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Abstract. For the fifth Painlevé equation near the origin we present two kinds of logarithmic solutions, which
are represented, respectively, by convergent series with multipliers admitting asymptotic expansions in descending
logarithmic powers and by those with multipliers polynomial in logarithmic powers. It is conjectured that the asymp-
totic multipliers are also polynomials in logarithmic powers. These solutions are constructed by iteration on certain
rings of exponential type series.

1. Introduction

The Painlevé transcendents as nonlinear special functions are expected to be of great use
in a variety of problems in pure mathematics and mathematical physics. For the sixth Painlevé
equation

W d?y 1 I dy Y L S S Y2
dx?  2\y y—1 y—x)\dx x x—1 y—x/dx

YO-DO=x) (L, x B —1) (1—9§>x(x_1))
22— 12 <(9°° Ry G-

with 0., 00, 01, 6y € C, Guzzetti [8] provided the tables of the critical behaviours of solu-
tions near x = 0, 1, oo as well as the parametric connection formulas, in which the solutions
are classified into five groups: complex power types, inverse oscillatory types, Taylor series
types, logarithmic types, and inverse logarithmic types. The logarithmic and the inverse log-
arithmic solutions near x = 0 are derived from two basic logarithmic ones represented by
series expansions, whose leading terms

y(x) ~ x((02 — 63)(a +logx)* /4 +63/65 —02))  if6F #65,
y(x) ~ x(a % 6plog x) if 02 = 63
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were found by Guzzetti [5], [6] by applying a matching procedure to a Fuchsian system related
to (VI) through isomonodromy deformation [11]; and the series expansions are convergent in
a sector [17]. Here a is an integration constant. The logarithmic leading terms above as
well as complex power ones also follow from asymptotic results on coefficient matrices of
the Fuchsian system by Jimbo [10], who obtained connection formulas of the 7-functions for
some Painlevé equations including (VI).

The fifth Painlevé equation normalized in the form

2

(y—1? BN vy yo+D
T (“y+_) X 20-0D

with &, 8, y € C has the critical points at x = 0 and x = co. Near x = 0 equation (V) admits
a two-parameter family of complex power solutions [16]. Applying WKB analysis to a lin-
ear system associated with (V) through isomonodromy deformation, Andreev and Kitaev [1]
derived asymptotic solutions near x = 0 and x = oo with connection formulas. Kaneko and
Ohyama [12] gave Taylor series solutions, and showed that the corresponding linear system
at x = 0 is solvable in terms of the hypergeometric function and that the monodromy may be

explicitly calculated. The solutions having logarithmic terms that follow from the results for

(V) in [10] are of inverse logarithmic types, which are asymptotic to ¢ log™2 x or ¢ log™! x and

contain summands of negative logarithmic powers. By the method of power geometry, Bruno
and Parusnikova [2] obtained formal series solutions of logarithmic types that have leading
terms, respectively, quadratic and linear in log x like those of the basic logarithmic solutions
of (VI); in the quadratic case the series apparently contains negative logarithmic powers.

In this paper we present convergent series representations for the logarithmic-type solu-
tions of (V) mentioned above, clarifying the structure of higher order terms. The quadratic-
logarithmic (respectively, linear-logarithmic) solutions are represented by convergent series
with multipliers admitting asymptotic expansions in descending powers of log x (respectively,
multipliers polynomial in log x), which are given in Theorem 2.1 (respectively, Theorems 2.2
and 2.3). It is conjectured that the asymptotic multipliers for the quadratic-logarithmic solu-
tions are also polynomials in log x (cf. Remark 2.1). This conjectured quadratic-logarithmic
solution is regarded as one of the counterparts of the basic logarithmic solutions of (VI). These
solutions of (VI), which are free of negative logarithmic powers, are obtained from matrix so-
lutions of the associated Schlesinger equation [17], while a parallel argument for (V) yields
solutions of inverse logarithmic types. For the possible basic nature as a logarithmic solu-
tion of (V), in Theorem 2.1 we describe a representation of the form derived rigorously from
(V) itself; and it is also a convincing clue to the conjecture above. As degenerate cases of
the linear-logarithmic solutions, we obtain families of Taylor series solutions in Remark 2.2
under a condition different from that in [12]. The linear-logarithmic solutions in Theorems
2.2 and 2.3 are constructed by iteration on a ring of exponential type series with polynomial
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multipliers in Sections 3 and 4. In the final section, considering a ring of exponential type
series with asymptotic multipliers, we prove Theorem 2.1.

2. Main results

Let D9 < C \ {0} be a given simply connected bounded domain such that
distance(Dy, {0}) > 0, and let &y and By be given positive numbers. Denote by X' (g, @) the
sector 0 < |x| < &, | argx| < g on the universal covering of C \ {0}.

THEOREM 2.1. Suppose that |a| + |B| + |y| + |y ~'| < Bo. Then (V) has a one-
parameter family of solutions {yquad(0, x) | p € Do} with the properties:

(1) yquad(p, x) is holomorphicin (p, x) € Dy x X (g9, ©), g0 = 9(Do, O, By) being
a sufficiently small positive number depending only on Dy, ®¢ and By;

(i1) Yquad(p, Xx) is expanded into a convergent series written in the form

o
yauaa(p, %) = 14+ Y 4" (pa(—log(px)) + pj; (= log(ox)) )
n=1
with (pn(s), p, (s)) such that, for each n,
(ii.a) pn(s) is given by
2

Y _
pl(s)z_as +2_a Pn(S) ijsj p?e@[a,ﬂ, Y,V 1]’

and that
(ii.b) p,; (s) is holomorphic in S(Ry, @0) and admits an asymptotic representation of the
form

[e¢)
pr )~y ptisTl plieQle By, v
j=1

as s — oo through S(Ry, @o), in particular, p; (s) = 0, where S(Ry, @0) is astrip Res >
Ry, |Ims| < @0 with the property that —log(px) € S(Ro, @o) holds for every (p,x) €
Do x X (g9, ®p).

REMARK 2.1. As a matter of fact p, (s) = p3(s) = 0, and pa(s) and p3(s) are
written in terms of ¢ (s) := p1(s) :

pa) =+ B+ 5 )97 + 20 + HGE )~ 279(5) ~ y6 () + 1

5 5 3
P& =(Cat+p?+Ja+ 25+ )¢(s>3 (3 + B+ Sa+38)s ()¢ ®)

(185 8

3
@+ 2+ ot D)oy
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(Rt P et B L)y 9 )

16 16

+ (5@t p+Jat ﬂ+<—( FB 4 D= DB+ 2)y)o)
5 2 ,3 2 15 1 2\ 4/

+(5@+p +“Z+(_( @t B+ e = b+ 5 )Y )9

2 15 1 23
(BB = D+ )y — 2+ By

As will be mentioned in Section 5.4, p,(s) + p, (s) (n > 2) are computed by solving linear
differential equations recursively. At least for n = 2, 3, the inhomogeneous part of each
equation has the form such that p, (s) = 0 may be derived. Even in finding p3(s) above and
in showing p; (s) = 0, Maple is used, and it seems difficult to check whether p, (s) = 0 or
not for all n by such a method. In view of the logarithmic solutions of (VI) (cf. [8], [17])
together with the fact p, (s) = 0 forn =1, 2, 3, we may conjecture that p, (s) = O for every

n > 1, thatis, yquad(p, x) = 14+ Y 02, x" py(—log(px)).

If y € Z, then there exists another class of logarithmic solutions. Let kg, koo, 6 and k be
parameters such that

Q1) a=«2/2, B=—k3/2, y=—0—1, k= (ko+6)*—«k2)/4,

which are coefficients of the Hamiltonian function associated with (V) given by Okamoto
[15].

THEOREM 2.2. Suppose that |ko| + |k| < Bo. If0 = N € Z, then (V) has a one-
parameter family of solutions {yl(i)r(lN) (p,x)| p € Do}, where yl(i)r(lN) (p, x) is holomorphic in
(0, x) € Dy x X (g, Op) for sufficiently small e; = &,(Do, @0, Bo, N) and is expanded into
a convergent series described as follows:

(1) if N =0, then

1 o0
e (p,x) =1—x—x (K log(px) — E(K — Ko + 1)) + Zx"P,?(log(px))
n=3
with P,?(s) € Qlko, k1[s] such that deg, P,?(s) <n-—1;
(i) if N = —1, then

ylll(l (p.x) =1 —xlog(px) + Zx P (log(px))
n=2

with Pn_l(s) € Qlko, k1[s] such that deg, P l(s) <n;

n
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(iii) if N < —2, then

IN|—1
W (o, x) =1+ > eax™ + civxM og(ox) + Z x"PY (log(px))
n=1 n=|N|+1

with ¢, c|n| € Qlxo, k] and P,fv (s) € Qlko, k1ls] such that deg, P,fv(s) <n-—|NJ|;
(v)if N > 1, then

Yin (o, x)—1+2cnx + Z x" P (log(px))
n=1 n=N+1

with ¢, € Q[ko, k] and PnN(s) € Qlko, k1[s] such that deg, PnN(s) <n-—N.
Furthermore we have

THEOREM 2.3. Suppose that |ko| + |kso| + 6] + |Ko_01| < Bop.

(D) If ko — koo = N € Z \ {0}, then (V) has a one-parameter family of solutions
{y;n(N)(,o x) | p € Do}, where yh_n(N)(,o x) is holomorphic in (p, x) € Dy x X(g;, ©) for
sufficiently small & = &;(Do, Oo, Bo, N) and is expanded into a convergent series of the
form

IN|—1
iV, x) = =+ 7 e + 1Vl (e log(px) + ¢y + Z x" P (log(px))
Koo
n=1 n=|N|+1
with c,, ¢|n|, C|/N\ € Qlko, Koo, 0, I(o_ol] and P,fv(s) € Qlko, ko, 6, Ko_ol][s] such that
deg, nyv(s) <n — |N| for |N| > 2 (respectively, < n for |N| = 1).

2) If ko + ko = N € Z \ {0}, then (V) has a one-parameter family of solutions
{ ylm(N) (p,x) | p € Do}, where the series expansion for ylm( )(p x) is given by replacing ko
with —ko in the representation for ylin )(,0, X).

REMARK 2.2. In each series expansion of Theorem 2.2 or 2.3, if the first logarithmic
term vanishes, then the solution belongs to a one-parameter family of Taylor series solutions

(cf. Remark 3.3). For example, if & = N = 0 and if k = 0, then there exists a one-parameter
family of solutions {y«(a, x) | a € C} with

1 o0
yula,x) = 1—x+ (a+ 30— x0))” + 2 Pra)x",
n=>:
where P (s) € Q[xo][s] and deg; P;f(s) <n — 1, and yhflo) (p, x) satisfies

(P, ) = a(0,0) =1 —x + = (1—/<0)x +ZP 0"
n=3
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REMARK 2.3. Gromak [3] found Bécklund transformations of the form
2vixy
Xy — Vookooy? + (Vookoo — VoK + V1X)y + Voko

y=1

where each v, (x =0, 1, 00) takes 1 or —1. Suitable composites of them make substitutions
of parameters including

(Koo, kK0, 0) > (Koo, ko —m, 60 +m) foranym € Z,
(Koo, K0, 0) > ((koo + K0 — 6)/2, (Koo + k0 +60)/2, kK0 — Keo) »
(Koo, K0, 0) > (K0 — Koo — 0)/2, (k0 — Koo + 0) /2, K0 + Koo)

[4, Theorem 39.9] (see also [15], [12, §3.1]). This fact together with [12, Theorem 3] suggests
that, any two solutions in {y)"" (0, x) | N € Z} U {y;: ™ (p,x) | N € Z\ {0}} are related
by some successive application of such Bécklund transformations, and the author believes
that every linear-logarithmic solution is derived from a seed solution, say yl(i)r(l_l)(,o, x). Since
there exist quadratic-logarithmic and inverse logarithmic types as well simultaneously with
a linear-logarithmic solution, to verify this correspondence it seems necessary to know the
resultant of the transformation to some extent. However it is not easy to check its form as in
Theorem 2.2 or 2.3 by a practical computation. Indeed even the substitution (kso, k0, 8) +>

(Koo, ko + 1,0 — 1) needs a three-step application of Bicklund transformations (cf. [4, p.
200]).

REMARK 2.4. For (VI) with 9 = 6; = 6, = 0 near x = 0 Guzzetti [7] derived an
inverse logarithmic solution y{?lverse(x) ~ —4(0so — 1)"2(log x + a)~? from
v (1) = —t(log(t/4) + cg) + O(t° log’ 1)
appearing in [13], which satisfies the third Painlevé equation
v =) v—v/t+v = 1/v (v =dv/dr).

This is equivalent to (V) with @ = 8 = y = 0 through the change of variables x = —4r,
y = (1 —v)2/(1 + v)2, so that vy (¢) corresponds to yﬁr(l_l)(—ecﬁ/m, x). On the other hand

y{?lv %€ (x) is related to the basic quadratic-logarithmic solution of (VI) by a symmetric trans-

formation [8].

3. Proof of Theorem 2.2

3.1. Ring of exponential type series with polynomial multipliers. Suppose that
|ko| + |x| < Bo, where By is the constant in Section 2. Let "ﬁ be the ring of formal series of
the form

00 2n
—nt J .
p=p@.n=> ™Y plil. tu:=t—a, pleQlko.«l,
n=1 j=0
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where a is a complex parameter. Let A9 C C be a given bounded domain, and let © be a
given positive number. In what follows we suppose that R = R(Ag, ®) > 8 is so large that,
for every a € Ao,

(3.1) ltal < 1€'7%, le7* <1/4 in S(R,O): Ret > R, [Imt| < O.

For ¢ € ‘:ﬁ with a € Ag written as above, define the norm of ¢ by

2n oo 2n

o0
loll = llpa. Ol = lell@) =Dl 1" Y 1P = "> " ptle™ "4,

n=1 j=0 n=1 j=0
and set, for each (ko, k),
PR, O) =P(Ao, R, 0) :={p € B | lell(t) < oo forevery r € S(R, ©)}.
Then we have

PROPOSITION 3.1. (1) Ifp € P(R, ®), then ¢ = ¢(a,t) is holomorphicin (a,t) €
Ap X S(R, ©) and satisfies |¢(a, t)| < ||lo|l(®).

2) llell =0 ifand only if ¢ = 0.

3) Let ¢, ¥ € B(R, O) and let ¢ € Qlxo, k]. Then ¢ + ¥, ¥, cp € P(R, O), and

le+ vl <llel+ 0¥, levll <lelllyl, leel < lclllell-

PROOF. Let Ko C Ap x S(R, ®) be a given compact set. Then we may choose t, €
S(R, ®) and §p > 0 in such a way that |e~"| < (1 — 8p)|e” ™| for every (a, t) € K. Suppose
thatp = Y 2%, e 23’;0 Pita € P(R, ©). Since [lp|(t+) < oo, we have |pj| < P e
if n is sufficiently large, and then, by (3.1),

e Pl < 1pille™ "I < e fe "I < (1 — 5o)"/?

for (a, t) € Ko, which implies the uniform convergence of ¢ on K. Thus the first assertion
is verified. The remaining ones are checked easily. O

PROPOSITION 3.2. Suppose that each ¢, € B(R, O) consists of summands forn > v,
and that Y 02| lgv|l < o0 in S(R, ©). Then o™ = > ¢, € P(R, @), and || <
>ovet llgull-

. 2 —nt,J 2 —nt i

PROOF. Write ¢, = Y02, 5%, pYe™15. Then Y02, 3702, >, ple ™1,

converges absolutely in Ag x S(R, ®), and hence it is possible to rearrange the summands.
Thus we have

oo 2n

n
=Y "> pe M, pi =Y p¥" € Qlko. k],
v=1

n=1 j=0

which satisfies ||| < 352, lgvll < coin S(R, ©) and 9> € P(R, O). O
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For (n, j) € N x (NU {0}) set

. i D) (kD) .
Tre )= ¢ (ta/+itaf 442070 k(] * )tg"+---+]—,),

n n n nJ
which induces the linear operator Z : ‘/ﬁ — ‘/ﬁ Note that the right-hand member is a primitive
function of e "¢ . If j < 2n, then, by (3.1),

[z = e |" XJJ jG =1 -’;ku — kD
=0

n

J
S |e—l|n|el/4|j szle—[/4|k S 2|e—t|n—j/4
k=0
in Ag X S(R, ®). Hence we have

LEMMA 3.3. Suppose that ¢ € P(R, ). Then
() Zlpl € B(R, ©), (D) [IZIp]ll < 2ll@ll, (D) (d/dD)Ile] = ¢.

LEMMA 3.4. Ifp € B(R, O), then, for each k € N
HMI[e Mgl e PR 0),  |MTleMol| <20l

Let ‘/ﬁo be the subring of "ﬁ consisting of formal series of the form

e¢]

n
Q= Ze_"t Zp;?taj, p;? € Qlko, 1.
j=0

n=1
LEMMA 3.5. Ifp € ‘1\30, then, for each k € NU{0}, X' T[e ¥ p] € Bo. If ¢ € Bo has
the formg =Y o2, e >0 p;ftc{, then e~ I[e' ¢] € Bo.
We write Bo(R, ©) := P(R, ©) NP, which is a subring of P(R, O).

3.2. System of equations equivalent to (V). Equation (V) is equivalent to the Hamil-
tonian system

(3.2) dy/dx = dHv/dz, dz/dx = —dHy/dy
with Hy = Hy(x, y, z) such that
XHy(x,y,2) = y(y — D*2% — (ko(y — D* +0y(y = D +xy)z+«(y — 1),

which was obtained by Okamoto [15], [14] from isomonodromy deformation of a second-
order linear differential equation, where o, k, 6 are parameters satisfying (2.1).
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REMARK 3.1. Kaneko and Ohyama [12] pointed out that another polynomial Hamil-
tonian system

3.3) dy/dx = 0H,/dw, dw/dx = —0H,/dy
with

2,2 1 2
*H(x, 3 w) = = 3O = D20 4 (30 + 61 + o) = 1)

0
+ (B0 + 60y (5 = 1)+ + (60 +61) Jw — 560 + 61 +boc)y

follows from isomonodromy deformation of a Schlesinger system by Jimbo and Miwa [11],
and that (3.2) is related to (3.3) by

1 1
Ko = 5(90—91 — 0s0), Koo=§(90_91+900), 0 =6p+0 -2

and
9+1+ X
y—1 (y—12%

Note that d(x Hy)/9z |x=0 and 9 (x Hy) /9y |x=0 simultaneously vanish at

w=-z+

o 6 F Koo
(34 (y.2) = (1,&/6), (i;‘_‘),_" ;ZZJF:F?:OI)( ))'

System (3.2) with x = ¢~ is written in the form
(3.5) y =0H/dz, 7 =-0H/dy
(y' = dy/dt) with
H:=—¢"Hy=—y(y — 1)’ + (oly — > +0y(y — D+ e "Mz —k(y—1).

We would like to construct a family of solutions of this system (for a general Briot-Bouquet
system see [9]).
Suppose that 0 = N € Z \ {0}. To write (3.5) around (y, z) = (1,«/0) = (1,k/N) put

y=1+y, z=«k/N+zZ.
Then
N} 2k 3 2K\ - —INg o 1)z
H=—(1+yyz ~|—(—Wy +<K0+N—W)y +(N+e)y+te )z

2

K™ .3 K (K
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leads us to the Hamiltonian system with
(36 H=hoe n+e 't +hpe P+ (N+e e+ Y hun'c,
3<k+I<5

where hy; € Qlko, «].
Suppose that |[N| > 2. The canonical transformation n = W /3¢, Z = aW/9Y with
W = W(t,Y, ¢) changes H to H — dW/dt. Using this fact, we may find

IN|—-1 IN|—1
n= Z che ™Y, = Z e+ Z
n=1 n=1

with ¢y, ¢}, € Q[xo, k] such that H becomes
e M hge™Y + e N hoi(e7)Z + e hao(e ™) Y?

+ (N e @Y Z+ e hoe™HZ2+ Y hule HY Z!
3<k+I<5

where ﬁkl(r) € QIko, «1[t]. Such a transformation is the composite of Y,,—; = c,e™™ + Y,
Zy_1 = C;le_m +Z,, Yo=n,7Zy=2¢, Y\N|_1 =Y, Z\N|_1 =Zforl <n <|N|—1,each
of which reduces the coefficients of linear terms to O (¢ ~"*+1"). Consequently we obtain

Y =e ™o + (N + e "hyi(e™)Y
+ethie™Z + Z D) VA
2<k+I1<4
Z' =—eWlge™) — (N + e " hii(e™)Z
+ e higle™Y + Z R (e hHykz!,
2<k+I<4
where 1, (1), ﬁ,’;l(t) € Q[ko, ]1[r]. By ¥ = eIty | Z = ¢7INI' Z this is changed into
Y' =hoi(e™") + (N + [N| + e "hy(e 7)Y
te'hy e Z+ Y e WHEDINI (YR Z!
2<k+I<4
Z' =—hipe™) = (N —IN|+e"hii(e™)Z
+e—thT0(e—t)Y + Z e—(k+l—1)|N‘tﬁ;{kl(e—t)YkZl .
2<k+l<4
Put
Y = hot(O)ta +u, Z=hio(0)/QIN)+v  if N <=2,

Y = —ho1(0)/2N) +u, Z=—hio(O)ta+v ifN>2.
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Observing that (k+1—1)|N|—(k+1) > 2(k+1—-1)—(k+1]) > k+1—-2>0ifk+1 > 2,
we have

PROPOSITION 3.6. (1) If N < —2, then, by a transformation (y, z) +— (u, v) such
that

IN|—1
y=1+ Z cpe M — C|N\e_|N‘tta + e NIty
n=1

with ¢, € Qlko, ], system (3.5) is taken into

u' = qoo(t) + Z qu ('’
1<k+i<4

V' =gi@® 2N+ Y gi@ouf!
1<k+I<4

3.7

with qi (1), q5;(t) € Po(R, O) for any positive numbers R, ©.
(2) If N = 2, then, by a transformation (y, z) — (u, v) such that

N
y=1 +che_"’ +e Ny

n=1
with ¢, € Qlko, k], system (3.5) is taken into

W' =qoo(t) +2Nu+ Y quu,
I<k+i<4

v =gl + Z a5 uky!
1<k+I<4

(3.8)

with g (1), q;(t) € Po(R, O) for any positive numbers R, ©.
REMARK 3.2. Obviously gx;(f) and g;;(¢) are polynomials in " and .

In case |[N| = 1 we have

PROPOSITION 3.7. (1) If N = —1, then, by a transformation (y, z) — (u, v) such
that

y=1+et,+eu,
system (3.5) is taken into

W=qo®+ Y qunuy,
I<k+I<4

v = ggo() +2v + Z a8 uky!
1 <k+l<4

(3.9)
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with qu (1), g5 (t) € P(R, O) such that e* =V gy (1), eFH=Digk (1) € Po(R, O) for any
positive numbers R, ©.
(2) If N = 1, then, by a transformation (y, z) +— (u, v) such that
y=1—-e"/24+¢"u,
system (3.5) is taken into

u' = qoo(t) +2u + Z i (kv
1<k-+i<4

V=gl + Y ghouy!
1<k+i<4

(3.10)

with qr (1), q,i‘l (1) € Po(R, O) for any positive numbers R, ©.

PROOF. Incase |N| = 1, the system corresponding to (3.6) is
@D+
2

¢'=—hoe™ = (N+e ) —2hpe n+ Y

N =e '+ (N+e I+ hin'c,

D=z k.1
@) hklﬂ ¢,
where hj, ﬁzl € Qlko, «] and the summation ZS;JF (respectively, Zgi_) is over (k,1)
satisfying2 < k+1 <4,1 <1,k >1+1 (respectively,2 < k+1 <4,1 <2,k >1—1). We
putn =e 'Y, ¢ = e~!Z to obtain

@+
;. —t % —(k+H—1Dtyk 1
Y =1+(N+1+e )Y~|—§(2) h¥e Ykz!,

@— -
[ _ _ —t _ —t % —(k+l—Dty kI
Z' =—hio— (N—14e")Z —2hye 'Y + E ) hye Y*z'.

IfN =1, weputY = —1/2+u, Z = —hyots + v. Observing that, in 3°(3) . (k +1 —
)—l=k—-—1>1—-2=0ifl=2andthat(k+[/—-1)—1>1—-1=0if] = 1, we have
the assertion (2).

If N =—1,weputY =t,+u, Z = hyo/2 + v. It is easy to see that g (1), g;;(t) €

B(R, ®). Note that

e—(k+l—l)l(ta + l/l)k(hl()/z + U)l — ch’l’e_(k+l_l)tt§_k Mk vl
kU

forO <k <k, ' <Il.Sincek+1!—-1—((k—-k)=kK+1—-1>k'+1 —1, we have
e®KH'=Dtg (1), e("/”/‘l)’q;l, (t) € Po, which implies the assertion (1). O

Suppose that & = 0. Then the Hamiltonian of (3.5) is

H=—y -1+ ko -1 +e"z—«y—1),
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which is written in the form
H =~ + Dy’ + oi* + e (5 + D)z — &7
with y = y — 1. The corresponding system is
Fo=e T +e '+ —2(1+ 55z,
=k —e'z— 205z + 2+ 3572
Substitution of § = e~ 'Y yields
Y =1+ +e Y +kpe Y2 —2e7 Y2 — 27 2Y3;,
=k —elz—2K0e Y7+ 27 Y2+ 372y
WeputY = —1+u, z = kt, + v to obtain
PROPOSITION 3.8. If N =0, then, by a transformation (y, z) — (u, v) such that
y:l—e_t—i—e_’u,
system (3.5) is taken into
Gl u' = qoo(t) +u+ Qo(t,u) + Q1 (t, u)v,
V' = qo(®) + afou + g3 (u? + O, wv + 05, w)v?
with

3
Qot,u) =Y qrouf,  01(t,u) = =2 (- 1> +e " u—1),
k=1

Qi (t,u) = g5y (1) + ¢, (Ou + g3, (O, Q5(t,u) =" (=12 +3e™ (u—1)),

where, for any R, ©® > 0, the coefficients qi(t), q;;(t) have the properties:

@) q50(0)s g7, (®) € B(R, @) and e~ (1), e 7' q{((1) € Po(R, O);

(i) g1 (t) € Po(R, O), in particular, goo(t) = e (ko — 1 — 2kty) + 2ke > 1,;

(iii) gz, (t) € Po(R, O) for every (k,1) # (0,0), (1, 0).

3.3. Proof of Theorem 2.2 in the case where N > 1 or N < —2. For a given
positive number By suppose that |ko| 4+ || < Bp. For a given bounded domain Ag C C and

for a given positive number ®p, let R = R(Agp, @) be a positive number as in Section 3.2.
Suppose that N > 2, and write (3.8) in the form

u =2Nu+W(t,u,v), VvV =W (t,u,v)
with

W(t,u, ) = qoo(t) + (e, u,v),  Mtuv)= Y quduty',
L<k+<4
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Wi(t, u, v) = qoo(t) + I (t,u,v),  I(t,u,v) = Z aiy (v’
1<k+i<4

If (u, v) = (u(a, 1), v(a, 1)) € Po(R, Op)? satisfies the system of formal integral equations
(3.12) u=eMTe MUt u,v)], v=TI[W(,u,v)],

then, by Lemmas 3.3 and 3.4, it solves (3.8). In what follows we construct such a solution of
(3.12). We may define the sequence {(u,(a, 1), v,(a, 1)) | v > 0} C Po(R, Op)? by

uog(a,t) =0, voa,t)=0,
osr(a, 1) = NI [e—“”lp(t, u,(a.n, vv(a,t))] ,
Ul)+1(av t) = I[ll/*(l, ul)(av t)v Uv(as t))] .

By Remark 3.2, llgill, llgj;ll = O(le~"/?]) uniformly in (a, o, k) such thata € Ao, |kol| +
|k| < Bp. Noting this fact we have

LEMMA 3.9. There exist a positive number Ly and a sufficiently large positive number
Ro = Ro(Ao, ®9, By) such that
@) llgooll. llggyll < Lole™"/?| in S(Ro, @), and that

(ii) for any (u, ii, v, B) € Po(Ro, @p)*
(2, u,v) — T1(z, i, D)|| < Lole™?|(lu — il + llv — 3])),

[T (t, u, v) — (2, i, D) < Lole™?|(lu — ii|| + [lv — )
in S(Ro, ©) as long as |lull, lil, [vll, I7] < 1.
Then, by Lemmas 3.3, 3.4 and 3.9, in S(Ryp, ®p)

lrll = |22 [V qo0(0) || = 2lavol = 2Lole™/2,

lorll = | Z[gdo® ]| < 2llggoll < 2Lole™",
and, forv > 1,
ity = ol = [T [N, w0, 00) = 1T s, v ]|
<2t uy, vy) = T (t, uy—1, vy
<2Lole™ 2| (luy — up—1ll + vy — vyill)
lvps1 = voll <2Lole™| (luy — up—1ll + vy — vo1l))
aslongas [luj|l, lvjll < 1forevery j < v. These inequalities yield
vt = ol 4 llvwr = voll <4Lole™"| (luy — up—1ll + vy — vo—1l))

<... < @Lole )" (lurll + llvill) < (4Lole™"/2) T,
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which implies

¢ 4Lole™"/?|
vl + vl < ]Zoumjﬂ —ujll g = vil) < g7

Hence, choosing Ry again, if necessary, in such a way that 4L0|e_’/2| < 1/3in S(Ro, ®p),
we have, forevery v > 1,

Iy = wull + ovp1 — ol < @GLole™ 2"+ <3771,
ol + llos || < 6Lole™/?| < 1/2
in S(Ro, ®p). By Proposition 3.2, (4, Voo) = limy_co(uy, vy) € Po(Ro, @0)2, which
satisfies (3.12).
For a given bounded domain Dy as in Section 2, we may choose A in such a way that

a = logp € Ap for every p € Dgy. Let 56 be such that ¢t € S(Rp, ®p) holds for every
x = e~ € X(g, Op). By Proposition 3.6, (2),

N
y=1+ chx” +xNuoo(10gP, —logx)

n=1

is the desired solution of (V) when N > 2.
In the case where N = 1 or N < —2, we may construct the solution as in Theorem 2.2
by using Proposition 3.7 or 3.6.

3.4. Proof of Theorem 2.2 in the case where N = —1 or 0. Suppose that N = —1.
Write (3.9) in the form

W =Wt u,v), V=24V u v
with

U (t,u,v) = Z guOutt, Wt u,v) = Z q,fl(t)ukvl.

0<k-+i1<4 0<k+i<4
Defining the sequence {(u,(a, 1), v, (a, 1)) | v > 0} C P(R, Op)? by
up(a,t) =0, wvo(a,t) =0,
uvyi(a, 1) =L (1, uv(a, 1), v(a, )],
war@, ) = M T [, a, ), vola, )]
we may construct, for some Ry > 0, the solution (Ueo, Vo) = limy_oo(uy,vy) €

PB(Ro, Op)? of (3.9) by the same argument as in Section 3.3. Write the system of recursive
relations above in the form

e upri(a, ) = e T[Tt e uy(a, 1), e " vu(a, )],
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e opi(a, ) = ' T[e " W(t, e "up(a, 1), e vy (a, 1)]

i)=Yy Vgt Gaaty = Y SV gE @k
0<k+i<4 0<k+i<4

Observing e+ =Dig, (1), e®H=Digx (1) € Po(Ro, Op), and using Lemma 3.5, we may

inductively show that e "u,, e v, € Py for every v. This implies e ‘ux € Po(Ro, Op),
which yields the solution of (V) as in Theorem 2.2, (ii).
If N = 0, define the sequence {(u,(a, t), vy(a,t))|v > 0} C P(R, ©p)? by

uola,t) =0, vola,t) =0,
upyi(a, 1) =e'I[e™R2(t,uya, 1), v, (a,1)],
Vi@, 1) =T [82:(t, uv(a, 1), vv(a, 0],
where £2(¢, u, v) +u and £2.(¢, u, v) are the right-hand members of (3.11) in Proposition 3.8.
Then (100, Voo) := limy_s o0 (ity, V) € P(Ro, )2 solves (3.11). Writing
uyri(a,t) =e'T [e_tﬁ(t, uy(a, 1), e "vy(a, )],
e_tvUH(a, H=e¢'T [etﬁ*(t, uy(a,r), e vy (a, t))]
with
Q(t,u, D) = qoo(®) + Qo(t,u) — 2(u — 1> (1 + ¢~ (u — 1))D,
2u(t,u, D) = e qlo(t) + e qfy(Ou + e g3 (D
+ QT (D + (u— D2+ 3™ (- 1)D°,

and using Lemma 3.5, we have u,, e v, € o for every v, and hence us € Bo(Ro, Op).
Since

1 2
wi(a, ) = ' Tle ™" qoo(r)] = e~ (ma + 5k ko +1) = See Gt + 1)) ,

we obtain the solution of (V) as in Theorem 2.2, (i).

REMARK 3.3. In the proof of Theorem 2.2 above, if the coefficients of 7, vanish, then
logarithmic terms do not appear. For example, in the process of deriving Proposition 3.6, if
N < —2and if ko1 (0) = 0, we put Y = a + u instead of | (0)t, + u, and the corresponding
transformation is

IN|—1
y=1+ Z cne " 4 ae NI 4 o INIy,

n=1
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In deriving Proposition 3.8, if N = 0 and if k = 0, we put z = a + v. Then we have ggo(¢) =
(ko—1—2a)e " +2ae > andui(a, 1) = e'Zle " qoo(t)] = (a+ (1 —k0)/2)e™ —(2a/3)e 2.
In these degenerate cases we obtain families of Taylor series solutions as in Remark 2.2.

4. Proof of Theorem 2.3

Around the point (y, z) = (0, 20) := (K0/Koo> —Koo (K0 — Koo +8)/(2(keo — Kk0))) given
by (3.4), let us consider (3.2). Note that

2 2 2
(a (xHvy)/dydz  9*(xHvy)/dz )(yo’ 20) ‘ = < hit  ho )

—02(xHy)/dy*> —3*(xHy)/dydz —~hao  —hn
20 (k0 +6) — 20 + Koo 268 (kg — Ko0)?
-3 (Koo + Kffffoo) (Ko — 2K00 + ,(09_'(,?00) — > (ko +6) + 2Kk — Koo

—t

whose eigenvalues are (k¢ — koo). Then putting x = e~" and

y=y\ _ ho2 ho2 y
Z—20 Koo — ko —hi1 ko —keo —h11) \2)’
we obtain the Hamiltonian

H = hioe™"' 5+ hote ™'z + haoe ™' 5% + (ko — koo + 116757 + hoze "2 + Z hi 57
3<k+I<5

with 7y € Qko, Koo, 0, kKL, (ko — koo) '] instead of (3.6). If kg — koo = N = %1, then,

this Hamiltonian system is reduced to a system whose coefficients have the same properties

as of (3.9). Observing the proofs of Propositions 3.6 and 3.7, by the same arguments as in the

proofs of Theorem 2.2 for [N| > 2 and for N = —1, we can verify the assertion (1), from

which the second half of the theorem immediately follows.

5. Proof of Theorem 2.1

5.1. Ring of exponential type series with asymptotic multipliers. Let By, ® and R
be given positive numbers, and let Ag C C be a given bounded domain. In what follows, let
R = R(Ay, ﬁ, ®) > 8 and 6=06 (Ag, ®) > O denote sufficiently large positive numbers
suchthatz, :=t—a € S(ﬁ, @) and |t,| < |e'/*] hold forevery (a,t) € Agx S(R, ®©), where
S(R, ®) is the strip Ret > R, |Im?| < @, and suppose that || + || + |y | + ly~! < Bo.
Let ﬁ(ﬁ , @) be the ring of formal series of the form

¢ =¢a,1) = Ze "13" o (1)
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with a complex parameter a, where, for each n, ¢,(s) is holomorphicin s € § (§ , @) and
admits the asymptotic expansion

o0
on(s) ~ Y @i, ¢ € Qla, By, v ']
=0
as s — oo through S(if, @). For ¢ € ﬁ(ﬁ, @) as above, define

loll = lloa, 0l = llell) ==Y M(ga)le™ "

n=1
with

M) = sup_ lgu(s)|
seS(R,0)

and set, for each (a, B, ¥),
AR, ©) = {p(a,1) € AR, O) | |¢li(r) < oo forevery t € S(R, ©)}.

EXAMPLE 5.1. For a given bounded domain Ag and for given positive numbers &
and ﬁ, choose R > 1 such that R < lta] < |e/*| for every (a,t) € Ap x S(R, ®).
If |go;?| < MO(I’?\/Z)j for every (n, j) satisfying n > 1, j > 0, where My is a positive
number, then, for each n, ¢,(s) = Z?io (p;.’s_j converges for |s| > ﬁ, and |@,(s)| <
>0 Mo(R/2)/|s|™/ < 2My. Then @(a,1) = Y50, e 129, (1) € AR, O), since
lll(r) = 2Mo 3752 1 le™'1"/? < oo in S(R, ©).

PROPOSITION 5.1. (1) Ifp € A(R, ®), then ¢ = @¢(a,t) is holomorphicin (a,t) €
Ag X S(R, ©) and satisfies |¢(a, t)| < o).

2) llell =0 ifand only if ¢ = 0.

(3) Let ¢, ¥ € A(R, ©) and let c € Qla, B, y, y~'). Then ¢ + ¥, o, cp € AR, O),
and

e+l < llell + 1l llewl < lellivl,  leell < el el

Furthermore, for each («, B,y), if f(s) = Z?io fjs_j with f; € Qla, B, v, )/_1] con-
verges for |s| > R, then f(1.)¢ € A(R, ©) and || f (ta)¢] < M()llgll.

PROOF. Let Ko C Ap x S(R, ®) be a given compact set. There exist t, € S(R, ®)
and 8p > 0 such that [e™"| < (1 — 8g)|e "] in Ky. Since ||¢|/(tx) < oo, we have M (¢,) <
le™"|~"/2 if n is sufficiently large, and hence

le ™ 12" 0 (1a)| < M (@n)le ™ M2 < e fe™ M2 < (1 — 8p)"/?

in Ko. This implies that ¢(a, t) converges uniformly on every compact set contained in Ag x
S(R, ®) and satisfies |¢(a, t)| < ||¢]||(¢). Thus the first assertion is verified. d
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PROPOSITION 5.2. Suppose that each ¢, € JA(R, ®) consists of summands forn > v,
and that )52 | llgull < oo in S(R, ©). Then 9> = Y2 ¢, € AR, O), and ||| <

Yool llgwll.

Furthermore we have

LEMMA 5.3. Let

flatun, ... oup) =Y fia, u! Ul k= (ki k) € (NU{ODP\ {0
k

be such that, for each («, B, y),

(i) fila,1) € A(R, ©) (respectively, fla,1) = filta) with fils) = 3520 ffs ™,
f;‘ € Qla, 8, v, 7/_1] convergent for |s| > ﬁ), and that

@) | fxll(®) < My in S(R, ®) (respectively, M (fx) < My), where My is some positive
number independent of k.

If o1,...,0p € AR, O) satisfy llgi1ll < 1,...,0lepll < 1 in S(R,®), then
fla,t,o1,...,0p) € UR, O), and

1@t on, .ol < DI ficl el - llgpll*r
k
(respectively, =" M lorl - gyl ).
k

LEMMA 5.4. Let m be a given integer, and suppose that R > 2(lm| + 2). For each
n>1,

|enss—2n—m|/ |e—naa2n+m||d0|§2 /1+@2
I'(s)

forevery s € S(k\, @), where I'(s) is a horizontal line starting from s and tending to oo on
which Reo > Res, Imo = Ims for every o € I'(s).

PROOF. Sete® = "@g 20—, namelyﬁ =no — (2n +m) logf. For o € I'(s) write
6=r+ix,o=£&+iu, where§ > Res > R > 2(Im| +2), |u| < ©. From
r4ix =nE+ip) — (2n+m)(log/£2 + pu? + i arctan(u/£))
we derive
r=r() =n§ — (n+m/2)log(§” + 1),
x = x(&) =nu — (2n + m) arctan(u /€)

and

‘d_x x/dg‘:‘ 2n+m)up
dr

d
‘ - ‘ dr/dg n(2 + p2) — 2Qn +m)k
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Q2+ mhu Il .
~ g2 - (2~|—|m|)§‘ = 22 + m)) <|ul=0,

since £ > R > 2(|m| + 2). This implies |d6| = /dr2 +dx? = 1+ (dx/dr)?|dr| <
V1 + ©2|dr|, which yields

dé dé —
ldo| = 49| < 9ol 15 B2ar.
[n—Q@n+m)/o| ~ n|l = Q2+ |m|)/R|

Since

dr 2n +m)é& . 2n + |m| - 2n + |m|

—=n—-——>n—-——2>n———->0,
d§ E2+n? £ 2(m| +4

I' (s) is mapped to a path joining r(Re s) to oo along which » = Re ¢ is monotone. Hence

ns —2n—m 400
/ o —\Ida|s/ 20 ®ReD /14 B2dr <271+ 62,
I (s) r(Res)

eNo g —2n—m
which implies the lemma. O

Using this lemma, we have

LEMMA 5.5. Letm, R and I'(-) be as in Lemma 5.4. If p(a,t) € A(R, O), then

ta_m/ ¢(a, t)dt € A(R, O©),
@)

<2V1 4602 ||g||(1),

ta_m/ '¢(a, 7)dt
ra

where t, == 1 —a.

PROOF. Set

In,m,k(s) — enss—Zn—m/ e—nUO_2n+m—k do .
I (s)

For any positive integer v, we have

5.1 Limo(s) = enss—2n—m <inss2n+m + 2n +m / e_mro'z""'m_ld(j)
n n I'(s)
I 2n+m 1 2n+m _
=—+ Lim1(s) = —+ s m—1.0(s)
n n n
_ I 2n+4+m _,;
T n n?

@utm) oy Ly Cntm) e

—v—1
v+l $ v+l s Lym—v—1,005)
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with (¢)—, (= c(c —1)---(c — v + 1). Here, by Lemma 5.4, I,, ,—,—1,0(s) = O(1) in
S(ﬁ, @). Write ¢(a, t) € A(R, ®) in the form ¢(a, t) = Z;’;l e‘”’t,f”gon(ta) with ¢, (s) ~
Z?io (p;?s_j as s — oo through S(ﬁ, @). Then, observing I, p k() = s_kl,,,m_k,o(s), and
using (5.1) and Lemma 5.4, we have

o

By (s) = s / e "0 Mgy (0)do ~ Y @5 o e Qla By v
I'(s) P
j=0

as s — oo through S(R, ©). We substitute (s, o) = (t4, 7o) with (a, 1) € Ag x S(R, ©) and
1, € I'(t,) to obtain the formal series

o0
d(a,t):=t" / ™o(a, t)dt = Zta_m/ e T2 Mg, (1,) dT
) = Jro

o0
=) e 2P, (ta) € AR, O) .
n=1

By Lemma 5.4,

M(®Pn) = sup [Pn(s)| = sup
seS(R,0) seS(R,0)

enss—Zn—m/ e—n002n+m¢n(0) do
I'(s)

< sup |eMsTHTM f e~ o214 M (@) |do| < 2v/1 4+ O M(g,),
seS(R,0) r(s)

which implies
o0 o0
1P1(6) =Y M@l " <21+ 02 M(ga)le™ "> =2V1 + 02 |l (1)
n=1 n=1

and @ (a, t) € A(R, ©). This completes the proof.

5.2. System of integral equations. By the change of variables x = ¢™/, y = 1 +
e~'z, equation (V) is taken into

N2
1
& SV
Z
_ (z' —2)? _ 3 ez
— t 1 t 2 _ - .
€ <2(1+e"z)+(a( teDt 1—i—e—’z)Z trz 2 2

Suppose that y # 0. The associated truncated equation

7)? 1
z"—( ) —y+2=0
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admits a solution of the form

O - N e
e=¢=d =3ty =i-a
with a € Ag, which satisfies
(5.2) @)Y =1-2y¢, ¢ =—y.
Putting z = ¢ + w, we have
" z;dw/ . Z_Vw _ —2yw2 —2¢'ww’ + ¢(w/)2
¢ o o @+ w)
(@ =+ —w)? e B 2
+e (2(1+e—’(¢+w)) +<a(1+e (¢ +w)) + 1~|—e—f(¢+w))(¢+w)
3 et
+y(@+w)— 5_7(¢+w)>’
which is written in the form
(5.3) w” — 2#f)u/— %/w =G, t,w,w),
where
Ga,t,w,w) :=ga, t)+ga t,w w)+ g a,t,w,w),
o @ =9 - B > 3 e—’¢>
gola,t) =e (72(1+e_t¢)+<a(l+e ¢)+7l+e_t¢)¢ tré—3 )
, d(w)? —2¢'ww’ — 2y w?
gla,t,w,w’) = ,
d(@+w)

@ —p+uw —w? (¢ -9
21 +e @ +w) 21 +e'9)

+a(l+ e (g +w)@ + w)? —a(l + e )¢
B¢+ w)? po* e_tw>

g, t,w,w') = e"(

te@tw 1+eig 7TV 3

If le7'p (1), lw/¢(ts)| < 1 and if |z,| is sufficiently large, then go(a, ) and g(a, t, w, w’)
are expanded into the convergent series

o o0
(4 gwan=65Y "), gt =Y ¢\t
n=1 Jj=0

o
(.5 glatww) =1 Y gl w e w) gt = gta”
k+1>2 Jj=0
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1. In particular,

with g% € Qla, By, ¥, ¢f € Qly. ¥~
tagy () = (@' — )°/2+ (@ + B)$” + v —3/2,
129500 = — (@' = 9%/2 = @ = P> +1/2) ¢,
2200 = (D™ (@ = @)%/2+ p9%) ¢" forn =3.
Note that

U@ dp'dp e 'p. ¢ w, 7 W)
(I+e'p+e'¢p-dp~w)(l+eg)’
where U (X1, X2; Y, W1, W3) is a polynomial such that

g a, t,w,w') =

U(X1, X2;0, W, W) =0, U(X1,X2;Y,0,00)=0.
If e "¢ (t,)| + le "w| < 1, and if |z,] is sufficiently large, then
(5.6) g a.tww) =1 > ghla. 0w w)
k+i>1

with

o0
gita,ty =Y e "2 gM 1),  gtl(t.) = Z g7 "
n=1
such that g;‘kl” € Qla, B, v, y‘l]. Let By and A be as in Section 5.1, and let R > 10. In

what follows we may suppose the following, in which R’ = R'(Ag, By) > Risa sufficiently
large positive number:
@A) |ta] > R and |e"t§| < 1/2 for every (a, t) satisfying |t| > R', a € Ag;
—1,2 —1
tZ,s

(ii) as power series in (e LU, D)

oo o o0 o o0
SR s Y s, Y Y Y g
n=1 j=0 k+1>2 j=0 k+>1n=1 j=0
converge for |e"t3| < 1/2, |s| > R, lu| < 1, |[v| < 1 absolutely and uniformly in (o, 8, y)
satisfying |o| + || + [y| + Iy ~'| < Bo.
For the linear equation

(5.7) w”—z;#w’—z—ywzo,
¢ ¢

using (5.2), we have

LEMMA 5.6. Equation (5.7) has linearly independent solutions given by

Ui(ta) =4y 2> + 8y — 8y ™4 Yn(ta) == —y ¢,
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and the corresponding Wronskian is Yy, (t3) := —12y ~2¢>.

A solution of the system of integral equations

_ / V1 (ta) Y2 (ta) — Y1(ta) Y2 (ta)
w(a,t) =
() Yrw(Ta)

Y1 (ta)¥2(ta) — Y1 (Ta) Y5 (ta)
@) Yw(Ta)

G(a,t,w(a, 1), w'(a,1))dr,

(5.8)

w'(a,t) = G(a,t,w(a, 1), w(a,1))dr
solves (5.3), where I"(¢) is a horizontal line starting from ¢ and tending to co on which Re 7 >
Ret, Imt = Im¢. We may suppose that R=R (Bo) > 10 has been given in advance in such
a way that the series

Vi) _ L e~ W) s b o
Yoo 3+j211/’fs b e " <3+;W 7).

i) =s (143 0)s7). el =s
j=1

with W}, w}, &Jl € Qly, y‘l] converge for |s| > ﬁuniformly in y satisfying |y | + |y‘1| <
By, and that |1 (s)/Yw ()], [s3¥2()/Yw ()], [s~*¥1(s)], s> (s)| are bounded. Write
(5.8) in the form

Y2 (ta)
Yw(ta)

w(a,t) = 1//()(ta)t31|: G(a,t,w(a,t), w'(a, t))i|

—t,T []IZ;((Z))G(a twia, 1), w'(a, t))i| ,
w'(a, 1) = Jolt)i T [Zi((tt)) Ga,t, w(a, 1), w'(a, t)):|
- I[:Z;((Z))G(a, 1 w(a, 1), w'(a, t)):|
with
Yo(s) :=s"Wi(s),  Yols) :==sTY((s), ZLf(D)] = o f(mdr.

Then u(a, t) = t;>w(a, t) and v(a, t) = t;>w'(a, t) satisfy
u(a, 1) = Yo T |17 Fula, t,uta, 1), v(a, 1) |
' T[2F @ 1w, v )] |

va, 1) = ﬁo(ta)taz[glF*(a, t.u(a, 1), v(a, t))]
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1T [tgF(a, f.u(a, 1), va, t))]

with
Fla.t.u,v) = :Z;((tt)) 72G(a, 1, 2u, 12v),
F L Y2 (ta) -1
) = TR G o) = (1 ) Pl )

Here the series
o0 o0 o0
(59 Yo@ =1+Y ylsT Yol =4+Y Yl Yul) =) yis
j=1 j=1 j=
with W?» 1}?, ¥ e Qly, y 11 converge for |s| > R uniformly in y satisfying |y| + |y ~!| <
By. Thus the system above is written in the form

u@,0) = Yot T [ + 17200 F . t.uta, 1, v(a, 1) |

_ ta—lz [tgF(a, t,u(a,t), v(a, t))] ,
(5.10)
v(a,t) = &0(%)&;1[(&1—1 + ta_zilf*(ta))F(a, t,u(a,t),v(a, t))]

12T [th(a,t,u(a,t),v(a,t))] .
Conversely, for the solution (u(a, t), v(a, t)) of this system, w(a, t) = t2u(a, t) solves (5.8).
Furthermore, by (5.4), (5.5) and (5.6), we have
LEMMA 5.7. The function F(a,t, u, v) is written in the form
F(a,t,u,v) = fola,t) + f(a,t,u,v) + f*(a,t, u,v)
with fo(a,t), f(a,t,u,v)and f*(a,t,u, v) given by

e9]

fota, 1) = Ze_mtgnfno(ta)v fno(s) = ijpns_j )

n=1 Jj=0

flatuv)y= 3" fatu'y',  fu) =Y s/,

k+1>2

fHatu)y = Y7 i nut, e n =Y e 4 @)

k+I1>1

*kl(s) Zf*kln —]
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Here the coefficients O, f¥, f]?kkl" € Qla, B, y, y ' are such that

00 () 00 00 00
Z(e—ttg)n Zf/Qns—j’ Z Zf/{ds_jukvl, Z Z(e—ttg)n Zf;(klns_jukvl
n=1 j=0

k+1>2 j=0 k+i>1n=1 j=0

-1

as power series in (e_ttaz,s , U, v) converge for Ie_’t3| <1/2,|s| > R, lul < 1, |v] < 1

absolutely and uniformly in (o, B, y) satisfying || + 18] + |y| + |y ~'| < Bo, and that the
sums of the absolute values of summands are uniformly bounded.

This lemma implies fo(a, 1), f5(a, 1) € A(R', @) for any ®' > 0.

5.3. Construction of a solution of (5.10). In addition to By, Ag and ﬁ, let ® be
a given positive number. Then choose R = R(Ay, 1’2\, ®) > R > R > 10 and 6 =
@(Ao, ©®) > O as in Section 5.1. Let us define {(u, (a, 1), v,(a, 1)) |v > 0} C A(R, @) by

up(a,t) =0, wvo(a,t) =0,
w1 (@) = Yol T[5! + 1729 () Fa, 1w (@, 1), vy (@, 1) |
.11) —t;lz[th(a,t,uv(a,t),vv(a,z))] ,
vt (@, 1) = Yot T (1" + 17292 Fa, 1, 1a(a, 1), v, 1) |
T [th(a, £ un(a, 1), vo(a, t))] :

By Lemmas 5.3 and 5.7 this procedure is possible as long as ||u,(a, t)||, ||lvu(a, )| < 1.
Indeed, under the supposition u, (a, t), v,(a,t) € A(R, ®), integrating by parts and using
lwy(a, D, llvw(a, 1) = O(le™*|'/?) as t — oo along I'(r), we have

tjz[ta—lF(a, 1 uv(a, 1), vy (a, t))] - z;lz[th(a, 1, uv(a, 1), vy (a, z))]
=2 T [1; Fla, 1,0, vua, 1) |
— i (BT P @, v )|
s [3z§1 [ta_lF(a, touy(a. 1), vy(a, t))]])
=3 Z[ta 1|17 Fla, a0, v @ ) ||

and hence the first relation in (5.11) is

(5.12) Uyi1(a, t) = 3t;11[ta 1,1 [ta_lF(a, fuy(a, 1), vy(a, t))]]
+ (olta) — DI2T [t;lF(a, fuy(a, 1), vy(a, t))]

+ Y02 T [ ) Fas (@, 1), via, )]
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Then we derive (uy+1(a,t), vyyi(a,t)) € AR, @)2 by using Lemma 5.5 with [m| = 2,
which is applicable since R > 10.
By Lemma 5.7, if |u|, |u], |v|, |v] < 1, then

f(aataua v) - f(aataﬁa i}) = hl(aatauaﬂa v, ij)(“ _ﬁ) +h2(aatauaﬁa v, i})(v - 5)5

f*(a,t,l/l, U) - f*(aat5ﬁa i}) = hT(aatal/hﬁa v, i})(u - ’/7) +h§(aatauaﬁ5 v, ij)(v - ﬁ)

with
~ ~ ~L 1~
h(a,t,u,it,v,0) = Z higy (@, Hukak ot
k+k'+14+1'>1
~ ~ ~ 1~
hf(a,t,u,ii,v,0) = Z hnp(a, Hukias o'y
k+k'+14+1'>0

(t =1, 2), where h;{k,”, (a, t) (respectively, hzjc,”, (a, t)) are polynomials in fy»»(t,) (respec-
tively, f;,,(a, 1)), in particular h} o (a, 1) = fii(a, 1), hi3o(a. 1) = f5i(a,1) € AR, O).
Hence, by Lemma 5.3, for u, i, v, v € >A(R, ®) such that |ju], ||z, ||v], V] < 1/2,

(5.13) |F(a,t,u,v) — F(a,t,u,v)|
< Lo(le™" "2+ flull + 1]l + [lvll + 151w — @]l + flv — 3]).,
where L is some positive number. Since F(a, t, 0, 0) € A(R, ®), by Lemma 5.5
lur(a, Ol + vi(@ Ol < Lile™""/?
for some L1 > 0. By Lemma 5.5, (5.11), (5.12) and (5.13) combined with (5.9), we have
(5.14) luji(a, t) —uj@ Dl + lvjrila, 1) —vja, Dl
< Lale™" 12 (luj(a, t) —uj—1(a. 0l + |vj(a. 1) — vj_i(a, D)
as long as
(5.15) lug(a, Ol + lve(a, Ol < 2Lyle™"|"/* fork < j,
which is valid for j = 1, where L is a positive constant independent of j. Suppose that (5.15)
is valid for j < v. Then, for j < v
(5.16) luji(a, t) —uja, Dl + [vjri(a, 1) —vja, 0l
< (Lale™ "3 (Jur(a, Dl + vi (@, D) < LiLjle™"|9FD/2,

and

v
lvs1(@, Ol + lvogi(a, DIl <Y (lujri(a, 1) —ujla, Ol + lvj1(a, 1) — vj(a, D)
j=0
Llle—t|l/2

v
§L1|e_t|1/2 Z(L2|e_t|l/2)J =< W .

j=0
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This implies that (5.15) and (5.16) are valid for all integers if 1 — Loe~®/? > 1/2. For such
R we conclude that (uxo(a, 1), voo(a, t)) = lim,_, o (uy(a, t), v,(a,t)) € A(R, ®) satisfies
(5.10), so that w(a, t) = tfuoo(a, t) solves (5.3).

5.4. Completion of the proof of Theorem 2.1. For a given bounded domain Dy as
in Section 2, choose Ag in such a way that a = logp € Ap for every p € Dy. For given
positive numbers By and @ = ©, let ﬁ, R and ® be as in Sections 5.2 and 5.3. Take £0 SO
small that ¢ € S(R, ®p) holds for every x = e™" € X (g9, ©p). Then

y=1 +x<¢(— log(px)) + 10g2(px)uoo(log 0, — logx))

is the desired solution in Theorem 2.1 with Ry = R , @0 = 6.
Substituting w = e "wy(ty) + e w3 (ty) + - - - into (5.3), we may recursively obtain
each series wy, (s) = p,(s) + p,; (s) in descending powers of s. The first two relations are

3
Sl — 2+ )Wy + (@ + 29 — 2wy = §(¢’ ~ P+ @+ P+ 9 9.
" 4 / / _ ¢2 / 2 4 ¢2
Py — 2029+ ¢} + @¢ +4¢' — 2w =~ — 9 + @ — Pt - 5
- %w% —~ 2%wz(w; —w2) + (wh — w2)?

+(¢' — @) (wh —2w2) +2(a + B)p w2 + ypw
which yield wa(s) = pa(s) and w3 (s) = p3(s) as in Remark 2.1.
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comments, and for bringing attention to the reference [7].
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