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Abstract. Motivated by the famous Champernowne construction of a normal number, R. Adler, M. Keane,
and M. Smorodinsky constructed a normal number with respect to the simple continued fraction transformation. In
this paper, we follow their idea and construct a normal series for the Artin continued fraction expansion in positive
characteristic. A normal series for Liiroth expansion is also discussed.

1. Introduction

After D. G. Champernowne [4], a number of works have been done for constructions of
normal numbers for various types of expansions of numbers, mostly by finitely many digits.
In this paper, we are interested in constructions of normal formal power series with respect to
expansions with countably many digits (polynomials).

We consider a sequence of rational numbers {r,,} given as follows

1 1 2 1 2 3 1 2

rn=Zz,n=5,M=Z,74=—-,I5s=—~,Ire=—-,m=—_,18=—2,....
2 3 3 4 4 4 5 5

For each rational number r,,, n > 1, we expand it as a simple continued expansion as follows:

Ll L
ry = +— 4
| anp,1 | ap,2 | Aan k,

’ an,kn 75 1

For examples, ki = 1, ko = 1, k3 =2andaj,; = 2,a21 = 3,a3,1 = 1, az 2 = 2. Then, we
define a real number X by
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1
£=—+—+—+—+"'+—|+"'+
|an,1

1
L1

|an,kn |an+1,1

In 1981, R. Adler, M. Keane, and M. Smorodinsky ([1]) showed that % is normal in the sense
that for any sequence of positive integers (b, . . ., b) the sequence of partial quotient a,, of X
satisfies that

. 1
lim —#{1 <n <N : (a,...,an+¢-1) = (b1, ..., b))} = uc(bi, ..., be)).
N—oo N

Here, ¢ is the absolutely continuous invariant measure, which we call the Gauss measure,
for the continued fraction transformation and

(b1,....,bg) ={x€(0,1) : aj(x) =by, ..., ag(x) = by},

where a, (x) denotes the nth partial coefficient of the simple continued fraction expansion of
x. We can regard the construction of X as a continued fraction version of the Champernowne
normal number construction [4].

Now, let IF be a finite field of g elements, F[ X] be the set of polynomials of F-coefficients,
F(X) be the set of rational functions induced by F[ X], and F((X ~1)) is the set of formal power
series of [F-coefficients. For f € IF((X_I)), we define

deg f — k, if f=aX"+a 1 X" FapoX2 4. withap #0,
8/ = 200, if =0

and
Ifl = q%/, L ={feF(X"): degf<0}.

For f € L, there exists a sequence of polynomials A1 (f), A2(f), ..., in F[X] such that
deg A,(f) > 1 and

_
f= |71+|72+"',
which means
li f__|+1_| 1_| =0
N=00 | A1 | A2 | An

We call this continued fraction expansion of f the Artin continued fraction expansion of
f (see [2]). Indeed, we can uniquely obtain {A,(f), n > 1} in the following way: For
f=aX"+ a1 X 4. e F(X™")), we put

L] = arX+---a;X +ag, whendeg f=k=>0,
o 0, otherwise
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and

iy =r-1r1

We call [ f] and {f} the polynomial part and the fractional part of f respectively. For f € LL
we define the continued fraction transformation 7' of L (the Artin map) by

r(f) = ![ﬂ =7 -[5] wr=o.
0, if f=0.

Then, we have A,(f) = [T+(f)] for T"~'(f) # 0,n > 1. If f € L NF(X) then we have
L, 1] |
f=—+—t...—
A1 A | An

when TK(f) # 0,0 <k <n—1and T"(f) = 0. Let u denote the normalized Haar measure
of L with respect to the addition. It is well-known that u is an invariant measure for 7 (e.g.
see [3]). Foreach B € F[X] withdegB =k > 1,

1
u{f el :A(f)=B}) = Pl

Moreover, for each B,, € F[X],1 <m < ¢,

1

mw({B1,...Bn)) = u({f: Ai(f) =B1, ..., An(f) = Bn}) = Y deeB;
q* =198

We say that f € L is continued fraction normal if the partial quotient A, of f satisfies that
) 1
ngnoo ﬁ#{l <n<N:A,=Bi1,....,Antm—1 = Bn} = u((B1,..., Bn))

for any choice of By, ..., By, € F[X] withdegB; > 1,1 < j <m.

Now suppose that a linear order < on F is given. We extend the linear order to F[X].
If deg(P) < deg(Q), then we set P < Q; For P = a, X" + a1 X"V 4o+ a1 X + ao,
0 =b, X"+ bpa X" Vb X+ bo, polynomials of the same degree, we say P < Q
when ay = by, k > ko and ay, < by, for some 0 < ko < n.

We list up all polynomials P € F[X] \ {0} of deg P < n by

prl < pr? <. < prdtl
and also all monic polynomials Q € F[X]\ {0} of deg O = n by

Qn,l < Qn,2 < - =< Qn,q”-
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Then we have a sequence of fractions

pll plg-1 pll plg-1 p21 pq*-1
Q11 Q1,1 Q14 Qg Q21 02,1
Note that the denominators are monic polynomials arranged in the increasing order start-

ing from degree 1 polynomials. For each denominator the numerator runs over polynomials
whose degree is less than the degree of the denominator. Also note that the number of P/Q’s

R

such that Q is monic of deg Q =n anddeg P < n, P # 0is ¢"(¢" — 1) = ¢*" — ¢". For an
example, if F = {0, 1} (¢ = 2) with 0 < 1, then

| | 1 X X+1 1 X X +1 |
X' X+1X2X2 X2 "X241'X24+1"X24+1"X24+Xx" 777

We expand each SZZ,n >1,1<m=<q",1<k<q"—1as
Pk 1| | (.
Qun ~ [APT0 T D
and define & € L as
| L D 1|
h= W+"'+ AT Lg=) +‘A<1,2,1> +"'+W+'”
1 ‘ ki1,4-1 1 ‘ k12,4-1
+ : T |+ ! |+
(n—1, n—l’ nfl_l) (n,1,1) W
A A [ A
L 1], 1]
= —+—+—+

THEOREM 1. For any order < on F, h € L constructed in the above is continued
fraction normal.

Main point of the proof of this theorem is the following. In the case of real numbers,
the cardinality of (not necessarily irreducible) fractions in (0, 1) with denominators less than

orequalstonisl +2+---+n—-1= w = O(n?) and that of fractions in (0, 1) with
denominator n is n — 1. On the other hand, in the formal Laurent series, the cardinality of
rational functions % of 0 < degR < deg S < nis O(g>") which is the same order as that of
polynomials of 0 < deg R < degS = n (S monic). Moreover, each irreducible rational %
of 0 < degR < deg S < n equals to g"~9€S fractional functions of % with deg S’ = n, §’
monic and deg R" < n. This might destroy “normality” if we have chosen a “bad” order <

since there could be a long sequences of AE"’m’k), . A,((Z’m’k) of “bad normality”. We will
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show that this never happens because there are sufficiently many “good” rationals % if n is
sufficiently large.
It is also possible to construct the normal series 4” by listing up only irreducible %. The

proof of the normality of this case is easier than that of 4. In the sequel, we start with 4” show-
ing it being continued fraction normal, in §2. Then we show, in §3, that £ is also continued
fraction normal. Finally, in §4, we give a brief comment concerning Liiroth series in the set
of formal power series L. Originally, Liiroth series is a sort of a linear version of the simple
continued fractions. Later on, A. Knopfmacher and J. Knopfmacher [7] consider its formal
power series version. Then its metric property was discussed in [6], [8], and S. Kristensen [9].
It is not difficult to see that the method discussed in §2 also works here. We discuss this point
in §4.

2. Irreducible construction

In this section, we start with the explicit definition of #”. We put
Pp = {(U,V) : V ismonic, 0 <degU < degV = n}
and
Py ={(U,V)€P, : UandV are coprime} .
We list up all rational functions %, ,v)ePpP;:

Un,l Un’z Un,an_an—l
Vn,l Vn,2 Vn

’an_qZVIfl

Here we note that the cardinality of the set P is g — g¥!

Une
Vn,(

, see [5] for example. We can

choose any order for { Un.t } . For each

v, , we consider its Artin continued fraction expansion
n,

Un,Z: 1 |+ ! |++17|
Ve |An,/g,1 |An,e,2

|An,Z,y(n,£) .

U,

7. We define
n,t

We denote by y (n, £) the length of the Artin continued fraction expansion of

h* € L by

L I R L
| Anen | Anen | Anty(n,0)

1 | 1 | (.
+-+ +
‘An’q2n_q2n—l’y(n’an_an—l) |An+1,1,1

h =

| A1

|A
I
A fay

n’an _q2n—l 1
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THEOREM 2. The powers series h® € 1L is continued fraction normal.

We denote by 5” ((?) the nth convergent of the Artin continued fraction expansion of
f €L, thatis P,(f) and Q,(f) are given by

(Pn_mf) Pn<f>>:(o 1 )(o 1 )
Ou1() ()~ 1 an) 1 Aun)

LEMMA 1. Forevery (U, V) € Pk, we have

M({fe]L: Pe(s) =g for some k > 1}):%.

Or(f) VvV q
PROOF. Since |f — ¥| < IV\Z implies ¥ = 5’;((]})) for some k > 1 (see [11]) and
Pe(f) 1 1
f- < 7=

Or(f) | Qk ()] q"
the first 2n coefficients ay, ..., ax, of f = aiX ' +a, X2+ ... are determined by % On
the other hand, for every f = aiX '+ aX 2+ ... eLsuchthatay,...,an, are the same

U P(f) _ U

as those of y; has the same kth convergent Ql;( =V O

To prove Theorem 2, we show that for any finite sequence of polynomials B =
(By,...,By) withdegB; > 1,1 < j <s

b 1

1
lim —#{l<n<N (A ...,An_,’_s_l):B}:m.

N—oco N

LEMMA 2. The number of irreducible % such that (U, V) € P such that their Artin
continued fractions have length k, 1 <k <n, is

n—1 k n
(k_l)(q—l)q

PROOF. By the assumption of this lemma, all % under consideration are of the form

1 L
+
T T
Thus, the leading coefficients of Ay, ..., Ax have (¢ — l)k choices. Since degA; > 1 and
Zl;zl deg A; = n, we have the assertion of this lemma. |
Note that

n

-1 n—1 1
2 <Z - 1>(‘1 - =) (n . )<q DM =g g - ) =#P; . (1)
k=0

k=1
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LEMMA 3. The sum of lengths of Artin continued fraction expansions of irreducible
Y with (U, V) € P} is

q2n _an—l

Y v =¢""(g-Dg—-D+1)
=1

PROOF. From Lemma 2, we have the left hand side of the assertion is equal to

n

" n—1 k. n_ n—1 _ 11k n s _ n—1 — kg
;k(k_l)(q—l)q —Z<k_1>(‘f e+ 3 D(k—l)(q g

k=1
n-l n—1 ! n—1

= Z( ) )(q — DM k( ] )(q — Dkt
k=0 0

=¢" g —D+m—1Dg*" g —1)?

=q* 2 (g —Dng—1D+1). O

We fix B = (B1,..., Bs), Bj € F[X], 1 < j < s in the subsequent discussion. For
>0,

n—

k=

is said to be e-good if

1 .
m#{ofl <k—-s:Ai1=B1,...,Ais =B} —u®B)| <e.
In this case, we say also that (Aq, ..., Ax) is e-good.

LEMMA 4. Foranye > 0andn > 0, there exist a measurable subset E; of L and a

positive integer ko such that w(E;) > 1 — n and for each f € E the kth convergents g’;{ ((J;))
are g-good for all k > ko.
PROOF. By the Birkhoff ergodic theorem (see [10] for the ergodicity of T),
k—1
o1 ;
lim — % " 1p(T"f) = u(B) for almostevery f € L.
koo k 5
This means for all ¢ > 0 there exists ko = ko(f) such that
1 k—1 '
L2 BT ) —u®)| < ¢ )

i=0
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for any k > ko. We put
Ecx ={fel: (2 holdsforallk > K —s +1}.

Then E; g is a measurable set and f € E, g for some K > 0 for almost every f € LL. Thus
we see M(U%OzlEs, k) = 1, which shows the assertion of the theorem. O

LEMMA 5. Foreachn > 0 and kg there exists a positive integer nqo such that
n(f €L :deg Qi (f) =nop) > 1—1n.
PROOF. Put
Digm ={f €L deg Qo (f) = m}.

Then L = Up°_ ko Dy,.m. Thus there exists ng such that

no
M(UDko,m)>1—'7' d

m :ko

LEMMA 6. Foreachn > 0, there exists a positive integer ng such that
* . g : 2n
#1U,V)eP, : v is not e-good; < nq

holds for any n > ny.

PROOF. By Lemma 4, we have kg and E; x, with w(Eg g,) > 1 — % and by Lemma 5
we have ng such that

w(lf € L: deg Ok, (f) > no}) < g .

For n > no, let %, (U, V) € Pk, be not e-good. Then each f € L with Pr(f)/Qr(f) =
U/ V satisfies f ¢ E; i, or deg Qk,(f) > n > ng. Therefore, we have

P, U X
U {f el: % = Vforsomek} C{f el :degQ(f) >notUEL .
(U.V)eP?

U/V not e-good

By Lemma 1, we have

#HWU,V)ePr: % is not e-good} .
72 < u(Eg ) +n({f € L:deg Ok, (f) > no}) <n.

PROPOSITION 3. Forany e > 0, there exists ny such that

(An,l,l, e, An’an_qblfl’y(n’an_anfl))
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is e-good for any n > nj.

PROOF. We may assume that & < 1. We apply Lemma 6 with 5 and n < 42—2 for a
given ¢. Then there exists ng such that for n > ng the number of all non e-good (A1, ..., Ak)
with Zle deg A; = n is less than ng?". Thus, the sum of the length of all non e-good
sequences (Ar, ..., Ag) of length k, 1 < k < n is smaller than nng>".

Let W, be the number of occurrence of B = (Bj,..., Bs) in the sequence
(An 11, s Ay gon_ g1 (. g2n—g2n—1y)- Then, from (1) #Py = g*" — ¢**1), Lemma 3,
and Lemma 6, we see

Wo = (772 (g = Dln(g = D+ D = g™ = (s = (g™ = g™ ™) (u(B) - )
> ¢ g = DnGg = D+ D (B = 3) = (ma™ +5> = g™ ) .

&

. 4 o
Since n < et forn > =& we have

Woz (62 = D@ = D+ D=5 +1) (u(B) — o).
On the other hand, by the similar way we also see that
2n—2
Wo < (6 2@ = D@ =D+ D=5 +1) (u(B) +2)

holds for any sufficiently large n. Hence, there exists nj such that

— 1(B)

W,

g 2(g—-Dng—-1)+1D—s+1

holds for any n > n;. |
PROPOSITION 4. Forany ¢ > 0, there exists ny such that
(Al,l,ls cee An’an_an—l’y(n’q2n_q2n—l))
is e-good for any n > n».
PROOF. We may assume 0 < ¢ < 1. Then, from Proposition 3, we find n; such that
(A,,,U, e An’an_qblfl’y(n’qul_qblfl)) , n>np
are all %-good. From Lemma 3,

2k _ ,2k—1
ny 9= —q

> Y vko=0(me™).
k=1 (=1
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Thus we can find n; so that np > n1 and for any n > nj

ny gk gt
> y (k, 0)
k=1 (=1 € n(s —1) €
< 3> < —.
ny g2k g2k 3 ny g2k g2k 3
2. 2 vk 2. ) vko
k=1 ¢=1 k=1 =1
This shows the assertion of this proposition. O

PROOF OF THEOREM 2. For § > 0, we apply Proposition 4. Then there exists 72(5)
such that for N > n(5)

2n __

q2n
2]
=1

N ¢q

b b b .
(A}, Ay.....A}) with L=Y)"
n=1

is 5-good. For N > n,(5) consider L with

2n 2n—1

N g7 —q M—1 N an_an—l M

oY a0+ )Y yWNH+LH <L >y O+ y(N+1.0),
n=l =1 =1 n=l =1 =1

3)

where M < ¢*N+D — 2N+l Here gx—i::;, gxi:j, e l‘i[v’\’iﬁ contains at most K <

£g*™V+D non £-good rational functions.
Then we have
#Hl<j<L-s+1:(AA . ... A, )=B
> (L= KN +1) =M= 1) (n®) - 3) . )

From Lemma 3, L > Ng¢*N(1 — %)2, and M < ¢?N+2 — ¢?N+1 the right hand side of (4) is
less than L(1 — 5)(u(B) — %) if we choose n3 > n(5) sufficiently large and N > n3.
We can show the estimate from above by the same way. This shows that

(A7, A5, ..., A))is e-good for L of (3) with N > n3. O

3. Proof of Theorem 1

As in the previous section, we fix B = (By, ..., By), where B; € F[X] withdeg B; > 1,
1 < j <s. For any positive number ¢ < 1 we consider n¢ in Lemma 6.

LEMMA 7. Foranyn > 0, there exists a positive integer n1 > nq such that

#{(RU, RV) € Py : R monic (U, V) € P} forsome 1 <k < np}

¥Pn <7 ©)
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holds for any N > nj.

2k

PROOF.  Since there are g2 — ¢?*=1 pairs (U, V) € P} and g™ =¥ monic polynomials

of degree N — k, the numerator of (5) is

no
Y @ =q*Hg" T =g @ - 1. (6)
k=1

Since #Py = ¢* — ¢V, we complete the proof. O

LEMMA 8. The sum of the lengths of Artin continued fraction expansions of %,

(U, V) € Py, is equal to n(qg — 1)g>*~1.

PROOF. For any (RU, RV) € P, with (U,V) € P} and a monic polynomial R,

deg R = n — k, the Artin continued fraction expansion of % is the same as that of % Thus,
from Lemma 3, the sum of the lengths is calculated as

0 gk—gh-

Yo Y vk0g"F =) g% g - Dlkig — 1)+ Dg"F
k=1 =1 k=1

= (@~ Dg" ™" Y (ka* = (k= Dg*™")
k=1

=n(g — g™ ". O

LEMMA 9. The sum of the lengths of Artin continued fraction expansions of %,
w,V)ePr,1 <k <n,is
q (ng* " — (n+ g™ +1)
(@+ D=1
PROOF. This follows directly from simple calculation by Lemma 8 :

(= Wa).

ik(q gt -1 0
P g+1  (@+D@*-D

PROOF OF THEOREM 1. First we consider fractions by polynomial pairs in Py. The
total length of their Artin continued fraction expansions is (¢ — 1)Ng*¥~! as shown in
Lemma 8. Lemma 7 shows that there exists a positive integer n; > ng such that the to-
tal length of reducible polynomials %, with (RU, RV) € Py and degV < ny, is less
than no(qu — qN )n for any N > n;. By Lemma 6, among other rational functions g’

(U, V) € Py, at most

N—ng
Ny qlqg?™ D @
=0
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rational functions are not e-good. This shows that the sum of lengths of Artin continued

2N+1
"qu_ — . Thus the number of

fraction expansions of all those rational functions is less than

occurrence of B in the sequence of polynomials by the concatenations of Artin continued
fraction expansions of all elements in Py is estimated from below by

. N 2N+1
(WN - ”qqfl — @ —gM)s — 1) —no@* — qN>n> S (u(B) —¢).

Then dividing by Wy, we see the frequency of B is larger than

(I—C-n—O(%))(M(B)—e) as N - oo,

where C is a positive constant. Similar to the proof of Proposition 3, we choose an appropriate
n and have a positive integer n, > n; so that the frequency of B in the above is larger than
w(B) — 2¢ for any N > ny. We can estimate from above by the same way and see that the
sequence of polynomials arising from the concatenations of Artin continued fractions of all
elements in Py is 2e-good for N > ny. From Lemma 9, we can find n3 > n, such that

no 2 .
2 Wi
———— <¢ for n>nj3.
2= Wi
j=1"1J
Now we consider positive integer L such that

n+1

n
2 WisL<) W
j=1 j=1
for some n > n3. We put
: (af 4t : o\
zwy =#{t=jsi-s+1:(a5a5,, .. A, )=B].

2n+3 _1 U

Note that there are at most g Z=1'1non £-good rational functions y; such that

(U,V)e{(U,V) € Pyy1 : degV =ng} (see (7))
and there are at most ¢"*!(¢"° — 1) rational functions % such that

(U, V)e{(U,V) € Pyy1 : degV < np} (see (6)).
Then we have

n(n + l)q2(n+l)

no
Z(L) >(L —s+ D(uB) —2¢) — ”OZWJ — =~

j=1
—nog"tH(g" — 1) = (s — 1)(g*" D — g"thy.
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Dividing by L, we see that

Z(L)

_2W) S LB - 3.
I sy 2rB -3

where we had chosen 1 appropriately. The estimate from above also follows in the same way.
Consequently, we have the assertion of the theorem. O

4. Liiroth series

In this section we apply our method adopted in §2 to Liiroth series in positive character-
istic, which was introduced in A. Knopfmacher and J. Knopfmacher [7]. Let S be a map of L

onto itself by
S(f):!([%]‘l)([%]f‘l)f it S #0,
0, if f=0,

for f e L. Weput A,(f) = [W] and have the expansion of f by the following

1

I =%

e¢]

1
" Z AL(NALS) = DA2HA2(f) = D -+ Aut (N (A1 (f) = DA

n=2

which we call Liiroth expansion of f. The nth convergent of Liiroth expansion is

1 - 1
AL(f) * Z A1(NHAL(S) = DAAHA2() = D - A1 () Ak (f) — DAR(S)

k=2

and the degree of its denominator polynomial is deg A, (f) + ZZ;% deg Ax(f).
It is easy to see that the Liiroth expansion of a rational function may not be finite. Indeed,
for example, a rational function (A_Alﬁ is a fixed point of S and have the expansion

1 1 1 1
At A DaA T A DAG—DAA T (A DAA— DA(A— DAA

forany A € F[X] with deg A > 1. However, we have the following proposition.

PROPOSITION 5. Forany rational function % € L, there exists positive integers n and
u u
m (n # m) such that §" () = " (3).

PROOF. Due to the definition of S, S (%) is also a rational function and the denominator
of its degree is less than deg V. There are only finitely many polynomials of degree less that
deg V, which shows the assertion of this proposition. O
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For this reason, we do not use all rational functions to construct normal series associated
with the Liiroth expansion. The simple idea is that making use of cylinder sets. We arrange a
sequence of polynomials by concatenating sequences of cylinder sets to construct the normal
series with respect to Liiroth series.

It has been shown that S is u-preserving and

1

nwdfel:A(f)=58, ..., An(f):Bn}):M(<Bls---vBm)):W
q == !

®)
for any finite sequence of positive degree polynomials By, ... B, € F[X]. In this sense, we
can define the normality of Liiroth series in positive characteristic : f € L is said to be Liiroth
normal if

. 1
lim —#{1<n<N:A, =B, ...,A4m-1 =By} = n(B1,..., Bn))
N—oo N

for any choice of By, ..., B, € F[X] withdegB; > 1,1 < j < m, where A; denotes the
Jj-th coefficient of the Liiroth expansion of f for j > 1. We infer form these that the sequence
of polynomials constructed in §2 also gives the Liiroth normal series. Indeed the following
theorem is a direct consequence of (8) :

THEOREM 6. For any sequence of polynomials {A,} in F[X] with deg A, > 1 for
n>1,

is continued fraction normal if and only if

o]

1

+ b
— A1(A1 = DA2(A2 = D) -+ Ay (Ap—1 — DAy

n

1
Ay
is Liiroth normal.

Now let’s define the set of cylinder sets as

N
g, = {(Bl, ..., Bg) : cylinder sets such that ZdegBj = n}
j=1

Then #&, = #P) = g*" — ¢®"~!. We arrange all elements of &, in any order and list up
their components (polynomials) just like we did in §2. Furthermore we concatenate these
finite sequences of polynomials, n > 1. Then we get an infinite sequence of polynomials
Ci,Co, ...
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COROLLARY 7. Let C; € F[X] be given as above. Then

oo

1
— C1(C1 = DNC(Co = 1) -+ Gt (Gt = DCy

1
nt = —
ot

n

is Liiroth normal.

The proof of this proposition is exactly the same as that of §2.
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