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Abstract

This paper is devoted to investigating the structure theory of a class of not-finitely graded Lie superalgebras
related to generalized super-Virasoro algebras. In particular, we completely determine the derivation algebras, the
automorphism groups and the second cohomology groups of these Lie superalgebras.
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Introduction

For the readers’ convenience, we give some notations used in this
paper. Let Z < I' be an additive subgroup of C and s€ C such that 2sT".
For simplicity, let Q) be an additive subgroup of C generated by TU{s}.
Denote by C, C', Z, Z, T, Q) the sets of complex numbers, nonzero
complex numbers, integers, nonnegative integers, nonzero elements of
I, nonzero elements of Q, respectively. We assume that all vector spaces
are based on C, unless otherwise stated. For convenience, the degree
of x or ¢ is denoted by |x| or |¢|. In addition, x is always assumed to be
homogeneous when |x| occurs. Let L be a Lie superalgebra, and denote
by hg(L) the set of all homogeneous elements of L.

Lie superalgebras as generalizations of Lie algebras were originated
from super symmetry in mathematical physics. The theory of Lie
superalgebras plays a prominent role in modern mathematics and
physics. In recent years, structures of all kinds of Lie superalgebras
have aroused many scholars’ great interests [1-4]. In this paper, we
shall investigate the structure theory of a class of not-finitely graded
Lie superalgebras related to the generalized super-Virasoro algebras
(namely, derivations, automorphisms, 2-cocycles).

Recently, some researchers have studied structures of some Lie
algebras related to the Virasoro algebra [5-10]. The (generalized) super-
Virasoro algebra is closely related to the conformal field theory and the
string theory. It plays a very important role in mathematics and physics.
The structure and representation theories of (generalized) super-
Virasoro algebra have been extensively undertaken by many authors
[1,3,11-17]. The generalized super-Virasoro algebra SVir[[, s] is a Lie
superalgebra whose even part SV; has a basis {L , C|a€T'} and odd part
SV has a basis {G, [uET+s}, equipped with the following Lie super-
brackets:

a3 -
(L L= (B =Lyt ==8,.C &)
(04
[LaaG,u] = (/u _E)Ga+”, (2)
(6,61 = 2L, 45 (1 =3,0..C. (3)
[SV, C]=0, (4)

1
Where o,B€T, p,vEEs+I. If I=Z, then SVir[Z,s](s =0or E) is the

super-Virasoro algebra. Obviously, SVir(T, s] is a generalization of the
super-Virasoro algebra. Its theories contain the results of the classical
super-Virasoro algebra.

In the present work, we will consider the following Lie superalgebra,
called not-finitely graded generalized super-Virasoro algebra SVIT,

sl, which has a basis {L,, G, ||a€l,u€s+T,i, jEZ+}, and satisfies the
following relations:

[La,i’ Lﬂ,j]:(B_a) sz+ﬁ,i+j+(j_i) La+ﬁ,i+j—l’ (5)
a g

[La,, s G,Ll,/'] = (,u - E)Gn+;1.i+/' + (/ _é)GlXﬂu,H»jfl > (6)

(G,,G,)=2L,.,... (7)

Where a,Bel, u,vEs+l,i, jEZ . We simply denote SV=SVI[T,
s]. It is obvious that the center of SV is trival. The Lie algebra W
with basis {L_, |¢xEF,iEZ+} and relations (5), is the generalized Witt
algebra W=W(0,1,0;F ) of Witt type studied in [9]. Furthermore, the
superalgebra SV contains the centerless generalized super-Virasoro
algebra as its subalgebra.

If an undefined notation appears in an expression, we treat it as
zero. For example, L =0, G =0 if a¢T,u¢s+I. The Lie superalgebra SV
is Q-graded

Sy = —Spt(giSVa, SV, =span{L

a,i’

G, |lieZ.} foracQ.
Obviously, SV =8V ® SV is Z, -graded, where
SV =span{l, |ae€Q,ieZ,}, S¥=spaniG, |uecQ,iclZ,}.

Because Q) may not be finitely generated (as a group), SV may
not be finitely generated as a Lie superalgebra. Hence, some classical
techniques [18] cannot be directly applied to this case. We must use
some new techniques in order to deal with problems associated with
not-finitely generated Lie superalgebras. In addition, in [5,19] some
authors studied some structures of not-finitely graded Lie algebras.
Thus, some methods about those Lie algebras can be applied in this case.
However, it seems to us that little has been known about not-finitely
graded aspect of Lie superalgebras. It may be useful and meaningful for
promoting the development of not-finitely graded Lie superalgebras.
This is the main motivation of this article.

The present paper is organized as follows. In Section 2, we review
the basic notions about Lie superalgebras. In Section 3 and Section
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4, we determine the derivations and automorphism groups of SV,
respectively. Finally, the second cohomology groups of SV are obtained
in Section 5. The main results of this paper are summarized in Theorems
3.6,4.2 and 5.3.

Preliminaries

In this section, we shall summarize some basic concepts about Lie
superalgebras in [11,20].

Definition 2.1

A Lie superalgebra is a superalgebra L = L; @ L, with multiplication
[-,-] satisfying the following two axioms:

skew super—symmetry:[x,y]=—(-1)*[y,x], super Jacobi identity:
[ [p.2]1=[[x, y], 2] +(-1)H]y,[x, 2]], 8)

for any x,y€hg(L), zEL.

Let L be a Lie superalgebra, then the space gc(L) consisting
of all the linear transformations on L has a natural Z -gradation:
ge(L) = ge(L); @ ge(L); , where ge(L), =1{f € ge(L)| f(Ly) < L, , for any
BE Z.,}, for any a€ Z,. Now we give the definition of derivations.

Definition 2.2

A derivation of homogenous € Z, of L is an C-linear transformation
Dege(L), such that

D([x, y)=[D(x),y]+(-1)"H[x,D(y)],
for any x,y€hg(L).

Denote by Der_L the set of all derivations of homogenous « of L.
Then denote by DerL =Der;L® Der;L the derivation algebra of L. A
derivation D€ Der(L) is called inner if there exists an element zEL such
that D=ad , where ad_is a linear map of L sending y to [z, y] for any y€L.
Denote by adL the set of all inner derivations of L.

Definition 2.3

A bilinear form y: LxL>C is called a 2-cocycle on L if y satisfies the
following conditions:

skew super-symmetry: y(x, y)=—(~1)ly(xp),
super Jacobi identity: y(x,[y,2])=y(x,y],2)+(=1)|x|[y|y (. [x, 2]),
for any x,y€hg(L), zEL.

Definition 2.4

For any linear map f:L>C, we define a 2-cocycle y, in the following
way:

v f(xy)=f ([xy)),

for any x, y €L. We call it a 2-coboundary of L.

Denote by C¥(L,C), BX(L,C) the vector spaces of all 2-cocycles,
2-coboundaries of L respectively. The quotient space H*(L,C)=C*L,C)/
B*(L,C) is called the 2-cohomology group of L.

Derivations of SV
In this section, we shall determine the derivations of SV.

Denote by HomZ((2, C) the space of group homomorphisms from
Q to C. For each ¢€ HomZ(Q), C), we define (c¢)(y)=cp(y) for any
re€Q, ceC. Furthermore, we define a derivation Dw as follows:

D(p(Lu,i):(a)La,i’ D¢(Gavi)=(p(zx) G, for a€QEZ . 9)

Denote by HomZ(Q}, C) the corresponding subspace of Der SV.
In particular, since ¢ a>a is in HomZ(, C), we obtain this special
derivation

D, =D, :L, > al

i

G, aG,, for aeQ,ieZ,. (10)
Lemma 3.1

For every D € SV, we assume
D=)'D,, D, e(DerSV), (11)
7eQ
such that only finitely many D, (x)#0 for every x € SV (such a sum in
(11) is called summable).

Proof: For every D € Der SV, we suppose D(xa):ZﬁEJﬂ, where
x €SV Define Dy(xa):yw. Thus, Dy is a derivation of SV.

Lemma 3.2

For any D € Der SV, replacing D with D — ad_ for some y € SV, we
get D(LO’O):O.

+a> .G

a,ja.j

Proof: Assume D(L0-0)=za,,»(“1 L

a.j"a.j

)e SV for aij eC,

where A=1,2. For any a€(), we define b; i bj = C inductively on
j=0by N h

. {j‘(—aﬁ.j.—abs,,o, if Jzl,
a.j

0, if j=0, (12)

where A=1,2.

Choosing ¥ = zw_,(b,l,,,-L,,,,- +b, G, ) €SV | it follows that

D(L,,)-ad (L, )=0. (13)
Lemma 3.3

If yeQY', DE(Der SV)V and D(L,)=0, then D=0.

Proof: Applying D to [L, ,L, |=aL  with «€QY’, then we get

[L,oD(L,)]=aD(L,,), (14)

Suppose D(L,,)= ZJ%(CI,LW., +ciG,,, ;) for c},cjz. € C, then we
obtain

ye =G+, 15)

for any j > 0, where A=1,2. Thus, D(L_ )=0 for any a€Q.
Applying D to [L then we obtain
(L
Suppose that D(,)=Y. , (4L, +4G,), where A;,4; €C, then

rd; =—(j+1)4;, for any j > 0, where A=1,2. Hence, D(L, )=0. Now
Gayo]:ochO, then it shows

0,0’L0,1]:L0,0’

0,0”

L,J=D(L,)=0  (16)

applying D to [L

0,0’

[L . D(G )]=aD(G ). (17)

0,0” a0 a0

Similar to compute D(L ), we deduce that D(G_)=0 for any a€Q.

Since SV can be generated by {L_,L
that D=0.

oG |@EQY, it forces at once

Lemma 3.4

o

Suppose D & (Der; SV), ,D(L, )=0,then D(L )=d
where d HomZ(€Q, C),a€Q.

L.»D(G,)=d.G

a0’
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Proof: Now for any D e(Der;SV),, we assume D(L_)=¥ d L

D(G Ne Zajea}G] where d_ ,eaJE(C. Applying D to [LOO,L ] ocLaJ) jalqél
(L 00,G 1=aG,, then we have d =e =0foranyj= 1.Simply denoted,
e, byd,e respectlvely Hence, D(L,,(,) d,L,,,D(G,,)=e,G,, forany
ocEQ By applying Dto [L L /30] =(- oc)LM,O, it has

d +dg=d,, for a=p. (18)

Furthermore, we obtain that the map ®:« Hdo( is an element in
HomZ(Q,C). Therefore, d EHomZ(Q,C).

By using the following three equations

{[La.O’G/]_O] =B _%)Gowﬁ,l)’GaAO’Lﬁ,O] = (g - a)Ga+/i,0’Ga,0’Gﬂ,0] = 2La+/ﬁ0’ (19)

we can conclude that

d,tey=e,, for a#2p,
e,+dy=e,, for f#2a, (20)
ea+eﬂ:da+ﬁ

Then, we get e =d_for any a€Q.

Thus, D(Lmo) D(G, )= dG , for any a€Q.

o aO’

Lemma 3.5
If D(L,,)=0, then
(Der SV) =(adSV), @ HomZ(Q,C). (21)

Proof: For any D e (Der;SV),, replacing D' by D -D, (cf. (3.1)),
then we assume d =0 for any a€(2, thus we get D'(L, )=D' (G »=0.

D(L,)=2 s Sailass

wl=al, +L , we see f, =0 for any j >

Now  assume where  f,,€CieZ,

. Applying D' to [L

00’

Thus, D'(L, )= fa‘OLa,O for some f,, € C. Similarly, applying D' to
[LO O,L 1= ocLa’2+2La,l, we obtain
D (Lzz,Z) = faz,OLa,O + 2f0:,0Lo(,1'
In view of [L0 1,La,l]:ocLM, it follows
afo 0 a, 05 (22)
j;O j;O a ;O
Thus, £, = foe /iy =0 for a# 0. Furthermore, according to [L__ ,

La,I]ZZ L(),z’ we get f(‘),o =0. Hence,

D'(L,)= fookansD'(Ly2) = 2oL

Induction on i, and use the relations of W, then we obtain
D'(L,)=ifyoLy. for aeQ,iel,.
Applying D" to [G, ,G, =2, , we have

0,0°

D'(G,)=ify,G,, for aeQielZ,.

If we replace y (cf. (3.5)) by v+ fooLoo , denote D'+ fo,D, (cf. (3.2)),
then D'(L, )=D'(G,)=0 for a€Q,I€Z..

Obviously, (DerSV), = (Der: SV), @ (Der: SV), -

Next for any D € (Der, SV), » we
D(L,];):Z 2,5 G,,.DG, )= z/ . ya, «;» Where x, 3, eC. Using
the following two equalities, [L w0 and [L, .G, 1=aG,_, then

— .0 _ .0
Where xa _'xa,Oﬂya _ya,O'

suppose

oolaol=0L
D(Gayo):yaL

Furthermore, using the relations of SV, we obtain

0,0

we get D(L J=xG

« a0 @0’

D(L“’[)=D(Ga,i)=0for any o € QLi€Z .

The following theorem can be concluded by Lemmas 3.1-3.5
immediately, which is the main result of this section.

Theorem 3.6
DerSV =-5pt, 2 (DerSV), =ad SV ® Hom, (Q,C), (23)
where(DerSV)ycadSV,ifye)*,and (DerSV)0=(adSV)0DHomZ(,C).

Automorphism Groups of SV

The aim of this section is to characterize the automorphism groups
of SV.

Denote by AutW, AutSV the automorphism group of W, SV,
respectively. Let y(Q2) be the set of characters of (, i.e., the set of group
homomorphlsms 7:Q0>C". Set Q“ ={ceC’|cQ =0} . Agroup structure
on y(Q)x QC can be defined by

(7, ¢)(1¢,)=(:c,c,), where T: a— 1 (c,a)7,(0) for a€EQ (24)

Clearly, we kown that x(€)x o s just the semidirect product
2(Q)xQF  under the action given by (ct)(a)=1(cat) for all ¢ eQC
T€X(Q)), aEQ.

Define a group homomorphism ¢:(7,0)—¢, _from 2T to
AutW such that ¢__is the automorphism of W by

¢, L —1(a)c'L

e i

where a€T,i€Z . We also define a group homomorphism ¢:7,0—~¢_
from y(Q)x QC to AutSV such that ¢__is the automorphism of SV
SVby

¢ L —t(a)c 'L,

T i ca,i

4G, (@) G,
where a€EQ,IEZ .

According to [5], we get the following lemma.
Lemma 4.1

AutW = )((l")xl"c* .
Theorem 4.2

AutSY = y(Q)xQ° xZ, -

Proof: Assume c€EAutSY, X € SVa, we assume o(x)=y+z, where
ye 8V, ze 8K . ([xx])=[o(x),0(x)]=[2z,2]=0, then z=0. Thus, we

have U(La,l):((x)c"le’i for any a€EQ,I€Z .
Assume

Obviously, 0(G,) =2y, (d55Ly, + B5iGy,),

] :ocGa,O, then

o(L, )=C_1L0 ”

Aa: B% cC .

where 5By

Applying o to [L

OW

[¢"'Lyy,Z,,(A50L,  +B;IG Comparing the

Bi"B.J Boi =B
and Gy » thus, f=ca, A%, =Bo'u=0 for JEZ,.
437 =B;7 =0 for § # ca jEZ . Hence, o(G, )=AL_,*+B.G,_, where
A, =A% B, =B,

ca,0

N=ax, (4L, +BiG, ).

BB B

coefficients of L ;

Next we apply o to [L, then

@0° o]:72 @0

ad, =2ar(a)4,, (25)
aB, =ar(a)B,.

whence, Au=2‘r((x)A0, for a€Q" and Ba=T(a)BO for a€Q.
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Using the equality [G0 » ]:2La,o, we have Thus,
2 _ -1 .
{caAO +_B0 =7, (26) 9(L, G, )=0 for BEQ, JEZ,. (32)
a 4B, =0. N For a+f0, it shows
Thus, 4,=0,B, —Vc , where V=1 or —1. @
(Lo Gp0) =W (L 0:Gp0) = (B—7)1(Gripo)
Hence, 5(G,,)=Vc ? r(a)Gm o for a€Q. 2
1 20—«
Applying o to [G, G, ]=2L , then o(G, ;)= 455Ly, + Ve t(a)G,,, =Y (Lo Gyo) = ﬁW(LO,O’GDHﬂ,O)
for any a€QLIEZ . Thanks to [L0 G, i]:och. +iG, then we get
= ' ' ' 1
AO() 0 foranyocEQzEZ I//(Lao’Gﬁo) ﬂl//(LOO’[LaWG ])

Finally, o(L, ) ¢~ 1T(oc)Lw”, a(G,,)=Vc Zr(a)G”., where a€Q,IEZ ,
V=1or-1.

We have completed the proof.
Second Cohomology Groups of SV

Let y€c*(SV SV, C), we define a linear function f: SV>C such that
f(La,i) and f{ G, ) are given inductively on i as follows

1 o
?V/(LO,O;LO,[H)’ lf a= O:
S)=1 27)

E(V/(LO,O’LQJ) - l.f(La,H ))5 lf a#0.
2 .
—w (.G, if a=0,
16 )=17"" (28)
;((//(LO.U’GLZJ) -if(G, ), if a=#0.

Set p=y-y,. According to [9], we obtain the following formula:
¢(L, ;L )=0, (29)
for any a,f€Qi, JEZ,.

Proposition 5.1
We have
(LG, )=0, (30)
for any a,ﬁEQ,i,jEZ+.
Proof: Firstly, we have
9L, G, )=y(L, ;G )AL, ,G, 1)=0 for =0 (31)
One has
¢(L, G, )=29(L, ,[L, ,G, 1)
=2(g(L, G, )+ (L, ,0))
=2(p(L, »G, )-

Itis clear that (L .G, ).

0,0’

Furthermore, for any j>1, we obtain

-ifG, -

2
= ‘//(Lo,or GO.j) - ﬁl//(Lo,l P Go,j—l)

o(L

00’ ) oo’

(LOO’GOJ) ‘//(Lon[LooaGo ])

-1
=y (Lo, Gy ;) — ( ‘//(L(10>G0,)+ v (Ly, G, ,))

=0.

By induction on i+j for a+f#0, suppose ¢(L_, .G, )=¢(L .G, ; )=0.
Applying the Jacobi identity on (L La,i’G[Z,j)’ we have

0=¢(L,,[L,,G, 1)
=9([ L, L, J.G )+(L, ,[L, .G, 1)
=(a+B)g( La,i’Gﬂ,j)'
Hence, we suppose

o( Lmi,Gﬂ)j):é Mp,o(/’( LW_,GiaJ)for o, BEQ, i, JEZ,. (33)

0,0’

Next we shall compute ¢( La)i,Gimj). It follows that
0=p(Lyy[L, G, ))

=¢([ L, L, .G, )+(G_ oLy 1 L)

=ap(L,,G )+ ap([L,,G  1jeL,,G . )
9L,y G, ;)

Thus, <p(Lm0, G_a,,j):o for a€Q, JEZ .

Induction on i, suppose ¢(L,, ,, G, )=0, then

o,i-1> T -a,
0=¢([ L,, [L,,G_,D

Jj
=¢([ Ly L, J.G )+ o([G Ly ), L)
=0“P(sz,i’G—a,,i)+ io([ th,ifl’G—rx,,j] _“(p(Lao’
:j¢(La,i’ G—cx,,j—l)'

Thus, ( L, ,G_, )=0 for any i, j€Z,,
L,,G,)=0 for a, ﬂEQ ]EZ

Gfoz,,j) + j(P(er,i’ G—rx,,j—l)

a€Q. This implies that ¢(

Proposition 5.2

We have

9(G,,G, )=0 (34)
for any «, BEQ, i, JEZ .

Proof: According to the equation (5.3), we deduce that ¢( Ly L, )=0

for any a€Q), i€Z,.
We also obtain that
0=¢(Lyy2L, 50
=9( Ly [G, Gy D)
=(a+B)9( G, ;G-
It turns out that ¢( GG, )=0 for a+p#0. Induction on i+ j,

suppose ¢(G Gﬂ)j)z(p(G n l) =0. Then we get

a,i-17

0=¢( L

0,0° a+ﬂ,i+j)
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=¢(L,, [G,,G, 1)
=(a+p)¢(G, G, )+j9(G, .Gy, )+ip(G,, ,G,)
=(@+p)9(G,,G,)-

Therefore, q)(GM_,GM):o for a+p=0. So in the following, we shall
only be concerned with the case a+p=0.

If JEZ,, then
1
¢(GU,0 ) Go.j) = ﬁ¢(GU‘O’ [Lo,o > GO,j+l ])

= ﬁ (P([Go 95 L1 Gy i) + (Lo 55 [Gir GU.jH 1))

1
= ﬁ¢(LO¢O’2LO,j+I)'

=0.

Induction on i, suppose ¢(G
0=¢(L,, ZLOW.)

=p( Ly [G,,G, )

=¢([ L, G, 1.G, )+ 9( G, ,[ L, ,G, 1)

=ig(G,, Gy )+ 9(G, G, )

=j9(G, .G, ,)-

Thus, ¢(G, ,G, )=0 for any i, j€Z . Furthermore, it follows that

G,)=0 for any jE€Z , then

0,i-17

0=¢(L,,2L)
=¢(L,; [G,,G D)
:i(p(GanH,Gﬂ)j).
Hence, (Ga,i’G—a,O)ZO for any i€Z .
Applying the Jacobi identity on ( L,
0=2(p(L0)0,L0,Hj)

=¢ (L, G,,G )

=ip (Gu,i—l’G—a,j)+j¢ (G,,G

Gmi,GfaJ.), then we get

0,0’

)-

Induction on j, we also obtain (Ga,i,wa.)zo

—a,j-1

By previous computations, it will suffice to show the result.
Now we get the main result of this section.
Theorem 5.3

The second cohomology group of SV is trivial, i.e.
C(SV,0)=B(SV,0). (35)

Conclusion

From the above study one can conlcude that Lie superalgebras as
generalizations of Lie algebras were originated from supersymmetry
in mathematical physics. The theory of Lie superalgebras plays a
prominent role in modern mathematics and physics. The (generalized)
super-Virasoro algebra is closely related to the conformal field theory
and the string theory. It plays a very important role in mathematics and
physics. The paper is devoted in the investigation of the structure theory
of class of not finitely graded Lie superalgebras related to generalized
super-Virasoro algebras. In particular, the derivation algebras, the
automorphism groups and the second cohomology groups of these Lie
algebras are determined.
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