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Abstract. We prove fi(Oyx) = Og for a proper flat surjective morphism f : X — S of noetherian schemes
under a mild condition.

1. Introduction

Let X and S be noetherian schemes, and Oy (resp. Ogs) the structure sheaf of X (resp.
S). Let f : X — S be a morphism of schemes. We mean by f a pair f = (¢,6) :
(X, Ox) — (S, Og) in the sense of [3, I, Def. 2.2.1] where ¥ : X — § is the map of
underlying topological spaces, and 6 : Os — fi(Ox) is the homomorphism of structure
sheaves. For any morphism 7" — §, we denote the fiber product X xg T by Xr and the
natural projection of X7 to T by fr. Let s be a point of S, k(s) the residue field of s, and
X, = f‘l(s) := X xg Spec k(s) the fiber of f overs.

By [3, IlIy, Th. 3.2.1], (fr)«(Ox,) is a coherent sheaf on T if f is a proper morphism
of schemes.

The main result of this note is the following.

LEMMA 1.1. Let f = (¢,0) : (X, Ox) — (S, Os) be a proper flat surjective mor-
phism of noetherian schemes such that H°(Xy, Ox,) = k(s) for any closed point s of S. Then
the natural homomorphism 0 : Os — f.(Ox) is an isomorphism. Moreover the isomorphism
0 : Os =~ fx(Ox) commutes with base change T — S, that is, for any morphismt : T — S,
we have a commutative diagram of natural isomorphisms
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~

6r : Or —— (fr)«(Ox;)

~

t*0 1 t*Og

t* f* (0x),
where fr is the base change of f by t.
The following is a corollary of [1, Th. 7.3, p. 67] and Lemma 1.1.

COROLLARY 1.2. Let f : X — § be a proper flat surjective morphism of noetherian
schemes such that HO(X, Ox,) = k(s) for any closed point s of S. Then the Picard functor
for f is representable by an algebraic space Picx s locally of finite presentation.

We remark that HO(Y, Oy) = k for any proper scheme Y over a field k that is geo-
metrically reduced and geometrically connected over k. Lemma 1.1 is important for applica-
tions such as the above corollary. However it seems that there are no adequate literatures for
Lemma 1.1, and that this is not well-known even to specialists. Note that Lemma 1.1 does not
assume that S is reduced, and that it is proved by using [7, Cor. 2, p. 48] when S is reduced.

2. Faithful flatness

THEOREM 2.1 [5,Th.2,p.25]. Let A be a ring and M an A-module. Then the fol-
lowing conditions are equivalent:

(1) M is faithfully A-flat;

(2) M is A-flat, and for any A-module N # 0 we have N @4 M # 0;

(3) M is A-flat, and for any maximal ideal m of A, we have mM # M.

This theorem does not assume that M is a finite A-module. Thus we can apply it to any
local ring M = B over a local ring A.

COROLLARY 2.2 [5, Corollary, p. 27]. Let A and B be local rings', and ¢ : A — B
a homomorphism of local rings. If B is A-flat via ¢, then B is faithfully A-flat.

PROOF. Let p (resp. ¢) be the maximal ideal of A (resp. B). Since ¢ D ¢(p), B #
gB D ¢(p)B. Hence by Th. 2.1, B is faithfully A-flat. d

The following is due to [3, IV,, Cor. 2.2.8].

LEMMA 2.3. Let f = (¢,0) : (X, Ox) — (S, Os) be a flat surjective morphism of
schemes and S = Spec A. Then H°(9) := HY(S,0) : A = H(S, 0O5) — HY(X, Ox) is
injective.

LA is not necessarily noetherian in Cor. 2.2.
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PROOF. Let J = Ker (H°(9)). We shall prove J = 0 (without assuming that A is
noetherian). Let p be any prime ideal of A. Since f is a flat surjective morphism, there exists
an open affine subset U = Spec B of X and a prime ideal ¢ of B such that p = 07 !(g) by
the natural pullback homomorphism 6 : A — B. Since f is flat, B is A-flat via 6, hence the
local ring By is A -flat (hence A-flat) via the localization (denoted by 6) of 6.

From the exact sequence 0 - J — A — A/J — 0 we infer an exact sequence by the
A-flatness of By :

0—J®aB;— B; — (A/J)®a B; — 0.

Since (A/J)®4 By >~ Bq/HO(G)(J)Bq ~ By, wehave (J®AAp)®4,B; = J®aB; =
0. Since B is A-flat via H°(9), B, is faithfully A ,-flat by Cor. 2.2. It follows from Th. 2.1
that J ®4 A, = 0 for any prime ideal p of A, hence J = 0 by [6, Th. 4.6, p. 27]. See also [2,
Prop. 3.8, p. 40]. O

3. Proof of Lemma 1.1

To prove Lemma 1.1, we may assume S = Spec A. We apply the argument of Mumford
[7, Cor. 3, p. 50] to fi(Ox).
By [7, Theorem, p. 44], there exists a complex
K® = (KP; 97 : KP — KP*th
of finite A-modules K?” (p € Z) such that
(K-i) K? =0exceptfor0<p <g,
(K-ii) K%is A-flat, K? is A-projective (1 < p < g),
(K-iii) there is an isomorphism of functors
HY(X xgSpec B, Ox @4 B) ~ HI(K*®4 B), (q >0)
on the category of A-algebras B.

Let HO(9) := HY(S,0) : A = H(S, O5) — H%(X, Ox). Since H(#) is injective by
Lemma 2.3, we have a sequence of A-modules

HO®@ 0
(1) A" Hox, 0 S k0L K
where ¢ is the composite of the isomorphism H 0(X, Ox) ~ ker(3?) and the natural inclusion
ker(3?) — K. Let fy := ¢ H?(0)(14) € KO for the unit 14 of A. By tensoring (1) with B,
we obtain a sequence of B-modules

H%0)®4B B x4 B
BT pox 024 B KO0, B 2P k0, B
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In what follows, we shall prove that, for any A-algebra B, the homomorphism
oH 9(0) ®4 B induces an isomorphism

2) B~ker(3’ ®4 B: K°®4 B— K'®4 B).

Let s be any closed point of S. By localizing S at s, we may assume that A is a local ring
with maximal ideal p (corresponding to s).
We have a complex of k(s)-vector spaces:

0 0 k 0 .
A@uk(s) T OB g0 g kis) Y KT g4 k(s) .

Since H%(X;, Ox,) is, by the assumption, the k(s)-vector space consisting of constant
functions with values in k(s), we obtain by (K-iii)

A3) 0 # im(@H(0) ®4 k(s)) C ker(3° ®4 k(s)) = H(Xy, Ox,) = k(s) .
It follows from (3)
ker(3” ®4 k(s)) = im(¢p H%(0) @4 k(s)) = k(s)(fo ®a L)) -

Since K” ®4 k(s) is a finite-dimensional k(s)-vector space, we have a k(s)-vector sub-

space W3 of K ®4 k(s), a k(s)-vector subspace U of K' ®4 k(s) such that
@ KO @4 k(s) = k(s)(fo ® i) ® Wa,
K'®ik(s) =T, ®W,,

and there is a commutative diagram of k(s)-homomorphisms

0
KO @ k(s) — 2 BAKS) g k)
(5) =~ ~
_ oeidy, _ '
k(s)(fo ® liis) @ W2 U ew,.

Since K? is A-flat or A-projective by (K-ii) and A is a local ring, K” is A-free by [5,
(3.G), p. 21]. Then there exist an A-free submodule W, of K 0 an A-free submodule U; of
K and a commutative diagram of A-homomorphisms such that

(6) Wo®a k(s) =Wa, Ui ®ak(s)=U;,

80

K° K!

@)

12
12

0did
Afo® W) — 3 Uy @ W,
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where Afy ~ A because ¢ H°(0) in (1) is injective.
We prove it in what follows. First we choose elements ¢; (i € I) of K° such thate; ® Lics)
(i € I)is ak(s)-basis of W5. Next let

Wy = }E:AAei, F:=Afo+W,.
iel

Then F is an A-submodule of K such that (K°/F) ®4 k(s) = 0. Hence by Nakayama’s
lemma, we have K = F. Moreover e; (i € I) and fj is an A-free basis of K 0. Indeed, this is
shown as follows. e; (i € I) and foy is a minimal basis of K in the sense of [6, Th. 2.3, p. 8l.
Since K is A-free, K9 has an A-free basis, which is a minimal basis of K° by [6, Th. 2.3 (i)].
Hence e; (i € I) and fj is an A-free basis by [6, Th. 2.3 (iii)].

By (4) and (5) we can find elements u; (j € J) of K'! that uj @ ly) (j € J)isa
k(s)-basis of U. Let

Wii=) Aef, G:=Wj+) Auj
iel jeJ
where e;." = 3%%;. Tt is clear that Wy ~ W2* as A-modules. Since G is a finite A-submodule of
K! such that G ®4 k(s) = K'®gu k(s), by Nakayama’s lemma, we have G = K. Since K!
is also A-free, ef (i € I) and u; (j € J) is, by [6, Th. 2.3 (i), (iii)], a minimal basis of K!
and hence an A-free basis of K'!. This proves (6) and (7).

Now we prove (2). For any A-algebra B, we have a commutative diagram of B-
homomorphisms for any A-algebra B

0
K'®, B 0 ®aB K'®, B
0@ idw,».B
B(fo ® 1p) ® (W2 ®a B) — = et (U1 ®4 B) ® (W, ®4 B)

we infer the isomorphism (2)
H°(X x5 Spec B, Ox ®4 B) ~ H*(K®* ®4 B) = ker(3° ®4 B)
=B(fo®1p) ~ B,
because Afo ®4 B >~ B by Afp >~ A. It also follows HO(X, Ox) ~ A.
Now we shall complete the proof of Lemma 1.1. Since H(X, Ox) ~ A for § =

Spec A, we have Ogs >~ f,(Ox). Let T — S be any morphism. By (2) and (K-iii), we have a
natural isomorphism

Or : O = (f1)«(Oxy).
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It follows that the isomorphism 0 : Os ~ f.(Ox) commutes with base change. This com-
pletes the proof of Lemma 1.1.
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