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Abstract. The aim of this paper is to establish the uniqueness theorem for the Cauchy problem for the heat
equation with the Tikhonov condition on the Heisenberg group. To do this, we give Green’s formula and show the
existence of a Lipschitz cut-off function on the Heisenberg group in accordance with the idea in [7].

1. Introduction

It is known that the Cauchy problem for the heat equation
dus(x)

ot
ur(x)|r=0 = uo(x)

= Au;(x), in RY x (0, T)

for any continuous function u( has at most one bounded solution. Furthermore, if u;(x) solves
the Cauchy problem with an initial value uo = 0 and satisfies the condition

luy (x)] < CeC*

for some constant C and all 7 > 0, x € RY, then u = 0. This is called the Tikhonov theorem
on the Euclidean space (see [17]).

On the other hand, the Tikhonov theorem on a Riemannian manifold was given in [6] and
[7] with a complete proof. Moreover this theorem on the Carnot groups having the Heisenberg
group as a typical example was given in [9] with a comment that one can obtain exactly the
same proof in [7] by existence of Lipschitz cut-off function and integration by part.

Accordingly, we focus on the Heisenberg group and give a complete proof of the
Tikhonov theorem for the Cauchy problem of the heat equation on the Heisenberg group,

aUs(9) .
—aSs = AwaUs(g), in HY x (0, 9)

Us(9)1s=0 = Uo(g),
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following the proof in [7].

The Heisenberg group is also the simplest and typical example of the sub-Riemannian
manifold. Moreover it is a step 2 sub-Riemannian manifold. The sub-Riemannian manifold
may be interpreted as a generalization of the Riemannian manifold. The difference is that
the motion for the sub-Riemannian manifold is restricted to the horizontal direction (for the
Riemannian manifold, we can measure the velocity and distance in all directions). Since it is
difficult to consider the sub-Riemannian manifolds, we only consider the Heisenberg group
case which has been investigated by many mathematicians.

Recently, we have studied the heat kernel method on the Heisenberg group (see [13] and
[14]). The heat kernel method, introduced in [11] by T. Matsuzawa, is the method to charac-
terize the generalized functions on the Euclidean space by the initial value of the solutions of
the heat equation. The Tikhonov theorem on the Heisenberg group plays an important role to
construct the heat kernel method on the Heisenberg group.

The plan of this paper is as follows: In section 2, we will recall the definition and the
properties of the Heisenberg group and give the sub-Riemannian metric on the Heisenberg
group. In section 3, we consider the Lipschitz functions and the gradient in the Heisenberg
group. We also give Green’s formula on the Heisenberg group. Finally, in section 4, we will
give the statement and the proof of the our main theorem.

2. The Heisenberg group H?

First of all, we fix some notations. We use a multi-index o € Zﬁ, namely, ¢ =
(o1, ...,0q), where & € Z and o > 0. So, for x € R4, x* = xi'oxg? and
92 =0y -+~ 0%, where 9y = (3/9x;)". Moreover A = Y"9_, 8%/9x3.

We recall the definition and the properties of the Heisenberg group. We refer to [1], [2],
[4],[8]1, [15] and [16]. Let g = (x, y,t) and ¢’ = (x/, y',t') € R? x R? x R = R?¥*! Then
we define the group law of R??*! by

oy, D&Y ) =+ x y+ Y+ 20y —x -y, (1)

where x -y = Z?:l x;yj. The group R24+! with respect to the group law defined by (1) is
called the Heisenberg group and denoted by H¢. Its identity element is e = (0, 0, 0) and the
inverse of the element (x, y, ) is (x, y, #)~' = (—x, —y, —t). The Heisenberg group H is a
locally compact Hausdorff group and its Haar measure is the Lebesgue measure dxdydt. The
left-invariant vector fields in the Heisenberg group H¢ as R2¢*! are represented by

X —8 +2 9 X 9 2 9 d X 9
_ . " _92%.— an -
T T T M=y
for j =1,2,...,d and these make a basis for the Lie algebra of H4. Since their first brackets

(X, Xg+j] = —4X2441,
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the induced geometry is step 2. The sub-Laplacian Ags on H¢ is defined by

2d
Aga =Y X3,
j=1

We consider the heat operator

0 A
as e

on H4 x (0, 00).
Let & > 0. Then we define the dilations §, by

8.(x, y, 1) = (Ax, Ay, A1)

for (x, v, 1) € H?. The homogeneous dimension Q of H? is given by Q = 2d + 2. Moreover,
a function u from H¢ to C is called the Heisenberg-homogeneous of degree k € Z if u o
85 = Mu for A > 0. Especially the Heisenberg-homogeneous of degree of the distance
function p defined by p(g) = (x> + ¥ + tz)% for g = (x,y,t) € H? is one, that is,
p(Ax, Ay, 22t) = Ap(x, y, t). The following estimate also holds:

p(g " 9) < p(g)+p(g). )

The distance between two points g and ¢ in H? is given by dk (g, ¢') == p(g'"'g).
Especially, we denote by dg (g) the distance from the origin. This distance function p is
called Kordnyi norm and the distance dg is called Kordnyi distance.

The horizontal distribution is defined by Hg4 = spang{X 1, X2, ..., X24}. Then we shall
consider the non-degenerate, positive definite bilinear form (-,-) : Hg x Hy — R at any
point g € H4 such that (Xi, Xj)=46;; G,j =1,2,...,2d), where §; ; means Kronecker’s
delta. The length /(y) of the horizontal curve y (¢), t € [a, b] is defined by

b
1) =f ). 7©)dr.

The Carnot-Carathéodry distance dcc(g, ¢') between two points g, ¢ € H? is defined by
the infimum of the lengths of all smooth horizontal curves joining g to ¢’ (see [1]). These
distances are bi-Lipschitz equivalent. Thus, there exists a constant C1 > 1 such that

1
C_ldCC <dg < Cidcc (3)

(for instance, see [10]).
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3. The Lipschitz functions and the gradient V in H¢

Let f be a function on H¢. Then we say that f is L-Lipschitz on H¢ if there exists a
constant L such that

1f(9) — f(g)] < Ldce(g, g)

for any ¢, ¢ € H?. The constant L is a called the Lipschitz constant of f. The set of
all Lipschitz functions on H¢ is denoted by Lip(H“). We define the Lipschitz semi norm
I f Nl Lip ey of f by

~ () = @)
N ip ey = sup T dectoay -
g.g'cld, g#g’ cc(g.9)

From the definition, we can see that Li p(Hd )y C C(HY) immediately.
Let the function n + 74 be defined by

_In, n>0,
f (R

forn e R.
PROPOSITION 1. Letdcc(yg, E) = in£ dcc(yg, 2) for any non-empty set E C H¢ and
zZ€

any point g € HY. Then the function ¢ — (dcc(g, E) — R)+ for some R > 0 is 1-Lipschitz
function on H.

PROOF. We prove Proposition 1 dividing it in two cases, (i) case dcc(g, E) > R
and dcc(g', E) < R (dcc(g, E) < R and dcc(g', E) > R), (ii) dcc(g, E) > R and
dcc(g', E) > R. Assume thatdcc(g, E) > Rand dcc(g’, E) < R. Then we can see that

(dcc(g, E) — R)4 — (dcc(g', E) = R)y =dcc(g, E) — R < dcc (g, 9).

Next we shall consider the case (ii) dcc (g, E) > Randdcc (¢, E) > R. Forany ¢ > 0,
there exists z € E such that

dcc(g', E) = dcc(g',2) — €.
Thus, by using the triangle inequality, we obtain
(dcc(g, E) = R)+ — (dcc(g', E) — R)+ = dcc(g, E) — dcc(y', E)
<dcc(g,2) = (dcc(g',2) —€)
=dcc(9,2) —dcc(g',2) +e
<dcc(g,9) +e
for any & > 0. Therefore for any two point g, g’ € H¢, we have

(dcc(g9, E) — R)y — (dcc(g' E) — R)y <dcc(g, 9) .
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This completes the proof of Proposition 1. O

Let dcc(9) = dcc(g,e). Then from Proposition 1, we can see that the function
(dcc(g) — R)+ is 1-Lipschitz function. On the other hand, let the gradient @Hd on H? be
defined by 6Hd =(X1,..., Xa, Xa+1, - -, X2d)-

The following Proposition 2 is known (see [3], [5] and [12]):

PROPOSITION 2. For any L-Lipschitz function f on HY, the value X f(g) exists for
almost all g € He, j=1,2,...,2d,and

2

2d
IXfl=D_(X;jf(9)?]| <Lae,

j=1
This Proposition 2 implies the following Proposition 3:
PROPOSITION 3. We have the following estimate:
Ve (dec(9) = R+l < 1.
As aremark, in [12], R. Monti also obtain the following result
Vaedee(g)l = 1

forall g = (x, y,t) € H? such that (x, y) # (0, 0).
By an easy calculation, we have the following product rule and the chain rule of the
gradient Viga for the C* functions on H¢:

Via(f9) = fVmag + gVma f, Vaga W (f) =¥ (f) Vo f

for ¥ € C'(R). Moreover we can express that

2d
Vaa f =Y Xi(H)Xi

i=1

for f € C° (H%). By an integration by parts, we can obtain
[ xinxiandg == [ rxzandg @
Hd Hd

for f,h € C§°(HY).
By (4), we have for f, h € C5°(HY),

2d 2d
/HﬁH"f’ Viah)dg = /HI<Z Xi(f)Xi. ZXj(h)Xj>d9
i=1 j=1
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2d
=Y [ xHxitindg
i=1 Y

2d
=-> / fX;(hydg
i=1 JH

= —'/I;Id fAHa’hdg

PROPOSITION 4. Let f, h € C(‘)’O(Hd). Then we have the following equality:

/Hd fAgahdg = —/Hd(ﬁde, Viah)dg.

4. The uniqueness theorem for the heat equation on H¢

We will show the following uniqueness of the solution to the heat equation on H¢.

THEOREM 1. Let0 < S < o0 be fixed and Ug(g) be a solution to the Cauchy problem

d
gUv(g) = AHd Uv(g) s (5)

Uo(9) =0

in H? x (0, S) and be a continuous function in H? x [0, S]. Assume that for some gy € H?
and for any R > 0, we have the following estimate:

S
f / U2(g)dgds < e/ ®
0 JB(go,R)

where f(r) is a positive increasing function on (0, 400) such that

o0 r d _
/ T

Then U =0 in H¢ x (0, S).

By using the distance function adcc(g)2 for some constant a > 0 as f, Theorem 1
immediately implies the following Corollary 1:

COROLLARY 1. Let Us(g) be a solution to the Cauchy problem (5) in H? x (0, S)

and be a continuous function in H¢ x [0, S] satisfying the condition: There exists a constant
C > 0 such that

Us(g)] < Ce®dcc@” (g, 5) e HY x (0, S) (6)

for some constant a > 0. Then U = 0.
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By (3), we can rewrite the condition (6) in Corollary 1 by using the Korédnyi distance d
as follows: There exists a constant C > 0 such that

Us(g)| < Ce®¥x (@’

for some constant a > 0.
Let Bk = B(go0, R) = {g € H4 | dcc(g, go) < R}. Then to prove Theorem 1, we give
the following Lemma 1.

LEMMA 1. Let Us(g) be the solution of the heat equation in H? x (a, b). Assume that
U, (g) extends to a continuous function in H¢ x [a, b). Assume also that, for any R > 0,

h -
/ / UX(g)dgds < /B
a Bg

where f is a positive increasing function on (0, +00) such that

/oo r dr = 00.
f(r)

Then for any R > 0 satisfying the condition

R2
= 3raR)

we have the following inequality:
2 2 4
Uy(9)dg < Ui(9)dg + 25 -
Bgr Byr

By using this Lemma, Theorem 1 can be proved by the same method as the proof of
Theorem 11. 9 in [7]. Therefore we will only show the proof of Lemma 1.

The proof of Lemma 1. Let o(g) be a Lipschitz function on H“ with the Lipschitz
constant 1. Then, fix areal/ ¢ [a, b] and put

) g
f(g,s) ——m on H“ x [a,b]. (7)
Then we have
Fut(9.9)] < 50 0.
Since
[ C))

ds 4l —s)2"
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we obtain

% IVi|* <0. (8)
as

Now we define a function x (g) by

X(9)=min{<3_w> ’1}
R +

for a given R > 0 and gy € H¥. Then we can see that the function x satisfies 0 < x < 1 on
HA, x = 1in Bog and x = 0 outside Bzg. Since the function dcc (g, go) is the 1-Lipschitz
function, we can see that x is the 1/R-Lipschitz function. By Proposition 2, we obtain

Vx| < 1/R.

Since all the balls in H are relatively compact sets, the function x (¢) has a compact support.
Hence for any fixed s € [a, b], the function U y2e® of g also has a compact support.
Now multiplying the heat equation

8U_A U
ds e

by the function U x2e® and integrating it over H? x [a, b], we have

/ /HI_UX esdgds—/ / (AgeU)U x esdgds )

The integral with respect to the variable s of the left hand side in (9) becomes

bau 8(U2) e 5 5 / as 2
—Uyx2efds = = efd U?x?ef §ds. (10
s L O 2/Q 5= 2[ Ja - 2/, ¢ds. (10)

a s s

Since

1
Pq<41’ +q

for p > 0 and g > 0, by the product rule, the chain rule and the Schwarz inequality, we have
~(Via U, Viga (U x*¢%)) = —(VigaU, (VgaU) x %5 + U (Viga x*¢*))
< =) [VgaU P + U Viga Ul Viga | x*¢*
+2|VEaUll x| Viga x| 1U€*
< =) VU P + U1 Viga Ul Viga | e

+ EWHJUFX%S + 2| Vgax P|Uef

1 -~ ~ ~ ~
= (—EWWUP + |deU||VHds||U|> X2e" + 2V x PU%EE .



UNIQUENESS THEOREM 369
Thus we obtain
~(Viga U, Viga (Ux?e")) < (—%Wﬂdvﬁ - WHdUWHdsnm) xet
+ 2|V x |2Ue5. (1)

By (8), (9), (10), (11) and Proposition 4, we have

2.2 & b b 8%‘ 2.2 & b oU 2 &
U“x“etdg| = —U*x“e*dgds + 2 —Uyx“e°dgds
Hd a a Hd as a Hd as
b 85 b
:/ / —szzegdgds—i—Z/ / (AHdU)szesdgds
a Hd aS a Hd
b ae b . 3
:/ / —U2X2esdgds—2/ / (VHdU, VHd(UX2€S)>dgdS
a Hd aS a Hd
b
a
5/ / —$U2X2esdgds
a Hd as
b l = 2 ~ ~ 2 & ~ 2772 &
+2 » —5 Ve U + Vg Ul Vo€ 11U | ) X7€® + 2| Vygax |PU”e* 1 dgds
a
b . 2 N, 2 S . 2
< [ [ (1910 ¥ + 2T U110 ) e dgds
a
b ~
~|—4/ / |Vde|2Uzesdgds
a JH4
b ~ B ) b _
z_/ / (IVga&||U| — |VgaU) xzefdgds+4/ / |Viga x |2U?e5 d gds
a JHA a JHY

b
54// IVde|2Uze§dgds.
a JHY

Hence we obtain

b b
U szzefdg} < 4/ / |Viga x1?U%e5 dgds . (12)
H a a H4

- 1 -

Since |V x| < R’ supp | Ve x| C supp x = Bzg and x = 1in Byg, by (12) we obtain
4 b
/ Upet99dg 5/ UfeS(g’h)dg—l——Z/ / U2edgds . (13)
Br Byg R Jq B4r\B2r

By Proposition 3, we can set 0 (g) = (dcc(g) — R)+. Putl = 2b —a ¢ [a, b]in (7).
Since

b—a<l—-—s=<20b-—a)
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for any s € [a, b], we have

g __ %

= S T8
Hence we can see that
A
g(g’b)__4(l_b)_0’ gGBR,
2
0.0) =~ 72 <0, g€ B

and

9 _ R?
8b-a)~ 8(b-—a)

§(g,5) < , g € Bag \ Bag .

Therefore from (13), we obtain the following estimate

2 2 4 b 2 R2
Udgf/ Udg~|——/ / U exp<—7>dgds. (14)
/BR b Bur ¢ R J, Bar\B2r 8(b—a)

By the assumption of Lemma 1, we have
R2

8f(4R)’

b
/ / Uzdgds < e/ and b —a <
a JB4g
Hence from (14) we obtain

/ Uzd </ U2d +iex (—i+f(4R))
pe "0 TR TP TR0

< [ Ulag+ grew-r@R) + FGR)
Byr R

/ U2dg + -

Byg ¢ R?

This completes the proof of Lemma 1. O
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