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Abstract. Double Kostka polynomials Ky ,(7) are polynomials in 7, indexed by double partitions A, . As
in the ordinary case, K (?) is defined in terms of Schur functions sy (x) and Hall-Littlewood functions Py (x; 7).
In this paper, we study combinatorial properties of Ky ,(r) and Py (x; 7). In particular, we show that the Lascoux—
Schiitzenberger type formula holds for Ky ,(¢) in the case where p = (—, ). Moreover, we show that the Hall
bimodule .# introduced by Finkelberg-Ginzburg-Travkin is isomorphic to the ring of symmetric functions (with two
types of variables) and the natural basis uy of .# is sent to Py (x; t) (up to scalar) under this isomorphism. This gives
an alternate approach for their result.

Introduction

Kostka polynomials K3 ,(¢), indexed by double partitions A, u, were introduced in [S1,
S2] as a generalization of ordinary Kostka polynomials K , (#) indexed by partitions A, (. In
this paper, we call them double Kostka polynomials. Let A = A(y) be the ring of symmetric
functions with respect to the variables y = (y1, y2, ...) over Z. We regard A ® A as the ring
of symmetric functions A, x@) with respect to two types of variables x = x D, x@),
Schur functions {s; (x)} gives a basis of A ® A. In [S1, S2], the function P, (x; t) indexed by
a double partition u was defined, as a generalization of the ordinary Hall-Littlewood function
P, (y; t) indexed by a partition . { Py (x; 1)} gives a basis of Z[t] ®z (A ® A), and as in the
ordinary case, Ky 4 (7) is defined as the coefficient of the transition matrix between two basis
{sx(x)} and { Py (x; 1)}.

After the combinatorial introduction of Ky ,(¢) in [S1, S2], Achar-Henderson [AH] gave
a geometric interpretation of double Kostka polynomials in terms of the intersection cohomol-
ogy associated to the closure of orbits in the enhanced nilpotent cone, which is a natural gen-
eralization of the classical result of Lusztig [L.1] that Kostka polynomials are interpreted by
the intersection cohomology associated to the closure of nilpotent orbits in gl,. At the same
time, Finkelberg-Ginzburg-Travkin [FGT] studied the convolution algebra associated to the
affine Grassmannian in connection with double Kostka polynomials and the geometry of the
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enhanced nilpotent cone. In particular, they introduced the Hall bimodule .# (the mirabolic
Hall bimodule in their terminology) as a generalization of the Hall algebra, and showed that
M is isomorphic to A ® A over Z[t, t_l], and P, (x; t) is obtained as the image of the natural
basis uy of .Z.

In this paper, we study the combinatorial properties of Ky ,(f) and Py (x; ¢). In partic-
ular, we show that the Lascoux—Schiitzenberger type formula holds for K ,(f) in the case
where u = (—, ") (Theorem 3.11). Moreover, in Theorem 4.7, we give a more direct proof
for the above mentioned result of [FGT] (in the sense that we do not appeal to the convolution
algebra associated to the affine Grassmannian).

The construction of double Kostka polynomials in [S1, S2] works for the case of r-
partitions A = (A, ..., 1("), and one can define Kostka functions associated to r-partitions
A, u, called r-Kostka functions (a priori they are rational functions on 7). In [S3], a partial re-
sult concerning the geometric realization of r-Kostka functions was obtained, and by making
use of it, Theorem 3.11 was generalized in [S4] to the case of r-Kostka functions.

In the appendix, we give tables of double Kostka polynomials for 2 < n < 5, where
n is the size of double partitions. The authors are grateful to J. Michel for the computer
computation of those polynomials.

1. Double Kostka polynomials

1.1. First we recall basic properties of Hall-Littlewood functions and Kostka polyno-
mials in the original setting, following [M]. Let A = A(y) = €,., A" be the ring of sym-
metric functions over Z with respect to the variables y = (y, y2, ...), where A" denotes the
free Z-module of symmetric functions of degree n. We put Aqg = Q ®z A, A'('2 =Q®z A".

For a partition A = (A1, A2, ..., Ak), put |A] = Zle Ai. Let &, be the set of partitions of n,
i.e., the set of A such that |A| = n. Let s, be the Schur function associated to A € £?,. Then
{sa | L € P, } gives a Z-basis of A". Let p, € A" be the power sum symmetric function
associated to A. Then {p, | A € &, } gives a Q-basis of A’é. For A = (1™1,2™M2, . ) € &2,
define an integer z, by

(1.1.1) =] ]imm!.
i>1

Following [M, I], we introduce a scalar product on Ag by (p;., pu) = 8,2, It is known that
{s3} form an orthonormal basis of A.

1.2. Let P (y;t) be the Hall-Littlewood function associated to a partition A. Then
{P | » € P,} gives a Z[t]-basis of A"[t] = Z[t] ®z A", where ¢ is an indeterminate. P,
enjoys a property that

(1.2.1) Pp(y;0) =55, Pu(y; 1) =my,
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where m; (y) is a monomial symmetric function associated to A. Kostka polynomials
Ky (1) € Z[t] (A, u € &) are defined by the formula

(12.2) 5.0 = Y KnuPu(y; ).
HEP,

Recall the dominance order A < w in £, which is defined by the condition A < u if
and only if Zé-:l Aj < Zé-:l w; for each i > 1. For each partition A = (A1, ..., At), we
define an integer n(X) by n(}) = Zle(i — 1)A;. Itis known that K, ,(f) = O unless A > pu,
and that K ,(¢) is a monic of degree n(u) —n(A) if A > p (M, 111, (6.5)]).

For A = (A1, ..., M) € &, with A > 0, we define z, (r) € Q(¢) by

(1.2.3) oW =u]Ja-r)",

i>1

where z; is as in (1.1.1). Following [M, III], we introduce a scalar product on Aq(?) =
Q(7) ®z A by (px, pu) = 22 ()8, u. Then P;(y;t) form an orthogonal basis of A[t] =
Z[t] ®z A. In fact, they are characterized by the following two properties ([M, III, (2.6) and
4.9

(1.2.4) Pi(yi 1) = 5:(x) + Y wau(t)su(x)
H<A

with wy, (¢) € Z[t] , and
(1.2.5) (P, Py)=0unless A = p.

13. LetE=2x) = AxD)@AxP) bethe ring of symmetric functions over Z with

1 1 2 2
1() (1) ”)’x(Z):(xl() (2) )

respect to variables x = (x“),x(z)), where x(V) = ()7 x5 s Xy ).

We denote it as E = P, E", similarly to the case of A. Let &, be the set of double
partitions A = (A, A”") such that [A'| + |A"| = n. For A = (A, ") € £, », we define a Schur
function sy (x) € E" by

(1.3.1) s1(x) = s (xDysyn () .

Then {s) | A € H,.2} gives a Z-basis of E". For an integer r > 0, put pﬁl) = p(xM) +

pr(x?), and pﬁz) = p,(xD) — p,(x@), where p, is the r-th power sum symmetric function
in A. For A € &, 2, we define py (x) € E" by

1 2
(132) n=[1rTTr7.
i J

where A = (1',A”) such that 1 = (A}, A}, ..., Ap), A = (M), AS, ..., A7) with A}, A7, >
0. Then {px | A € £} gives a Q-basis of E'(’2 For A € £, ., we define functions



746 SHIYUAN LIU AND TOSHIAKI SHOJI

5 (0. 27 (1) € Q1) by

K K
(1.3.3) g'o=[la-""  Po=[Ja+H".

j=1 j=1

For A € £, 2, we define an integer z) by za = 2"/+k”zx/zy. We now define a function
(1) € Q(7) by

(13.4) a) =z 020

Let E[t] = Z[t] ®z & be the free Z[t]-module, and E¢ () = Q(f) ®z E be the Q(#)-space.
Then {pr(x) | L € P, 2} gives a basis of E'('z(t). We define a scalar product on E'(')(t) by

(Pr, Pu)=dxn2a (@) .
We express a double partition A = (A", A") as A = (A}, ..., 4)), A" = (A], ..., A}) with

some k, by allowing zero on parts A, 1”. We define a composition c() of n by

ch) = (W AL 2, Ao AL A

We define a partial order A > p on &7, ; by the the condition ¢(X) > c(p), where > is the
dominance order on the set of compositions of n defined in a similar way as in the case of
partitions.

The following fact is known.

PROPOSITION 1.4 ([S1,S2]). There exists a unique function Py (x;t) € Eql?] satis-
fying the following properties.

(1) Py is expressed as a linear combination of Schur functions s, as

Pa(xit) = s1(0) + Y u(B)sp(x)

L<A

with uy , (1) € Q(1).
(ii) (Px, Py)=Ounless A = p.

REMARK 1.5. P is called the Hall-Littlewood function associated to a double par-
tition A. More generally, Hall-Littlewood functions associated to r-partitions of n was in-
troduced in [S1]. However the arguments in [S1] is based on a fixed total order which is
compatible with the partial order > on &, > even in the case of double partitions. In [S2,
Theorem 2.8], the closed formula for P is given in the case of double partitions. This implies
that Py is independent of the choice of the total order, and is determined uniquely as in the
above proposition. (The uniqueness of P, also follows from the result of Achar-Henderson,
see Theorem 2.4.)
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1.6. By Proposition 1.4, {Py | A € £, 2} gives a basis of E"Q(t). ForA,p € &,2, we
define a function K3 , (t) € Q(¢) by the formula

9@ = Y Kip®)Pu(x;t).

ILEPVI,Z

K., u(t) are called the Kostka functions associated to double partitions. For each A =
W, A € Ppa,putn(d) =n(d +17) =n() + n()"). We define an integer a(X) by

(1.6.1) a(A) =2n(A) +|\"|.
The following result was proved in [S2, Prop. 3.3].

PROPOSITION 1.7. Ky ,(t) € Z[t]. Ky u(t) = Ounless A > p. If L > p, K ()
—n

is a monic of degree a(j) — a(L), hence Ky 3 (t) = 1. In particular, P, (x;t) € E"[t], and
uyu(t) € Z1].

1.8. Since Kj ,(¢) is a polynomial in ¢ associated to double partitions, we call it the
double Kostka polynomial. Put I?;L,,L(t) = t“(")K;‘,,L(t_l). By Proposition 1.7, I?;L,,L(t) is
again contained in Z[¢], which we call the modified double Kostka polynomial. In the case
of Kostka polynomial K, (1), we also put K;_ (1) = "™ K, ,(t~'). By 1.2, K, ,.(t) isa
polynomial in Z[¢], which is called the modified Kostka polynomial.

Following [S1, S2], we give a combinatorial characterization of K a,u(t) and K aup(@). In
order to discuss both cases simultaneously, we introduce some notation. For » = 1, 2, put
Wy.r = Sp X (Z/rZ)". Hence W, , is the symmetric group S, of degree n if r = 1, and is the
Weyl group W, of type C, if r = 2. For a (not necessarily irreducible) character y of W, ,,
we define the fake degree R(x) by

[T " =1 3 e(w) x (w)

1.8.1 R(x) = _etwlxw)
(45 0 [Wa.rl dety, (t — w)

weW,,

where ¢ is the sign character of W, ,, and Vj is the reflection representation of W, , if r = 2
(i.e., dimVy = n), and its restriction on S, if r = 1. Let R(W,,) = @lN:l R; be the
coinvariant algebra over Q associated to W,, ., where N is the number of positive roots of the
root system of type C,, (resp. type A,—1) if r = 2 (resp. r = 1). Then R(W, ;) is a graded
W,.--module, and we have

N
(1.8.2) R(X) =) {x.Ri)w,, 1.

i=1
where (, YW, is the inner product of characters of W, ,. It follows that R(x) € Z[¢]. Itis
known that irreducible characters of W, , are parametrized by &, , (we use the convention
that 2,1 = ;). We denote by x" the irreducible character of W, , corresponding to
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A € P, . (Here we use the parametrization such that the identity character corresponds to
A= ((n),—)ifr =2,and A = (n) if r = 1.) We define a square matrix Q = (wy,yu)a,u by

(1.8.3) o =t"RO*®@x* ®e).

We have the following result. Note that Theorem 5.4 in [S1] is stated for a fixed total order
on P, ». But in our case, it can be replaced by the partial order (see Remark 1.5).

PROPOSITION 1.9 ([S1, Thm. 5.4]). Assume that r = 2. There exist unique matrices
P = (pa,u), A = (&x,u) over Q[t] satisfying the equation

PA'P =Q,
subject to the condition that A is a diagonal matrix and that

0 unless p < A,
Pip =
S PLICO RS

Then the entry pj, , of the matrix P coincides with I?x,,t(t).
A similar result holds for the case r = 1 by replacing A, 0 € Pn2 by A, u € Py, and
by replacing a(A) by n(1).

1.10. Assume that A = (—, ") € £, 5. If p < A, then p is of the form u = (—, )
with u” < A”. Thus I?;‘,,L(t) = 0 unless p satisfies this condition. The following result was
shown by Achar-Henderson [AH] by a geometric method (see Proposition 2.5 (ii)). We give
below an alternate proof based on Proposition 1.9.

PROPOSITION 1.11. Assumethath = (—, 1"), u = (—, ") € Py Then
(1.11.1) Ky u(t) ="Ky (1) .
In particular, we have
(1.11.2) Ky u(6) = Ky (1) .

PROOF. (1.11.2) follows from (1.11.1). We show (1.11.1). We shall compute wy_ , =
"R ®@ x* ®¢) forh = (=, 1), u = (—, ”"). x* corresponds to the irreducible rep-
resentation of S, with character X)‘”, extended by the action of (Z/2Z)" such that any factor
Z./27Z acts non-trivially. This is the same for x*. Hence x* ® x* corresponds to the repre-
sentation of S, with character X)"” ® X“”, extended by the trivial action of (Z/2Z)". Thus
xR corresponds to the representation of S, with character XA” ® X“” ® ¢’, extended
by the action of (Z/2Z)" such that any factor Z/2Z acts non-trivially, where ¢’ denote the
sign character of S,. Let {s1,...,s,} be the set of simple reflections of W,. We identify
the symmetric algebra S(V;) of Vo with the polynomial ring R[y1, ..., y,] with the natural
Wy -action, where s; permutes y; and y;+1 (1 <i < n — 1), and s, maps y, to —y,. Then
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(Z/2Z)"-invariant subalgebra of R[yi, ..., y,] coincides with R[ylz, RN yg]. It follows that
the (Z/2Z)"-invariant subalgebra R (W) &/ 2" of R (W,) is isomorphic to R(S;) as graded
algebras, where the degree 2i-part of R(W,)%/22" corresponds to the degree i part of R(S),).
Let X be the subspace of R(W,,) consisting of vectors on which (Z/27Z)" acts in such a way
that each factor Z/2Z acts non-trivially. Then X = y; ...y, R(W,)®/ 2Z)" 1t follows that

RO ®x* ®e)1) = "R(x* @ x" ®e)(1?).
Since N = n? for W,,-case, and N = n(n — 1)/2 for S,-case, this implies that
(1.11.3) () = " (17

We consider the embedding &, < £, , by A + (—, 1”). This embedding is compat-
ible with the partial order of &7, and &, 2, and in fact, &, is identified with the subset
e Pyl n < (—, 1)} of P, We consider the matrix equation PA'P = Q as in
Proposition 1.9 for r = 2. Let Py, Ao, 20 be the submatrices of P, A, 2 obtained by restrict-
ing the indices from £, , to £2,. Then these matrices satisfy the relation PyAg'Py = .
By (1.11.3) Q¢ coincides with 121Q/ (%), where € denotes the matrix €2 in the case r = 1.
If we put P/ = t™" Py, A’ = Ao, we have a matrix equation P’ A’'P’ = Q/(¢?). Note that
the (A, \)-entry of P’ coincides with r1¢®) = 127" Hence P’, A, Q' satisfy all the re-
quirements in Proposition 1.9 for the case r = 1, by replacing 7 by 2. Now by Proposition 1.9,
we have t " I’(V;L,,L(t) = I?m,ﬂu (t2) as asserted. |

As a corollary, we have
COROLLARY 1.12. Assume that A = (—, ). Then Py(x; t) = P (x@; t?).
PROOF. Since A = (—, 1), we have 53 (x) = 5,7 (x?). By (1.11.2), we have
s = Y K () Puxin) .
WP,

We have also

Sy ()C(Z)) = Z K)\//’M// (IZ)PM// (X(Z); [2) .
w'ep,

Since (Ky» (t2)) is a non-singular matrix indexed by &2, the assertion follows. a

2. Geometric interpretation of double Kostka polynomials

2.1. In[L1], Lusztig gave a geometric interpretation of Kostka polynomials in terms of
the intersection cohomology complex associated to the nilpotent orbits of gl,. Let V be an
n-dimensional vector space over an algebraically closed field k, and put G = GL(V). Let g
be the Lie algebra of G, and gp;1 the nilpotent cone of g. G acts on gy by the adjoint action,
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and the set of G-orbits in gy is in bijective correspondence with &2, via the Jordan normal
form of nilpotent elements. We denote by ¢ the G-orbit corresponding to A € P,,. Let 0,
be the closure of & in gyj1. Then we have 0, = ]—[usk Oy, where 1 < X is the dominance

order of &2,. Let A, = IC(0, Ql) be the intersection cohomology complex of Q;-sheaves,
and j‘f;" Ay the stalk at x € O, of the i-th cohomology sheaf .7/ A; . Lusztig’s result is stated
as follows.

THEOREM 2.2 ([L1, Thm. 2]). #"A; = 0foroddi. Foreachx € 0, C 0,

Ko@) = "™ (dim 2 Ay

i>0

2.3. The geometric interpretation of double Kostka polynomials analogous to Theo-
rem 2.2 was established by Achar-Henderson [AH]. We follow the setting in 2.1. Consider
the direct product 2° = g x V, on which G acts as ¢ : (x, v) — (gx, gv), where gv is the
natural action of G on V. Put Zpi1 = gnit X V. Zui1 is a G-stable subset of 27, and is called
the enhanced nilpotent cone. It is known by Achar-Henderson [AH] and by Travkin [T] that
the set of G-orbits in Zp; is in bijective correspondence with &7, ». The correspondence is
given as follows; take (x, v) € Zyi. Put E* = {g € End(V) | gx = xg}. Then W = E*v
is an x-stable subspace of V. Let A" be the Jordan type of x|w, and A” the Jordan type of
xlv/w. Then A = (', 1”) € &, 2, and the assignment (x, v) — A gives the required corre-
spondence. We denote by &y the G-orbit corresponding to A € £, 2. The closure relation
for 0y was described by [AH, Thm. 3.9] as follows;

(23.1) Ov=1] 0.
r=<A

where the partial order g < A is the one defined in 1.3. We consider the intersection coho-

mology complex Ay = IC(ﬁx, (_21) on Zni associated to A € &y, 2. The following result was
proved by Achar-Henderson.

THEOREM 2.4 ([AH, Thm. 5.2]). Assume that Ay is attached to the enhanced nilpo-
tent cone. Then S Ay, = 0foroddi. Forz € Oy C 0,

Kau() = 1D "(dim % A .
i>0
Note that #2 corresponds to 2 in the enhanced case, which is different from the cor-

respondence % o 1! in the gnil case. As a corollary, we have

PROPOSITION 2.5 ([AH, Cor. 5.3]). Under the notation as above,

(1) I?;‘,,L(t) € Z>ol[t]. Moreover, only powers of t congruent to a(L) modulo 2 occur in the
polynomial.
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(ii) Assume that X = (—, "), p = (—, p"). Then Ky (t) = 1" Ky (12).
(iii) Assume that A = (', =) and p = (W', ). Then Ky u(1) = Ky s (12).
PROOF. For the sake of completeness, we give the proof here. (i) is clear from the
theorem. For (ii), take A = (—, A”"). Then by the correspondence given in 2.3, if (x, v) € 0},

then v = 0, and x € O~. It follows that &) = O~ and that Ay >~ A,». z € O is
also written as z = (x, 0) with x € &),». Then (ii) follows by comparing Theorem 2.2 and

Theorem 2.4. For (iii), it was proved in [AH, Lemma 3.1] that Oy = Oy xVfork =/, —).
Thus IC(Ox, Q) ~ IC(0;/, Q) K (Q))v, where (Q;)v is the constant sheaf Q; on V. It
follows that J% Ay = J* Ay for z = (x,v) € Op. Since x € Oy, (iii) follows from
Theorem 2.2 (note that a(A) = 2n(1")). O

REMARK 2.6. Proposition 2.5 (ii) was also proved in Proposition 1.11 by a combina-
torial method. We don’t know whether (iii) can be proved in a combinatorial way. However
if we admit that K 1, (?) depends only on p' + p” for A = (A’, —) (this is a consequence of
(iii)), a similar argument as in the proof of Proposition 1.11 can be applied.

Proposition 2.5 (iii) implies the following.

COROLLARY 2.7. Forv € &, we have

P,y = Y WP (i) .
V:ﬂ/"_ﬂ//

PROOF. It follows from Proposition 2.5 (iii) that Ky , () = t‘“”K;\r’ﬂumw (%) for

A= (\, —). Since 53 (x) = s;-(x(D), we have

swy = > Kaw@)Pu(x; 1)

l"epn,Z
2 "
= Y Kuywpuw (WP (xi 1)
l"epn,Z
2 "
=Y Ko@) D t#IPG (i)
veP, v=p/+pn”

On the other hand, we have

sy =" Ky () PyxV; 7).
veP,

Since (K, (tz)) is a non-singular matrix, we obtain the required formula. a

REMARK 2.8. The formula in Corollary 2.7 suggests that the behavior of Py (x; t) at
t = 1 is different from that of ordinary Hall-Littlewood functions given in (1.2.1). In fact, by
Corollary 1.12, P_ ,(x; t) = Py(x@; 2). Hence P(_ ,)(x; 1) = m,(x?) by (1.2.1). Also
by (1.2.1) P,(xV; 1) = m,,(x(V). Then by Corollary 2.7, we have
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myx D) =m,cP)+ D Py D).
v=p/+p1" W #P
This formula shows that a certain cancelation occurs in the expression of Py (x; 1) as a sum
of monomials. Concerning this, we will have a related result later in Proposition 3.23.

2.9. There exists a geometric realization of double Kostka polynomials in terms of the
exotic nilpotent cone instead of the enhanced nilpotent cone. Let V be a 2n-dimensional
vector space over an algebraically closed field k£ of odd characteristic. Let G = GL(V) and
6 an involutive automorphism of G such that G = Sp(V). Put H = GY. Let g be the Lie
algebra of G. 6 induces a linear automorphism of order 2 on g, which we denote also by 6.
g is decomposed as g = g’ @ g%, where g7 is the eigenspace of 6 with eigenvalue +1.
Thus g*? are H-invariant subspaces in g. We consider the direct product 2" = g=? x V,
on which H acts diagonally. Put g;i? = g% N gnit. Then g;if is H-stable, and we consider
Fhil = g;if x V. Zqil is an H-invariant subset of 27, and is called the exotic nilpotent
cone. It is known by Kato [K1] that the set of H-orbits in Z4; is in bijective correspondence
with &, 2. We denote by 0, the H-orbit corresponding to A € &, ». It is also known by
[AH] that the closure relations for ¢, are given by the partial order < on &, ». We consider
the intersection cohomology complex A; = IC(ﬁx, Q;) on Z5i1- The following result was
proved by Kato [K2], and [SS2], independently.

THEOREM 2.10. Assume that Ay is attached to the exotic nilpotent cone. Then
A Ay = Ounlessi =0 (mod 4). Forz € 0, C O, we have

K pu(t) =19® Z(diméfz‘“ At
i>0

2.11. Let W, be the Weyl group of type C,. The advantage of the use of the exotic
nilpotent cone relies on the fact that it has a good relationship with representations of Weyl
groups, as explained below. Let B be a 0-stable Borel subgroup of G. Then B? is a Borel
subgroup of H, and we denote by . the flag variety H/B’ of H. Let0 = My C M C --- C
M, C V be the (full) isotropic flag fixed by B?. Hence M, is a maximal isotropic subspace
of V. Put

jfnﬂ = {(x, v, ng) € g;ile xVxB|g'xeLieB, g 'veM,),

and define a map my : %Nnﬂ — Zni by (x, v, ng) — (x,v). Then f&\’;ﬂ is smooth, irre-
ducible and m is proper surjective. Let V) be the irreducible representation of W, corre-
sponding to X)" (A € H,.2). We consider the direct image (711)*(_)1 of the constant sheaf Ql
on %NHH. The following result is an analogue of the Springer correspondence for reductive
groups, and was proved by Kato [K1], and [SS1], independently.

THEOREM 2.12. (m)*(_); [dim Z4i1] is a semisimple perverse sheaf on Zni1, equipped
with Wy-action, and is decomposed as
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(2.12.1) ()« Qildim 2ol =~ P Vi ® Arldim 631,
Xeﬁnvz

where Ay[dim 0] is a simple perverse sheaf on Zyil.
2.13. Foreach z = (x,v) € Zni, put
B, ={gB? € B| g 'x eLieB, g 've M,}.

%, is isomorphic to 1(z), and is called the Springer fibre. Since %i((nl)*Ql) ~
H (%, Q). H A., Q)) has a structure of W,-module, which we call the Springer repre-

sentation of W,,. Put K = (m)*(_);. By taking the stalk at z € 2y of the i-th cohomology of
both sides in (2.12.1), we have an isomorphism of W, -modules,

c%éiK ~ Hi(gb Ql) ~ @ Vi ® c%éi-‘rdimﬁ;‘—dimﬁ?//,.-li]A)L .
lEﬁn,Z

Since dim Zyi1 —dim &) = 2a(X) (see [SS2, (5.7.1)]), this together with Theorem 2.10 imply
the following result.

PROPOSITION 2.14. Assume that z € Oy. Then Hi(ﬂz, Ql) = 0 for odd i, and we
have

Kaow@® =) (H* (B, Q). Vi, 1,

i>0

namely, the coefficient of t' in I’{V)H,L(t) is given by the multiplicity of Vy in the W,-module
H* (%, Q).

3. Combinatorial properties of K, ,(¢) and Py (x;t)

3.1. In[AH], Achar-Henderson gave a formula expressing double Kostka polynomials
in terms of various ordinary Kostka polynomials. We consider the enhanced nilpotent cone
Zhil = gnil X V as in 2.3, under the assumption that k is an algebraic closure of a finite field
F,. Take p,v € &, . Foreach z = (x,v) € Oy and v = (V', V"), we define a variety @k
by

GF = {W CV | W : x-stable subspace,v € W,
(3.1.1)
x|w type : v/, x|y w type : v" }.

Note that if z € &), (F,), the variety @t is defined over F,, and one can count the cardinality

193" (Fy)| of Fy-fixed points in 4,". Clearly, |45 (F,)| is independent of the choice of z €
Ou(Fy).
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PROPOSITION 3.2 (Achar-Henderson [AH, Prop. 5.8]). Letu,v € &, 5.

(i) There exists a polynomial gl’f (t) € Z[t] such that |€€,f‘ F)l = g# (g) for any finite field
F, withz € Oy (Fy).
(ii) Take A = (A, A7), v = (V', v"). Then we have
(3:2.1) Kiu() = 190720 % 7 gl () Ko () K (17).
V<A
V”SAH
3.3. The formula (3.2.1) can be rewritten as
(3.3.1) Ky (1) = tlﬂ”l—\)x”\ Z £2n(m)=2n(v) g‘l)t (I_Z)K)Ju’(tz)K)J’u” (t2) )

v=0'v")ePy 2

Note that gl’f (1) is a generalization of Hall polynomials. If & = (—, u”"), then z = (x, v) with
v = 0. In that case, g (1) coincides with the original Hall polynomial gl’f,:,, (t) given in [M, 11,
4]. In particular, if gl’f,v,, (t) # 0, then gl’f,v,, (1) is a polynomial with degree n(u) —n(v')—n("”)
and leading coefficient cff, e where C:j' o is the Littlewood—Richardson coefficient determined
by the following conditions; for partitions A, i, v,

(3.3.2) SyuSy = Z cﬁvs;\ .
A

For partitions X, t, v, we define a polynomial fli‘v (t) by
(3.3.3) Pu(y: P, (y:i1) = ) fr,(OPL(yi 1)
2

Then it is known by [M, III, (3.6)] that
(3.3.4) Gy (1) = ("R
We have a lemma.

LEMMA 3.4. Assume that p = (—, u”). Then we have

(34.1) Kau(®) = 1% 0 ) Ko () K (1)
v,V
(3.4.2) Kau@®) ="yl Ky (1)
n

PROOF. The first equality is obtained by substituting (3.3.4) into (3.3.1). We show the
second equality. One can write

s =Y KO Pr(y; 1),
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S)L//(y) = Z K)n”,l)” ([)Pv//(y’ [) .

v

Hence
(34.3) svSr() = Y Ko (K () Py (y: 1) Py (y: 1)
=3 O K (K (6 P (3 1)
v ou”
On the other hand,
(3.4.4) SeSr() = Y sy ()
n

= Z CZ/)L// Z K,”M// (I)PM// (y’ [) .
7] IJL”
By comparing (3.4.3) and (3.4.4), we have, for each A", 1" and p”,

ZCZ’)L”K”*FLHO) = Z fﬁu//(I)K)»’V/(t)K)n”v”(t) .
n

V’, V”
This proves the second equality. O

3.,5. Fori,u e P, let SST (A, ) be the set of semistandard tableaux of shape A and
weight p. For a semistandard tableau S, the charge c(S) is defined as in [M, III, 6]. Then
Lascoux—Schiitzenberger theorem ([M, III, (6.5)]) asserts that

(3.5.1) Kaut= Y ®.

SeSST (A1)

In what follows, we shall prove an analogue of (3.5.1) for double Kostka polynomials
K u(t) for some special cases. Let A = (A',1") € P, 2. Apair T = (T4, T-) is called
a semistandard tableau of shape A if Ty (resp. T-) is a semistandard tableau of shape A’
(resp. A”") with respect to the letters 1, ..., n. We denote by SST () the set of semistandard
tableaux of shape A. T € SST (X) is regarded as a usual semistandard tableau associated to
a skew diagram; write A" = (A}, A}, ..., A},) with A}, > 0,and A" = (A7, A%, ..., 1},) with
Ay > 0. Puta = A{. We define a partition & = (§1, ..., & 417) € Ppyar by

_|Aita forl <i <k,

| fork' +1<i <k +k'.

&

We define a partition 6 = (ak,) of rectangular shape. Then 6 C &, and the skew diagram & — 6
consist of connected components of shape A’ and A”. Thus T € SST (L) can be identified
with a semistandard tableau 7 of shape & — 6. Assume 7w € &,. Wesay that T € SST()A)
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has weight 7 if the corresponding tableau T has shape £ — 0 and weight 7. We denote by
SST (A, ) the set of semistandard tableau of shape A and weight .

The set SST (A, ) is described as follows; for a partition v € £, and ¢ =
(a1, ...,0n) € 22 such that || = ), o; = m, let SST (v; «) be the set of semistandard
tableau of shape v and weight «. Then we have

3.5.2) SST(A, ) = ]_[ (SST(V,a) x SST(\, B)).
a+p=m
lor|=[2"]

REMARK 3.6. Usually, the weight of a semistandard tableau is assumed to be a parti-
tion. Here we need to consider the weight which is not a partition. But this gives no essential
difference. In fact, we consider the set SST (v; «). S, acts on Z’;O by a permutation of factors.
We denote by O () the S,,-orbit of o in Z2 ). There exists a unique 0 € O («) such that  is a
partition. Then we have |SST (v; o)| = |§ST(U; w)|. This follows from (5.12) in [M, I] and
the discussion below (though it is not written explicitly).

3.7. For (an ordinary) semistandard tableau S, a word w(S) is defined as a sequence
of letters 1, ..., n, reading from right to left, and top to down. This definition works for
the semistandard tableau associated to a skew-diagram. For a semistandard tableau T =
(T4, T-) € SST (L), we define the associated word w(T) by w(T) = w(T4)w(T-). Hence
w(T) coincides with w(T).

Following [M, I, 9], we introduce a notion of lattice permutation. A word w = aj ...ay
consisting of letters 1, . . ., n is called a lattice permutationiffor ] <r < Nand1 <i <n-—1,
the number of occurrences of the letter i in a; .. .a, is > the number of occurrences of the
letter i + 1. We denote by SSTO(A, ) the set of semistandard tableau 7 € SST (A, ) such
that w(T) is a lattice permutation.

LEMMA 3.8. Assume thatA € P, 2, 1 € Pp. There exists a bijective map

(3.8.1) ©:5STm) 5 [ [ (SSTO(.v) x SST (v, 7))
veP,

PROOF. Under the correspondence 7' <> T in 3.5, the set SST (A, ) can be identified
with the set SST(§ — 6, ). Then (3.8.1) is a special case of the bijection given in [M, I,
(9.4)]. In (9.4), this bijection is explicitly constructed. a

COROLLARY 3.9. Assume thatr = (M, 1)) € P2, v € Py. Then we have
ISSTO (A, V) =} 50

PROOF. We prove the corollary by modifying the discussion in [M, I, 9]. By [M, I,

(5.12)], we have
s = > ¥,
S'eSST (V)
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s =y .
S"eSST (")
It follows that
s (s (y) = Z v
TeSST(L)
By a similar argument as in the proof of (5.14) in [M, I], we have
[SST (A, )| ={s5s857, hz),
where h, is the complete symmetric function associated to . Similarly, we have
|SST (v, w)| =(sy, hx). Then by (3.8.1), we have
(swsir hay ="y ISSTO(\, v)[(s0, )
veP,
for any & € £2,. It follows that
(3.9.1) susp =Y SSTO, v)lsy .
veP,
On the other hand, by (3.3.2) we have
(3.9.2) SuS =Y €Sy
veP,
By comparing the coefficient of s, in (3.9.1) with (3.9.2), we obtain the result. d

3.10. Assume that A € 2,5 and u” € P,. For T € SST(A, u”), write ©(T) =
(D, S), with S € SST (v, u”) for some v. We define a charge ¢(T) of T by ¢(T) = c(S),
where c(S) is the charge of S as in (3.5.1). The following formula is an analogue of Lascoux—
Schiitzenberger theorem for the double Kostka polynomial Ky ,(¢) in the case where p =

(_7 :U“”)'
THEOREM 3.11. Let A, u € P, 2, and assume that g = (—, ). Then

SWIOEL D DR
TeSST (1)

PROOF. We defineamap ¥ : SST(A, 1) — Uue%, SST (v, u”) by T +— S, where

O(T) = (D, S). Then by Corollary 3.9, for each S € SST (v, "), the set W~1(S) has the
cardinality CK,A,,, and, by definition, any element 7 € W~1(S) has the charge ¢(T) = c(9).

Hence
Z tC(T) — Z Z CK,AHIC(S)

TeSST(A,u") veP, SeSST(v,u")
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= Z LKy (1)
veP,

since K, 7 (1) = 3 5 t°® by (3.5.1). Now the theorem follows from (3.4.2). O
COROLLARY 3.12. Assume that A, u € Py with p = (—, ). Then we have
Ky u(1) = |SST (A, )]

REMARK 3.13. (i) The Littlewood—Richardson rule is a combinatorial procedure of
computing Littlewood—Richardson coefficients. In [M, I, (9.2)] it is stated that CK, ,» 1s equal

to the number of semistandard tableaux T of shape v — A’ and weight A" such that w(T) is a
lattice permutation. Hence Corollary 3.9 gives a variant of the Littlewood—Richardson rule.

(i) The definition of the charge in [M] makes sense for words rather than tableaux,
and we have ¢(S) = c(w(S)) for a semistandard tableau S in (3.5.1). So in the case where
T € SST (A, 1) it would be more natural to define the charge ¢’(T') as the charge of the word
w(T). But in that case it is not clear whether this charge ¢’ is compatible with the bijection
® in (3.8.1), and we do not know whether ¢’ coincides with ¢ defined in 3.10. However, in
[Li], the first named author proved a similar formula for Ky ,(¢) as Theorem 3.11 by using
the charge ¢’, by constructing a different type bijection of ©.

3.14. Here we recall the explicit construction of x* for A = (A',1”) € £,,. Put
V| = m/,|A| = m". Let x* (resp. x*") be the irreducible character of S, (resp. Sy~)
corresponding to the partition A € 2, (resp. A" € P,»). We denote by 3* the irre-
ducible character of W,,;, = S, X (Z/2Z)m/ obtained by extending x*/ by the trivial action
of (Z/2Z)’”/. We also denote by )?N/ the irreducible character of W,,,» = S,,» X (Z/2Z)’”” by
extending XA” by defining the action of (Z/ 2Z)™" so that each factor Z /27 acts non-trivially.

Then Indx" CXWon )?"/ ® )"()‘” gives an irreducible character x*. Tt follows from the construc-

tion that x*|s, coincides with Indg"/X s, @ x".
Forv = (v1,..., ) € &,, we denote by S, the Young subgroup S,, x --- x §,,. We
show the following formula.

PROPOSITION 3.15. Let A, p € Py 2 with p = (—, u”). Then we have
(3.15.1) K (D) =(Indg" 1, x*)y,
W

PROOF. Under the notation in 3.14, we compute the inner product.

(nd¥" 1, x*)y, =<1nd§i,, 1 xMs,)s,

!

Sy Sy ’ "
= (IndS l’ IndSm/ XSm// X}‘ ® X)\ )Sn :

!
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Here we can write Ind?’,X S, X)“/ ® X)“” = D e 2, ¢y, x” by using the Littlewood—
Richardson coefficients. Thus
W, A v S v
Ind " 1, == Y Ind ! 1, .
{ S o X YW, § : Car S X S,

veP,

But it is known that (Ind?’ L X”)Sn = K, ;7(1) (see eg. [M, I, Remark after (7.8)]). Hence
W
we have
Wy A
(Indg”, 1, x*)w, = > Ky (1)
veP,
Then the proposition follows from (3.4.2), by substituting ¢ = 1. O

COROLLARY 3.16. Let p = (—, u”) and Oy, the corresponding H-orbit in the exotic
nilpotent cone Znj1. Then for z € Oy, we have

2i A ~ Wa
(3.16.1) D H*(#:.Q) = Indg’ 1
i>0
as W, -modules.

PROOE. Put H*(4A,) = @izo H%(%.,Qy). Then Proposition 2.14 shows that

Kap(1) =(H"(#2). x")w,
for any A € &, 2. Thus, by comparing it with (3.15.1), we obtain the required formula. O

REMARK 3.17. It would be interesting to compare (3.16.1) with a similar formula for
the ordinary Springer representations of type C,. We follow the setting in 2.11. For x € ggﬂ,
we define

B =1{gB’ € B| g 'x € Lie BY).

2 is the original Springer fibre associated to x € ggﬂ, and the cohomology group
H'(#*, Q) has a natural action of W,,. It is known that H(%*, Q;) = 0 for odd i. Let

1 be a Levi subalgebra of a parabolic subalgebra of g‘) of type A wi—1 + AM,Z,_1 4+t AMZ— 1

for u” = (uy, 1y, ..., uy) € Py. Assume that x is a regular nilpotent element in [ﬁﬂ. Then
by a general formula due to [L2], we have

i
i>0

as W, -modules. However, the graded W, -module structures in (3.16.1) and (3.17.1) do not
coincide in general. For example, assume that n = 2, and u = (—, 2), i.e., u”’ = (2). In that
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case, Indgvz,, 1= Ind?;2 1 =52 4 5D 4 @) We have
yz
HYB..Q) =x"?, H*#.Q)=x"Y, H%.Q)=x>",
HX 2, Q) = x =P+ x 0. HOU#L Q) =47

3.18. We shall give an interpretation of the formula (3.2.1) in terms of the Springer
modules. Let A, = (Z/27Z)" be the abelian subgroup of W,,. We denote by 71, ..., t, the
generators of A,, where #; is the generator of the i-th component Z/2Z. Let ¢ be a linear
character of A,. For each A,-module X, we denote by X, the weight space of X correspond-
ing to ¢, namely X, = {v € X | av = ¢(a)v fora € A,}. Let S, be the stabilizer of ¢ in S,
under the action of S, on A,. Then S, >~ S, X S,_;;, where m is the number of i such that
@(t;) = 1. If X is an W;,-module, X is an A,-module by restriction. Then X, turns out to be
an S,-module.

The W,,-module H! (%, Q)), which is called the (exotic) Springer module, is isomorphic
to each other for z € Oy (0 € Z,2). In the discussion below, we denote it simply by
Hi(%u). Let A9 = Go/ By be the flag variety of Go = GL,, where By is a Borel subgroup
of G¢. Recall that for each nilpotent element x € gl,,, the Springer fibre @2 is defined as

B° = {gBy € #° | g~'x € Lie By},

and the cohomology group H i (%’g, Q;) has a natural structure of S,-module, the Springer
module. Since the S,-module structure does not depend on x € &, (v € &,), we denote it by
H'(#)). Let A} be the set of irreducible characters of A,. Then we have the weight space
decomposition

H'(By) = @ H (B,
PEA)

where each H'(%,,),, has a structure of S,-module.
Recall the polynomial g{,‘ (t) € Z[t] for p, v € P, 2 given in Proposition 3.2. We write
it as

gty => " gr "

=0

with (possibly negative) integers g{f ¢~ The following proposition gives a description of

H'(%y), in terms of the Springer modules of S,,.

PROPOSITION 3.19. Assume that @ € P . Let ¢ € A} be such that Sy = Sm %
Su—m. Then the following equality holds (in the Grothendieck group of the category of S,-
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modules)
HY (B, = Y. D gb,(HY(#)® H*(#))).
v='v"eP,, ikl
[V |=m

where the second sum is taken over all j, k, € satisfying the condition
i=m—-—m)+20+2(j+k).

PROOF. By Proposition 2.14, one can write (as an identity in the Grothendieck group
of the category of S,-modules, extended by scalar to Z[7])

(3.19.1) Y H (Bt = Y Kau(V)y
i>0 XG,@,,VQ

for each ¢ € A}). Assume that S, >~ Sy, X S,—p. It follows from the explicit construction of
Vi in 3.14 that (Vi) = O unless |A'| = m, |A”| = n —m, and in that case, (V1) = Vi ® Vir
as S, x S,_mn-modules, where V,/ denotes the irreducible S,,-module corresponding to X*/,
and similarly for V,». By (3.2.1), the right hand side of (3.19.1) can be written as
ey Yo g AKe (K (P ® Vi
NeZ, v=0'v")eP,,

NePy_m
> I?x,u/(ﬂ)w)@( > EA”,U”(fz)VA")

- 2
="y gk )(
v NeP, N eDPy _m

="y gk (Z H* (A ) ® (Z HY (A )1 ) :
v i>0 i>0
where the last equality follows from the formulas analogous to Proposition 2.14 in the case of
GL,, and GL,_,,. By comparing the last expression with the left hand side of (3.19.1), we
obtain the proposition. O

3.20. We consider ¢ € A} in the special case where m = norm = 0. Put ¢ = ¢
(resp. ¢ = ¢_) if m = n (resp. m = 0). In these cases, S, ~ S, and we have a more precise
description of the S,-module H'’ (%Bu)y as follows. (Note that H i (%Bu)g, coincides with the
A, -fixed point subspace of H i (%By). The formula (i) in the corollary should be compared
with the result in [SSr], where the case of ordinary Springer representations of type C, is
discussed.)

COROLLARY 3.21. Assume that p = (', u") € P 2.

(i) There exists an isomorphism of S,-modules

B2 (B, = Hi(%g,Jru,/) ifi is even,

otherwise.
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(i) H*(Bu)y. = O unless p = (—, 1"). Assume that p = (—, "). There exists an
isomorphism of S,,-modules

H (B, ~ {Hi_n(‘%)g”) fi=n (mod?2),
e =

otherwise.

PROOF. Assume that ¢ = ¢. Then (V3), = O unless A = (1’, —), and in that case,
(VA = Vi as S,-modules. Moreover, if A = (1’, —), we have kvx,u(t) = IF{:)‘/’M/J’_M” (t?) by
Proposition 2.5 (ii). On the other hand, assume that ¢ = ¢_. Then we have (V3), = 0 unless
A = (—,A”), and in that case, (V), = Vy» as S,-modules. Moreover, by Proposition 2.5 (i),
if A = (=, "), Ky u(t) = O unless g = (—, "), and in that case, Ky (1) = 1" Ky 0 (12).
Then the corollary follows from (3.19.1) by a similar discussion as in the proof of Proposi-
tion 3.19. U

3.22. Recall that the Hall-Littlewood function Py (x;¢) is defined by two types of
variables x(1, x® . Here we consider a specialization of those variables. We denote by
Po(x; 1)|x=(y,y) the function in A[¢] obtained by substituting x) = x® = y. We fur-
ther consider the specialization of this function by putting ¢ = 1, i.e., Px(x; 1)|x=(y,y). The
following result shows that the behavior of Py (x;t) at + = 1 is quite different from that of
ordinary Hall-Littlewood functions (cf. Remark 2.8).

PROPOSITION 3.23. Under the notation as above, we have

my(y) ifu=(—u"),

Pp(x; Dlx=y.y) = {0 otherwise

PROOF. Assume that g = (—, ). Since Py(x; 1) = Pur(x@; 1) for p = (—, 1)
by Corollary 1.12, we have

(3.23.1) P;L(x; 1)|x:(y,y) =myr »,

which shows the first equality.
By (1.2.1) and (1.2.2), for any X € &, we have

500 = Y Kuu(Dmp(y).
nePy
Also by substituting + = 1 in the formula (3.3.3) and by using (1.2.1), we have, for any
partitions u, v,
mu(Nmy() = Y fir,(Dmi(y).
re P,

Thus for A = (A, 1) € &2,2, we have
(3.23.2) S x=(y,y) = S (s (y)
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=Y K (DK (Dmy (3)myr(y)

/ "

v

= 3 mpe Y £ DK (DK (1)

v

p,”e@,, U/,U”
= Y KipWmu().
r=(=.p1")

The last equality follows from (3.4.1). On the other hand, by 1.6, we have

(3.23.3) () |x=(y,y) = Z Ky (1) P (x; Dlx=(y.y) -

”’e'@nl
Put f@,’hz ={n=w,n") e P2l || # 0} Then (3.23.2) and (3.23.3), together with
(3.23.1) imply that

(3.23.4) Y Knu(MPu(x; Dlx=y.yy =0

KED, 5
for any A € £, 2. By Proposition 1.7, Ky ,(t) = O unless g < X, and Ky 1 (t) = 1.
Now the proposition follows from (3.23.4) by induction on the partial order < on &, ,. The
proposition is proved. O

4. Hall bimodule

4.1. Before going into details on the Hall bimodule, we show a preliminary result. In
this section we fix a total order on &, » which is compatible with the partial order < on &, ».
Forv = (V,v") € Py, put Ry(x;1) = Py(xD, t2) P (x®,1?). Then {R, | v € P2}
gives a basis of E"[¢]. Hence there exist polynomials h¥ (1) € Z[t] such that

(4.1.1) Ry(xit)= Y hE@)Pu(x:1).
”’Eﬁnl

The transition matrix between the bases {sy} and {R,} is lower unitriangular (with respect
to the fixed total order), and a similar result holds also for the bases {s)y} and {P,}. Hence

the transition matrix (k% (¢)) nved?,, between {Ry} and {P,} is also lower unitriangular (we

regard that the vp-entry is 44 (¢)). The following formula is an analogue of the formula (3.3.4)
relating the polynomials f,, (r) with the Hall polynomials g, (1).

PROPOSITION 4.2. Let gb (t) be the polynomials given in Proposition 3.2. Then
(4.2.1) R (1) = 14 W=a0) gl (1=2)

In particular, the matrix (g{f (t)) v is lower unitriangular.
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PROOF. Forany A = (A, 1) € &2, », we have

510 = s (xMDsyn (x@)

=3 K@ PyxV )Y Ko (D) P (xD: 12)
V/ "

v

=Y Kuw Ky () Y WO Pu(x:i 1)

v REP
= > (Z KW(r2>1<m,w(r2>h';(r>)P,L(x;r>.
neP,, v

Since

2@ = Y Kyu®)Pylx;1),

ﬂe'@nl
by comparing the coefficients of Py (x; t), we have
4.22) Kau() =Y WO Ky v (1) Ky (1)
l)/,l)”

On the other hand, if we notice that K; ,»(t%) # 0 only when |A”| = [v"|, the formula (3.3.1)
can be rewritten as

(4.2.3) Kap() =Y 19070 gl (=2 Ky (1) Ko (1)

l)/,l)//

Since (Ky/ (IZ)KM, W (tz));h,,egn~2 is a unitriangular matrix with respect to the partial order
on &, 2, the proposition is obtained by comparing (4.2.2) and (4.2.3). O

4.3. We keep the assumption in 3.1, in particular, k is an algebraic closure of F,,. Based
on the idea of Finkelberg-Ginzburg-Travkin [FGT], we introduce the Hall bimodule. Let A, p
be double partitions, and « be a partition. Take (x, v) € &). We define varieties

A .
Yyu ={W C V| W: x-stable subspace,
x|w : type &, (x|yw, v (mod W)) : type p},
%li"a ={W C V | W: x-stable subspace,v € W,
(x|w,v) : type w , x|v;w : type a} .

If (x,v) € Oy(F,), those varieties are defined over F,;, and one can consider the subsets of
F,-fixed points. Assuming that (x, v) € 0y (F,), we define integers G?;l’ w(@) and Gi‘m(q) by

43.1) Gh (@) =19}, (Bl Gl (@) =9} ().
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Note that Gg‘[’ﬂ(q), G;)Z,a(‘I) are independent of the choice of (x,v) € Oy (F,). It is clear
from the definition that Gg‘[’ﬂ(q) = Gi},a(q) = O unless |A| = |¢| + |p|. In the case where
A= (= Ay = (= 1), G();hﬂ(q) = G:‘w(q) coincides with gﬁ,,qa(q) = gﬁ,,’ab:q, where
gﬁx o 18 the original Hall polynomial given in 3.3.

Put Z = [[,20 P and PP =[], Py Recall the definition of the Hall algebra
HC; F is the free Z[t]-module with basis {uy | « € £?}, and the multiplication is defined by

ugty = Y g5 (D,
aeP,
where n = |B8| + |y|. 2 is a commutative, associative algebra over Z[f]. We define the
Z-algebra J7; by Jt; = Z ®z[1) ¢, under the specialization Z[t] — Z,t — q.
We define a Hall bimodule .2 as follows; .#, is a free Z-module with basis {u | A €
PP}, We define actions (the left action and the right action) of S, on .y by

(4.3.2) wotty = Y Gy (@,
lé@nvz

(4.3.3) Uty = Y Gl (@,
leﬂn,z

where n = |a| 4 |p|. Then .#, turns out to be a Z;-bimodule, which is verified as follows;
for partitions S, y, and double partitions A, u, we define a variety

g;,y;u = {(W; C W,) | W1, W, : x-stable subspaces of V,
x|W|: type ,B,X|W2/W1 D type y, (-x|V/W27 v (mOd Wr)) : type u } .

We compute the number |%/§" " ﬂ(Fq)l in two different ways. Putn = |B| + |y|. Assume

that xw, has type a. Then the cardinality of such W5 is given by Gf;(’ u(q). For each Wa, the
cardinality of Wj is given by gg"y(q). It follows that

(4.3.4) G, W EDI= D" g8, (@G (9.

€Dy
On the other hand, the cardinality of W; satisfying the condition that x|w, has type 8,
(x|v/w,, v (mod Wy)) has type v is G"’v(q). For each Wi, the cardinality of W, such that

Wi C Wz C V and that x|w,,w, has type v, (x|v,w,, v (mod W>)) has type u is given by
G;’ (@) It follows that

(4.3.5) 95, EDl = D Gy (@G ,(q),

veﬁm.z
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where m = |A| — |B]. Now the equality (4.3.4) = (4.3.5) implies that ug(u, uy,) = (uguy )iy
In a similar way, one can show that (uyu,)ug = uy (u,ug). Next we consider a variety

g;;u;ﬂ = {(W1 C Wy) | Wp, W, : x-stable subspaces of V, v € W
X|w, : type &, (x|w,/w,, v (mod W1)) : type p, x|v,w, : type B}.

We compute the number |€flj‘; : 5(Fq)| in two different ways. Take W, € ffv)‘ ,S(Fq) for some
v € Py with n = |A| — |B|. The cardinality of such W, is Gf;’ﬂ(q). For each W,, the
cardinality of W; such that (W, C W;) € %Q,ﬂ,ﬂ(Fq) is given by G;,ﬂ(q). Thus

Gy sFDl= Y Gy (@G ,(q).
veﬁn,z
On the other hand, first we take W € %0} »(Fy), and then take W> such that (W) C W) is
contained in &} ., (F,). This implies that

920 s®Dl= D G (@G 4().

UE:@HI,Z

where n’ = |L| — |a|. Comparing these two equalities, we have u, (1 ug) = (ugtty,)ug. Thus
My has a structure of J#-bimodule.

For an integer n > 0, let .2} be the Z-submodule of ./, spanned by uy with A € & ».
Then we have .#; = P, -#; . Similarly, we have a decomposition 7 = P, "
The above discussion shows that .7 has a structure of graded .73 -bimodule, i.e., 7" 4] C
///q’”r’”, and A I C //Z;J””.

4.4. For A = (—, —), put ugp = uy. It is easy to see that upug = u_ gy for g € & (but
ugly # ueg,—)). Take @, B € . One can check that Gz‘[’(_’ﬂ)(q) = gf‘a’ﬂ)(q) forA € 2@,
It follows, for «, B € 2, that

(4.4.1) Ualiop = ) Glopy (@O0
rePy 0

where n = |a| + |B|. Foreach p = (u', u”) € 2, put vy, = u,yupu,r. We have a lemma.

LEMMA 4.5. (o, | p € P2} gives a basis of///,;‘. Hence {vo, | p € P} gives a
basis of My. For p € &Py 2, we have

4.5.1) b= Y. gh(@m.
rePy 0

In particular, My is a free 73 -bimodule of rank 1 (with a basis v~ _y = up).
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PROOF. (4.5.1) follows from (4.4.1). ///; is a free Z-module with rank |, 2|. By

Proposition 4.2, (g,ﬁ (9))r.ue2, , is a unitriangular matrix with respect to a certain total order
on %, 5. Thus {vy, | p € &, 2} gives rise to a basis of Jl; O

4.6. Recall that 2 = A(xD) @ Ax?), and E[t] = AGD)[1] ®z;) AXPD)[1].
Thus E[¢] is regarded as a free A[t]-bimodule of rank 1 (A = A(y) acts on AxD) by
replacing y by x(I, and so on for A(x®)). It is known by [M, III, (3.4)] that the map
Uy > 1M P (y; t71) gives an isomorphism of rings 7 @ Z[t, 1] 3 AQLe, t~1]. This
induces an isomorphism /7; ® Q =5 Aq. We defineamap W : .Z,> ® Q — Eq by

@6.) vu > (g7 Py, 7)) (g TP (6P, 7)) = 4T R g7

forp = (', ") € PP, Then it is clear that W gives an isomorphism Mp ® Q3 Eq of
bimodules (under the isomorphism j‘fj]z ® Q3 AQ).
By making use of (4.2.1), the formula (4.5.1) can be rewritten as

g“Pog= Y g Hg*Pm,
XG,@,,VQ

where vy, uy € ///qz. Since (h,’;(q));h ue?,, is the transition matrix between the bases
{Ru(x; @)} and {Pr(x; g)} of E’é, we see that
(4.6.2) ) =g “VPPhuxsgh.

For given A, u € 2®, o € 2, we define polynomials Hy , (1), H} (1) € Z[t] by

Pa(x(l); tz)P[L(X; 1) = Z Hé’”’(t)P)‘(x; 1),
XG.@nvz

Pu(xi OPo(xP; %) = Y~ Hy ,(OPL(x; 1),
leﬂn,z

where n = |a| 4 |p|. Considering W', and by comparing (4.3.2) and (4.3.3), we have the
following formula; for A, p € 22? o € 2,

(4.6.3) G;’ﬂ(qz) — qa(l)—a(u)—Zn(a)Hé’u(q_l) ’

4.6.4) Gﬁ,a(qz) — qa(l)—a(u)—Zn(a)—\mHl)iﬂ(q_l)'

The following result can be compared with that of the mirabolic Hall bimodule in [FGT, §4].

THEOREM 4.7. Assume that A, p € PP o € P.

(i) There exist polynomials Gg’ﬂ, G;l,a € Z[t] such that Gg‘[’u(q) = Gg’ﬂb:q, G;l,a (q9) =

G,’;,a lt=¢- Thus one can define a 7;-bimodule structure for the free Z[t]-module My =
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@)@%2) Z[t1uy by extending (4.3.2) and (4.3.3), where 7 denotes the Hall algebra
S over L[1].

(i) A, is a free 74 -bimodule of rank 1, with the basis wy. More precisely, let {uy | @ € £}
be the basis of 7. Then {u, uou,r | (', 1) € P2} gives a basis of M;. For any
=, u" e P, wehave

A
U tolyr = Z g (Oux .
XE,@,,VQ

(iii)) The map ¥ : uy — =M py (x; t_l) gives an isomorphism
Mp @gp LIt tT NS E@ L[, 1]
as bimodules (under the isomorphism ¢ ®z12] Zit, 7~ A® Z[r, t71]).
PROOF. In view of (4.6.3) and (4.6.4), what we need to show is, for A, u € PP o€
9’
M —a(p)—2 Ao -1 2
4.7.1) peMmam =) gl 71y e Z[7]
A)— -2 - A -1 2
4.7.2) e =2l g 1y e Z[r7).
All other assertions follow from the discussion in 4.6. By (4.2.1), we see that
19 M =aWpl =1 € Z[r?]. The matrix H(~') = (h},(z™") is unitriangular. Let D(r) be

the diagonal matrix such that the AA-entry is ¢ M) Then the matrix (¢ O‘)_“(")h;‘t (t=1) coin-
cides with D(t)_1 H (t_l)D(t). This matrix is also unitriangular. It follows that each entry of
its inverse matrix is contained in Z[¢2]. Let H(r ")~ = (h;“,(t_l)) be the inverse matrix of
H(t™"). Then t”(")_“(")h;’v(fl) € Z[t*]. Note that H (¢) is the transition matrix between

the bases {R,} and {P,}. Hence H (1)~ is the transition matrix between the bases {Py} and
{Ry}. One can write

Puity = Y Py APy (x ;)
v=(',v")eP?
Since
Px D Py D) = 3 £ (P Ds ),
tEcP
we have

PV Puesty = D" (0 Y fo (VP Vs APy (x P 2)
ve 2?2 tEeP

SO @ Y B PG,

v.& re P2
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It follows that

(4.7.3) HY () =Y W, () f5 (PR ().
v,§

Here h, ,(t7") € 14w =a® 7421 and h%g,v”)(t_l) e 149GV N=aM7:2] " Moreover, by
(3.3.4), f;v,(t_z) € 2@+2n0)=20@E) 7421 Since a((€,v")) = 2n(€) + 2n(v") + V|
and a(v) = 2n(v') + 2n(v") + [V'|, we see that H} ’L(t_l) € 1AmW+2n(@)=aM 7421 This
proves (4.7.1). A similar computation shows that

(4.7.4) HYy (1) =Y I, (0 £ (DR, (1) .
v,&

A1 - —” :
As above, we have H)y ,(17!) € taW=a@ @+ (EI=D7[,2] Since [§] — V| = |al, we
obtain (4.7.2). d

Appendix Tables of double Kostka polynomials

Let K(t) = (Kl,u(t))x,ue%,,z be the matrix of double Kostka polynomials. We give
the table of matrices K () for 2 < n < 5. In the table below, we use the following notation;
we denote the double partition (A, u) with A = 7", ..., A%, u = (u}', ..., ,qu‘/) by
At ,qu". For example,

(212,3%) < 21232 (32, —-) < 32. (—,21%) < 217

and so on.
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TABLE 1. K(t) forn =2
2. 2 12 12
2. |1 2 2 4
1.1 t t R
2 1 12
12, 1 12
12 1
TABLE 2. K(t) forn =3
3. 21 12 21. 121 3 112 21 13, 13
3. 1 t 2 2 A * ] 1© P
2.1 1 t t 2 2 Bt A4 S48 B4+
1.2 1 t t 12 R 4 T+ 4+8
21. 1 t 12 3 412 1T+
121 1 t 12 B4t o4t 42
3 1 12 10
1.12 1 t 12 RSP
21 1 42
13. 1 3
13 1
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TABLE 3. K(t) forn =4
4,31 31. 22 21.1 1.3 212 122 220 121 4 212, 1212 31
a. |1 ¢+ 2 2 8 8 & A A S A s 10 10
3.1 1t ¢t 22 2841t 8 82428 854+8 6548 54483
31. 1 ' 2 2 2 8 42 A 4
22 1 ¢t ¢t 2 2 2 B4 2 A A4l Ayl
21.1 1 t ot 12 B4+t B+t 83
1.3 1 ' 2t B Bt
2.12 1 t 12 12 12
122 1 t 12 12
22, 1 12 12
1.21 1 t t
4 1 12
212, 1
12.12 1
31 1
131
22
1.13
212
14,
14
131 22 1.13 212 14, 14
y P 3 9 /10 T2 /16
30 [0+ T4+ B+044 O+ 445 49447 B
31 | S+ 10 1T+ 18 40 10 448 446 14 4412 4410
22 |24+ o474 +2 T4+ B4042% 1048446 14 4112 40110 4 /8 4 46
201 [ 422 P4+ O+t 42 T2 +8 O+ w204+ Bl 429 427 445
13 4 P+ 10 T4+ I B 947
2.12 I 4 P4 044442 B 4044 12 4410 4 08 4 6 4 44
122 B+t 4 5413 10 414 42 3410 414 12 410 4 08 4 46 4 44
2 3 4 3 /6 S 248
1.21 12 B34t 412 5423 +¢ tT 415 4289 4 2f7 425 443
4 4 10 12
212, t 3 4 0 414 +¢2 10 448 4 46
12.12 t 12 34t 412 0 414 +¢2 t10 48 4066 444 442
31 12 4+ 12 110 4 48 4 46
13.1 1 12 3 B4+ 4t O+t +5 4483
22 1 12 341t
1.13 1 t 3 T+ +853+1¢
212 1 10 414 442
14 1 4
14 1
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