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Abstract. In this paper, we study the fourth moment of the Epstein zeta function ¢ (s; Q) associated toan x n

positive definite symmetric matrix Q (n > 4) on the line Re(s) = "51 . We prove that the integral foT Ie (nz;l +

it; Q)|4dt is evaluated by O (T (log T)4) if Q satisfies some conditions. As an application, we consider the divisor
problem with respect to the coefficients of the Dirichlet series of Epstein zeta functions. Certain estimates for the
error term of the sum of the Dirichlet coefficients are obtained by combining our results and Fomenko’s estimates for

c(25L +ir Q).

1. Introduction

The moments of the Riemann zeta function and other L-functions have been studied
for about one hundred years, from the age of Hardy and Littlewood. In 1918, Hardy and
Littlewood ([2]) proved that

T 1 2
/ C(E—Ht) dt ~TlogT, (1.1
1
and in 1926, Ingham ([8]) showed that
T 4
L 1 4
1 Y 7 +it )| dt ~ zn—zT(logT) . (1.2)
It is conjectured that
T 1 2k 2
/ c (5 + it) dt ~ C; T (log T)* (1.3)
1

holds for k > 0 with some positive constant number Ci, but this has not been proved except
for the cases k = 0, 1, 2.

In this paper, we deal with the Epstein zeta function ¢ (s; Q), where Q is an X n positive
definite symmetric matrix (n > 4) which gives an integer-valued quadratic form. The mean
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square (second moment) of zeta functions of this kind is studied by several mathematicians.
For example, Miiller proved that the Epstein zeta function ¢ (s; Q) associated to a primitive
positive definite quadratic form in n variables with integral coefficients satisfies

/T n—1 Yir 0
- it;
0 ; 2
when n > 3, and
T 1 2
/ ¢ (E +ir Q) dt = AgT(logT)* + O(TlogT) (T — o)
0

when n = 2, where Dp and Ag are computable constants (see [15]). But as far as the
author knows, little is known about the fourth moment of the Epstein zeta functions. We

2

dt = DgTlogT + O(T) (T — o0)

consider the fourth moment of ¢(s; Q) on the line Re(s) = % We prove that the integral

fOT |§(% +it; Q)|*dt is evaluated by O(T (log T)*) when T — oo (Theorem 2.5, Theorem
2.6). Further, we apply our results to the divisor problem for the coefficients of the Dirichlet
series of ¢(s; Q), and obtain certain estimates for the error terms of them.

Let us introduce the basic idea of this paper. For a n x n positive definite symmetric
matrix Q, the quadratic form associated to Q is defined by Q[x] = 'xQOx for x € R". We
assume that Q[x] € N for any x € Z"\{0}. For k € Z>(, we define rp (k) by the number of
x € Z" which satisfies Q[x] = k. Then the Epstein zeta function ¢ (s; Q) is expressed by

o]

ro (k)
() =) =2 (1.4)
k=1
for Re(s) > 7. Itis well-known that the corresponding theta series
S .
0(z: Q) =Y rok)e?™
k=0

becomes a modular form of weight %, which can be written as the sum of an Eisenstein series
and a cusp form. Therefore, {(s; Q) decomposes into the sum of the L-function associated
to the Eisenstein series and the L-function associated to the cusp form. Hence to establish
the upper bound for the moments of ¢ (s; Q), it suffices to evaluate the moments of these two
L-functions. We can easily prove that the fourth moment of the L-function associated to the
cusp form on the line Re(s) = ”2;1 is evaluated by O(T) (Lemma 2.1), and our main problem
is to evaluate the moment of L-function associated to the Eisenstein series. For this purpose,
we use the classical results by Hecke ([7]), Malyshev ([13]), and Siegel ([17]). By using
their theorems, we prove that the L-function associated to the Eisenstein series is expressed
by some series consisting of Dirichlet L-functions and thus we can use the theory of the
moments of Dirichlet L-functions.
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As the easiest example, we take Q = I4, the 4 x 4 unit matrix. Then the Epstein zeta
function ¢ (s; 1) is expressed by

(53 In) = 8(1 —2272)¢(s)¢(s — 1) (1.5)

Since the factor (1 — 22_2‘Y)§(s) is bounded on the line Re(s) = %, the fourth moment

fOT |§(% + it; I4)|4dt is evaluated by O(T (log T)4), by using Ingham’s asymptotic formula
(1.2). The general case is more complicated, but the underlying idea is similar.

In section 3, we apply our results to the divisor problem. For a positive integer / (in this
paper, we assume that [ > 4), we write

kS

t(s; 0) = (Re(s) > %)

k=1

Evaluating the magnitude of the sum ZkSX r(Ql) (k) (x = o0) is called the divisor problem. It

is well-known that the following asymptotic formula holds (see [11], [16]):

S 0w = M7+ AP @) & - 00),

k<x

where Ml(") (x) is the main term, expressed by xIP, (log x) with some polynomial P; of de-
gree [ — 1, and Al(") (x) is the error term which becomes o(x%). In [16], Sankaranarayanan
showed that the error term Al(") (x) is evaluated by O (x %_%“) forn > 3,1 > 2 by using the
order estimate for §(% +it; Q) and the fact that the mean-square fOT |§("2;1 +it; Q)|?dt is
evaluated by O(T'*%) (Ve > 0) (this fact is proved in [10]). Note that the order estimate for
{(% +it; Q) above relies on Stirling’s formula for the gamma function and the Phragmén-
Lindelof principle, which is weaker than Fomenko’s ones. Further, Lii ([11], [12]) obtained
sharper estimates for Al(")(x) for special kinds of Q, whose the “Eisenstein part”of the as-
sociated Epstein zeta functions are expressed by using the Riemann zeta function, like (1.5).
His method relies on the sophisticated theories for the Riemann zeta function, for example,
the order estimate for {(s) on the critical line, and the estimate for the twelfth moment of
¢ (s) by Heath-Brown ([6]). We investigate the divisor problem for general Q (n x n positive
definite symmetric matrix (n > 4) which gives an integer valued quadratic form). Instead of
the theories for the Riemann zeta function above, we use Fomenko’s estimates for the order of
{(% + it; Q) ([1]), and our theorems for the fourth moment of ¢ (s; Q). Certain estimates

for Al(") (x) are obtained (Theorem 3.2).
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2. Fourth moment of the Epstein zeta functions

2.1. Notation and some basic results. Let n be a positive integer and Q be an x n
positive definite symmetric matrix. The Epstein zeta function associated to Q is defined by

0= Y o™ (Re(s) > 5),

2
xeZ"\{0}

where Q[x] := 'xQx. This function has the meromorphic continuation to the whole s-plane
and satisfies the functional equation

s 1 sn n n -1
708 Q) = (et tx i (S —s) ¢ (s Q7). @.1)
¢(s; Q) is holomorphic everywhere except for a simple pole at s = 75 with residue

7’ /(detQ) 3 F(%). Throughout this paper, we assume that Q[x] € N for any x € Z"\{0}. Let
ro(k) be the number of x € Z" which satisfies Q[x] = k. Then ¢(s; Q) has the following

Dirichlet series expansion for Re(s) > %:

o0

k
0=y 128

kS
k=1

Hereafter, we assume that n > 4. We consider the theta series corresponding to ¢(s; Q)
defined by

0(z: Q) =Y ro(k)e™™*=.

k=0

It is well-known that 6 (z; Q) is written as the sum of an Eisenstein series and a cusp form:

0(z; 0) =E(x)+ S, (2.2)
where
oo .
E(Z) — Ze(k)e27”kl
k=0
is the Eisenstein series and
OO .
S(Z) — Zs(k)eZHlkZ
k=1

is the cusp form. Moreover, it is known that the coefficient s(k) of S(z) is evaluated by

s(k) < ki—ate (2.3)
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if n is even, and
n_ 1
s(k) < k3—3%e (2.4)
if n is odd, where ¢ is always an arbitrary positive number in this paper.

2.2. The fourth moment of ¢ (s; Q) on the line Re(s) = % We want to establish
some upper bound for the magnitude of the integral

/ e ("t e
A ¢ > it
when T — oo. Since ¢(s; Q) is expressed by

¢(s: Q) = E(s) + 8(s), (2.5)
where E (s) and 3’(s) are defined by

4
dt

By =5 R S(s)zzs(k)

kS kS
k=1 k=1

for Re(s) > % and analytically continued to the whole s-plane, it is enough to evaluate the

two integrals
/TE L) ar /TS ol
0 2 )y 2

Firstly, the following lemma gives an upper bound for the integral fOT 1S (% +it)|*dt.

4 4

dt.

LEMMA 2.1. When T — oo, we have

/TS nlo
0 2 l

PROOF. If n > 6, by the estimates (2.3), (2.4), the series Z,fil ‘Ylgf) converges abso-

lutely on the line Re(s) = % Therefore, the estimate (2.6) trivially holds. In case of n = 4

4
dt = O(T). (2.6)

or 5, the line Re(s) = % is so to say the “absolute convergence line”, that is, it is assured
that the Dirichlet series for § (s) converges absolutely for Re(s) > % by the estimates (2.3),
(2.4), but not on the line Re(s) = % To prove (2.6), we use a classical method. Assume
that

s(k) = O(k*%)

holds. Then the Dirichlet series

S6)=Y s () 2.7)

kS
k=1
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converges absolutely for Re(s) > o + 1. If n = 4, a = % and if n = 5, « = 1. Firstly, as
an easy consequence of the functional equation of the Hecke L-functions of cusp forms, the
estimate 3’(0 +it) < |t/ (|t] = o0) holds for some (o) < co. Put

% ()
§62 =372 ® Re(s) > a4+ 1).

kS
k=1

By using the Mellin inversion formula

1 c+ioo
et = — F's)xSds (¢c>0,x>0),
27 Je—ioo
foré > 0,
@ (k 1 a+2+ico R
i G — / I'(z—5)S(z)*8°dz (2.8)
ks 27” a+2—ioco

k=1

holds when Re(s) < o + 2. We take a real number 8 which satisfies ¢ < 8 < o + 1, and
assume that s satisfies

max{a—}—%,ﬂ} <Re(s) <B+1.

We move the path of integral to the line Re(s) = B. The pole of integrant between the lines
Re(s) = o 4+ 2, Re(s) = B is z = s, and the residue is S (s)2. Therefore, by Cauchy’s residue
theorem, we have

© (2)
Sran2 _ sk sk
S =)~
k=1 (2.9)
1 B+ioco .
- I'(z —9)8(2)%8* dz.
27i Jg—ico

We put

s )(k)
Z

1 B+ioco .
Sy = — I'(z—5)8()*8 dz.
27i B—ico
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Firstly,

T T /% (2 X (2
s@ k) _ s
[ [ (35 ) (5250
=1

k=1

o 5@ (k)? —28k
e

= ~ (2.10)
k=1 k2
5@ (k)s@ (l)e—<k+z>a)
+0 .
<Z,:<kz (kD)7log (%)

Since s (k) is evaluated by
s@ k) = 0",

the second term of the right hand side of (2.10) is evaluated by O (820-20=2-¢) when § — 40
(see [18], p117). Therefore,

T o S(2)(k)2
/0 1SiPdt =T kTe—z‘”‘ + 082022y 2.11)
k=1

. @ (k)2 .
Note that the series Y po; * kz((lf) converges for o0 > o + % Next, by using the Cauchy-

Schwarz inequality, we have
B+ioco R
o< [ ire-siderd:
B—ioco
1

<87 (/ |F(ﬂ+iv—s)|dv/ |F(ﬂ+iv—s)||§(ﬂ+iv)|4dv>2
1
[} R 2
<8P </ [T (B +iv—s)SB +iv)|4dv) .
Therefore,

T T o)
f 1S212dt < 52"—215/ / IT(B+iv—9)|S(B +iv)*dvdr . (2.12)
0 0 —00

The contribution of the integral in |v| > 2T is evaluated by

T
& 820—2/3/ / e—C1|U—l‘\|v|C2dvdt
0 lv|=2T

T
&« 82072 / e T dr « 520728,
0
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Here, C1, C, C3 are some positive constants. The remaining part is evaluated by

2T T
< 520—2/3/ IS8 + iv)|4/ T (B + iv —s)|dtdv
-2T 0

2T
< 52“—2/3/ 1S(B + iv)|*dv
-2T
<< 820—2,3 T4[L(}3)+1 .
Therefore,
T
f 1S212dt < 820 2B B)+1 (2.13)
0

By combining (2.11) and (2.13), we have

T T T
/ 1S(s)[*dt < / |51 12dt + / 1S, |%d1
0 0 0

(2.14)
<< O(T) + 0(520—2&—2—8) + 0(820'—2;3]14#(,3)4-1) .
We put
_ 4uB)+1
§ = T 2e—25%2
Then (2.14) becomes
T @H =) @B+ |,
/ [S(s)|"dt < O(T) + O(T a—p+1 ). (2.15)
0
The second term of the right hand side of (2.15) becomes o(T') if o = Re(s) satisfies
- 1
o>a+1— % .
4u(B) +1
In particular, the left hand side of (2.15) becomes O(T) foro = « + 1. |

Our main problem is to evaluate the integral fOT |E (% +it)|*dt. For this purpose, we
use the relations between the L-function associated to the Eisenstein series and the Dirichlet
L-functions. Before stating our main theorems, we prepare three lemmas. The first lemma is
the estimate for the fourth moment of Dirichlet L-functions (for example, see [5]):

LEMMA 2.2. When T — oo, we have
S [ (s
— +it,

) X

x(modg) 0
Here, Y x(modgq) denotes the sum over all Dirichlet characters modulo q.

T 4
dt < qT(logqT)*. (2.16)
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The second lemma is the estimates for the order of Dirichlet L-functions on the critical
line by Heath-Brown ([3], [4]):

LEMMA 2.3. Let L(s, x) be a Dirichlet L-function associated to a Dirichlet character
modulo q. Then, whent — 00, the following estimates hold:

1
L(§+it,x> < q?1slog (q1), @.17)

1
L (E +it, x) < (gyiete . (2.18)

The third lemma is a simple inequality, used to evaluate the fourth moment of E(s) in
case of nisoddand n > 7.

LEMMA 2.4. Forxy,...,x, >0, we have

1 1

x11_|_..._|_x;:‘lfm%(xl+...+xm)%, (2.19)

PROOF. The inequality (2.19) is equivalent to

1 1
xf+~'+x;ﬁ, <(X1+"'+xm)z

m m

A

which directly follows from the convexity of the function f(x) = x4. O

THEOREM 2.5. Assume that n is even andn > 4, or n is odd and n > 7. Then, when
T — o0, the following estimate holds:

T n—1 »
[ (5 ise)

PROOF. Firstly, we assume that n is even and n > 4. Then, the Eisenstein series E(z)

4
dt = O(T(log T)*). (2.20)

is a modular form of weight 5 and level N, where N is a positive integer such that N A1
becomes an integral matrix for A = 2Q (see [9]). According to Hecke ([7], Theorem 44), the
series E(s) is expressed by some linear combination of the form

n
(t112) L (s, Xl)L<S 5 1, X2> ,

N N

where t1, t; are positive divisors of level N and yx1, x» are Dirichlet characters modulo D

respectively. We write

L
A . n
E(s) =) a(tin™L(s, Xl,l)L(S -5 t1L Xz,z) -

=1
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1 4 Lo 1 1
ol dt<<Z/ L= tin g ) L5 +ir xa
2 = Jo 2 ' AL 2 T AR
L T 1
L=+t
<<;/(; <2+l X2,l>

since L(% +it, x1,1) is bounded with respect to . Moreover, by the estimate (2.16), each

Then

i

4
dt

(2.21)
4
dt

integral fOT |L(% + it, X2,1)|4dt is evaluated by O (T (log T)*). Therefore, the statement of
theorem is proved in this case.

Next, we assume that n is odd and n > 7. The following argument is a straightforward
adaption of the technique of Fomenko in his treatment of pointwise bounds for ;(% +it; Q)
(see [1]). In this case, the Fourier coefficient of the Eisenstein series E(z) has the following
expression (see [13]):

n

T2

— k> 'H(Q: k),
(detQ)2 ' (%)

e(k) =

where
i / + kh
H(Q;k>=Z{ > q_"S(hQ;q)e_z’”q}
g=1 " h(modgq)

. . . / .
is a singular series, ) " means the sum over a reduced residue system, and

q_l 2mi Q(xq,-,Xn)
SQip)= > e 1
X1seers Xp=

is a Gaussian sum. Therefore, the associated Dirichlet series is given by

o0

~ JT% 1 r _gikh
EGs) = ) > 2 4 Shige T
(detQ)2I'(3) i K 2+ g=1 h(modgq)

forRe(s) > 3. Let (k,q) = d.k =kid,q = qid, (k1,q1) = l andk; = kaq1+1, (1, 1) = 1.
Then the right hand side becomes

n o0

T2 1 ’

—Y —= > > @d)ShQ: qud)
(detQ)2I'(5) 4= @ 7+ g1=1 h(modgd)

’ 2wihl 1
. e q1d Ere———
N
z : z : s—I41

I(modg1) ki=l(modqy) k|
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By using the well-known identity

Y XDxk) = {

x(modgy)

#(q1) (k=1 (modgqy))

0 (otherwise),

we have

1 1 _ x (k1)
2 S Ty 2 0y T

—
ky=l(modgp) k) °

x(modqy) k1= 1k
1 n
=50 > 7(1)L<s—§+l,x>
41 5 (modgy)
for Re(s) > 5. Therefore,
n o0
E(s) T2 Z Z Z ShQ; qld)
(detQ)? I (%) d‘““ L hmodgay D"
d=1 q1=1 h(mod qd) (2.22)
_ 2mihl n
g X - +1
P '¢< > X(Z)L<S 2" ’X>

I(mod ¢1) x(modqy)

holds for Re(s) > % It is known that the following estimate holds (see [13]):

S(hQ;q) < q3,

where the constant occuring in << depends only on Q, not on /. Therefore, the absolute value
of the right hand side of (2.22) is estimated by
L(s—2+1
s — — 3
) X

< c; o3 P e (q1d)" ¢(Ch)¢( )

x(modgy)

(2.23)
n
«XEYo= T (o)
q1=1 ‘11 x(modgy)
By the estimate (2.18), the right hand side of (2.23) converges on the line Re(s) = hence

E (s) is continued analytically to some domain containing the line Re(s) = % by (2.22) and

the estimate
~(n—1 |
E (T + ll) <

o]

> Ql_l > ‘L<%+ir,x)‘ (2.24)

2
q1=1 4y x(modgqy)
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holds. By applying Minkowski’s inequality to (2.24), we have

T, _ 4 1
</ E(u—i-it) dt)
) 2

<Y+ ¥ (f

2
q1=1491 x(modq)

(2.25)

T 1 4 \1
Lt a)
By applying the inequality (2.19) to the sum in x (mod g;) and using the estimate (2.16), the
right hand side of (2.25) is evaluated by
1 4 N1
(L[ )

[e’s) 1 3
<Y %_1¢<q1)4< > /O

q1=141 x(modq1)

T

o0
1 3 1
< Y —=4i (@ T(logqi 7))
2
q1=14q

< Z T TilogT .

=144

The series ZZ?=1 %Z_F converges when n > 6. Therefore, the estimate
I

91
(/T E(n_1+'t>
— 41
0 2

holds when n > 7, hence the statement of theorem is proved. |

4 3 |
dt) KL T3logT

Next, we consider the case of n = 5. In this case, we cannot use the method we used
in the proof of Theorem 2.5, since the right hand side of (2.23) may not converge on the line
Re(s) =2 if n = 5. We use another formula proved by Siegel ([17]).

THEOREM 2.6. Let Q be a 5 x 5 positive definite symmetric integral matrix which
satisfies detQ = 1. Then, when T — o0, we have

T
/ C@ +ir; Q)*di = O(T(log TYY. (2226)
0

PROOF. Assume that Q satisfies the conditions of theorem. In this case, Siegel showed
that £ (s) has the following expression (see [17], Theorem 12):

A TG -9 5

2
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for 1 < Re(s) < %, where

Y(s) =23 {cos%(Zs -5 Y w@a i
a,b b=1(mod4)
(2.28)

+ cos%(Zs +5) Z Xb(a)as_%b_s}
a,b b=3(mod4)

and yp(a) = (£) denoting the Legendre-Jacobi symbol. For fixed b, we have
b g g

-3 5
ZXb(a)a‘ P=Llg s

for Re(s) < % Therefore,

5
Z Xb(a)as_%b_s = Z b_SL(E -, Xb) (2.29)

a,b b=j(mod4) b=j(mod4)

(j =1, 3) holds for Re(s) < % By using the estimate (2.17), the series of the right hand side
of (2.29) converges absolutely on Re(s) = 2, so the left hand side of (2.29) can be continued
analytically to some domain containing the line Re(s) = 2 by (2.29). Therefore, ¥ (s) can be
continued analytically to some domain containing the line Re(s) = 2 by

Y(s) =273 {cos%(Zs —5) Z b—SL<§ _s, Xb)

b=1(mod4)

b1 —s, (5
+cosZ(Zs+5) Z bYL(E—s,Xb)}.

b=3(mod4)

(2.30)

On the other hand, for fixed a,

Yo @b

b, b=j(mod4)

2;4 > XD Y x G xw@b™

x (mod 4) b=1

1
=—— Y XL, Fay)
¢(4) x (mod 4)

(j = 1, 3) holds for Re(s) > 1, where

Xa,x (b) = x(b)xp(a) = X(M(%) . (2.31)
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Note that X, is a Dirichlet character modulo 4a. Therefore, we have proved that the identity

253
@

Y (s) = {cos%(zs—:i)Zas‘g > XML, Kary)

a=1 x (mod4) (2 32)

o
b4 3 _ -
+cos (25 +5) d a7 Y XB)LGs. X”)}
a=1 x (mod 4)
holds for 1 < Re(s) < %, where X, , is a Dirichlet character modulo 4a. By using the
estimate (2.17) again, the right hand side of (2.32) converges absolutely at s = % + it, so
¥ (s) can be continued analytically to some domain containing the line Re(s) = % by (2.32).

Therefore, by combining these results, the L-function E(s) has the following expression on
the line Re(s) = 2:

EQ+it)
. (A —ir (1
= z%+”n2+”¥{cos%(—1 +2i1) Z b_z_”L<§ —it, Xb)
I'(3) b=1(mod4)
T . iy (1.
+c0s (9 +2i1) > b L<E —it, Xb)}
b=3(mod4)
. (A —ir s . 1
+2—2—”n2+”¥{cos%(—4—2it)za—2—” > 7(1)L<E —it, ;za,x>
F(f) a=1 x (mod4)

o
T . —2—i — 1 .o~
+ c0s (6 = 2i1) dar Y X(3)L<§ —it, me)} )
a=1 x (mod 4)
(2.33)
Note that F(% — it)cos%(- 4 2it) (4 terms) are bounded when t — oo. By applying

Minkowski’s inequality, we have

T o 1
</ |E(2+it)|4dt)
0
r 1
« T ([ |(z-inm)

b=1(mod4)

T
£ X e
b=3(mod 4) 0

4 \3
dt)

1 4\
L<§ —it, X;,) dt)
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00 T 1 4 %
) .o~
+Za (/(; L(E _”9Xa,x) dt)
a=1
1 > 1
< > bAbToghT)H)T + Y a~*(aT(logaT)*)i
b=1,3(mod4) a=1
& TilogT .

Therefore, since
T A
/ |EQ +it)|*dt < T(logT)*,
0

we obtain the estimate (2.26). O

REMARK 2.7. Assume that Q satisfies the conditions of Theorem 2.6. By applying
the estimate (2.17) to the identity (2.33), the estimate

A 1
IEQ+in] < r]s (1] = o0)
holds. Since the Dirichlet series associated to the cusp form satisfies
IS@+inl= 0311 (] - o),

the Epstein zeta function associated to Q satisfies

C@+it: Q) < |tlF (Jt] = o0). (2.34)

3. Application to the divisor problem

In this section, we evaluate the sum of the coefficients of Dirichlet series of ¢ (s; Q)',
where [ > 4 is a positive integer. For [ € N, write

00 rg) (k)

(s; Q) = -

k=1
for Re(s) > % It is known that the following asymptotic formula holds (see [11], [16]):
Y rg ) =M (x)+ AP () (x > 00),
k<x
where M l(")(x) is called the main term, expressed by xIP (log x) with a polynomial P; of

degree/ — 1, and Al(") (x) is called the error term which becomes o(x %) in general. Our main

problem is to evaluate the error term Al(")(x) as small as possible. The following lemma is
due to Fomenko ([1]), which plays a fundamental role in the proof of our theorem:
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LEMMA 3.1. Let Q be an X n positive definite matrix which defines an integer valued
quadratic form. Then the estimate

-1
‘c <nT +it; Q)‘ &L 1%+ (Jt] — o0) (3.1
holds, where
9
73 (n > 4, even)
1
=z (n > 9, 0dd), (3.2)

> (n="7)
6 T

By combining this lemma and our theorems in Section 2, we obtain the following esti-
mates for the error term Al(") (x):
THEOREM 3.2. Let Q be a n x n positive definite symmetric matrix which satisfies

Q[x] € N for any x € Z'"\{0}. If n = 5, we assume that Q is integral and detQ = 1. Then,
forl > 4, the following asymptotic formula holds when x — o0

O(x%_9l+20+s) (n > 4, even) ,

YorS k) =M" @ + {0 ") (1> 9,0ddorn =5), (3.3)

k<x

|OO
&

O(x:~7a%) (n="7).

Here, Ml(n)(x) is expressed by xIP (log x) with a polynomial P; of degree | — 1.

PROOF. We start from Perron’s formula (see [16])

0 1
k) = —
2 ® Zni/%

k<x

LetiT 5+e

g(s: Q)lx;ds + 0<x ) +0(x%).

+e—iT

We move the path of integral to the parallel segment with Re(s) = % Then,

0 1 =it LyetiT it xS
Y=ot [ c(s: 0 ds
2mi nloir n=1 d s

LI +e—iT
k=x 2 l (3.4)

s Zte
+Res|:§(s; Q)Zx—,s = E] + 0<x2 ) + 0(x%).
S 2 T

We put

1 i N
I = — $(s; Q) —ds,
27i Jnl_;r s

2
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o 1 LtetiT . lxsd

2-—7 ¢(s; Q) —ds,
Tl %_H'T N
1 it X8

I 327 ¢(s; Q) —ds,
Tl %—i—s—iT N

™y PN AR
M7 (x) = Res[;(s, 0) . ,8 = 2:|.

n

Firstly, since ¢ (s; 0)! ’;i has a pole of order [ at s = Ml(") (x) is expressed by

=7,

M™ (x) = x? Pi(log x)
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(3.5)

with some polynomial P; of degree I — 1. Next, we evaluate three integrals /; (i = 1, 2, 3).

Assume that the estimate

n—1 . ante
¢ T+1t;Q L [t|*n (It] = 00)

holds. Then, by using Theorem 2.5 or Theorem 2.6, | ;]| is evaluated by

n—1
;(T“r‘ll‘,Q)

n—1 T n—1 . =4
[ K x2 ¢ T‘i‘lt;Q
-7

1ol (=4, +e r n—1
<xzT " ¢ T+tt;Q

-T

4 dt

< 3T U Hnte
By Phragmén-Lindel6f principle,
(@ £iT; Q) « T2l D*

holds for % <o < % Therefore, |I| + |I3] is evaluated by

n—1

+e X o
_ Tnlan—1+8d0
B i T2an

2

5+e R Xx°
|12| + |I3| << T—2l(1n(0—7)+8 dO'
T

RIS |

<<X%Tlan—l+s +x%+sT—l+s

(3.6)

3.7
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By inserting (3.5), (3.6), (3.7) into (3.4), we have

Zr(Ql)(k) :M[(n)(x) 4 O(X%T(l—“»)an-‘ré‘) + O(X%Tlan—l-i-s)
k<x (38)

+ 0(x%+8T—1+8) + 0()68) .
We put
T — x T Hats |

Then (3.8) becomes

n n 1—2ap
Y rd k) =M + 0<x7—m+8> + O(er“) _ (3.9)

k<x

Finally, by inserting the values given in Lemma 3.1 or (2.34) into «,,, we obtain the result. O
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