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Abstract. We construct double Grothendieck polynomials of classical types which are essentially equivalent
to but simpler than the polynomials defined by A. N. Kirillov in arXiv:1504.01469 and identify them with the polyno-
mials defined by T. Ikeda and H. Naruse in Adv. Math. (2013) for the case of maximal Grassmannian permutations.
We also give geometric interpretation of them in terms of algebraic localization map and give explicit combinatorial
formulas.

1. Introduction

Let G be a semisimple complex Lie group, B C G be a fixed Borel subgroup of G, T C
B be amaximal torusin B, 7 := G/B and W := Ng(T)/T be the corresponding flag variety
and the Weyl group. Let £ be the rank of G. According to the famous Borel’s theorem [4],
the cohomology ring H*(G/B, Q) is isomorphic to the quotient Q[z1, ..., z¢]/J¢, where
zi = c1(L;) € HZ(G/B, Q),i =1,...,¢, and c1(L;) denotes the first Chern class of the
standard line bundle L; corresponding to the i-th fundamental weight w; over the complete
flag variety / = G/B in question, J; stands for the ideal generated by the fundamental
invariants associated with the Weyl group W .

To our best knowledge the first systematic and complete treatment of the Schubert Cal-
culus has been done by I. N. Bernstein, I. M. Gelfand and S. I. Gelfand [2] and indepen-
dently, by M. Demazure [6] in the beginning of 70’s of the last century. A Schubert poly-
nomial Sy, (Zy), with £ = 1k(G), Z;, = (z1, 22, ..., Z¢), corresponding to an element w of
the Weyl group W, by definition is a polynomial which expresses the Poincaré dual class
[Xwow] € H*(G/B), where wy is the longest element in W, of the homology class of the

Schubert variety Xy, := BwB/B C G/B in terms of the Borel generators z;, 1 < i < ¢,

Received April 30, 2015; revised November 9, 2016
Mathematics Subject Classification: 05E05
Key words and phrases: Grothendieck polynomial, Schubert calculus, IdCoxeter algebra

The first author is partially supported by the Grant-in-Aid for Scientific Research (C) 16K05057, the second author
is partially supported by the Grant-in-Aid for Scientific Research (C) 25400041, (B) M16H039210 Japan Society for
the Promotion of Science.



696 ANATOL N. KIRILLOV AND HIROSHI NARUSE

in the cohomology ring of the flag variety F. Therefore by the very definition, a Schubert
polynomial S,,(Z,) is defined only modulo the ideal J,.

Hence it is an interesting problem to ask if there exists the “natural representative” of a
Schubert polynomial Sy, (Z;) in the ring Q[z1, ..., z¢] with “nice” combinatorial, algebraic
and geometric properties.

For the type A,,_1 flag varieties, A. Lascoux and M.-P. Schiitzenberger [24] constructed a
family of Schubertpolynomials1 Guw(X,) € Z[ X, ] withw € S, where X,, = (x1, x2, ..., X,)
are indeterminates, and S, is the symmetric group on the set of n letters {1, 2,...,n}. We
will write the transposition s; = (i,7 + 1). Then S, is a Coxeter group with distinguished
set I = {s1,s2,...,8,—1} of generators. We list some of nice properties of the Schubert
polynomials &, (X,) according to [8].

(0) 6,(X,) is homogeneous of degree £(w), &,.(X,) = 1.

(1) (Compatibility conditions)

Guws; (Xn)  if €(ws;) = £(w) — 1,

G (X,) = ,
otherwise
where 3,~(X)f = w is the divided difference operator with respect to x; and
Xi — Xi+1

Xi+1.
(2) the structural constants for the multiplication of Schubert polynomials &,,(X,), w €
Sn, coincide with the triple intersection numbers of Schubert varieties,

(3) 64(X,) has nonnegative integer coefficients,

(4y), (4y) G4(X,) is weakly and strongly stable i.e. for all m > n, we have
Guw(Xy) =64 (X,), wherew € S, C Sy, ,
see Definition 8 in Section 5 below.

A new approach to the theory of type A Schubert polynomials which is based on the
study of the type A nilCoxeter algebras, has been initiated by S. Fomin and R. Stanley [10].
The basic idea of that approach is to consider and study the generating function of all Schubert
polynomials simultaneously, namely, to treat the following generating function

6(X,) = Z Guw(Xn)uw ,

wEeSy

where u,, denotes the standard linear basis in the type A nilCoxeter algebra NC,, which is a

I'We refer the reader to nicely written book [27] for comprehensive exposition of the Schubert polynomials.
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Z-algebra with generators u1, ua, ..., uy—1 and relations
2 . . . .
uy =01 <i<n-—D,uuj=uwuju(|i — j| > 1), ujujp1u; = ujpiujui1(1 <i <n-—-12).

We define uy, = u;, - --u;, when w = s;, - --s;, € §, is a reduced expression by the transpo-
sitions s; = (i, i + 1). An unexpected and deep result discovered in [10] is that in the algebra
NC,[x1, ..., xy] = NC, ®Z[x1, ..., x,] the polynomial &(X},) is completely factorizable in
the product of linear factors. The basic tool to prove the factorizability property is the usage
of the Yang—Baxter relation among the elements #;(x) = 1 + xu; in the algebra NC,[x, y],
namely

(I +xu)(X+ (o + uir) (@ + yui) = 4+ yuir) (A + ¢ + Yui) (L +xuip) . (1)

The main consequence of the Yang—Baxter relation (1) is that the polynomials Ax(x) =
hn—1(x)hp—2(x) ... hr(x), commute, namely

[Ak(x), Ak(»)] =0.
It has been proved in [9] , [10] that

S(Xn) = Y Gu(Xn)uw = A1(x1)Az(x2) -+ Ay 1 (¥a—1) -

wesS,

The double Schubert polynomials S, (X,, ¥,,) of type A, which were originally defined
by A. Lascoux in [22], are combinatorially defined as follows. For the longest element wo =
[n,n—1,...,1] € S, it is defined by

Suy(Xu, Yo) =[] i +y))-
i+j<n

For general w € Sy, it is define using divided difference operator as

GW(XVM Y,) = al(UX) OGUJ()(Xm Y,).

,1w

Using nilCoxeter algebra NC,, the generating function &(X,, ¥,) = ZweS,, GCuw(Xn, Y)uy
of double Schubert polynomials can be factored as follows.

S(Xn, o) = A [ (=yn— DA S (—yne2) - AT (=YD A1 (1) A2 (x2) - - - Ayt (Xn—1) -

Later it was noticed by R. Goldin [11] that the double Schubert polynomials represent torus
equivariant Schubert classes, cf. Theorem 2.4 in [11]. When y; = y» = --- =y, = 0, the
double Schubert polynomial &, (X, ¥,,) becomes the single Schubert polynomial G,,(X},).

Construction of “good” representatives for the Schubert polynomials corresponding to
the flag varieties of classical types B, C, D was initiated by S. Billey and M. Haiman [3] and
independently by S. Fomin and A. N. Kirillov [8]. In [8] the authors extended an algebro-
combinatorial approach (i.e. using nilCoxeter algebra and Yang-Baxter equations) to a defini-
tion and study extending the type A Schubert polynomials to the case of those of types B and
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C. But it also works for type D as well. The key tool in a construction of the aforementioned
polynomials is a unitary exponential solution to the quantum Yang—Baxter equations ([29])
with values in the nilCoxeter algebras of types B, C, D correspondingly. The exponential
solution to the quantum Yang—Baxter equation associated with nilCoxeter algebra NC(W),
(which is a specialization B = 0 of IdCoxeter algebra Idg (W) in Definition 1) of Weyl group
W = W(X) of root system of type X := A,_1, By, C,, Dy, allows to construct a family of
elements R; (x) € NC(R)[x] withi =1, ..., rk(R) such that

Ri(X)Ri(y) = Ri(y)Ri(x),i =1,...,1k(R).

The elements R;(x1),..., Ri(x¢) withi = 1,...,£ := rk(R) are building blocks in the
construction of the generating function for all Schubert polynomials corresponding to the flag
variety associated with the root system R.

Now in order to ensure the compatibility conditions one needs to specify the ac-
tion of simple transpositions of the corresponding Weyl group on the ring of polynomials
QI[x1, ..., x¢]. In [8] and [18] the authors have chosen the natural or standard action of the
Weyl group on the cohomology ring of the corresponding flag variety G/B. Namely,

si(xi) = Xi+1,8i(xi41) = xi, 8i(x;) = x;if j #1i, i+ 1 (type A),
so(x1) = —x1,50(x;) = x; if i > 1 (types B, C),
si(x1) = —x2, 87(x2) = —x1,57(x;) = x; if i > 2 (type D).

Based on these choice of the action of the simple transpositions, the divided difference op-
erators are defined uniquely. As was remarked in [8], it is easy to see that for root systems
of types B, C (and D) it is impossible to find “good” representatives for the Schubert classes
which satisfy the properties (0), (1), (2), (3) listed above. Nevertheless in [8] the authors in-
troduce the so called Schubert polynomials of the first kind with nice combinatorial properties
including those (0), (2), (3), (4y), and therefore suitable for computation of the triple inter-
section numbers for Schubert varieties of classical type, the main Problem of the Schubert
Calculus, see [8] for details.

In [3] the authors defined certain action of Weyl group on the ring of supersymmetric
functions of infinite number of variables I' = (Z[x1, x2, . ..])55 and define another family of
Schubert polynomials, where SS means supersymmetric (for detail see § 4).

In [15] Ikeda, Mihalcea and the second author defined and studied the double Schu-
bert polynomials of type B, C, D using localization map of equivariant cohomology. For K -
theory there is analogous map and the image has the so called Goresky-Kottwitz-MacPherson
property [12]. As mentioned for the case of Grassmannians in [17], the Schubert classes
can be characterized by recurrence relations. These are essentially done already by Kostant-
Kumar [20] and used in [21], see § 6 for more details.

In conclusion in the present paper we used an algebro-combinatorial construction of [7]
to extend the algebro-geometric [17] constructions of the double Schubert polynomials of
types B, C, D, to get double Grothendieck polynomials which represent the Schubert classes
in the K-theory rings of the types B, C and D full flag varieties. Some of these polynomials
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also appear in more geometric context of connective K -theory of (non-maximal) Grassman-
nians in [14] , where the parameter 8 = a1 has its meaning.

The formulas (3) and (6) obtained in section 8 lead to combinatorial descriptions of
polynomials in questions in terms of either EYD, or compatible sequences, or set-valued
tableaux [5]. We expect that after a certain change of idCoxeter algebra and replacing A & B
in our formulas (3) in Lemma 9 and (6) in Lemma 10 by F(A, B), where F(x, y) stands
for the universal formal group law, we come to formal power series which have a suitable
interpretations in the theory of algebraic cobordism [26] of flag varieties.

1.1. Organization. In Section 2 we summarize the notations and definitions needed.
In Section 3 we describe some basic properties of idCoxeter algebra Idg(W). In Section 4 we
define B-supersymmetric functions and K-theoretic Schur P- Q-functions and K -theoretic
Stanley symmetric functions. In Section 5 we introduce the double Grothendieck polynomi-
als of classical types and some fundamental properties. In Section 6 we give a geometric
interpretation of the double Grothendieck polynomials using (algebraic) localization map.
In Section 7 we introduce adjoint polynomials which are dual to the double Grothendieck
polynomials. Finally in Section 8§ we give two types of combinatorial formula for double
Grothendieck polynomials using compatible sequences and excited Young diagrams.

2. Definitions and Notations

In this paper W = W(X) is a Weyl group of type X = A, B, C, D. I = IX is the set
of simple reflections in W(X). We index the simple reflections by the same notation as in
[15] §3.2. In particular, for type B and C, so corresponds to the left most node of the Dynkin
diagram with the relations (sos1)* = 1 and (sos;)* = 1 for i > 2. For type D, s; := 505150
and we consider W (D) as the subgroup of W(B) generated by s3, 51, ... . For X = Band C,
the Weyl group W(X,) = (so, 51, ..., Sy—1) is the hyperoctahedral group and the elements
are realized as signed permutations. (cf. [15] §3.3.) (Maximal) Grassmannian elements of
type B, and C, are minimal length coset representatives of W(B,)/S, = W(C,)/S, where
Sp = (81, ..., Sy,—1) is the parabolic subgroup corresponding to the index 0. For a Grassman-
nian element w = [lTl,...,lT/g,ie+1, ...,ip]of type X = B,C, where 1 < iy,...,i, <n
are distinct integers with i1 > --- > iy and ip4] < --- < i,, We associate strict partition
Ax(w) = (i1,...,1¢). (Maximal) Grassmannian elements of type D, are minimal length
coset representatives of W(D,,)/S, where S,, = (s1, ..., s,—1) is the parabolic subgroup cor-
responding to the index 1. For a Grassmannian element w = [171, R zTg, ig41,...,1in] of type
D, where 1 <iy,...,i, <n are distinct integers withi; > --- > iy and ipy| < --- < iy, We
associate strict partition Ap(w) = (i1 — 1, ...,i¢ — 1). Note that for type D case ¢ is always
even and we can omit iy — 1 = O when iy = 1.

We use Bruhat order w < v on W(X). Then it is known that for (maximal) Grassmannian
elements w, v € W(X), we have

w=<v << Ax(w) Cix().
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The set of roots Ay is the set of orbits of simple roots.
Following [7], we prepare some notations. Let 8 be an indeterminate. We define opera-
tions @ and © as follows.

x@y:=x+y+pxy,x0y:=x—-y)/(1+8y).

We also use the convention that
X

14+ Bx’

X =0x=—
Then we have x @ x = 0. For a Weyl group W with the set I of Coxeter generators, we define
idCoxeter algebra as follows.

DEFINITION 1 (IdCoxeter algebra). IdCoxeter algebra Idg(W) for W is a Z[B] alge-
bra with generators u; for each s; € I and relations as follows.

2
uy = Bu;,
wiuju;---=ujujuj--- if m; ; is the order of s;s; .
——— N——
m; j terms m; j terms
By the braid relation we can define u,, = u;, - - - u;, where w =s;, - - - s;, is a reduced expres-

sion of w € W. Then {uy}wew form a Z[B] basis of Idg(W).

Foreachs; € 1 X , we define divided-difference operator nl.(”) and 1//1@ with respect to the
variables a = (aj, az, .. .) as follows. Assume that R D Z[B] is a ring with a group action of
W (X). We define the action of W (X) on R[a, a] := Rla1, a3, ...,a1,as, ...] as follows.

DEFINITION 2. The action of si(”) € IX on the variables a1, as, . .., aj, a, ... .

o Ifi > 1, S,»(a)(ai) =ait1, S,»(a)(ai+1) = ai, S,»(“)(O_li) =dit1, sl.(“)(ﬁ_liﬂ) = a;, and
s\ (ar) = ag, si(@) = ax fork #i,i + 1.
o 53 (a) = a1, sg” @) = ar, and s\ (ar) = ax, s @) = a fork > 1.
(a) (a)

o si%a) = @sP@) = a,si”@) = a5 @ = a, and 5”@ =

a, s{”)(ak) —a fork > 2.

We write the induced action on R[a, a] by sl.(”). Divided difference operators nl.(“) and

¥ are defined as follows. For f € R[a,a] = Rlai, aa, ..., a1, a, ...,

f = (1+ Bai(@)s(f)

a;(a)

7 Of) = and ¥ =7\ 1+ 8,

where «; (a) is the element in Z[B][a, a] corresponding to the root «;, i.e. «; (@) = a; D a;j+1
fori =1,2,....af(a) = a1, af (a) = a ® a, and a;j(a) = a, & a.
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ePoi — 1
o [7].)

PROPOSITION 1. We have the following relations of operators:
(we write 1 = 1D, fr = Y@ for short.)

( Formally we can think as ¢; (a) =

7-[1,2 = —'B]'[i s ‘(//12 = ,Bl/fiforallsi S IX ,

TG - = TG - ViV = i
———
m;, j terms m;, j terms m;, j terms m;, j terms

if m; jis the order of s;s .
PROOF. We can check the relations by direct calculations.

The explicit form of wl.(“) is as follows,

@,
) = fori > 1,

a;j+104;

w. . @ (a) o,
@ 5= @ fo S=f @ S
Vb = = e = e and w00 = T

701

Similarly we can define divided difference operators rri(h) and wi(h) corresponding to the

variables b1, by, ... using sl-(b) and «; ().

3. Basic Properties

We always assume that all the variables x, y or a, b commute with u; and consider in a
suitable extension of the ring of coefficients in Idg(W). Let #; (x) := 1+ xu;. Then it follows

that h; (x)h; (y) = hi(x @ y) and h; (x) is invertible with A; (x)~! = h; (¥).

LEMMA 1 (Yang-Baxter relations [9]). The following equalities hold.

hi(x)h ;(y) = hj(y)hi(x) mi,j =2
hi(x)h;(x @ y)hi(y) = hj(y)hi(x @ y)h(x) mij =3
hi()hj(x @ Yhi(x @y @ Vh;j(y) = hjMhix @y @ y)hj(x @ y)hi(x) m; ;=4

These can be proved by direct calculations. (We omit the case of m; ; = 6 which we

don’t need.)

DEFINITION 3. We define the following elements in Idg (W)[x] for W = W (X) with

X=A,B,C,D.
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i

AP @) = [ ) = hoi (hna () - hi(x). (=1,2,....n—1),

k=n—1

FB(x) := A (x) ho(x) A (1)

= hp—1()hp—2(x) - - h1(X)ho(xX)h1(x) - - - hp—2(X)hn—1(x),

FE@) := AP () ho(x)> A (2)!

= My 1 ()2 (x) - - - 1 (X)ho(X)?h1 (x) - - - B2 (X)hy—1 (x)

FP ) = AL (x) hy ()i (x) A (2) 7!

=hp-1(x)-- hz(X)hl(X)h (X)h2(x) -+ - hp—1(x) .

For 1 <i < j, we abbreviate
i, jlx == hi(X)hiv1(x) ---hj(x) and [, ilx ;= hj(x)hj_1(x)---hi(x).
LEMMA 2. Forl <i < j,wehaveli, jls[j,ily = [j,ilyli, jlx

PROOF.

Jj — i =k > 2, we can use induction hypothesis and Yang-Baxter relation again to get

(i, j1els ily = lleli + 1, el i+ 1y [y = [l i+ 2150+ Ty 0+ el +2, j1kli]y =
Ui+ 20 [eli + el + Ty G042, j1e = [0+ 210+ Lyl i + 1[0 + 2, jlc =

L, ilylis jle

LEMMA 3. We have the following equalities.

M AP @AM () = A" (AP (),

) FX () FX(y) = FX(y)FX(x) for X = B,C, D,
3) FX(x)FX(x) = 1.

PROOF.

Lemma 2.

(2) Using (1) and Yang-Baxter relations again, we can show the equalities as follows.

For X = B, we have

Ff@F(y)

[n —1,1]x[0]c[1,n — 1]x[n _'1a1]y[0]y[1an _'l]y

[n — 1, 1x[0lx[n — 1, 11y[1, n — 11x[0]y[1, n — 1]y

= [n— 1, lx[n — 1, 2]y (0]« [1]y[11x[0]y[2, n — 1]x[1, n — 1]y

[n — 1, Ux[n — 1, Ly [1I5[01 [11y[11x[O1y [115[1, n — 1]1x[1, n — 1]y

[n— 1, 1yln — 1, L[5 [11x [01x [11: [11y [O1y [11y (15[ 15[ 1, n — 1]y [1, n — 1]x
= [n— 1, 1yln — 1, L [15011£ [Ty [01y [Ty (11 [01x [11 [115[ 115 [T, n — 1]y [1, n — 1]x
= [n— 1, 1ly[n — 1, 2]x[0]y [1]y[11x[0]x[2, n — 1]y[1, n — 1]x

= [n — 1, 11y[0ly[n — 1, 2] [11x[11y[2, n — 1], [O]c[1, n — 1]x

[n — 1, 11y[01y[1, n — 1]y[n — 1, 1]x[OL«[1, n — 1]x

FP(F (x)

We will prove by induction on j —i. When j —i = 0,i.e. i = j, itis trivial.
When j —i =1, [i,i + 1]c[i +1,ily = [i + 1,i]y[i,i + 1]x by Yang-Baxter relation. For

(1) As A" (x) = [n — 1,il, and A" ()™ = [i,n — 1], it follows from
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Similar arguments with appropriate modifications will give X = C, D cases. The essential
equalities to be used are

hi(x @ y)ho(x @ x)h1(x @ y)ho(y @ y)h1(x @ y) = ho(y & y)hi(x & y)ho(x & x)

and
ha(x @ Y)h1(x)h; () ha(x & y)h1 (0)hi(0h2 (X © y) = h1()hi(y)ha(x & y)hi(x)h;(x).
(3) This follows essentially by the relation h; (x)h; (x) = 1. a

4. B-supersymmetric functions

DEFINITION 4. B-supersymmetric function with respect to variables x1, x2, ..., x, is
a symmetric function f(x1, x2, ..., X,) on X1, X2, ..., x, which satisfies the following can-
cellation property:

f@, t,x3,...,x,) = f(0,0,x3,...,x,) forevery .

REMARK 1. The S-supersymmetric property is translated to usual supersymmetric-
ity by the change of variables x; to eﬂ"’% If B = 0, then the B-supersymmetric

property becomes usual supersymmetric property, i.e. f, —t,x3,...,x5) =
f(0,0, x3,...,x,) for every ¢.

Let SSg(x1,...,x,) == {f € Z[Bllx1,...,xx] | f : B-supersymmetric} and set
SSg(x) = l(iLnSSlg (x1,...,x,). Then SSg(x) is the ring of B-supersymmetric functions.
n

(It is denoted as GT in [17].) If 8 = 0 this becomes the ring I'" in [15].

4.1. K-theoretic Schur functions GP;(x), GQ;(x). In [17] B-supersymmetric
functions G Py (x), G Q;.(x) are defined. Let by, b, ... be indeterminates, and set [x|b]* =
(x@®by)--(x ®by) and [[x[p]]F = (x ®x)(x B by) -+ (x B b—1).

Let SP, be the set of strict partitions of length at most n. i.e. A = (A1 > A2 > -+ >
X > 0) is an integer sequence such that » < n. We also set SP = Un SP,.

DEFINITION 5 (Ikeda-Naruse [17]). For a strict partition A € SP,,

GPu(x1,...,xalb) = ! Zw l_[ [x; |b]* l—[ X Dx; ’

= sisr izjen i O X
GO(x1r.. . xalb) LS u | I (e T 22
}‘ 9 st n = l - 9
— ! . .
(n—r)! weS), 1<i<r i<j<n Xi ©Xj

where w € S, acts x1, ..., x, as permutation of indices.
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We also put
GP.(x1,...,x5) = GPy(x1,...,x,|0),
GO(x1, ..., %) = GQOulx1,...,x,]0),
GP)n(x) = liLnGP)L(x15"'axn)5
n
GQ(x) = MGQi(x1..... %),
n
G Py (x|b) = liLnGPk(xh...,xZnIb),and

G Q,.(x|b)

n
lim G Q). (x1, ..., xnlb).

n

N.B. GP(x1,...,x,|b) has only mod 2 stability (cf. [17] Remark 3.1), and we define
G Py (x|b) to be the even limit as in [17].

EXAMPLE 1. The followings are some examples of GP, G Q.

GPi(x1,...., %) =x1®x2®D - Dxy.
GO1(x1, ..., x) = (X1 ®x1) D (2B x2) D+ D (X ®Xp) .
LEMMA 4 ([17] Theorem 3.1, Proposition 3.2.). The followings hold.
(D) GPy(x1,...,xn) and GQj (x1, ..., Xp) are B-supersymmetric functions.
) {GPy(x1, ..., Xn)}resp, forms a basis of SSg(x1, ..., x,) over Z[B].
(3) Let SSg(xl, ..., Xp) be the Z[B]-subspace of SSg(x1,...,x,) spanned
by GQOu(x1,...,xp)(A € SPy). Then {GQu(x1,...,xn)}resp, forms a basis of
Ssg (X1, ..., xn) over Z[B].

REMARK 2. We remark that the definition of B-supersymmetry and the polynomi-
als G P, G 0, can be generalized in more general setting such as algebraic cobordism [26],
cf. [28].

According to [17] (6.5), we define an action of W (X) as follows.

DEFINITION 6. The action of Weyl group W(X,) on SSg(xi1,...,xn) ®zg]
Z[Blla, al @z ZIB1b, b] is derived from the action as follows (together with Definition 2).
For f(x) € SSg(x),

s = f)y=s" fo fori > 1,
s F@) = flanx), s f0) = fbrx),
SOF@) = flarazx), s f(0) = fbi, b2, x).

These actions can be clarified by the change of variables explained in the second definition
below (cf.§5.2 Remark 4).
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LEMMA 5 ([17] Theorem 6.1 and Theorem 7.1). G Py (x|b) and G Q; (x|b) are char-
acterized by (left) divided difference relations and initial conditions. i.e. For a maximal
Grassmannian element w € W(X)/Se and s; € 1%,

oK ) = !(—}; AG(;:SJZC) 1b) ijfc = v
and
GXp(x|b) =1,
where G By, (x|b) = GP5.(x|0, b), GCy.(x|b) = GQx(x|b), GD,(x|b) = G P (x|b).
4.2. K-theoretic Stanley symmetric functions ]—'u)f x),X=B,C,D

DEFINITION 7. For X = B, C, D, we define
n
FY(x):= FX(x1,....x) = [[ F¥(x) and FX(x) := limF} (x).
i=1 n

Using these we define F (x1, ..., x,) and F (x) by the following expansions.

FXo = > Fi....xu, . FX@) = Y FX@u,.
weW(X,) weW(X)

By definition Fu)f (x1, ..., x,) are weakly stable but not strongly stable (cf. Definition 8).

.7-"3)( (x) is a K-theoretic analogue of Stanley symmetric function of type X = B, C, D.
(cf. [3D)

LEMMA 6. For each w € W(X,), Fu}f(xl, X2, ..., Xy) IS a B-supersymmetric func-
tion.

PROOF. This follows from Lemma 3 (2) and (3). |
LEMMA 7. (0) For X = B, C, D, we have
Flff](m,xz, e Xn) = Foy (X1, X2, 0oy Xn) -

(1) For X = B,C, D, ]—'u}f(xl, X2, ...,Xx) can be expanded in G Py (x1, X2, ..., Xp) With
coefficients in Z[B].
(2) For a (maximal) Grassmannian element w € W (X,,),

]:g(xl,xb "'7xn) = GP),B(w)(xlaXZ’ "'7xn)7
FS(x1,x2, 0 xXn) = G Qe u) (X1, X2, -+, Xn)

]—'u?(xl,xz, o Xn) =GPy (X1, X2, ., X))
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PROOF. (0) This follows from the symmetry of Fff (x), i.e. if a coefficient of u,, comes
from the product u;,u;, - - - u;, in FX(x1) - -- FX(x,), then the same coefficient appears in the
product u;, u;,_, ---u;, in FX(x,)--- FX(x1), by picking up the symmetric positions.

(1) This follows from Lemma 4 (2), because F,)f (x) is B-supersymmetric.

(2) This is Proposition 5 below with b = 0. d

REMARK 3. We state conjecture that the coefficients in the expansion of (1) are pos-
itive, i.e. the coefficients will be polynomials in S with nonnegative integers. This will be a
consequence of K -theory analogue of “transition equation” for type B, C, D. (cf. [15])

EXAMPLE 2. Belows are some examples of Fu)f (X1, .00y Xn).

FBx1,..ox) = GPi(x1, ... X))

Fo@1 oo xn) =G Q1(x1, ... Xp) =2GP(x1, ..., x3) + BGPa(x1, . ... Xp).
]-"Sli)(xl, cesXn) = GPI(X1, ..., X))

5. Main results

In this section we define the main object of this paper, the double Grothendieck polyno-
mials of classical types gg (a,b; x), (X = B, C, D), and show some of their fundamental
properties.

First we recall the type A Grothendieck polynomials g£ (a) cf. [7]. These polynomials
satisfy the strong stability in the following sense.

DEFINITION 8. Fix anelement w € W(X) (X = A, B, C, D). Suppose that for each
n such that w € W(X,) we have given a polynomial fu(]") € R[x1,x2,...,x,]. Then

(1) [ fu(,") | is called weakly stable (with respect to x) if for all m > n we have

>

nz

(m)

w o xpp==x=0 = Jw -

2) { u()")} X is called strongly stable (with respect to x) if for all m > n we have
n=

(m) _ ()
w —Jw -

We set Ga, (a1, ..., an-1) = A" (@AY (a2) - - A™ | (@,—1). Then for w € S,, we
define g{ﬁ"—l (a) by the following equation.

Gap (@ ....an)) = Y G @y .

weS,

Furthermore, we can consider G z(a) := l(gn Ga,_ (a1, ...,a,—1) and get g£ (a) by

n

Ga@) =) Ghl@uy.

WESeo
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It is easy to see that for w € S, and m > n, we have Qi'""(a) = gﬁ"“(a) = gﬁ(a),
therefore the type A Grothendieck polynomials are strongly stable. Recall that the type A,

double Grothendieck polynomials Qﬂ”" (a, b) are defined as follows.

Ga (1. baD) 7 Ga, (@t anm) = Y G @ Dy = Gy (. b).

wWEeSy

LEMMA 8. We have the following equation.
GAW1 (51, Ceey l;n_1)_lGAn71 (at,...,an—1)
= hy—1(a1 ® by—1)
hn—2(a1 & byp—2)hp—1(az ® by—2)

ha(a1 ® by)hz(az @ ba) - - - hy—1(an—2 @ b2)
hi(a1 ® b1)hz(az @ by) - - hy—2(an—2 ® b1)hp—1(an—1 ® b1)

= hp_1(a1 ® by—1)hy—2(a1 ® by—2) ---ha(ar ® b2)h1(a1 ® by)
hp—1(az @ by—1)hy—2(az ® by—2) ---ha(az ® by)

hn—1(an—2 @ br)hy—2(ay—2 ® by)
hn—1(an—1 @ by)

PROOF. We can use Yang-Baxter relations many times to transform the given product.

O
5.1. The first definition
DEFINITION 9. We define for X = B, C or D,
Gy (a,b;x):=Ga, (b1, ....,ba))"'FY ()G, (a1,... an-1)
and define Q,ff w (@, b; x) as the coefficient of u,,.
GYla,b;x)= > GX (@ b;xX)uy.
weW(Xy)
Furthermore, we define gj{ (a, b; x) by
Ga(b) 'FE(N)Ga@) = Y GX(a,b; x)uy.
weW(X)
By the definition we can see Gy, (a,b; x) € SSg(x1,...,xp)la1,....an—1,b1,...,ba1]
and gjf(a, b;x) € SSg(x)lai, ..., an—1,b1,...,by_1] for w € W(X,), i.e. a polynomial
inai,...,an—1, b1, ..., by—1 with coefficients in SSg(x1, ..., x,) or SSg(x). When we set

B =0,a = zi and b; = —t, Q,ff (a, b; x) becomes the double Schubert polynomial of
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classical type defined in [15]. The main features of these polynomials are summarized in the
following.

THEOREM 1. ForX = B,C, D, g,f (a, b; x) satisfies the K -theoretic (double) version
of the properties (0), (1), (2), (3), (4s) listed in Introduction.

PROOF. (0) follows by the definition. (We set dega; = degb; = degx; = 1,deg =
-1)

(1) K-theoretic divided difference compatibility follows by Corollary 1 below.

(2) follows by Theorem 2 in the next section.

(3) follows by the definition. (Here nonnegativity means that in gu’f (a, b; x) each coeffi-
cient of monomials in variables a, b, x is a polynomial in 8 with nonnegative integer coeffi-
cients.) For explicit combinatorial formulas see Theorem 5 and 6 in section 8.

(45) follows by Proposition 4 below. O

We will write w » v = z (called Demazure product) if u,u, = B T@—t@y It is
associative and w x v = wv when £(w) + £(v) = £(wv).

PROPOSITION 2. For X = B,C, D and w € W(X), we have
Guabix)= 3,  GLOFIWG,@,
(vi,u,v2)€R(w)

where R(w) = {(v1, u, 1) € Soo X W(X) X Soo | V1 % x v = w}.

PROPOSITION 3. We have

T[i(a)Gr)l((a’ b; x) = Gr)l((a, b; x)(u; — B) and iTi(b)G,),((a, b;x) = (u; — ﬂ)G}’)l((a’ b; x).

PROOF. We will prove wl.(“)G,’f (a,b; x) = GX(a, b; x)u;. Recall the explicit formula
of y; after the Proposition 1. G4, , (l;)_1 is invariant for the action of si(”), s; € IX. For
i >0,y FX(x) = FX(x) and ¢\ G 4, , (@) = G a,_, (@)u; (cf. [7]), therefore

wl'(a)Fy)f(x)GAn—l(a) = Fff(x)GA,,_l(a)Mi .

FE(x)FE(anNGa, | (a1.az,....a,_1)—FE(x)Ga, | (a))
ai

YR EE(N)Ga, (@) =
= F2(x)Ga,  (@uo.
FS () FE(a1)Ga,_,(@1.a2,....a,-1)—FS ()G a,_, ()
a1®ay
FS(x)Ga,_ (@)uo.
FP()FP(a1,a)Ga, | (@.a1,....a,1)-FP(x)Ga,_, (@)
ay®ay

FP(x)Ga,_ (@)u; .

YL (FS (0)Ga,_, (@)

Y OED ()G, (@)

Similar arguments hold for the action of wi(h). O
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COROLLARY 1.

gu)fsi (a,b; x) if L(ws;) = L(w) — 1,
—,3935 (a,b; x) otherwise

796X (a,b; x) = {

and

Gwla.bix) — if b(siw) = €(w) — 1,

)X
7, G (a, b; x) =
L !—ﬂgu}f(a,b; x) otherwise

PROPOSITION 4 (strong stability). gg (a, b; x) has strong stability with respect to a
and b (cf. Definition 8), i.e. ifiy41 : W(X,) — W(X,+1) is the natural inclusion, then

GX @ b;x) =GX(a,b; x) € SSg(x)la1, b1, az, by, ...].

in+l (w)

This means that gjf (a, b; x) does not depend on n for w € W(Xy).

The special case of w being a Grassmannian permutation, g;f (a, b; x) is the K -theoretic
analogue of factorial Schur P- or Q-function in [17].

PROPOSITION 5 (Grassmannian elements). For a Grassmannian element w € W (X)
(X = B, C, D), we have the following equalities.

GB(a,b; x) = G Py (x10,b),
GS(a,b; x) = G Qupqu)(x|b),
GP(a,b; x) = G Py ) (x|b).

PROOF. In [17] Corollary 7.1, the map @ : GTI'X — Fun(SP,R) is defined and
indicated that it is injective. Let w € W(X) be a Grassmannian element with corresponding
strict partition A = Ay (w). Then GX (a, b; x) is in GTX = SSg(x) ® Z[B1[b, b] and satisfy
the left divided difference property (Corollary 1). This means that gjf (a,b; x) = GX,(x|b)
by the Theorem 7.1 of [17]. O

5.2. The second definition. As in [8], we can use “change of variables” for x;, i =
1, 2.... to define the double Grothendieck polynomial gu’f" (a, b) with two sets of variables
a, b as follows. We just write F, for FX.

Fy(x;) = | Fu(@i)\/ Fa(bi)

where
T T2 T S5T*
VI4+T =1+ 7% + 6 138 (Taylor expansion).

We will also write

VE @)V Fi(@) ...\ Fu(ay) as Fy(ar, az, ... ., an)
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because F; (a;) commutes with each other. Note that «/F, (t) € Q[B][[¢]] ® Idg(W,,).

REMARK 4. By the definition of the action of so and the cancellability of F,, we
have s§” (VFu(@r. a2 ... an) = VFala1. a2 .. an) = JFy(@1,a1,a1,a. ... an) =
Fy(a)NF,(@1, az, - .., an). This explains the action s(g”)(Fn(xl,xz, e Xp) =

Fa(ar, x1,%2, ..., xy) and s3” (Fy(x1, %2, . .., x2)) = Fp(b1, X1, X2, ..., xy). The action of

and s are the like.

@
i i

DEFINITION 10. Let X = B, C, D. For w € WX, we define G (a) and G\ (a, b) as
follows.

GX(a):=\/FX(@i,...,a,)Ga, (@) and GX(a,b):=GXb)'GX).

By expanding these in terms of u,,, we can define G, (a) and G (a, b) by
GX@= > Gf @u, and GYX@b)= Y G¥ (@ bu,.
weW(X) weW (X,)

REMARK 5. This double Grothendieck polynomial g,{ w(a, b) is essentially the same
as defined in [18]. This has weak stability. i.e. G, = g§+1’w|an+1:bn+,:0 forw € W(Xp).
But it doesn’t have strong stability.

Note that for w € W(X,,), then

GX, (@ € Q[Blllai, ..., ap, ai, ..., a,] and
GX,(a,b) € QBlllal,....an, a1, ..., an, b1, ..., by, b1, ..., byll.

EXAMPLE 3. The followings are some examples of gj{w (a,b).

14+(a1 8,001 ©h) =1 _ a,0a,®b &b i, ®ar &b ®h))?
gé?:so(a’b): +(ﬂl@ﬂz§9 19b)B =c1163a2€§b163b2_’3(111691126?;7169}72) 4o

G ab)=a1®0aneb ®b, 05 (a.0) =01 ®a®a3 &b ® by ®bs.

2,5‘0

14+(a1 ®ar ®az ®b ®by®b3) f—1
g3D,S] (a,b) = v/ +(a1€9a2®d3§ 1©by®b3) ]

PROPOSITION 6. The following holds for X = B, C, D and s; € Ix,:
7 YGX(a.b) = GX(a,b)(ui — B),
7" GX(a,b) = (u; — B)GX(a, b).

PROOF. These are Proposition 3 with change of variables. O
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6. Identification with Schubert class

6.1. Equivariant K -theory. Torus T-equivariant K -theory K7(X) of smooth alge-
braic variety X acted by T is defined as follows. Let Cohr(X) be the abelian category of
T -equivariant coherent sheaves on X, and K7 (X) be its Grothendieck group. As we assumed
X to be smooth, we can give K7(X) a ring structure by defining product coming from the
tensor product of T -equivariant vector bundles. The class [Ox] of the structure sheaf of X
is the identity and for each closed T-subvariety Z C X we can associate its 7'-equivariant
class [Oz] € K7(X). In particular the K -theory Schubert class [Oxw]Jof the structure sheaf
Oxw of the (opposite) Schubert variety X¥ = B_wB/B C X = G/B, where B_ is the
opposite Borel subgroup, i.e. a unique Borel subgroup with the property that the intersection
B N B_ =T is the maximal torus contained in B.

For atorus T = (C*)" of rank n, we have K7 (pt) = Z[e™, ..., e*™]. The Littlewood-
Richardson coefficient cb'jf » € K7 (pt) is the structure constant of K7 (X) with respect to the
Schubert basis {{Oxw]}yew defined by

[Ox][Ox0]= ) el [Oxu].
weW

6.2. Algebraic localization map. We first define algebraic localization map. This
is a K-theoretic analogue of the universal localization map constructed in [15], and extend
the (maximal) Grassmannian case of [17] to the full flag case. This is a B-deformation (or
connective K-theory version) of Lam-Shilling-Shimozono construction using K-NilHecke
algebra. (But in our case we must treat infinite rank Kac-Moody Lie group corresponding to
root system of type X, for X = A, B,C, D.)

Let RY = Z[Bllar, az. ...] and R*P := Z[B[b1. by, by, ba. ...]. (R® will play the

role of K7(pt) (when B = —1) for T = [];2,(C*) (as we are considering thick Schubert
variety).
Let

Poé: = R/HS ®z(8] Rh’h, P(f: = P£ = Po‘g ®z181 SSp(x) .

For type C, let SS§ (x) = lim §Sg (x1, . .., x,) and define

n
P$, := P% @z SS5 (x) .
For X = A, B, C, D, we define R? b -linear (algebraic) localization map
X . pX b.b
®* : P, — Fun(W(X),R""),

as follows.
For X = A, v = [v(1),v(2),...] € W(A) and f(a, b, b) € P2, we define

@A (f(a, b, b)(v) := f(v(b), b, b),
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which mean that f(v(b), b, b) is obtained from f (a, b, b) by substituting each a; with b, ;).
For X = B,C, D, v = [v(l),v(2),...] € W(X) and f(a, b, b; x) € ng, we define

X (f(a.b.b; x))(v) := f((b). b, b; v[b]).

which mean that f(v(E), b, b: U[E]) is obtained from f(a, b, b x) by substituting a; = Eu(i)
for all i, and substituting x; = by if v(i) < Oand x; = 0if v(i) > 0. Here we have used the

convention that b_; = b;. These are K -theoretic analogue of the universal localization map
in [15] §6.1. Let Ax be the root system of type X = A, B, C, D.

DEFINITION 11 (GKM subspace). We define the Goresky-Kottwitz-MacPherson
subspace (GKM subspace for short) GKMX ¢ Fun(W(X), Rb?), as follows

GKMX := !f € Fun(W(x), R0y | /W) = [(Sav) € aB)R"
foralla € Ax,v € W(X)

Here we write s, = ws;w ™! ,a(b) := w(w; (b)) if the root & € Ay has the form a = w(q;).
PROPOSITION 7. The image of ®X has GKM property, i.e. Im ®X ¢ GKMX.

PROOF. For type A case it is easy. For type B, C, D case this is a consequence of
supersymmetricity of SS(x) and SSC (x). |

REMARK 6. Actually we can show that the R? _Jinear map
. J] Rr*6X - Gkm*
weW(X)

defined by ®X ([Tyew x) CwlX) = Y pewix) cw®¥(GY) is (well defined) and an isomor-
phism as the same reasoning in [21] Proposition 2.6. The ring [ [, cw(x) Rh”;gu)f contains
= —ﬁai—l—ﬁzaf—ﬁ%?—k--- as well as

1 _ 1
T+Ba; 1+8GX "

PROPOSITION 8. If f € Im(®X) then m; (f) € Im(®X).

We define (left) divided difference operator 7; on GKMX c Fun(W(X), Rb-D ) as fol-
lows. (cf. [17] §5.2.) For f € Im(®X),

@) = (14 Bai(b))s? (f(siv))
a; (b) '

(i (fH) =

By the GKM property of Im(®X) we have (17; (f))(v) € RbD.
PROPOSITION 9. ®X is compatible with rrl.(b) and 7, i.e.

CDX]Tl-(b) = JTZ'CDX .



DOUBLE GROTHENDIECK POLYNOMIALS OF CLASSICAL TYPES 713

K-theory Schubert classes are determined by the localization (Prop. 2.10 in [21]), and
they are determined uniquely by ‘left hand’ recurrence (Remark 2.3 in [21] ).

PROPOSITION 10. (Connective) K-theory Schubert classes (Y*)wewx), ¥* €
Fun(W (X), R>?) are uniquely determined by

@ ¥"(e) =bu,e

@ii) forv > siv,
si(b)ww(siv) ifsiw > w

V10 4 a0y i) + 05O sy ifsiw < w.

THEOREM 2. For X = A, B, C, D, (1//’” = X (gj{))wew(x) satisfies the recurrence

relations in Proposition 10 and gives the system of (equivariant) Schubert classes.
PROOF. We use left recurrence relations.

X e
Gsw if sjw <w

G¥ =1and 7Gx =
¢ L —BGX  ifsiw>w.

We will write G|y := X (GX)(v). Vh (V) = DX (GX)(v) (i) If we localize the gen-
erating function at v = e we will specialize a; = I;i and x; = O for all i > 1. This gives the
result Gy le = Sw.e-

(ii) By the definition of divided difference "

., we have

Guly — (1 + Bai (0))s” (G lsi)

(b) —
(7, "Gy = o (b)

If s;w > w then

Guly — (I + B (0))s” (Glsiv)

= (=B)Guly.
% (b) (=B)Guly
From this we get G|, = sl-(b)(Gw|s,.v).
If s;w < w then
Guly — (1 + Bai (0)s” (Guwlso)
= Gs,-wlu .

a;i(b)

From this we get

Guly = (1 + B (0))5” (Gulsw) + @i (0) Gy -
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COROLLARY 2. Assume

Gi(a,b;x) Gl (a, bsx) = ) X (B) Gax(a, b; x), el X (B) e M.
weW (X)
Then ¢, ’UX (B)|p=—1 is the generalized Littlewood-Richardson coefficient ¢, ,, for equivariant
K -theory of type X. (b; is considered as 1 — e"i.)
REMARK 7. ¢,/ ,(0) is the generalized Littlewood-Richardson coefficient for equivari-

ant cohomology if we replace b; to —1;. (cf. [15].)

EXAMPLE 4. The following is an example of the expansion.
GS (a. b x) G (a, b: x) = (b1 ® b)G (a. b x) + G (@, b: x) + BGS (@, b; x) .

6.3. Explicit localization formula. Let Rb*B#Z[W] denote the smash product of

RP-P and group algebra Z[W]. In this ring we have (f @ v)(g ® w) = fv?(9) ® vw.
We define R?-?-linear map & : RPPHZIW] — RPP by e(f @ w) = f.
PROPOSITION 11. Letw,v € W(X) andv = s;,si, - - - 8i, be any reduced decomposi-

tion of v and seti = (i1, 12, ...,ir). Forc = (c1,¢2,...,¢,) € {0, 1} let |c| =Y i, ci.
Then

XX Z \Ie()ﬁ ai)’f(b)@”k Fer=1
(G, ) =¢ Bl ,

ceCi,w) k=1 [1®s;, ifck, =0

where C(i, w) := { ¢ = (c1,¢2,...,¢r) € {0, 1}

IT wi = B4,

k,br=1

PROOF. We can follow the proof in [21] Proposition 2.10. (By induction on £(v) and
£(w), using left recurrence relations (i), (ii) in Proposition 10.) a

COROLLARY 3 (Vanishing property). For w,v € W(X) we have
X (G (W) =0ifw £ v.
X (Y 0GX)(e) = up = 2¥ WG (o).

7. Adjoint polynomials

We can also define the adjoint polynomials Hfﬁ w» foreach w € W,,X , (when 8 = —1)

corresponding to the class of ideal sheaf Oxw (—9dX™) of boundary d X" in X™. cf. [13, 23].
Then the pairing (- , ) : K7(X) ®r(r) K7(X) — R(T) is given (cf. [13]) by

(vi,v2) = x(X,v1 ®v2)  where  x(X,F) =) (=1)’ch H'(X, F).
p=0
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Here ch M for T-module M is the formal character defined by
ch M = Z dim(M;)e*
eteX(T)
where M, is the weight space corresponding to the weight A. With these notations we have
(cf. [13] Proposition 2.1)
([0x, 1, [Ox2 (=3X)]) = bu,v ,

where X,, = BwB/B C G/B is the usual Schubert variety. The relation between [Oxw] and
[Oxw(—0X™)]is as follows. (cf. [13] Lemma 4.2)

[Oxv(=0X")]= Y (=D [0x].

w<v<w

We (formally) define the relative adjoint polynomial H,ig,v forw < v by ’Hfg’v = 1//5)“,), v GX).

The adjoint polynomial for w € W(X,) is defined by #X, = H* w» Where w(()") is the
’ w,wy

longest element in W (X,,) (cf. [23]).

PROPOSITION 12. Forw € W(X,), we have

HY = Z pLOI—twgX

w§v§w(()")

Therefore if we specialize B = —1, H,}l{ w Tepresents the boundary class [Oxw (—9dX™)].

PROOF. We can use the property of divided difference that

Pl = 30 gtz @

v<w
O
X

n,w

These polynomials H; ., are no longer stable but have similar properties as Grothendieck

polynomials.

PROPOSITION 13. Forw € W(X,), we have

Hyﬁe = HlSiSn—l(l +,Bai)n_il_[15,'5n_1(1 +,3bi)n_i 1—115,’5"(1 +,3xi)2n_1
Hee = Tliciea1(1+Ba)" " Tlicicuor1 (1 4+ Bb)" " TT<j<u (1 + )"
Hye = Tlicicn1(0+Ba)" " TTicicuor (1 + 60" [T1<j, (1 + Bxi)>" 7

and

HY, = (DX GX
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where Q,{w = Q,ffw @, b; x).
We can derive these formula using generating functions. Let us define HX(a, b; x) as

Hf@bix):= > (DU (@ bix)u,.
weW (X,)

Then we get the following formula.

PROPOSITION 14. The generating function H,f( (a, b; x) has the following factoriza-
tion.

HX(a, b;x)=H, Gy b ).

Actually we can show the following property.
PROPOSITION 15. Fors; € IX we have

nl-(“)HnX(a, b; x) = H,X(a, b; x)(—u;)

7" HX(a, b; x) = (—up) H,\ (a, b; x) .
PROPOSITION 16 (Interpolation formula). For F € SSg(x) ®zg) R/(S”) ®z(p] Rg’),

F= Y ")) G (a b;x)
veW (X)

where the summation is infinite in general and |, means the localization at e, i.e. take substi-
tutions a; = b; and x; = 0 for all i.

PROOF. F can be expanded as a formal sum F' = 3y x) cy(F)GX(a, b; x). To find

c(F) € R/(Sh), we can use the vanishing property (Corollary 3), i.e.

DGX(a, by x))e = 8w -

Using the formula in the proof of Proposition 3, it follows that wé“’(gj‘ (a,b;x)) =
g,f((a,b; x)u, for v € W(X,). By the localization property (gf(a,b; XN]e = By, WE
have w{;‘)(gg‘ (a, b; x))|e = 8w,v. From this we get the formula. d

COROLLARY 4. The equivariant Littlewood-Richardson coefficient can be written as
X (B) = ¥{P(GF (a. b )G (a, b; X))l -

THEOREM 3. We have the following change of parameter formula.

Gx@.bix)= Y HY,(@Eb:0)G (@ c:x).

uv=w,u<w
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PrROOF. This is just a consequence of Proposition 16 and the definition of
7—[,{ w@a b;x) = wbj”_)lw(gj{ (a, b; x)). More precisely, we introduce new set of variables
c1,¢2,...and dy, d>, . .. and consider

b d
Go(a,d; x) € SSp(x) ®zp) Rl(ga) ®zip] Rl(g) ®z(p] R,(g .
Proposition 16 can be extended to this case by scalar extension and we can write

Gx@.dix)= Y WG .d:x)le) GX(a.b:x).

veW(X)
where Y (G (a. d: x))|. € R . As

YOG (a,d; x))e=HE | (b,d;0),

wv—lw
we get
Gou(a,d;x)y= Y MY (b,d;0)G)(a b;x).
veW (X)
Replacing b by ¢ and then replacing d by b, we get the desired formula. O

REMARK 8. There is also similar formula using second version of type B, C, D dou-
ble Grothendieck polynomials.

8. Combinatorial descriptions

We give in this section two kinds of combinatorial formula for the Grothendieck polyno-
mials of classical types. Actually these are essentially the same but they have different names
and descriptions.

8.1. Compatible sequence formula. In[10]S. Fomin and R. Stanley used nilCoxeter
algebra to prove compatible sequence formula for type A Schubert polynomials &G,, and in
[9] S. Fomin and A. N. Kirillov gave a compatible sequence formula for type A Grothendieck
polynomials G,,. In [3] S. Billey and M. Haiman used Edelman-Greene type bijection for
type B and D, to give similar combinatorial formula for Stanley symmetric functions E,, and
F,,. We use idCoxeter algebra to give compatible sequence formula for double Grothendieck
polynomials g{g, and K -theoretic Stanley symmetric functions Fx for X = B, C, D. To give
the formula we need some notations and definitions.

We consider a sequence a = (ay,...,dy) € (I%)¢ of indices of generators in 1X. We
denote by £(a) the length £ of the sequence a = (dy, ..., a¢). Fortype X = B, D, we denote
by 08 (@) the number of appearance of 0’s in @, by o (@) the total number of appearance of
1 and 1 in a. For type X = D case, we denote by a the flattened word of a = (ay, ..., aep)

which is obtained from a by replacing all appearance of 1 with 1. cf. [3]. For w € W(X) we
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define
Rw) :={a = @1.....d0) | ug --us; =B~ uy}.
We define
B(n; €) := {15:(151,...,15@) bieZ,1<b <-- <b gn} .
For b € B(n; £), we denote by |b| the number of distinct b;’s. For @ = (i, ..., de¢) € (IX)¢

and b € B(n; £), we denote by
y(@,b) :=#{i|a = a1 and b; = b1} .

DEFINITION 12. Fora = (ay,...,a¢) € R(w) of w € W(X), we define the set of
compatible sequences CX (@) as follows.

Gi—1 <d = bi_1 < b
Cc*@)=1{be Bn: 0 and

b < a;
Clr@) =@ = [be B o) | a1 <di > = by <bit |

Gi| <a; > diy1 = bi_y <biy
and

cPr@)y={be B i =aiy =1

or — b; < b,'_H

G =aip =1

PROPOSITION 17 (Compatible sequence formula cf. ([9], [3] Prop. 3.4 Prop. 3.10)).
Forw € W(X,,), we have

L(a)

R D S M | AR

aeR(w) beCAn (a)

o s s g
FB(xy, .., x) = 3 Y platigbly@h-ot@,,
acR(w) beCBn (a)
FEGrnxm) o= 33D pr@—tigll-y@h,
aeR(w) beCCn (a)
~ _ T~ _ ~ _ D ~
fu?(xlv---vxn) — Z Z IB/Z(a) l(w)z\b\ y(a,b)—o (a)x[;

aeR(w) beCPn (@)
where we write xj = Xg, o Xp, b= (l;l, e 154) € B(n; £).

REMARK 9. For cohomology case (8 = 0), the formulas above for X = C, D reduce
to the formulas in [3] Proposition 3.4, 3.10 .
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PROOF. These follow immediately from the expansion of the corresponding defining
generating functions. More precisely we will explain as follows.

The type A, double Grothendieck polynomials g,;‘" (x, y) are defined as follows.

Ga, (1 3 Ga (X)) =Y G, Y

WESy+1

By Lemma 8, the left hand side can be changed as below.

n b
]‘[(]‘[ha(xheaya_hm) = [ha(x1 @ ya) - hi(x1 © y2)hi (x1 @ y1)]

b=1 \a=n

[ (2 ® Yu—1) - - - ha(x2 ® y1)]

[hn(xn @ y1I.

By expanding this it is easy to see that there is a one to one correspondence between the
compatible sequences and the expanded terms which implies the first formula.

For X = C case, FS(xi,...,xn) = FES@1)---FC(xn). As
FE(xp) = hpe1(p)hn—2(xp) - - - b1 (xp)ho(xp)ho(xp) 1 (xp) - - - hn—2(Xp)hn—1(xp) =
(]—[Szn_1 hq (xb)) (]—[Z;(l) hq (xb)), each expanded term has the form x;'uq, uq, - - - uq,, With

two cases below.
(1) there exists i , 1 <i < m such that

n>ay>ay>--->a—-1>0a <dj4+1 <---<dadyp <n

(if i = 1 then we assume a;_; = n and if i = m then we assume a;+1 = n), or
(2) there exists i , 1 <i < m — 1 such that

n>a>ay>--->a—-1>0a =04aji4+1 << aqp <n.
(if i = 1 then we assume a; | = n).
There are two possible choices of u,,; for each (1) case while there is only one possibility for

each case (2), which explains the factor 21bl=y @),

For type B case, (1) has the exception of @; = 0 in which case it can occur only once.
This explains the factor of 2lbl=y(@b)—of@

For the case of type D is similar. For each (1) case, if a; = 1 ora; = 1it corresponds
tothe case a; = lora; = i (the flattened c:zi = 1) of compatible sequence. The factor
2170=1 counts correctly in each of this case. The case (2) will be modified when a; = 1 and
aiv1 = 1.1t corresponds to either a; = 1 and @;+1 = 1or a; = 1 and ai+1 = 1 (the flattened
word a; = 5,~+ | = 1) . The corresponding factor 2! ~9=2 appears twice which sum up to 1. So

the factor 2/P1-7 @b)—o @ properly counts the expanded terms. O
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EXAMPLE 5. Type D,n =2case w = [1,2] = 5187 -

b= (1, 1) is a compatible sequence for a = (1, i), (i, 1).

b=(1,2)is a compatible sequence for a = (1, i), (i, 1).

b= (2, 2) is a compatible sequence for a = (1, i), (i, 1).

b= (1, 1, 2) is a compatible sequence fora = (1, i, 1), (i, 1, i), 1, i,

b = (1,2,2) is a compatible sequence fora = (1, 1, 1), (1, 1, 1), (1, 1

b= (1,1, 2, 2) is a compatible sequence for
a=1,1,1,1),d,1,1,0,d,1,1,D), 1, 1,1, 1).

There are no other compatible sequences and the sum of the terms becomes
m (x1, x2) = x7 + 2x1x2 + X3 + 2Bx7x2 + 2Bx1x5 + BAxfxg = (x1 D x2)%.

D).

1,d,1,1
D, d,1,1).

REMARK 10. We canuse Proposition 2 and 17 to get the compatible sequence formula
for double Grothendieck polynomials of type B, C, D.

8.2. Pipe dream (extended EYD) formula. There is a state sum formula called pipe
dream formula for type A Schubert polynomials. It was first introduced in [1] and called
RC-graph . They use two kinds of configurations to realize a pattern of given permutation
w € S, and the sum of weights for each pattern gives the Schubert polynomial S,,. Example 6

gives such a pattern, where we use BE’ and gto realize a pattern of the permutation
w = [3, 1, 4, 2] (we delete useless lines). The name of pipe dream is given after the name of
similar game. Here we connect i to w(i) (1 <i < n) for a given w € S,,. We can extend this
to type B, C, D cases as follows.

Let us recall the type A pipe dream formula for double Grothendieck polynomials. Fix a
sequence Afl‘_ | of simple reflections which gives a reduced expression for the longest element
wo in S, as follows.

An ] - (sVl llsn 2, Sn— 1| |S1,S2, -~-1sn—l) = (d17d21 ~-~7dN)7
- ; e m(m—1) (m+1) —
where N := n(n — 1)/2 , ie. if 5= < k < =5 then d = Sp1— (=m0 We

arrange this sequence in triangular form, with coordinate (i, j) for i 4+ j < n, from left to
right from top to bottom as follows.

da d3 (ILn=2) 2,n—-2)
dy ds de (I,n=3) 2,n—=3) (3,n—-3)
duy+1 dus2 dyyz -+ dy (1, 1) 2,1 n—1,1)

where M = W Set wt(dx) = a; ® bj when d is in the coordinate (i, j), cf. Exam-
ple 6 for n = 4 case.
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Each term in the expansion of right hand side of

1 n—j
Ga, (b1, b)) 'Ga,y(ar . an) = [ [ [[hivici@ebp ] @
j=n—1 \i=1

corresponds to a subsequence of Ar‘:‘_l. To give the statement uniformly for X = A, B, C, D,
we need some notations in general.

DEFINITION 13. Given a sequence A = (di,da,...,dy) of simple reflections in
W (X) and an element w € W(X) with length £(w) = ¢, let Rsub(A, w) be the set of subse-
quences of A each element of which gives a reduced expression of w with length £ = £(w).
i.e.

Rsub(A, w) := {(djlvdjzf“'fdje) [1<ji<jp<--<je < N,djldjz-ndj[ = w}.

We will call D € Rsub(A, w) an extended EYD. We also define the set B(D) of backward
movable positions for an element D = (dj,,dj,,...,dj,) € Rsub(A, w), by considering
Jer1 =N +1,

BMD) :={dj | j < N,3psuchthat j, < j < jp+1,djdj,---dj, = (djdj,---dj,) xd;}.
Then we have the following extended EYD formula.

THEOREM 4. Forw € S,, we have

G la.b)y= > WD),

DeRSub(A2 |, w)

where
wi@) = [[wr@ = [] (+pwtO).
OeD OeBD)
PRrROOF. This is just a consequence of the equation (2). O

A

There is a one to one correspondence between Rsub(A:* |,

w) and the set of reduced pipe

dreams PD(w) for w € §,. ForD € Rsub(Af_l, w), we put two patterns on Af_l. One is

HE' which corresponds to the selected box @ in EYD configuration of D. The other case

(corresponding to unselected box D ) we put gin the box. Each selected box @ inD
corresponds to a word of the reduced expression of w corresponding to D, which appears in a

subsequence of Afl‘_l. The positions of the elements in B(D) are indicated by circles @ in
the examples below (cf. [17]).

EXAMPLE 6. Type A3.
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[i; jl=a; ®bj
d 53 [1:3]
A? = ! = wt =
dy | d3 s2 | 83 (121 | 1221
dy | ds | de S1 | 52 | 83 (1| 21 | 3:1
4 pipe dream
N diagram for D
Example 3 3
of an EYD D=
e PD
configuration 2 (w)
forw =1[3,1,4,2]
= §2535]. 2|0 1 . \= \=
1 2 3 4
D = (da, d3,ds) = (52,53, 51) € Rsub(A4, w), B(D) = {de}
WitD) = (a1 @ ba)(a2 ® b2)(a1 @ b1)(1 + B a3 ® by)
EXAMPLE 7. Type Az, w = [1,4,3,2] = 5352853 = 5285352 € S4.

One can show that g£3 (@, b)la=1.p—0 =5+ 58 + B>.

EYD1 EYD2 EYD3
D =3 D, = D; =
2 21® 3
1 |23 1|23 e)&]
EYD4 EYDS5S
=] 2 ] ar ® b3
Dy = Ds=|3
wt= ar®by ar®b
1 @@‘ 1 @‘ ar®by ax®by a3 db;
WtD1) = (a2 ® b2)(ax @ b1)(az @ by)
WtD2) = (a1 ® b3)(az ® by)(az @ b1)(1 + B(az @ by))
Wt(D3) = (a1 ® b3)(a; ® b2)(az @ b1)(1 + B(ax & by))
WitDs) = (a1 ®b3)(ar ® ba)(az & b2)(1 + Blazx ® b1))(1 + B(az & by))
Wt(Ds) = (a1 ® b2)(az ® by)(az @ b1)(1 + B(az @ by))
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From these data we get

g

8525352

(a,b) = Wi(Dy) + Wi(D2) + Wi (D3) + Wi (D4) + Wt (Ds) .

REMARK 11. Actually there is an algorithm to create all the extended EYD diagrams
for a given w € §,. The algorithm is essentially written in [1]. Combinatorics related to
extended EYD diagrams (including type B, C, D case) will be discussed elsewhere.

LEMMA 9. For type B, or C, case, we can rewrite the generating function
g,f (a,b; x) = Zwew(xn) Q,{w(a, b; x)uy, in Definition 8 as follows.

1 n—j 1 i 1 n—i
[T [Trisi-1Gu-icv@bp) | [TTTTRi-&D || TT [Thivi-ii@ap] 3

j=n—1i=1 i=n j=n i=n—1 j=1

wherexl-’j =x; ®x;ifi ;éj,xl-’l- = Xx; andxi’i =x;Dx;.

PROOF. We will prove for the case of C,. By Lemma 2 and Lemma 3, we have
F(x1) Fy(x2)
= [n—1, 1]x1[0]x163x| [1,n— l]xl[n -1, 1]x2[0]x2@x2[17 n— 1]x2
[n—1, l]xl[O]xl@xl [n—1, l]xz[lv n— 1]x| [O]xz@xz[lv n— 1]x2
[n—1, l]xl[n -1, z]xz[o]xl@xl [l]xz[l]xl [O]x2®xz[27 n— 1]x| [1,n— l]xz
= [n—1, l]xl[n -1, z]xz[o]xl@xl [l]xl@xz[o]xzeaxz[zs n— 1]x| [1,n— l]xz .
Continuing this procedure we get
Fp(x1) Fp(x2) - - - F(xn)
[n—1,1]y[n—1,2]y - [n— 1],
Vi, ..., x)n = 1ynn—=2,n = 1]y - - [1,n — 1],
= Ga,_ (X1, XDV XL, oo, x0)G A, Gy e, X))
where

n

V(Xt,...,Xp) = l—[ l—[hi+j—1(xi @ xj)

i=1 \j=i
Then reversing the order of xi,...,x; to Xx,...,x; and using Lemma 8, we get
GC(a, b; x) =
G;?_l(x}’l’ MR x27 bla MR ] bn—l)v(x}’la MR xl)G;?_l(a15 M) an—laxla A 7~xn—1) M
This is the formula (3). For type B, case almost the same argument holds. O

For X = B, C, we define a sequence of simple reflections of W,, (X) as follows.
AY = Af_l(SO,Sl,Sz, o) =(dr,da, . dN)

where N = =1 1 42 Note that in this case it doesn’t correspond to a reduced decom-

position of the longest element wé( ". We arrange this sequence in trapezoidal form from left
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to right and from top to bottom, cf. Example 8 for the type C, n = 3 case. The coordinate
of dj is as follows. For 1 < k < "D the coordinate of dy is (k — 22=D 2 — m) if
w < k < W For @ < k < N, the coordinate of dj is (s + t,n — s) if
k= "("T_l) + sn + t, for some integers s, t withO <sand 1 <t <n.
We also define the weight wtnc (dr) = pi ® q; if the coordinate of dy is (i, j), where p;
and g; are defined as follows.
pi = xpy1—iifl <i <mnand p; = aj_, ifn <1i, 4
gi=x;ifl <j<nandg;=b;_,ifn < j. 5)
For type X = B case, we set wtf (dr) = wtnc (di) except for the case of the coordinate of dy
is (i,n + 1 — i) in which case we set wt8 (dx) = xpi1-i.
THEOREM 5. Forw € W,(X), X = B, C, we have
Gryabx)y= Y WiXD),
DeRSub(AX,w)

where

wiX®) = [T wX @ x [ 0+ Bw, Q).

CeDb QOeB(D)

PROOF. This follows from the equation (3). Indeed using the relation h; (x)h;(y) =
hj()hi(x) fori, j > 0s.t. [i — j| > 1, (3) can be rewritten as follows, from which we get
the result.

n+1 2n—j 2n—j

G bixy=| [] []hitin1(pi®a) ﬂ [ hivia1(pi@a)
j=2n—1 i=1 j=ni=n+l—j
n+l 2n—j 1 2n—j

Gl b= [[ T[]h+i-i@ap ||TT 1 hiti-ar@ela i},
j=2n—1 i=l j=ni=n+l—j

where wtB (i, j) = pi®q; ifi+j > n+1land wtf(i,n+1-i) = gyp1—iforl <i <n. O

EXAMPLE 8. Type C3, w = [2, 3, 1] = $251525081.
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- - . | {injl=x@b;
di 2 c_ |m2 {is j} = xi ©x;
wiy = [i; j} = a; ® x;
dy | d3 1 e G fe
dsy |ds|ds | D=|50|s1|5) (3:3)|2:3) [ (1:3)
dy | ds | do 51 2|y |

AC —  |dio|dn dlz‘ 52 ‘ x wnlon|e

D = (di,dy, d3, d7,d11) = (52, 51, 52, 50, 51) € Rsub(AC, w),
B(D) = {ds, dy, d10} ,
Wit (D) = (x3 @ b2) (x3 ® b1)(x2 @ b1) (x2 ® x2)(x1 D a1)
X (14 B(x1 @ x3))(1 + Bar @ x2))(1 + B(x1 @ x1)) -

Comparing this to the type A case, we get the following formula.
PROPOSITION 18. Forw € W(A,—1) C W(B,) = W(C,), we have
GP (a,b;x) =GE (a,b;x) = fo;;}l K1y ooy Xy @1y ooy Q1 X1y en oy Xy b1y by 1) .
PROOF. According to the setting of weight wrX(dy), it is clear that
g,ﬁw(a, b;x) = g,fw(a, b;x) for w € W(A,_1). Comparing the weights of
type Az,—1 and C, cases with the formula (4) and (5) , we get Q,E wa b;x) =

Aoy . . .
glnziwl (Xny ooy X1, A1y ooy Que1 s X1,..., X0, b1,...,by_1). But in this case the first n vari-
Ao )
ables of G,’2 . (a1, ..., a1, b1, ... ba,—1) are commutative, because (1" x w)s; > (1" x w)
orl<i<n-—1.
forl <i < 1 O

For type D, case, we assume n = 2m an even integer. For odd n = 2m — 1 case we can

get the formula by just erasing the last variable x2,, = 0 for n = 2m case.

LEMMA 10. The generating function G,?(a, b; x) =
Ga,_, (51, R l;,,_1)_1FnD(x)GAn71 (ai,...,an—1) can be rewritten as follows by us-
ing Yang-Baxter relations.

1 on—j 1 i+l 1o
[T [Thivi-1Ga-ivi®b)) [T [Tk [T [Trivici@ap |
j=n—1i=1 i=n—1 j=n i=n—1j=1

where h; j(x; ;) = hj—i(xi ®x;) if j —i =2, hjit1(Xii+1) = hj(x; @ Xi41) ifi = odd and
hiiv1 (i) == h1 (x5 @ x;41) if i = even.

PROOF. The argument is almost the same as Lemma 9 and we omit the details O
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Let us define (for n = 2m case) the sequence AnD of simple reflections by
AP = AL (57,520 Sn-) (81,82, 50 ))” = (dr da, . dy) .

where N = @ +(n—1)". We arrange these in trapezoidal form with coordinate beginning
from (1,2n — 1) to (2n — 1, 1) as type C, case, but skip the coordinate (i,n + 1 — i) for
1 <i < n. The weight is wtnD (dr) = pi ® g when d is in the coordinate(i, j). Formally it
is the same as type C, case but we skip the position (i,n + 1 —i), 1 <i < n for the type D,
case. See Example 9 below for n = 4 case.

THEOREM 6. Forw € W,(D) (n = 2m), we have
Grpla,b;ix)y= " Y Wil (D),
DeRSub(APR,w)

where

wiP ) = [Jw?@ x [ a+pwt?©Oy.
Oeb OeB(D)

Forn = 2m — 1 case we can use the above formula with x,, = 0.

PRrROOF. This follows by expanding the product (6), which can be rewritten using Yang-
Baxter relations as in the proof of Theorem 5 as follows.

n+1 2n—j I 2n—j
Glabin =\ [] [lrwimwieap |1 [I hiti®an
j=2n—1 i=1 j=ni=n4+2—j
where p;, g; are defined by (4), (5), and
hivjn-1 ifi+j>n+2,
hij =1 hi ifi + j=n+2and jisodd,
h; ifi+j=n+2and jiseven.
O
EXAMPLE 9. Type D4y, w = [2,4,1,3] = 5§35752.
— — — {i; j]=xi ®b;
di 53 (4: 31 {i: )} = x’l. @xj.
dr|d3 52 ol (5 ) =ai @ x;
ds|ds | de 5115283 s 1)3: 1|2 1
dy|dg |dg 52163 (3 4)f12: 412 4)
AD = diold11|d12 p= 5152/ wtP _[es3f 3
d13\d14]d15 6D|B2)| 53 (1 2)]11: 23{12:2)
d16d17d18‘ 51182 83‘ s 1Hi2: 113 1)
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D = (d3,d7,d14) = (53,57, 52) € RSub(AD, w), BD) = {ds, dy, d12, d13., d17} .
WtP (D) = (x3 @ b2)(x3 ® x4)(a1 D x2) X
1+ B2@®b1))(1+ B(x1 ®xa))(1+ Bla1 & x3)) (1 + B(x1 ©x2))(1 + B(az & x1)) .

PROPOSITION 19. Forw € (s2,53,...,5,—1) C W(Dy), we have
D Ao
gn,w(aab;x):glnz:iwl(xla"‘axnaala"'7an—1axla"‘ax}’labla"'abn—l)‘

REMARK 12. If w is a maximal Grassmannian element of type B, C, or D,, then the

above pipe dream formula can be regarded as the excited Young diagram formula of [17] Th
9.2. Therefore the above gives a generalization of the EYD formula. Therefore we can call
Theorem 4,5,6 as extended EYD formula. Note also that even in type A (Theorem 4) case the
formula given in this form is a compressed form compared to compatible sequence formula
(Proposition 17).
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