ into V' of density p is an
isometric quasi-embedding f:Q(") — p~1/4V . Here, we call a map a quasi-embedding
if it is injective on the interior of its domain. Note furthermore that €2, and hence
any element in R, is canonically equipped with a Riemannian metric. The term
isometry is to be understood as “preserving Riemannian metrics”.

An asymptotic packing of Q into V is a triple P={(n;, pi, fi) }ien where {n; };en
is a strictly increasing sequence of integers, {p; };enC (0, 1] converges to the asymp-
totic density pp€(0,1] and each f; is a packing of Q™) into V of density p;.

The packing number or packing density of Q into V is

pav =sup{pp| P is an asymptotic packing of Q into V}.
The packing number or packing density of € is
pa=sup{pa v | V is a bounded domain with volume 1}.

Definition 1.6. A domain DCR? is a tile or is said to tile R? if there is an
isometric quasi-embedding F':L;eyD—R?, called the tiling, which is surjective.

Remark 1.7. The lattice packing density of Urakawa [36] is always smaller
or equal to this packing density, as it is equivalent to considering only V that are
parallelepipeds, as well as having P constrained more strictly. It is not hard to
find examples of concave, simply connected domains that have a higher asymptotic
packing density than their lattice packing density.
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We obtain the following theorem for a lower bound on Dirichlet eigenvalues in
terms of this asymptotic density.

Theorem 1.8. For every QCR? open and bounded, with |Q=1, the lower

bound 02 4
g MR (2m)
k k wd

holds.

Obviously, the previous Theorem allows us to recover Polya’s theorem as a
corollary.

Corollary 1.9. (Pélya [34]) If Q tiles R?, then Pdlya’s conjecture holds for
any domain in R(£).

Proof. If Q tiles RY, then po=1 (see Proposition 4.2). Then Theorem 1.8
implies the result. O

We also obtain the following strengthening of Pélya’s theorem for domains that
are said to simply tile R? and for which the two-term Weyl law (1) holds, in which
case the strong Pélya conjecture holds.

Definition 1.10. Let VCR? be a domain of volume 1. A domain 2 is a V-tile
or is said tile V if there is an asymptotic packing P={(n;, 1, f;) }ien of Q into V
with constant packing density 1.

Theorem 1.11. Let V be a domain in R? of unit volume satisfying the two-
term Weyl law (1). If Q tiles V', then Q realises A\j(R(2)) infinitely often and
satisfies the strong Polya conjecture. The same holds for Neumann eigenvalues, if
V satisfies (2) instead.

1.5. Computational results

In Section 5, we investigate numerically the set of extremisers for Dirichlet
eigenvalues within families R generated by the disk, the square, and a rectangle
with aspect ratio 5. We chose these domains to see if the markers for the Pdlya
conjecture differed between the rectangles, for which the conjecture is known to
hold, and the disk, for which it’s not. In all four cases, we look for extremisers up
to eigenvalue rank 66 000.

We investigate the number of connected components of the extremising set, in
view of Theorem 3.4. In all the cases we are studying, we see that this number is
bounded by 5, up to rank 66 000. Recall that for Pélya’s conjecture to hold, we
only need for a subsequence of the extremisers to have a strictly sublinear growth
for their number of connected components.
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We also investigate the asymptotic log-density of the number of times the
generator can be €}7. For a set JCN, we define its counting function as

Ny(x):=#{jeJ:j<x}
and its log-density as

(5) Fy(x):= k)gii)\fg(]éz)).

We have that for every >0,

lim Fj(z)=a>0 <= Nj(z)>z""°

T—00

for x large enough. In particular, for J the set of ranks k for which the gener-
ator realises A}, lim, oo Fiy(x)=a>0 implies that the cardinality of J is infinite.
The log-density in all cases we investigated seemed to converge quite quickly to a
constant greater than 0.8, albeit not the same constant for the disk and the vari-
ous rectangles. It would be an interesting line of investigation to understand the
geometric properties that influence the value of this constant.

Acknowledgements. We would like to thank Iosif Polterovich for useful discus-
sions. We would also like to thank the anonymous referee whose comments helped
improve the clarity of our exposition. P.F. was partially supported by the Fundagao
para a Ciéncia e a Tecnologia (Portugal) through project UIDB/00208,/2020. J.L.
was partially supported by ESPRC grant EP/P024793/1 and NSERC postdoctoral
fellowship. J.P. was partially supported by the NSERC Alexander-Graham-Bell
scholarship.

2. Eigenvalue optimisation within a family

Recall that for 4, ..., 2, each of volume 1, we investigate the family of domains

R(Q1y ey Q) := {|_| 7;Qy, : I countable,n; € {1,...,n}, Zr? < oo} .
iel i€l
Our first two results concern the existence of eigenvalue extremisers in this

restricted collection R. We recall that for any domain Y, we denote its number of
connected components by v(Y).

Lemma 2.1. For all k, there ezists a domain Q2 €R of volume 1 such that
Ae () = A (R).

For any minimising domain Y for A\L(R), v(T)<k.
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Proof. Fix k>1. For any jeNU{oco}, denote
AP —inf e (T) s TER, [T <1, (1) =4}

Of course, A (R)=inf; A,

Our first step is to show that if j>k, then /\,(Cj)z)\,(f) for some [<k; It follows
in particular that the previous infimum is a minimum.

The argument for this first step will follow the proof of [8, Lemma 8]. In-
deed, consider Y=| |;.; 72, €R with [Y]|=1 and v(Y)=4. Suppose without loss of
generality that

A (rjQn;) <Mi(rj Q)  whenever j <y

Let
I =min {k, max{m: A (rnQy,,) < (1)} } <k,

and
T=r1Qy, U...UrQy,,.

Note that if v/(T) =00, m is still finite since r;—0 as j— o0, and observe that AR(T)<
Ak(T). Since |T|<1, we can dilate it to a set T of volume 1 whose eigenvalues are
all smaller than the ones of T, so that A\g(Y)<A(Y). Taking the infimum of this
inequality over all appropriate sets T and recalling that v(T)=I<k<j=v(YT), we
get indeed .
A <.
We therefore deduce that _
Ap= min AP
k 1r§nj12k k

Our second step is to show that for every 1<j<k, either there exists a min-
imiser YW eR for )\g) or )\,(CJ)Z)\Ef*l).
)7 as there is only a finite number of set, namely
Q4,...,Q, to verify. For j>1, consider a minimising sequence

The statement is obvious for )\g

J
’ré]) = |_| Tipn,
i=1

of sets in R which can all be taken to have volume 1, i.e.
() _ 1 (4)
AL plggo Ae(T57).

Assume without loss of generality 1>r; ,>...>r;,, for each p. If r; ,—0 as p— o0,
then for p large enough, Ai(r;,,, )2)\56]). This implies that )\k(T,(,])\rj)anj,p):

s P

)\k(Tz(jj)) but V(T;j)\rj,pQ)zj—l, hence )\,(Cj) 2)\,(571). If r; , /0 as p—o00, then the
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set {r;p}1<i<jpen belongs to a compact interval [¢,1—¢]C(0,1). For every 1<i<j
let (rl(j),nl(j)) be an accumulation point of {(r; ,,nip)}pen, then set

J
1O =| |r?Q 0 eR.
i=1
By continuity of the k-th eigenvalue and of the volume as functions of the variables
71, ...,7j, the set TU) has volume 1 and verifies )\k(T(j))Z/\ECJ).
We proved that there is a set of indices JC{1, ..., k} such that for all j€J, there
exists a minimiser Y of )\,(j), whereas )\S) >minje s A, for all i¢.J. Therefore,
s ()
AL = min A
is realised by the set Qf:=Y0U) for any (say, the smallest) index j realising the
previous minimum, thus completing the proof. [J

We now show the equivalent lemma for Neumann eigenvalues.

Lemma 2.2. For all k>1, there exists a domain Q},€R such that

1 () = pie(R).
For any mazimising domain Y for p}(R), v(T)<k.

Proof. The first step of this proof is easier in the setting of Neumann eigenval-
ues. Indeed, no maximising sequence {Y,,} for u;(R) can have v(Y,)>k infinitely
often, since v(Y)>k implies immediately py(Y)=0.

For the second step, since the supremum for pj(R) is taken over domains of
volume larger or equal to 1, we need to verify both that no connected component
of a maximising sequence converges to 0 and that none grows unbounded. This last
possibility is easily excluded by restricting our attention to maximising sequences
of domains which all have volume 1.

Suppose that there is a maximising sequence with the volume of a connected
component converging to 0. In other words, there is a maximising sequence

q
T, = |_| TipSn,
i=1

with the following properties.
e For all p, the number of connected components ¢ is smaller than k.
e Arranging r1 ,<r9 ,<...<ry,, we have that r1 ,—0 as p—o0.
e The eigenvalues uy(T,) increase and converge to uj(R) as p—oco.
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We will write Yp=r1 0, pUZ,, each of them having volume r{ , and 1—7{  re-
spectively.

From [26], we know that there is a constant Cj such that for all k& and all
domains T, pp(T)<Cj. There is an rg such that for all I, ro_Qul(Ql)zCk. For p
large enough so that ry ,<rg, we have rif),ul () >C, hence g (Tp)=pr—1(Zp).

For any n€(0,rg), consider the following sequence of domains of volume 1 in

R: 1/d
~ 1f77d
T =y U =,.
8 1_ril,p 3

Without loss of generality, we have supposed n<1.
For p large and since n<ry,

1/d
= 1—n? _
i (Tp) = pr—1 < ) Ep

d
l—rl’p

2/d
1—rf’p
= ( l_nd ) /u’k(TP)

_ me (140 (r1,))..

Hence,
= 140 (7“1 p)
i (Ty) (1) = (1) (1)
P =\ =y '
d

< 2% (T1)

- d
Since i (R)> g (T,) this implies that for p large enough, i (Yp) <pi(R)—

d='n%ux (Y1), contradicting the fact that it was a maximising sequence.

The same compactness argument as in the Dirichlet case then implies the
existence of a maximisers. [

(140 (r1,5))

Note that both of these proofs show existence but say nothing about unique-
ness. Despite this possible lack of uniqueness, in this paper we shall write Q} to
denote any extremiser of Ay or of uy on R.

Lemma 2.3. The sequence
EHESE
is subadditive, that is for every ji,...,jp such that j1+...j,=k, we have

Me(R)2 <N (R)P 4. 47 (R)Y2,

keN
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Proof. The proof here follows that of [14, Theorem 2.1]. Fix k>1 and let
Jis - JpEN be such that ji+...+j,=k. By Lemma 2.1, for each 1<¢<p, there
exists (2 €R with volume 1 such that

N (R) = Ay, (€23).

. 1/2
T, = A, (R) o)
TTAN® da?

which implies that A;, (T4)=A;(R) and that

Let

Define the domain

where N is the eigenvalue counting function
(6) N Y) i=#{k: A (T) <A}

It follows that A, (T)<A:i(R). Since |Y|~Y/9Y has volume 1 we have \i(R)<
AT [40) = 0 (1) T[22, thus

N d/2
"= (5im) =

P p

1 * d/2

1§Z|T”|:W2qu(ﬁ) 2,
q=1 k q

=1

whence

Multiplying both sides of this inequality by A} (R)%? finishes the proof. [
Lemma 2.4. The sequence

{2}

is super-additive, that is for every ji, ..., jp such that j1+...j,=Kk, we have

PR 2 1 (RY P g, (R) 2.

keN
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Proof. Suppose on the contrary that there exist ji,..., jp, k€N such that j;+
...+jp=Fk and

BRI < s (RY 4 g1, (R,

1<ZP: (u;q(ﬂz)>d/z'
=\ Hi(R)
From Lemma 2.2, for every 1<q<p there exists Q;‘-q €R with volume 1 such that
1, (25, )=p5, (R). We set

that is

T:

=

YT, where YT,= (
1

q

It follows that p; (T,)=p;(R) and that

P p * (R /2
REDESS (ZJ,{((R))) >1.

q=1 q=1

From this and since |Y|~*/4T has volume 1, we have
(1) < [/ (0) = g (17297 ) < i (),

Consequently pux(Y)<p;,(Yy) for each g and we deduce, recalling that the spectrum
of T is the union of the spectra of the T’s,

p
k+1< N (ui(0); 1) =Y N(ux(Y) SZ
q=1 q=1

where the counting function is defined as in (6) but for Neumann eigenvalues. This
contradiction yields the claim. [

Corollary 2.5. We have

A (R d/2 A (R d/2
L:= lim %) =inf (%) >0
k—o0 k k k

and
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Proof. For the Dirichlet case, that the limit exists and is equal to the infimum
follows from Fekete’s lemma applied to the subadditive and nonnegative sequence
arp=M\;(R)%2. That the limit is positive is a consequence of the works of Berezin [5]
and Li and Yau [30] proving that

A2 >< d )CW (2m)"

kK —\d+2 wq

For the Neumann case, that the limit exists in R and is equal to the supremum
follows from Fekete’s lemma applied to the super-additive and linearly bounded

sequence aj =, (fR)d/ 2, where the linear boundedness results from Kroger’s estimate
[26](*)
wp? _ d+2 (2m)!
kK — 2 wq '

That the limit is positive follows from p(Q) <pj and from Weyl’s asymptotic law

lim p ()42 _ (2m)¢ 0
k—o0 k wd '

Pélya’s conjecture therefore holds in R(Q) if and only if

(2m)4
wd

=M

and thus reduces to finding a subsequence of extremisers 2}, such that

«\d/2 d *\d/2
lim Ae(€2) = (2m) = lim i (SH)T7 .

k—o0 k Wy k—o0 k

The following lemma is an adaptation of a famous result of Wolf and Keller
[38] to the class R. Our proof however differs somewhat from the original proof.

Lemma 2.6. For every k€N,

p
AF :Rd/QZ : in A Q.d/Q, : A :Rd/2 .
HR)Y2 = min ¢ min Ax(€) j1+?flir;p=k; 5 (R)

Furthermore, for any Q. realising \j,(R), there exists a partition j1+. ..+ jp=Fk such
that

p p
q=1 q=1 )\jq (R>

(1) In Kroger’s article, Neumann eigenvalues are numbered starting with 1 so that p1 =0.
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Proof. If A} is realised by one of the €);, we are done. Suppose it is not. By
Lemma 2.1, any minimiser for A\ has at most k connected components. One also
sees that the largest eigenvalue smaller or equal to A} (R) of each component has
to be equal to A;(R). If not it would be possible to decrease A} (R) by shrinking
slightly a component for which that’s not the case. This means slightly expanding
the other components, thus decreasing the eigenvalue.

In other words, if Q is an optimal domain for A}(R), then each of its p com-
ponents (p<k) will have some eigenvalue rank j, such that

PEU_ Ty, To=0ayQy,,
where
p
doai=1 >
qg=1 =
and
A (Y1) =... =X, (Tp) = AL (R).

Furthermore, each of these Y, realises A o otherwise it could be replaced by a
domain who does while improving the elgenvalue. The identities between the eigen-
values of the different components may now be written as

ai)\jp(an):af,)\jq(an), q:1,...,p—1,

or
O[Z)\;i:2( np) dAd/2( nq), q:l,...,p_:l,.

Summing up these identities for j from 1 to p—1,

p—1
& d/2
(St 0ot S,
q=1
Hence

(1 ap) d/2 dZAd/Q

and
d/2
d )\Jp (an)

Z )\d/2
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We finally obtain
Ae(QF) = 0,22, (D)

(Z A2 (0 )M

A corresponding statement for Neumann eigenvalues is proved by Poliquin
and Roy-Fortin [33] by closely mirroring Wolf and Keller’s proof, and the result is
recollected and somewhat generalised by Colbois and El Soufi [14]. We include their
proof in our formalism for completeness.

yielding the desired result. [

Lemma 2.7. For every k€N,

p
11 (R)Y2 = max {max P )2, max 3, <:R>d/2} .
S 2

Furthermore, for any QO realising pj(R), there exists a partition ji1+...+j,=k such

that
fR
0 [J o, — | [ 1550

Proof. Once again, if py is realised by one of the €;, we are done. A rather
simple induction argument reduces the problem to the case p=2 and Q; ="T,U7T>
into two nonempty unions of connected components, so that | 1|, |Ta|>0and ||+
T )=IT} 1=

Choose k+1 of the N(uj(R), ;) lowest and linearly independent eigenfunc-
tions on )}, say wuo,...,u; ordered according to their eigenvalues, in such a way

that every eigenfunction with eigenvalue strictly smaller than u}(R) is chosen and
that every eigenfunction is supported in either Y1 or Y5.(*) We have in particular
i (ug) =5 (R) > s (2) >0, where the last inequality follows since € is connected.
For every 0<I<k, the function u; is not identically zero on at least one of the two
T,’s; without loss of generality, assume that uy is not identically zero on T;. No-
tice that if the number of w;’s which are not identically zero on Y; is j1+1, then
fjy (Y1) =i (uk ).

Since the spectrum of Q5 =7;U7T5 is the (ordered) union of the spectra of T
and T, and since the u;’s span any eigenfunction on €} with eigenvalue strictly
smaller than p}(R), the number of w;’s which are not identically zero on Ts is jo=
k—j1. Considering the (jo+1)-th eigenfunction on Yo we get 1, (T2)> i (R)>0;
in particular jo>1. We claim that in fact pj(R)=p;,(T2); to see this, suppose on

(?) Recall that ug is necessarily a locally constant function.
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the contrary that puy (R)<p;,(Y2). Then consider any sufficiently small deformation
Y (with volume 1) of Qf obtained by contracting T; to T} and dilating T to Y%,
so as to have

Pio—1(T5) < prjo—1(T2) < pajy (Y1) < pagy (Y1) <y (T5) < gy (T2).-
Hence p(Q)=p;, (Y1) and thus pg(Q')>p;(R). This contradicts the maximality
of QF. As a result p;, (T1)=p;,(T2)=p;(R)>0. Since p;(D)>0 if and only if
j>v(D), we deduce j;>v(Y;)>1. That we have a partition follows from jo:=k—j;.
We claim that the normalised domain |Y|~*/4T; realises 15, (R). Suppose dif-
ferently: There exists a maximiser (27 (with volume 1) such that f;, (||~ 14ry) <
1, (Q2F,)=45, (R), from which it follows that

(7) i (R) = gy (T1) = [T =2 g, (002|719 1) < X0 7205, (R).

Consider the domain

T N O

Q_T1HT2_<HZ(R)> lel_l’fg.
Equation (7) implies that its volume is strictly greater than |Y[|Q}, |+[Y2[=1.
The j,+1 first eigenvalues coming from T, have eigenvalue at most uj(R), the
(j1+1)-th eigenvalue uh(fl) being equal to this value. Together with the same
Jjo=k—7j1 eigenfunctions on Y5 as before, we deduce that ,uk(Q) i (R). Therefore
the (k+1)-th ecigenvalue of the normalised domain |Q|~1/9€) is strictly larger than
pi(R), which is a contradiction to the maximality of ;. A similar argument
implies that the normalised domain |Yo|~'/4Y5 realises 5, (fR) Incidentally, |T;|=
(15, (R) i (R) 2. T

3. A trichotomy

In this section, we set out to prove Theorem 1.3. Note that all of the results
of the previous sections have a Dirichlet and Neumann version, where the only
difference is that the inequalities are reversed. As such, we will only prove the
Dirichlet case of Theorem 1.3, and only state the corollaries in term of the Dirichlet
eigenvalues. However, since we rely only on the formal properties obtained in the
previous section, all the results also apply for Neumann eigenvalues, reversing the
inequalities when needed and changing the proofs mutatis mutandsis.

We start with the following proposition, allowing us to consider classes of do-
mains generated by a single domain 2. As such, when no confusion arises we may
write R for R(Q2) once a generating domain is fixed.

Proposition 3.1. If Pdlya’s conjecture holds within R(21) and R(2), then
it holds within R(Qq, Q). The same is true of the strong Pdlya conjecture.
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It is clear that it is sufficient to show that if Pélya’s conjecture holds for two
domains T1€R(£21) and T2 €R(£s), then it holds for the disjoint union of these two
domains Y7 UY5. This will rely on the following abstract lemma about superlinear
sequences.

Lemma 3.2. Let {a;:k€N} and {by:k€N} be two increasing sequences satis-
fying

k k
akzz and bkzﬁ

for some A, B>0. Denote ci, the sequence obtained as the arrangement in increasing
order of all elements in {ar}U{by}, repeated with multiplicity. Then,

>_"
*=AT1B

The same holds when all inequalities are replaced with strict inequalities.

Proof. Without loss of generality, we assume that c;=a, for some 1<p<k. We
distinguish two cases: p=k and 1<p<k. In the former situation, we have that
k k
Cp =aj > a > A+—B
In the second case, it follows that a,>b; for all j, 1<j<k—p. We then have
k__pt+(k=p)
A+B A+B
Aap Bbk,p
—A+B A+B
(8) < ap =cy,

where the last line holds from the fact that a,>max{a,,bx_p}, hence it is also
greater than any convex combination of both. This concludes the proof, and it is
readily seen that if the inequalities in the statement of the lemma were strict, then
the second line in (8) would be a strict inequality. O

To prove Proposition 3.1, apply the previous lemma with ap=A(Q1)%?, b=
()2, A=l and B=245al.
Let us now define the set J:=J(2) CN of indices where the generator € realises

AL(R(Q)), that is

J(Q):={keN: () =2 (R(V)}.
Clearly, J is never empty since 1€J(2) for any Q.

Proposition 3.3. Suppose J(Q) is infinite, so that there exists a sequence
J1<ja<.../*+00 such that Q=Q7 (R(S2)) for alln. Then Pdélya’s conjecture is true
for every TeR(Q).
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Proof. On the one hand, Weyl’s law implies

A, () An?
lim ]ZSd)Z—Z/d-
n—oo ]n By

On the other hand, since {2 realises A} (R) for every n, it follows from Corollary 2.5
AL(R)  Am?

A ()
i 2/ =it e :wf/d'

We therefore conclude that A, (Y)%2 k=1>(27)%w; " for every T€R with volume 1,
which is Pdlya’s conjecture. [

The following theorem characterises when J is finite.
Theorem 3.4. The set J(Q) is finite if and only if there exists a constant ¢
such that for all k, v(Q2})>ck.

Proof. If J is infinite, it is clear that such a constant ¢ does not exist. Con-
versely, suppose that the set J={keN: \;(Q2)=A;(R)} is finite. This implies that
any minimiser realising A} (R) is of the form

Tk,j

Z:U |_| Tk)jQ;.

jeJ m=1

The number of connected components of €1}, is

(9) v(5) = e,

jeJ
and referring to Lemma 2.6 we get
(10) MR = " mp j A (R)V2.
jeJ

Corollary 2.5 states that there is a constant ¢ such that \f(R)¥/2>c'k. Let j'=
max J, combining (9) and (10) we obtain

* 1 * d/2
v(Q) > ()2 jEGJTLkJ/\j (R)
c/
>———Fk.
T A ()2

The proof is completed by taking c:c’)\j/(Q)’d/Q. a

Considering that all known results in the literature point to the validity of
Poélya’s conjecture, we are thus naturally led to the following, stronger, conjecture.
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Open problem. For every domain QCR? there exists a subsequence
Ak, (R()), with minimisers ) such that

v(Q, ) =0 (k).

That this open problem is a potentially strictly stronger statement than Pélya’s
conjecture follows from this partial converse to Proposition 3.3.

Proposition 3.5. Suppose J(Q)CN is finite. Then,
A2 _ (am)

* d/2
inf AL (R(S)) =min -
k k jeJ J Wq

Furthermore, for infinitely many jeN
A5 (R(Q *
RO ARQ)

j k k

Before starting with the proof, let us observe two things about this statement.
First, it means that infj, \f(R(Q))%2k~! is realised. Second, it means that if Q
is a minimiser in R() only for finitely many k’s and if Pélya’s conjecture holds,
then Pélya’s bound is attained since the realised minimum of A\}(R(€2))%/? would
be exactly (2m)%kw] .

Proof. Let
A (@)1
L' =min “—>— ( ) .
jed j
It exists as J is finite, and L' > L. For any k¢ J, a set which realises A\ (R) necessarily
has several connected components. It results from Lemma 2.6 that

NeR)V2=3 im0

jeJ

where {n;:j€J} are nonnegative integers such that

JjeJ
Therefore a2
Ae(R) 1 a2 1 R
SR TR 2 il =
jed JjeJ
which immediately implies
N(R)2 A ()2

L:i%f > L' =min -

. > L.
jed j
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Furthermore, since A, (€2)> A} (R) for every k€N and since Weyl’s law implies

that
M(Q)2 (2m)

kh—glc k - Wd ’
we get from Corollary 2.5 that indeed
. d/2 * d/2 d
min M = lim AL(®) < (27)
jeJ i k—o00 k wq

Finally, recall that for any set T we defined Y™ :=n!/4 Ll;—; Y. We see that
|T|=|T™)]| and that for all j, \;(Y)¥2j71=N\,;(Y)¥?(nj)~t. Therefore, if j is an
eigenvalue rank such that

()42 * (DYd/2
SR R
j k k
then for all neN
Mg Q)2 NL(R)Y
=in
nj k k
so that the infimum is attained infinitely often. [

Proof of Theorem 1.3. We have proved in Proposition 3.3 that if J is infinite,
then Pélya’s conjecture holds. The two other parts of the trichotomy are proved by
Proposition 3.5. O

We now turn our attention to the proof of Theorem 1.4, in the case where the
domain ) satisfies the two-term Weyl law (1).

Proof of Theorem 1.4. In all generality, clearly (2) implies (3), and (1) implies
(3). Indeed, (1) places us in the first possibility of the trichotomy Theorem 1.3,
which implies (3). We shall show that the assumption that a two-term Weyl law
holds can be used to infer that (1) implies (2) and that (3) implies (1).

Proof of (1) implies (2). Write the sequence of minimisers, all of volume 1, as
Vi
Q= | e
q=1

where v;:=v(Q})<oo by Lemma 2.1. Suppose that the 7 4 coefficients are in
decreasing order,
Tl e 2 Tk

It follows from Lemma 2.6 that for every 1<¢<wjy there is j,:=j,(k)€J such that

(i)
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and ji+...+7j,,=k. It follows from Weyl’s law that

i1 (k
lim rp ;=1 <+—— lim M
k—o0

=1.
k—oo Kk

Suppose that the righthand side of the previous equivalence does not hold, i.e. that
there exists >0 and a subsequence, that we still label with &, such that for all &,
J1(k)<(1=48)k. For all £>0, it follows from the two-term Weyl law that there exists
a rank N such that for all j >N,

2m)? 2m)w d—1
(1) N e
Wd 4wd
=A—¢
For all k, let Q:=Q(k) be defined as
Q= 0 if jo <N for all 1<q<yy,
max {q:j,>N} otherwise.

We define

Vi

Q
Tk = |_| ’I”k7qQ and Ek = I_l Tkqu.
q=1 q=Q+1

We claim that v(Zg) is bounded in k. Indeed, it follows from the strong Pdlya
conjecture that there exists M such that for all j> M,
A1 ARS
J Jaq

for all ¢>@Q. Writing
J1te . Adu, =3 >v(Ek),
it follows from Lemma 2.6 that if 5/> M, then

Ay B2 =25 (fR)d/2

<y O
Jq Y
q=Q+1 J

Vi
< DN (@)2
q=Q+1

=\ (Z)?2,
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a contradiction. Hence, v(E;)<j' <M, and

Q
(12) ko= jg=k—M

q=1

Recall that we assumed that there is §>0 such that j; <(1—9)k, and it follows
from (12) that, up to choosing ¢ a bit smaller, j; <(1—3J)ko. Let R:=R(k) be
defined as

Q
1 .
R::max{r:2§7‘§@ and k—qu;jq>5} ,
and we denote
1 Q
5k = ]{/’7 jq.
0 "h
There is no loss of generality in assuming §<1/3. That the j, are in decreasing

order ensures that in that case d<dp<1—4. Recall that for all 1<¢<Q, j,>N
hence (11) holds. It is a consequence again of Lemma 2.6 that

Q
(13) > O LAY i o).

We study the sum in the last line of the previous display. It follows from subaddi-
tivity of the function zrs2® for a<1, and from k§=k*+O(k>~1) that

d—1 d—1
Q d—1 R-1 T Q ¢
S >(zjq) (35
q=1 q=1 q=R

— d—1 i—1
> ((1=60) "7 +8,7 ) kT +0 (k71/7)
It is a simple exercise to see that the function z—ax*+(1—2)“, a<1 being concave
and symmetric on [0, 1] and 6<d;<1—4 imply that

d—

(1=60) T +6,7 > (1-6) T +5"T > 1+(21/d—1) §=:1+cqd,



36 Pedro Freitas, Jean Lagacé and Jordan Payette

and ¢4>0. Putting this back into (13), it follows that
27)® _
A @®)2 > BT Ay (14 cad kS 40 (1)
W

Choosing
o Cd(SA

“ T 2(1+cad)
gives, for k large enough, that
2m)¢ Acgd\ | a=
AL(R)Y/2 > ﬂ/ﬁ_ (A—F&) [
Wd 3

However, since

(@22 = B0 k5 (k;) :
wq

we have that for k large enough, \,(Q)%2<\;(R)%/2, a contradiction. Hence, for
any >0 there are no subsequences along which j; (k) <(1—9)k for all k. It is readily
seen that Tg,1 converges to 1.

Proof of (3) implies (1). Assume that the Strong Pdlya conjecture doesn’t hold
for R(2). It follows from Lemma 2.6 that it cannot hold for €, so that there is a
rank j such that

1 oy < O
By assumption there is a subsequence, labeled by k, such that
Qr =(1—er)QUTy,
with €, —0. From Lemma 2.6, for every k there exists a rank j such that
(15) AR(R)Y2 = (1—er) "N, ()2,

and that =07 . It follows from Corollary 2.5 and equation (15) that jr—o0. By
the two-term Weyl law (1), there is A>0 such that

2m)e a1 d—1
Aji ()2 = uJk‘f'Achd o (Jkd ) ;
Wd
hence there exists a constant C'>0 such that for every k large enough,
d—1

2m)® d=1
(16 a2 =B > o5,
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We now show that for large enough £, €2 is in fact not a minimiser for \;, amongst
R. Write jp=ngj+r, with j as in (14) and 0<r<j. Consider the domain Q" defined
as

1/2 Nk
(17) Q= GJES?) n, U <|_| nkl/dﬂ> :

q=1

We have constructed €’ explicitly so that the first component in (17) has ni/ I\ ()
as its r*? eigenvalue, and all the other components have ni/ d)\j(Q) as its j*I eigen-
value, it then follows that

by

Jk

(i) )

Combining these equalities with (14), we deduce that

d/
|| Xy, ()2 < <1+</\T(Q)) i i) @nm

()2 =mp Xy ()42,

Furthermore,

)\j(Q) ng wq
B MY G @en)d
_<1+<>\j(9)) jk—T> wd Ui =)
=%jk+0(1)

This combined with estimate (16) implies that for & large enough, ||\, ()92 <
Aji. (Q)%/2, contradicting optimality of € for Aj. O

For the next few results we shall assume that 2 is a minimiser only finitely many
times, namely Q=7 if and only if ke J={j1, ..., jp} CN. Our goal is to investigate
what the minimisers can be in such a case. We shall continue to write simply L=
infy, k=I5 (RY/2). We shall say that a minimiser Q realises L if Ay (Q5)¥/2 k—'=L.

Recall that for a set TeXR and n€ N, the n-th propagation of T is the set

n 1
T =] | —7a T
=1
Observe that | Y|=|Y )| and that A\, (T)%2 k=1 =X, (Y™)4/2 (nk)~! for any neN.
Definition 3.6. A minimiser Q] propagates as a minimiser in R if for every

neN we have QZ("):Q;‘;,C. A minimiser €} weakly propagates as a minimiser in R
if there exist a sequence of integers n; <ns<... 400 and a corresponding sequence
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of minimisers in R of the form
(18) Q=m0 MU,

Proposition 3.7. A minimiser Qf realises L if and only if it propagates as a
minimiser in R(Y).

Proof. Fix k€N and a minimiser Q. We have A%, (R) < Ak (QU)) =n2/40, ().
Fix n>1. Whether or not nk belongs to J, there exist nonnegative integers n, ...,n,
such that nk=3""_, n;j; and

p 4
CILEEDY) n\§? > > nijiL=nkL.

i=1 i=1

Therefore we have

)\ ¥/2
A @2 _ A (7)o
nk  ~ nk k '

In view of this, it follows that 2} realises L if and only if for every n€N both
inequalities in (19) are equalities.

In turn, this is equivalent to only the second inequality being an equality for
every n. Indeed, the latter would imply that the sequence n—\%, (R)%/2 (nk)~! is
constant, but we know that it converges to L as n—o00 hence the first inequality
being an equality too.

Now for any fixed n, the equality A, (R)%?2 (nk)fl:)\nk(Qin))d/Q (nk)~! is
equivalent to the claim that Q;cn) realises A%, (R). Consequently, the second inequal-
ity in (19) being an equality for every n€ N means precisely that 2} propagates as

(19) L<

a minimiser. O

Lemma 3.8. A minimiser QO propagates as a minimiser in R(QY) if and only
if it weakly propagates as a minimiser in R(2).

Proof. The “only if” part is trivial. For the “if” part, consider a sequence of
minimisers {2 - as in equation (18). It follows from Lemma 2.6 that for each j€N,

the set Qz(n‘j) realises )\fljk(fR). As a consequence of this and of Corollary 2.5, we
compute

« (ny) d/2
(@2 (%) x e
= = ) L.
k njk; njk J—too

This means that €}, realises L. Proposition 3.7 thus implies that €} propagates as
a minimiser in R. [



Optimal unions of scaled copies of domains and Pélya’s conjecture 39

Let us consider the sets
Kp=Kp(Q):={keN: X{(R¥?k =L} and J,:=J.(Q)=J(Q)NKL(Q).

We observe that K, is closed under finite sums.

Continuing with the assumption of finite J, Proposition 3.5 implies that the
set is not empty. Set jp=maxJy. Proposition 3.7 implies that the minimiser
2= associated to j€.Jr propagates as a minimiser in R. One might expect these
minimisers to be special, for instance to have a minimum numbers of connected
components among minimisers of a given eigenvalue functional, if not to be unique.
These expectations are even more vivid for the propagations of {7, . The next result
investigates these possibilities.

Lemma 3.9. Assume Jp () is finite and set jp:=max J(Q). Let jeJr(2).
If there exist n€N and a minimiser QZJ;AQ; ("), then {j}CJL (). If furthermore
V(sz)gy(ﬂ; (n))7 then j<jp. If instead V(Q;*lj)>y(Q; (n)), then there exists j'€
JL(Q) such that j'<j.

Proof. Both QJ* ™) and Q,,; realises A7 (R). As a result of Lemma 2.6 we have
a decomposition

p g D
(20) Q=1 L] e with Y nigi=ng

i=1 m=1 i=1

which induces the equality

p
A (R)Y2 =" mAr (R)V2.
i=1

We claim that there is an index h such that j,#j and nj,>0. Otherwise the
only positive n; would be n; where j;=j; It would follow from (20) that n;=n and
that ri:nl_l/ d, hence sz:Qﬁn). This is a contradiction with our assumptions,
hence the claim.

Since jeJyg, Q;‘ () realises L and so does ;- We compute

(Q* )d/2 d )
fR)d/2
:_anjz ]L ;

which implies that A%, (fR)d/ 2 Ji =L for every i such that n;>0, so in particular for
i=h. This means j,#j satisfies j, € Jy, hence {j} & JL.

L:

> —_ Z nz]zL L

i=1
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Assume now moreover v(Q ;) <v(Q; (n))

— in case the previous inequality is an equality — by Q;*Lj#Q; (n), at least one of

=n. By the pigeonhole principle and

the connected components of Qj ™ has volume strictly greater than n~!. Put

differently, if h is the index of such a component then rp>n"/4 We compute
I A% (R)4/2 _ rit X, (raS2, )42
Jh Jh
Tg AL (R)4/2 - nflAZj(R)dﬂ _ J )‘;j(fR)d/Q J L
Jh Jh Jh nj Jh

which means that j<j, and a fortiori that j<jr.

Assume now instead v(£2;,; )>1/(Q*(n)) n. The pigeonhole principle now im-
plies that at least one connected component has volume strictly less than n~!.
The same argument as before with the direction of inequalities inverted yields the

existence of j'=j,€Jr such that j>5'. O

A consequence of this last lemma is that for n€N, the domain with the least
number of connected components realising the eigenvalue )\:iLjL (R) is unique and is
given by the propagation Q;L(n)

Another consequence of the proof is that K is generated by Jp, that is any
ke Ky is a finite sum of elements in Jy,. Indeed, given k€ K\ Jr and a minimiser
2%, the propagation QZ U1 realises Al & (R). The connected components of this
propagation are thus contracted copies of minimisers canonically associated with
Jr and so are the ones of 2}, hence the result. The minimisers Q; = with j;€J,

are thus the building blocks of any minimiser realising L.

4. Bounds from packings

We have just seen that the failure of Pélya’s conjecture for a domain 2 im-
plies that infinitely many minimisers in R(Q) are realised by propagators Q™ =
U}’:ln’l/ 4Q). It is thus natural to study the spectrum of those propagators, notably
by geometrically realising them as subsets of other domains, that is by packing the
Qs into others domains. This packing idea leads to the main result in this section,
to wit an estimate from below on L=infrey Af(R)¥2 k™1 in term of the “packing
density” of . Recall that this packing density was defined in Definition 1.5.

We start by proving a few properties of this packing density.

Lemma 4.1. Given three bounded domains Q, V and W,

POW = PQV PV,W -
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Proof. Given any >0, there exist a packing g of Q(") into V of density Pg>
pa.v —e and an asymptotic packing P={(n;, p;, fi) }ieny of V into W with asymptotic
density pp>py,w —e. It is very clear how g and P can be “composed” to yield an
asymptotic packing of Q into W with asymptotic density pypp>pa.vpv,w —O(e).
The lemma readily follows. [

Proposition 4.2. Let Q and V be two bounded domains in R with volume 1.
Suppose that Q tiles R and that the upper Minkowski dimension of OV is strictly
smaller than d. Then po v =1 and thus po=1.

Remark 4.3. We recall that the upperbox dimension or upper Minkowski
dimension of a set SCR? could be defined as

e og|S(r)]

where S(r):={yeR?: |ly—S||<r} is the r-neighbourhood of S.

Proof. For simplicity, suppose 0cint(V)CR? and consider that any homothety
to be performed below is with respect to 0. We shall also think of the tiling F' as a
mere quasi-inclusion and we will not use F' in our notations.

Since V' is bounded, there exists R>0 such that V' CrV for all r>R. Conse-
quently, we have the sequence of inclusions

VCRVCRVCRW C...

Without lost of generality, take ReN.

Denote €; the i-th component €2 in the disjoint union Ll;cn 2. For neN, let
I, CN be the largest set such that Q;CnV for every i€l,. This set is finite as its
cardinality is at most [nV|/|Q2]=n. Because of the previous paragraph, Ip: CIgi+1
for every i€N. For ieN, set n;=# Ig:.

Because Q and hence Q are bounded, the latter is contained in an open ball B
of diameter D. Let

(nV)ap={penV : dist(p, (nV)°) >2D}.

We claim that the set (nV)ap\Uier, ©; is empty. Suppose otherwise; then there
exist a point = in this nonempty set and, since Q is a tile, an index i€(I,)¢ such
that £€Q;CB,. The definition of I,, implies Q_iﬂ(nV)C;«éQ, so there exists y in
this latter intersection and thus in B;. It follows that dist(z,y)<2D, which is a
contradiction. This proves the claim, and consequently (nV)op CU;c IHQ_iCnV.
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By assumption on 9(nV'), the volume of the 2D-neighbourhood of d(nV) grows
like o(n?), so that the volume of (nV)ap grows like n?—o(n?). From the set in-
clusions obtained in the previous paragraph, the same asymptotic is true for the
growth of the volume of U;cz, €, that is of £ ,,.

Consider the asymptotic packing P={(n;, p;, fi) bien given by n;=fIri, p;=
ni/n? and

i W% Uielm ”z‘_l/d Qfﬁ_) ”i_l/d nV = Pi_l/d V.
From the previous paragraph we get pp=lim; o p;=1, thus poyv=1. O

The previous result suggests to define another, a priori smaller notion of pack-
ing density, namely the lower packing number or lower packing density of € is

po,=inf {pa,v |V bounded domain, [V[=1, dupperbox(IV) <d }.
Corollary 4.4. For any bounded domain QCR?,
Po=ray >0

for any bounded tile VCR® whose boundary has upperbox dimension strictly less
than d.

Proof. Let WCR? be any bounded domain whose boundary has upper Min-
kowski dimension strictly less than d. Then from the two previous results we get
pa,w = pa,vPv,w =pq,v. Laking the infimum over all W yields the equality claimed
in the statement.

To prove the inequality, let’s take V' =[0, 1]%. Since € is bounded, there clearly
is some p€(0,1] such that Q can be packed in p~/4V. Since V") fully pack V
for each integer i, by “composing” packings we deduce that there is at least one
asymptotic packing of €2 into V with constant density p>0, and a fortiori we get

po,v>0. O

Remark 4.5. In the few last results, the assumption on the upperbox dimen-
sion — which guaranteed that the boundary had vanishing Lebesgue measure — was
not superfluous. Indeed, given any >0, it is possible to find a bounded tile V. CR¢
with volume 1 such that |int(V)|<e, for instance by applying a suitable symmetric
adaptation of Knopp’s construction of a Osgood “surface” on the sides of a cube;
the packing density of a typical domain 2 into V. would thus be smaller than e.
We leave the details to the industrious reader.

We are now in a position to prove a lower bound on
L:=inf A (R)V2 k1

for the Dirichlet Laplacian eigenvalue problem in the class R(2).
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Lemma 4.6. Assume that K ={keN: \;(R)¥/2k='=L} is non-empty. Then

d
(21) L ZPQ (27T) .
wd

Proof. Using Lemma 2.6 in a way we already repeatedly used it before, we
deduce from the assumption Kj#@ that Jo={ke Ky : \y(Q)=X;(R)}#@. Pick
some jE€Jr.

Let €e>0 and consider an open bounded domain V with volume 1 such that
pa.v > pa—e/2. Consequently, there exist an asymptotic packing P={(n;, p;, fi)}ien
of Q into V such that pp=lim; ., p;>pa—c¢.

The isometric quasi-embedding fZQ;k (ni)—>p
~1/d
eigenvalue functional T+ A (T) is decreasing with respect to inclusion, namely that
T1C Yy implies Mg (T1)> Ak (Y2), it follows that

Anj (Q’f (m))d/2 > (p‘—l/d V) d/2 .

~1/d

%

V allows us to view Q;k (i)

as a genuine subset of p V. Considering the well-known fact that any Dirichlet

J K3

The left-hand side is equal to ni)\j(Q;):ni jL, whereas the right-hand side equals
pi A, (V)42 Therefore
/\"ij (V)d/2

n;j .
Since lim;_,o, p;=pp > pa—e and because of Weyl’s asymptotic law, taking the limit
i——+00 on the right-hand side yields

L>p;

(2m)<
wd

L=>(pa—e)
As this is true for any >0, the result follows. [

Theorem 1.8 follows as a corollary of the previous Lemma.

Proof of Theorem 1.8. The set J={keN: Q) realises A\j;(R)} is either infinite or
finite. If it is infinite, Proposition 3.3 implies Pdlya’s conjecture and a fortiori (21)
as po<1. If instead it is finite, then Proposition 3.5 implies that K is non-empty
and the claim follows from the previous lemma. O

We now prove that if a domain V' of unit volume satisfies a two-term Weyl law
for Dirichlet eigenvalues, then all V-tiles satisfy the strong Pélya conjecture.

Proof of Theorem 1.11 for Dirichlet eigenvalues. Fix a rank j for which € re-
alises A7. Since Q is a V-tile, there is an asymptotic packing P={(ni, 1, fi) bien
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of © into V' with constant packing density 1. Since V satisfies the two-term Weyl
law (1), there is M €N such that

An(V)2 _ (2m)°
m Wy

Vm> M.

Consider i€N sufficiently large so that n;j>M, and consider the (full) packing
f;:Q() 5V Invoking the monotonicity of Dirichlet eigenvalues we thus get
A2 X (U2 X (V)2 . (@m)
i nij g wq
Considering Proposition 3.5, this implies that {2 realises A} infinitely often. Using
Corollary 2.5, we deduce

A (R)d/Q

)\*gzd/Q
L::i%f k = inf ]( ) .

JjeJ j

It also means that L is not attained among the indices in J. We claim that L
is not attained in R at all, from which the last part of the theorem readily results.
Suppose otherwise, so that there exist k€N and 2} €R such that \z(})k ' =L.
By Lemma 2.6, any connected component of Qf is a (contracted copy of some)
minimiser €25 . Note in particular that meJ. From Proposition 3.7 follows that 2
propagates as a minimiser, hence 2, weakly propagates as a minimiser by definition.
Lemma 3.8 implies that {2 propagates as a minimiser, and so 2}, realises L by
Proposition 3.7. This is a contradiction. [

The proof of Theorem 1.11 for Neumann eigenvalues is a bit more subtle and
this is due to the fact that Neumann eigenvalues do not behave in any simple
way under inclusion. This is also why Theorem 1.8 or modifications of it fail in
that situation: the behaviour under inclusion depends on the eigenfunctions of the
Laplacian. When the quasi-embeddings are actually surjective, however, we can
adapt [13, Theorem 63] to our needs.

Lemma 4.7. Let Vi, ..., Vy, W CR? be domains with Lipschitz boundaries. As-
sume that F:V::I_Ié\’:lvjﬁW 18 an 1sometric quasi-embedding, which induces a
pullback map F*:HY(W)—HY(V) between Sobolev spaces. Denote Ey (k)CH (V)
and Eyw (k) CHY(W) the subspaces generated by the first k Neumann eigenfunctions
on V' and W, respectively. Then for any fized k€N, there is a nonzero w€ Ey (k)
such that F*¢ is L*-orthogonal to Ey(k—1) and

1k (V) < ||90||2L2(W)

St He(W).
1F*olZz2 v

Proof. Let {fr}ren and {gx }ren be L?-orthonormal bases of Neumann eigen-
functions on V and W respectively, numbered in increasing order of their eigenvalue.
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Since F is an isometric quasi-embedding, we can define pushforwards F, fi, € L2(W)
by extension by 0 outside the image of F', and {F, fx }ren are still L2-orthonormal.
Given k€N, consider a nonzero linear combination 9022520 ajgj, so that
lell% (W):Z;LO a?. The requirement that it be L2-orthogonal to the first & func-
tions Fy f; uniquely specifies ¢ up to a multiplicative constant; we note that F*¢

is then L2-orthogonal to the first & functions fj- On the one hand, we have

k k
/W Vel dm = Z a;a; /W<v917v9j>dmzza?l‘j(w)Sﬂk(W)”‘PHZL?(W)v
ij=0 =0

while on the other hand
IVe|[>dm= | IVF*o|? dm> u(V)||F* ol 72 (v
w 1%

due to the fact that fo, ..., fe_1, o€ H' (V) generates a k-dimensional subspaces and
the variational characterisation of px (V) as the infimum over such subspaces of
the maximum of the Rayleigh quotient over elements of the subspace. The claim
readily follows. [

Corollary 4.8. In the context of the previous lemma, if we further assume
that F' is surjective, then p,(V)<pup(W) for all k.

Proof. Since the boundary of V has vanishing Lebesgue measure (being Lips-
chitz) and since F is an isometry, it follows that ||¢||%2(W):|\F*<p||%2(v). O

We now have all the necessary ingredients to prove Theorem 1.11.

Proof of Theorem 1.11 for Neumann eigenvalues. The proof follows the same
scheme as the proof of Theorem 1.11 for Dirichlet eigenvalues, using everywhere the
corresponding results; notably, monotonicity is replaced by the Corollary 4.8 and
Lemma 2.6 is replaced by Lemma 2.7. O

5. Computational results

The proposed way of approaching Polya’s conjecture for a given domain €2
generates a sequence of extremal sets made up of copies of 2. As we have seen,
this sequence encodes information as to whether the generator set () satisfies the
conjecture, which goes beyond whether the corresponding eigenvalues satisfy in-
equalities (4). These include the behaviour of the number of connected components
of the sequence of extremal sets and the behaviour of the largest scaling coefficient
1.k, for instance.

In this section, we present an investigation of the set of ranks for which the
generator is a minimiser for the Dirichlet eigenvalues, and how the above indicators
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evolve. We chose as generators the disk, the square, and a rectangle of aspect ratio
1:5. The reasons for choosing these generators are as follows.

e The exact values of the eigenvalues are known, and can be computed to high
accuracy even at high ranks. This would not necessarily be the case if we had to
approximate eigenvalues using, say, finite element methods.

e It is not known whether or not the disk satisfies Pdlya’s conjecture, as opposed
to rectangles. This means that we can compare the evolution of the indicators in
comparison for those two settings.

To generate the set of minimisers, we proceed in two steps. The first one
consists in creating a list of eigenvalues for the generators; for the square and
the rectangle this is not a problem since eigenvalues are given by sum of squares
of integers. For the disk the first step consists in generating the zeros of Bessel
functions. We denote by j,  the k-th zero of the Bessel function J,,. The generation
of the list of j, 1 was done using the Chebfun MATLAB package [15]. Two things
were important to consider:

e Bessel functions of high rank v are very small (under machine precision) but
strictly positive for a large interval starting at 0. Root finding algorithms would
nevertheless find zeros in that range.

e All zeros have to be accounted for under a given value.

The first point is addressed by using the well-known fact that the first zero of the
Bessel functions J, is always located at some x>v, and J, is sufficiently large within
that range that no spurious zeros are found. The second point is addressed by using
the property that if v/ >v, then for all k€N, we have that j,- >j, . Hence, we can
choose as natural stopping points the first zero of a Bessel function of rank N. We
then find all j, €[, jn 1] and we can be assured that no zeros have been skipped.
The following pseudo-code will generate the list of Dirichlet eigenvalues of the disk
(keeping in mind that the multiplicity of the eigenvalues coming from Bessel zeros
of rank v>1 is 2, and those coming from Jy have multiplicity 1).

Algorithm 5.1: GENERATEDISKEIGENVALUES(V)

bound=First root of Jy above N
evalues=All roots jg,k between 0 and bound
for v=1to N
do evalues=evalues+2 copies of all roots jik between v and bound
return (evalues)

To find the roots, we used the routine associated with the chebfun type of the
aforementioned Chebfun package.

To find the minimisers, we used an approach based on Theorem 2.6. For
some eigenvalue rank, say k, the minimiser is either the generator, or, for any
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partition of the set of connected components into two subsets, these two subsets
themselves realise A7(R) and A}, (R) for some j+j'=k. Furthermore, in any such
case Ay =A7+AJ,. We therefore can find the minimisers recursively, if we have a list
of the eigenvalues of the generator, and a list of previous minimisers. The following
pseudocode will generate such a list under these conditions; it is defined recursively
and outputs a pair consisting of the list of minimal eigenvalues and a list of the
ranks each connected component making up the minimiser at rank & minimises
themselves, according to Theorem 2.6.

Algorithm 5.2: {MINEVS,RANKS }(generatorevs, k)

min=generatorevs[k]|
minrank==k
for j=1 to k/2
do if minevs[j|+minevs[k—j]<min
then {mz:n—min(i?.)s[j]+minevs[k¢—j]
minrank=j
minevs[k]=min
if minrank===k
then ranks[k]={k}
else ranks[k]=ranks[minrank]Uranks[k—minrank)

The trichotomy in Theorem 1.3 indicates that if the generator itself is a min-
imiser infinitely often in R, then Po6lya’s conjecture holds in this case, as well as for
any disjoint union of it. As such, we investigate the log-density of the number ranks
for which the generator itself is a minimiser, that is, the function defined in (5).

Theorem 1.4 tells us that another indicator to verify is the largest homothety
coefficient r; of the minimiser, and that the strong Pdlya conjecture is equivalent
to this coefficient converging to 1 as k—oc. As seen in the proof of Theorem 1.4,
this is implied also by the rank of the maximal eigenvalue supported by one of the
connected component growing asymptotically like k.

We show these relevant quantities for the case of the disk in Figure 1, with the
corresponding values for the square being shown in Figure 2 for comparison. At a
first glance, the qualitative behaviour for these two examples appears to be similar,
with the only major difference that is visible is that the logarithmic density for
the disk as a minimiser in the corresponding sequence appears to be approaching a
value somewhat below that of the square.

In view of Theorem 3.4, another interesting indicator is the number of con-
nected components of the minimisers. As we have proved, if it grows at o(k) rate, k
being the eigenvalue rank, then Pélya’s conjecture holds. In the range of eigenvalues
that we investigated, Figure 3 shows that for the disk, square and a rectangle with
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4

Figure 3. Histograms of the number of components: from left to right, disk, square, and rectangle
with sides in the proportion of 1:5.

side ratio 1:5, the number of connected components of the minimisers keeps quite
small, both the disk and the square having a maximum of five components, while
the elongated rectangle exhibits at most only three.

Of course, one cannot deduce Pélya’s conjecture from these experiments. How-
ever, they show that from the perspective of the quantities introduced in this paper
the behaviour of the disk up to the range considered is not that dissimilar from that
of the square, for instance, which is known to satisfy Pdlya’s conjecture. Further-
more, seeing that the behaviour of these indicators is in line with Pélya’s conjecture
holding, one might hope that it would be easier to prove indirectly results about
the number of connected components of an extremiser, or about convergence to the
generator.
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