TokYO J. MATH.
VoL. 39, No. 3, 2017

Gauss Sums on the Iwahori-Hecke Algebras of Type A
Dedicated to Professor Ken-ichi SHINODA

Yasushi GOMI

Sophia University

Abstract. In this paper, we determine 7, ( xé‘), the Gauss sums on the Iwahori-Hecke algebras of type A for
irreducible characters X;‘, which are g-analogues of those on the symmetric groups. We also explicitly determine the

values of the corresponding trace function 1//5”) = arnlg (X;‘ )X,j" .

1. Introduction

Based on the classical Gauss sum

p p
Zezxzm/__l/p _ Z <f) ean«/—_l/p’

p

where p is an odd prime and (%) is the Legendre symbol, Gomi, Maeda and Shinoda [3]
have defined Gauss sums on arbitrary finite groups as follows. Let G be a finite group, and
fix a modular representation p : G — GL, (IF;) over Iy, a finite field with ¢ elements. Fix

a nontrivial additive character e : IF;, — C. For a class function x : G — C, the Gauss sum
has been defined by

T(x) =) x(0)e(Trp(x)).

xeG

In case G = ]F;, if we take p and e naturally and yx as the Legendre symbol, then 7(x)
coincides with the classical Gauss sum. As we mentioned in [3], it is useful to consider
|G|~z (x) rather than t(x), so we put 7(x) = |G|~'t(x) and the Gauss sum for y shall
mean 7 () in this paper.

Before [3], there are several previous works for Gauss sums on finite linear algebraic
groups with natural representations p : G — GL,(F;). Kondo [7] determined the values
of Gauss sums on general linear groups for any irreducible characters. Kim and Lee [6]
determined the values for O" (2n, ¢) and for linear characters. In a series of papers after [6],
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they also studied for some other classical groups for linear characters. Saito and Shinoda
[9, 10] studied Gauss sums on finite reductive groups for the Deligne-Lusztig generalized
characters and determined the values for Sp(4, ¢) and G2(q).

In [3], we started to study Gauss sums on arbitrary finite groups and explicitly deter-
mined the values for Weyl groups and for the complex reflection groups G (m, r, n) for any
irreducible characters. Based on the results in [3], we expect that there exist the g-analogues
of the Gauss sums on Weyl groups, which means the Gauss sums on the Iwahori-Hecke alge-
bras.

In this paper, we consider the case of type A, that is the case of the symmetric groups,
and determine the Gauss sums on the Iwahori-Hecke algebras of type A.

This paper is organized as follows. In §2, we shall briefly review the Gauss sums on
the symmetric groups. In §3, based on the Gauss sums on the symmetric groups, we deter-
mine 7, ( X;‘), the Gauss sums on the Iwahori-Hecke algebras of type A. In §4, we explicitly

determine the values w;")(Tw), where w;") is the corresponding trace function defined by

Us” = Y00 Ta(x2) x}- We will see some relation between the Gauss sums and the Markov
traces on the Iwahori-Hecke algebras of type A.

2. Preliminaries

For a prime p, let IF, be a finite field with p elements, and p : S, — GL,(F p) be the
permutation representation of Sy, the symmetric group of degree n. Throughout this paper we
fix a nontrivial additive character e : I, — C and a primitive p-th root of unity ¢ = e(1) € C.

Using this e, we define a class function /" on S, as follows:
v (o) =e(Trp(c)) foro €S,,
where Tr denotes the trace of a matrix. We note that
v (o) =™ foro e S,,

where fix(o) is the number of fixed points by o. Let A - n be a partition of n and x” be the
irreducible character of S, corresponding to A. Let

f,,()()‘) = (1/f(”), X)‘) forA Fn,

where the right hand side of the above is the usual scalar product of C-valued class functions
on S,,. Then we have

W> — an(x)\) .

A-n

We call 7, (x*) the Gauss sum on S, associated with the irreducible character x*.
Now we review the isomorphism R =~ A, where R is the algebra of class functions of
symmetric groups and A is the algebra of symmetric functions. For the details, see [8]. We
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denote by R, the vector space over C of class functions of S,. The irreducible characters
{x* | » F n} of S, form a basis of R,. Let R = @B,> R, with Ry = (x©y = C. Then R
has a ring structure, defined as follows:

m-+n

u-v:indgmxsn(u xv) forue Ry,,veR,.

With this multiplication, R is a commutative, associative, graded C-algebra with identity
element x(® = 1. Let A" be the homogeneous symmetric functions over C of degree n.
Then A = @n>0 A" naturally has a graded C-algebra structure. For each n > 0 the nth
complete symmetric function 4, is the sum of all monomials of total degree n with hg = 1.
Then we have

A =Zlhy, hy,...]

and the &, are algebraically independent over C. For each partition A - r, we denote by s, the
Schur function corresponding to A with sy = 1 for A = (0) I 0. Then the s; (A - n) form
a basis of A”. We define a linear mapping ch : R — A by ch(x)‘) = s, for each partition

A, which is called the characteristic map. In case A = (n), x ™) is the trivial character of S,
and the Schur function s,y coincides with the nth complete function %,,. The next theorem is
a basic fact.

THEOREM 2.1 ([8,1, (7.3)]). The characteristic map ch is an isomorphism from R to
A.

We define an endomorphism¢ : A — A by

¢Uh) = hi.
i=0

Let A and u be partitions such that the Young diagram of A contains that of p. If the skew
diagram A/u contains at most one box in each column, then A/ is called a horizontal strip
which we abbreviate to h.s.

LEMMA 2.2. For each Schur function s, we have
)= su,
"
A/pishs.
where the summation is over all partitions | such that )./ is a horizontal strip.

For a proof, see [3, Th. 2.10].
In [3], the values of the Gauss sums on the symmetric groups are determined explicitly.

THEOREM 2.3 ([3]). We define an algebra homomorphism ® : A — C by

Cb(hn)=% forn=0,1,2,....
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(1) We define a linear mapping T : R = @ R, — Cby

n>=0
F(X ) =D Tl
n>0 n>0
Then we have
T=®o¢och, 2.1

which shows that T is an algebra homomorphism.
(2) We define a generating function

W)=Y .(x")".
n>0
Then we have

W) = exp((¢ — ) exp(¢t)
h 1 —1 T (1 —nexpt’

(3) For the trivial character x™ of S,, we have

n

. € —DF
G ™) =3 S

k=0
(4) For each irreducible character x* of S, we have
_ (e
)= Y

m h(w)
A/ ish.s.

where h() = eru h(x) is the product of hook lengths of 1 and the summation is
over all partitions u such that A/ |4 is a horizontal strip.

3. g-analogue of T

In this section, we construct Gauss sums on the Iwahori-Hecke algebras of type A. In
case of the symmetric groups, first we consider the class function ¢ (o) = ¢1X)  then the
Gauss sums 7, ( XA) are defined as structure constants of w(”), that is,

Iﬂ(”) — Z z, (X)L)XA )
A-n

The 7, induce the algebra homomorphism 7 : R — C which is decomposedto T = Pogoch
(see Theorem 2.3(1)). In case of the Iwahori-Hecke algebra of type A, first we consider @,
the g-analogue of ®, and then we define 7,, the g-analogues of 7, by 7, = ®4 0 ¢ o ch, which
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is parallel to the equation (2.1). After that, we define I/f;n), the g-analogue of ™, which is a
trace function of the Iwahori-Hecke algebra of type A, in the next section.

LetS={ss =@G,i+1)eS,|i=1,2,...n— 1}. Then (S, S) has a structure of a
Coxeter system and have a usual length function / with respect to S. Let g be a parameter in
C which is not a root of unity. The algebra H,,, the Iwahori-Hecke algebra of type A, is a
C-algebra with basis {73, | w € S,}, and whose multiplication is determined by

Tyw ifl(sw) =1(w) + 1,

Tl = { qTsw + (g — DTy ifl(sw) =1(w) — 1,

for all s € S,w € S,. Let R(H,) be the set of trace functions on H, and let
Ry = ®y=0R(H,) with R(Ho) = (x”) = C. Since the algebra H,, is semisimple, the
irreducible characters { x; | A F n} form a basis of R(H,,). It is a basic fact that the algebras
R and R, are isomorphic by the correspondence X)“ — X;‘ for all partitions A (see [2, §9.1]).
So we have an isomorphism from R, to A, which we also denote by ch, so that ch( X;‘) =5
for each partition A. We define an algebra homomorphism ®, : A — C by

C-DC—9)---&—-¢""

Dy (hn) = o] ,
where
—q" n
[n]ly = =g [n]q!=][[l[k]q forn=1,2,....

LEMMA 3.1. For each Schur function s, we have

[1¢—4a).

XEA

n(d)

Dy (s0) = Z[A]q

where the product is over all boxes x in the Young diagram of A, and

hlAly = H[h (x)1g, the product of g-hook lengths of A,
X€EA
c(x) =j —1i, thecontentof x = (i, j) € A,

,
n() =Y (i —Dh fork= Az ... ) withiy =Xy >+ = A
i=1
The proof is an easy application of [8, I,3,Ex.3].
Now we define an algebra homomorphism 7, : R, — C by
Ty =® 0¢o0ch,

which is parallel to the equation (2.1). For each irreducible character ql of H,, wecall 7, ( X ,}\)
a Gauss sum on H,,.
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PROPOSITION 3.2. Foreach x;‘, we have

n(u)
~ A q
() = X,;‘ hlulg

A/ ish.s.

[1¢ -4,

XEN

where the summation is over all partitions |1 such that )./ is a horizontal strip.

PROOF. Using Lemma 3.1, direct calculation proves the proposition as follows:
fq (X;) = D 0p(sn)

Z D, (sp)

m
A/pishis.

Z qn(u)
m h[ﬂ]q

A/pishs.

[T —a°®).

XEN

]

For the index character x;") of H,, which corresponds to the trivial character x ™ of S,,
the value 7, ( X;")) can be expressed simply. In order to do that, we prepare some notation.
For o € S, the descent set of o is defined to be
DES(oc) ={ie{l,2,....n—1}|0(@) >a(@+ 1)},

and the major index of o is defined by

maj(o) = Y .

i€DES

We define two generation functions

W, (1) = qu(x,;")) "= Z Dy 0 p(hy) 1",

n=0 n>0
and
V(1) = @q(ha) "
n>0
LEMMA 3.3. We have
exp, (§1)
Wy (1) = —— 11—
(I — 1) exp, (1)
where

n

[n]q! ’

exp, () =)

n>0
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PROOF.  Since ¢ (h,) = Y i hi, we have

We@) = D) ®g(hi)t"

n>0i=0

= Z Z @, (hi) "

i>0 n>i
1
= —; q (D).
Using the formula in [1, Th.2.1], we have

and the proof is completed.

THEOREM 3.4. For the index character )( of’H,,, we have

Z qmdj(a) ChX(U)

[n]q

PROOF. We define a generating function

!/ maj(o x(o t
W)= > gmie™ )[n] -

n>0o0eS,

589

In order to prove the theorem, we shall show Wl; (t) = Wy (2). By [11, Th.1.2] or [4], we have

1 —
W) = (I —¢q) exp, (£1) .
exp, (q1) — g exp, (1)

Since we have

-1
exp, () = [ [(1 —¢"(1 — q)t)
n>0
by [1, Cor.2.2], the denominator of the right hand side of the equation (3.1) is
-1
exp, (q) —qexp, () = [[(1—¢g""' A —q)t)" —qexp,(t)

n>0

(1 — (1 — @)1) exp, (1) — g exp, (1)
= (1—q)(1—1)exp, ().

By Lemma 3.3, we obtain the result.

3.1
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4. g-analogue of v ™

We define w;"), a trace function of H,, by

v =3 "5 ()

An

which is a g-analogue of . In this section, we determine the values w,;") (Ty) forw € S,.
First we briefly review the theory of trace functions on H,, (see [2, §8.2]). Let CI be the set of
conjugacy classes of S,;, and let

Cmin = {w € C | w has minimal lengthin C} for C € CI.
Then we have the following.

THEOREM 4.1 ([2, (8.2.3),(8.2.6)]). Let ¥ : H,, — C be a trace function on H,,.

(D ¥ (Tw) = ¥ (Ty) for w,w’ € Cuin.
(2) Foreachw € Sy, there exist fy, c € Cwhich are uniquely determined by the equations

Ty = Z fw,CTwC mod [H,, Haul,
CeCl

where [Hyn, Hyn1 C H,, is the subspace spanned by all commutators [h, k'] = hh' — h'h
forh,h' € H,.
(3) We choose a representative wc € Cuin for each C € Cl. Then we have

Y(Tw) =Y fuwc ¥ (Tuc).
CeCl
Since the values of f, ¢ can be obtained inductively on the length of w, in order to give

the values 1//,5")(Tw) for all w € S, it is sufficient to give them only for w = w¢ € Cpip for
C eCl

LEMMA 4.2. Letx € S, andy € S,—p and let y be the image of y by the injection
Spem = Sy withsi — siym fori =1,2,...,n —m — 1. Then we have

Y (T T) = v (Tow) ™ (Ty) .

PROOF. Let CK M be the Littlewood-Richardson coefficients for partitions v - n, A = m
and u F n — m, which give the multiplication rule for Schur functions:

Sy = Zci’ﬂsv .
vn
By the isomorphism ch : R; — A, we have

Aoy ioqHe A _ v v
Xq Xg =104y oy Xg ®Xg = ch,uxq )
vhn
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and by the Frobenius reciprocity, we have
v v A
Xg 1 Hn@Hom = Z Chon Xg ® g -
Am, ubn—m

Then we obtain

PO (T Ty) = > 7 (x)x) (TTy)

vkn

= Y E() Y g (ToxiT)

vhn Aem, pFn—m

= 2 (Zci,ufq(x;))xg(Tx)x;*(Ty)

A=m, puFn—m \vkn

= S GO T Y (k) xTy)

AFm pukn—m
= " Ty "1y,
which completes the proof. O
COROLLARY 4.3. We have
Yy (1) =¢" forn=1,2,....
PrROOF. By Lemma 4.2, we have

n

yO ) = (vm)
By the definition of w;"), we have
1//;1) =1, (X;D)X;l)’
and by the definition of 7, we have
T, (xV) = @y (h) + @y(ho) =¢ — 1+ 1=
a\Xq q(n1 q(no) =¢ ¢.
Hence we obtain
n
Y (1) = (; Xq“)(l)) — " forn=1,2,....
O

By Theorem 4.1 and Lemma 4.2, it is sufficient to give the value of w;")(Tw) only for
the Coxeter element w = 5152 - - - Sp—1.

LEMMA 4.4. We define a trace function goén) on Hy by

o =" Dy
Abn
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Then we have
n
n) _ - Ha (k) (n—k)
1’011 - Z lnde®’Hn—k¢‘1 ® Xq ’
k=0

where X;n_k) is the index character of H,—k.

PROOF. The direct calculation shows that

v = D @g00(s) X

An
= D D Pl
An M
A/pishs.
n
= 2.2 Pl Y K
k=0 ptk AR

A/ ishes.

n
= Z Z @, (sp) indﬁzwn_k Xl @ x" ™ by Pieri’s formula [8, 1,(5.16)]
k=0 utk

n
_ M, ®) o o (1—k)
= Zlnde®Hn—k¢q Xy
k=0

which completes the proof. O
LEMMA 4.5. Let wc = 5152 - -+ S,—1 be a Coxeter element of S, then we have
P8 (Twe) = =) (¢ = 1).

PROOF. By Lemma 3.1, we have

n(i) _ gc(x)
(é. _ 1)—n¢;n) — Z q HXE)\(; q )Xq .
i e AR
The argument of [5, §5] shows that (¢ — 1)_"@5") is the Markov trace on H,, with parameter

1—
a , and we have

Zzg_j

o (Tye) =@ =)' ' =1 —g)" "¢ = 1),

which completes the proof. O

Here we review the formula of induced character of Iwahori-Hecke algebra (see [2,
§9.1]). Let (W, S) be a Coxeter system and let H be the corresponding Iwahori-Hecke
algebra. For J C S, let W; C W be the corresponding parabolic subgroup and let
Hy = (Ty | w € W) C H be the corresponding parabolic subalgebra. Let W/ be the
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right coset representatives of W;\W such that x € W is the unique element of minimal
length in W;x. We denote by wg (resp. wy) the longest element of W (resp. W), and define
dj = wywo. Then d; is the unique element of maximal element in W7 and any element

x € W/ satisfies I(x~'d;) = I(d;) — I(x). For any H;-module V, the induced module is
defined by

indj(V) =V ey, H,
and if x is the character of V, then we denote by ind‘; (x) the character of ind‘; (V). The direct
sum decomposition H = Y s H Ty implies that
T. Ty = Z h*(x, y)Ty  with unique 2" (x, y) € Hy,
yew/’
forany w € W and x € W7,

PROPOSITION 4.6 ([2, Prop.9.1.3]). For any character x of Hj and for any w € W,
we have

ind$ (O)(Tw) = > x (" (x,x)).
xew/
We apply this proposition to the case of W = S,
S={si=0Gi+D|i=12,...n—1},

J = S—{si} and the character (p,gk) ® X;"_k) of the parabolic subalgebra H; = Hy @ H,—x
fork=1,2,...,n—1.

LEMMA 4.7. Let wc = 5152 -Sp—1 be a Coxeter element of S, and J = S—{si},
Wy =S80+ Sk Sp—1 fork =1,2,...,n — 1. Then we have

RYC (x. x) = (g — DTy, ifx=dy,
’ 0 ifx #dj,
forx e W,

PROOF. Letx € W’ — {d;}, then there exist some s; € S such that [(xs;) = I(x) + 1
and xs; € WY If we assume that

X, XS1,XS5182,...,X8182---8i—1 € Wyx,

I(xsi) =1(x)+ 1 and xs; € W’/ ,

for some 7, then it is easy to see that xwc € Wy for some y € WY with [(y) > I(x), which
implies that 7y T, € Hy. Hence we obtain 1"¢ (x, x) = 0. In case

X, XS1,XS5182,...,X8182---8i—1 € Wyx,
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I(xsj) =1(x) — 1 and xs; € W’/ ,

for some i, the situation is more difficult than the previous case, but if you consider the action
of W on W;\W carefully, then it can be shown that 2"’¢ (x, x) = 0. Now we assume that
x = dy. We note that

S[J,.kdj fori=1,2,...,n—k—l,

dysi = ]
Sitk—ndy fi=n—k+1l,n—k+2,...,n—1,
and
dysn—k - Sn—ksi—1 € W/
with [(dysp—k - Sn—k+i—1) = I(dy) —i fori = 1,2,...,k. Then the direct calculation
shows that
Iy, Twe = T5k+lsk+2‘“sn—lTdJTSn—kSn—k+l“‘Sn—l
= (@ = DTy isip0s01 Ty Ty iiisuirasum
4 Ty 1se2--5n—1 Tdysuic Tsppsrsu—ipar--sn—
(q - 1)ka de
k—1
+ Z ql (q - 1)7;[+|si+2~~~s7(wsn_1 lesn—k“'sn7k+ifl
i=1
4" Ty 1sisaeesn1 Tdysy—gesui -
Hence we obtain that /"¢ (d;, dj) = (¢ — 1) Ty, as required. d

THEOREM 4.8. For the Coxeter element we = s152 -+ - Sy_1 € Sy, we have

n—2 n—2 n—1 n—1
o (7, _4@-D(¢"?-0-9"?) gl -d-9")
Vo' (Tuc) —(0-0 R )

PROOF. By Corollary 4.3, we have w;l)(l) = ¢ as required. Now we assume n > 2.
By Lemma 4.4, we have

n—1

U (Tue) = 08 (Tue) + 1 (Tue) + Y indjy oy 00 @ x 70 (Te).
k=1

By Lemma 4.5, we have
o0 (Twe) =1 =) (¢ = 1).

Since X,;") is the index character of H,,, we have

X (Tue) = 'O =q""
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By Proposition 4.6 and Lemma 4.7, we have

- aHa k —k _
ind g, 20 @1 Tue) = 3 o @y (" . ))
xew/

= oPox" (g -1Tw)
= (@— DU —gf g —1)g"*+!
= —¢"la-gfe -

Hence we obtain

n—1
U Twe) = =g '¢—D+g""' =Y ¢"*a-pfc -1
1

k=
I D(g" 2= (1 —¢)"?) - g(g" ' =1 —g)"
g—(1—q) g—(1-q) '

which completes the proof. O

Here we list the values w;")(Tw) forn = 1,2,3,4. For a partition p, we abbreviate
the element 7, to 7),, where w, is an element of minimal length in the conjugacy class
corresponding to u.

Casen = 1:
v (Tay) =¢.
Casen = 2:
v (Tan) =¢% v (T) =q.
Casen = 3:
¢,§3)(T(1,1,1)) =7, 1//53) (T.n) = q¢. 1/f;3)(T(3)) =qq@—1D¢+q.
Case n = 4:

1//54) (Taaan) = ¢, 1/f§4)(T(2,1,1)) =q¢?, 1/f,§4)(T(2,2)) =q°,

v (Tan) =q(q - D% +q8, W3 (Tw) =q(q — D¢+ (> — g+ g.
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