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Abstract.
regular M-hedron for M = 4, 6, 8, 12, 20. Discrete heat kernel H (t) = exp(—tA), Green matrix G(a) = (A—',—aI)_1
and pseudo Green matrix G are obtained and investigated in a detailed manner. The best constants of the inequalities

We consider three kinds of discrete Sobolev inequalities corresponding to a graph Laplacian A on

are given by means of eigenvalues of A.

1. Conclusion

We consider 5 kinds of regular M-hedron for M = 4, 8, 6, 20, 12.

Regular polyhedron | Surfaces M | Vertices N | Edges E
Tetrahedron 4 4 6
Octahedron 8 6 12
Hexahedron 6 8 12
Icosahedron 20 12 30
Dodecahedron 12 20 30

From Euler polyhedron theorem, M + N = E + 2 holds. Considering the symmetries of
polyhedra, we have set the indices of vertices as Fig.1.1 ~ Fig.1.5. We define the set e =
e(M), where each element (i, j) = (j, i) represents edge connecting vertices i and j, as
follows:

e@) = {0, 1), (1,2), (2,0),0,3), (1,3), 2,3)}.

e®) = {(0, 1), (1,2), (2,0), (5,4), 4,3), (3,5), (0,5, (1,4), 2,3), (0,3), (1,5), 2, )}.
e(®) = {(0, 1), (1,2), (2,3), 3,0), 4,5), (5, 6), (6,7, (7,4), (0, 4), (1,5), (2,6), 3, D}
e(20)={(8,0), (0,4), (4, 8), (10,6), (6,2), (2, 10), (8,9), (0, 1), 4, 5), (11, 10), (7, 6),
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FIGURE 1.1. Tetrahedron
FIGURE 1.2. Octahedron

FIGURE 1.3. Hexahedron FIGURE 1.4.

Icosahedron
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109

FIGURE 1.5. Dodecahedron

(3,2),(4,11),(11,9), (9,6), (8,7), (7, 1), (1, 2), (0, 3), (3,5), (5, 10), (8, 11), (11, 5),
(5,2),(0,7),(7,9),(9,10), 4,3), 3, 1), 1, 6)}.

e(12)={(19, 13), (13,0), (0,4), (4, 6), (6, 19), (16, 14), (14, 10), (10, 3), (3, 9), (9, 16),
(19, 18), (13, 12), (0, 1), (4,5), (6, 7), (17, 16), (15, 14), (11, 10), (2, 3), (8, 9),

(17, 18), (18, 15), (15, 12), (12, 11), (11, 1), (1, 2), (2, 5), (5, 8), (8, 7), (7, 17)}.
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We introduce A = A(M) = (a(M; i, j)) (0 <i, j <N — 1) on regular polyhedra.

a&i,j)= 3 (=], -1 (1, j)ee@), 0 (else).
a@i,j)= 4 (=), -1 (1, j)€e(®), 0 (else).
a6;i,j)= 3 (=], -1 (1, J) €e(6), 0 (else).
a0;i,j)= 5 (=)), -1 (1, j) € e(20), 0 (else).
a(12;i, jy= 3 (i =j), -1 (1, J) €e(12), 0 (else).

We call A “graph Laplacian” or “discrete harmonic operator” in this paper. Aisa N x N
real symmetric non-negative definite matrix and has an eigenvalue 0, whose corresponding
eigenvectoris 1 = ’(1,1,...,1). Let Ao = 0,A; > 0, ..., Ay—1 > 0 be eigenvalues of A.
Jordan canonical form of A is given by A = A(M) = diag{Ag, A1, ..., Any—1}. Distributions
of the eigenvalues of A are shown in appendix. Concrete forms of A(M) are given as

A@) = diag{0, 4, 4,4}, A@8) = diag{0, 4, 4,4, 6, 6}, A6) = diag{0,2,2,2,4,4,4,6},
71(20)=diag{0,6,6,6,6,6,5—p,5—p,5—p,5+p,5+p,5+p},

A(12) = diag{0,2,2,2,2,2,3,3,3,3,5,5,5,5,3—p,3—p,3—p. 3+ p. 3+ p. 3 + p},

where p = V5. For M = 4,8,6,20,12,n = 1,2,3,... and 0 < a < oo, we introduce
Co(n) = Co(M; n), Co(n,a) = Co(M; n,a) and Ci(a) = C1(M; a) as

N-1 N-1
1 _ 1 _ 1
Co(n) = ~ E A, Co(n,a) = ~ E M +a)™, Ci(a)= ECO(l,a)-
k=1 k=0

Forany u ='(u(0), u(1),...,u(N—=1)) € CV, u(r) =", 1), u(1,1),...,u(N—=1,1)) €
C" on regular polyhedron, we define three kinds of Sobolev energy using A as

E(n,u)=u*A"u, EWm,a,u) =u*(A+al)"u,

F(a,u(t))=/ ”(%+A+al>u(r)

where ||u(t) ||2 = u*(¢t)u(t). In our previous work [2, §4], we obtained the concrete forms of

2
dt,

Discrete heat kernel H(t) = exp(—tA), (1.1)
o0
Green matrix G(a) = (al + A)_l = / e “"H(t)dt, (1.2)
0
Pseudo Green matrix G. = lim (G(a) —a'Ey), (1.3)
a—+0

where Eg = N~!1'1 is projection matrix to eigenspace for eigenvalue 0 of A. The element
of H(t) in (1.1) are all positive value shown by [2, §5,6].

In this paper, we have obtained the best constants of three kinds of discrete Sobolev
inequalities on regular polyhedron as following theorems.
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THEOREM 1.1. Foranyu € CVN with "lu = 0, there exists a positive constant C
which is independent of u, such that the discrete Sobolev inequality

2
< max | u(j) I) < CE(n,u) (1.4)
0<j<N-1
holds. Among such C, the best constant is Co(M; n), or equivalently

3 3n+l + on+1 3.6m 4+ 3n+1 4 on
Cod;n) = VS Co(8;n) = T 6.1 Co(6; n) = 8. 12n )

5-100+ 3" (S +p)"+ G5 - p)
Co20m) — +3T (G4 P+ G P

12 - 60"

Co(12;n) = [5 30" 4+4-20"+4-12"+3-15" ((3 +p)"+@B- p)”) ]

20 - 60"

If one replaces C by Co(M; n) in the above inequality (1.4), the equality holds iff u is parallel
to one of column vectors of G',.

THEOREM 1.2. Foranyu € CN, there exists a positive constant C which is indepen-
dent of u, such that the discrete Sobolev inequality

2
( max Iu(j)l) < CE(n,a,u) (1.5)
0<j<N-1

holds. Among such C, the best constant is Co(M; n, a). If one replaces C by Co(M; n, a)
in the above inequality (1.5), the equality holds iff u is parallel to one of column vectors of
G(a)".

THEOREM 1.3.  For any bounded continuous function u(t) € CN, there exists a posi-
tive constant C which is independent of u(t), such that the discrete Sobolev-type inequality

2

( sup lu(j,s) I) < CF(a,u(r)) (1.6)
0<j<N-1, —oo<s<oo

holds. Among such C, the best constant is C1(M; a) = lC()(M; 1, a). If one replaces C by

C1(M; a) in the above inequality (1.6), the equality holds iff u is parallel to one of column

vectors of

/00 %e““’H(o)dG (o0 <t <). (1.7)
|]
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Here, we list the concrete form of Co(M; n) and Co(M; n, a) for small value of n.

n| Cod;n) | Co(8;n) | Co(6;n) | Co(20;n) | Co(12;n)
| 3 13 29 7 137
16 72 96 36 300
5 3 35 139 53 3197
64 864 1152 1080 9000
3 3 97 737 187 203989
256 10368 13824 12960 540000
A 3 275 4147 913 3718217
1024 124416 | 165888 | 194400 | 8100000
s 3 793 24089 377 142218677
4096 | 1492992 | 1990656 | 233280 | 243000000
a+1 a’+6a+4
Co4l,a) = ————, Co&l,a)=——7—,
o )= da+d o )= a1 D@16
34942 4+20a+6 3 4 11a? 4+ 30a + 10
Co(6: 1,a) = LT 2T F2AHO 001,40y = LT T AT
ala+2)(a+4)(a+6) a(a + 6)(a? + 10a + 20)
a’ + 13a* + 5943 + 10942 + 70a + 6
Co(12; 1,a) = 5 )
a(a+2)a+3)a+5(a*+6a+4)
Cotds 2.0) a’+2a+4 Cot8: 2. 0) a* + 12a3 + 48a* + 80a + 96
; 3 a) = —F——> ) ; ) a) = )
0 aa+a? a’(a+ 42 + 6)?
a® + 18a° + 124a* + 40843 + 664a? + 5284 + 288
Co(6:2,a) = . : > . ,
a*(a+2)*(a +4)*(a + 6)
a® + 22a° + 186a* + 760a> + 156042 + 1600a + 1200
Co(20;2,a) = ,
a’(a + 6)2(a? + 10a + 20)2
Co(12;2.a) = 4C

a%(a +2)%(a +3)2(a + 5)2(a? + 6a + 4)?’
y(a) = a'® +26a° +290a® + 181247 + 69474% + 168424°
+ 257184 + 23960a> + 128084 + 36484 + 720 .

Research on discrete Sobolev inequalities was performed in [1] on graphs and also in
our previous papers [3] and [4] on periodic one-dimensional lattices. In [2], we investigated
discrete Sobolev inequalities corresponding to discrete harmonic operator on regular polyhe-
dra and obtained Theorem 1.1 and 1.2 in the case of n = 1. In this paper, we extend these
conclusions into discrete polyharmonic operator A" (n = 2,3, ...).
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This paper is organized as follows. In section 2, we start with difference equations and
corresponding Green matrices. In section 3, we calculate diagonal values of the matrices,
which is shown to be the best constants of discrete Sobolev inequalities later. In section 4, we
derive reproducing relations. Finally in section 5, we prove the above theorems.

2. Difference equations and Green matrices

We explain three propositions concerning discrete heat kernel (1.1), Green matrix
(1.2) and pseudo Green matrix (1.3) in this section. We assume that 0 < a < oo and
n=1,2,3,....

PROPOSITION 2.1.  For arbitrary bounded continuous function f(t) € CV, the dis-
crete heat equation

(%+A+al>u=f(l) (—o0 <t < 00) (2.1)

has a unique solution given by
o
u(t) = / H, (t—s)f(s)ds, H,(t)=Y@®)e “H({) (—o00<t<00), (2.2)
—00

where Y(t) =1 (0 <t < o0), 0 (—00 < t < 0) is Heaviside step function.

PROOF OF PROPOSITION 2.1. Through Fourier transform

u(t) ; U(w) = /oo e“mwtu(t) dt,

—00

(2.1) is transformed into («/—l o+ A+ aI) U(w) = ?(a)) (=00 < w < o0). Solving this

we have %i(w) = H(w) ?(a)), where

H. () = (\/—_lw +A +a1)_1 = /oo eV y (e " H(1) dt  (—00 < @ < 00) .

From inverse Fourier transform, we have (2.2). This completes the proof of Proposition

2.1. | |
It should be noted that H . (¢) satisfies the relation,
d
<—+A+al>H*=0, H,.(t —s) —H,(t —5) =1 (—o0o<t<).
dt s=t—0 s=t+0

Let Ax (0 < k < N — 1) be eigenvalues of A and q;, € cN O <k <N-1)be
corresponding eigenvectors. The eigenvectors g, are chosen to satisfy the relation ¢;q, =
8(k — 1), where §(k) = 1 (k = 0), 0 (k # 0). We introduce a unitary N x N matrix
Q = (4. - - -, qy_1) and orthogonal projection matrices Ex = q,4; (0 <k < N — 1). Itis
easy to see that the relations

0"Q=0Q* =1, EE =8k-DEx, Ef=E
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holds. Using Ej, we have the spectral decomposition of I and A as

N—1 N-1
I1=00"=) q4q;=) E 2.3)
k=0 k=0
N-—1 N-—1 N-—1
A=QAQ" =) Mqiqi =) MEi=) ME. (2.4)
k=0 k=0 k=1
For (2.4), using ExE; = 6(k — ) E}, we have
N-—1 N—1
A"=Y " MEr. (A+aD"=> (a4 +a)Ey. (2.5)
k=1 k=0

PROPOSITION 2.2.  Forarbitrary f € CN, the problem (A+al)"u = f has a unique
solution is given by u = G" f. G" = G(a)" is Green matrix expressed as
N-1
G"=) (M+a)"Ey. (2.6)
k=0

PROOF OF PROPOSITION 2.2. From (2.3) and the second formula of (2.5), we have

N-1 N—1
S Ef=If=f=@+aD'u=Y (s+a)Exu.
k=0 k=0

Operating E; from the left on both sides of the above relation and using the relation Ex E; =
8(k —)Ey, we obtain Eju = (A +a)™"E; f (0 <[ < N —1). Then, we have (2.6) as

N—-1 N-1 N-1 n
u=Iu=>Y Eu=Y Os+a)"Ef= (Z(M +a)‘1E1> f=G"f.
1=0 1=0 1=0
This completes the proof of Proposition 2.2. |

PROPOSITION 2.3.  For arbitrary f € CN satisfying the solvability condition "1 f =
0, the problem A"u = f with the orthogonality condition '1u = 0 has a unique solution is
given by u = G, f. G} is a pseudo Green matrix expressed as

N—1
Gi=) 1"Ex. (2.7)
k=1

G satisfies A"G', = G}A" =1 — Eo, G}Eo = EoG} = O.
PROOF OF PROPOSITION 2.3. From (2.3) and the first formula of (2.5) and Eo f =
N~11"1f = 0, we have
N-1 N-1 N—1

S Ef=) Exf=If=f=A"w=) MEu.

k=1 k=0 k=1
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Operating E; from the left on both sides of the above relation and using the relation Ex E; =

8(k —1)Ey, we obtain Eju = A, "E; f (1 <1 < N —1). Then, using Eou = N~11'1u =0,
we see that

ZE[u—ZElu—Z)\ "E|f (ZA_1E1> f=G.f,

which gives (2.7). In fact, G satisfies

N—1N-1 N—-1 N—-1
A"GL=>" N MN"EEi=) Ey=I1-Ey. G.Eq=) M\"EE=0.
k=0 [=1 k=1 k=1

We see that G is a Penrose-Moore generalized inverse matrix of A”. This completes the
proof of Proposition 2.3. |

3. Best constant

We introduce N-dimensional vector

First, we show that the diagonal value of G”" is equal to a harmonic mean of all eigenvalues
of (A 4+ al)". We see that this value is equal to the best constant of (1.5) in Theorem 1.2.

LEMMA 3.1. Forn=1,2,3,... and any fixed j (0 < j < N — 1), we have
=
8;G"8; =~ > (i +a)" =Con,a). (3.1)
N
k=0
PROOF OF LEMMA 3.1. Since the diagonal values ' ;G8; do not depend on j as we
have seen in [2, §4], we have (3.1) in the case of n = 1 as

1 N-1 1 N-1 N-1
-1
’ajcsjzﬁ :NZfst(xHa) EiS;
j=0 j=0 k=0
| N—1 N—1 1 N—1 N-1
—1 —1 2
=5 2 M ta) Z '8;E8; = v > wta) Z(qiaj)
k=0 j=0 k=0 j=0
1 N—-1
=5 2 O +a)y . 3.2)
k=0

Using (1.2), we have
o0 o0 o o0
G? = / e " H (1)dt / e H(s)ds = / / e U H (1 + s)dtds
0 0 0 0
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1 o0 T o0
= —/ / doe "H (t)dt =/ te “"H(t)dt
2Jo J— 0
o0

= —aa/ e "H(v)dt = —3,G,
0

that is, G? = —0,G. So we have
n n—=2 2 n—2 -1 n—1 (_l)n_l n—1

G'=G6""°G6G"=-G""79,G6 =—0,G == 9,7°G.

n—1 (n—1)!

Then, taking the diagonal value G" and using (3.2), we have

t n t (_1)11—1 n—1 (_l)n_l n—1 (t

- (_1)"_13"—1<1Nif (A —i—a)_l) = iNi (rj+a)™"
T m—=1)" szo J _Nj:() J ’

This completes the proof of Lemma 3.1. |

Next, we show that the diagonal value of G’ is equal to a harmonic mean of positive
eigenvalues of A”. We see that this value is equal to the best constant of (1.4) in Theorem 1.1.

LEMMA 3.2. Forn=1,2,3,... andanyfixed j (0 < j < N — 1), we have

N—1
1 _
'6,G18) =+ Do a"=Com). (3.3)
k=1
PROOF OF LEMMA 3.2. Using the relation
N—-1
GEy= ) (\j+a) ' EjE¢=a"'Ey, G'Ey=a""E,,
j=0
EE=E) (k=1,2,3,...),
we have
" /n k n " /n
G_ —lE I’l: Gn—k _ —lE =< Gn -1 k —an—kEk
(6~ m" = 3 (1) 6 (o’ = (§)or+ 3 ()i vator g

n
—G"+a"Eoy. (Z)(—l)k = G"—a"E,.
k=1

For the diagonal value of the above relation, using (3.1), we have
N—1

— n n —n 1 —n
t5j(G—a 1Eo) 3j=t5j(G —a Eo)&jZNl;(Xk—l—a) .
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Taking the limit as a — +0 of both sides and using (1.3), we have (3.3). This completes the
proof of Lemma 3.2. n

Finally, we show that L? norm of one of column vectors of H «(t) 1s equal to a half
of harmonic mean of positive eigenvalues of A. We see that this value is equal to the best
constant of (1.6) in Theorem 1.3.

LEMMA 3.3. Foranyfixed j (0 < j < N — 1), we have
o
f |H.)8; | dt = Ci(a). (3.4)
—00
PROOF OF LEMMA 3.3. Noting 'H = H and using (3.1), we have

/ | H08; ] di = f [¥ e B, > di

= f ) ‘(YO ™ H®)8;)(Y (e H(1)8;)dt

—00
[e¢) 1 o0
=’5j/ e 2 H(21)d18; = E'aj/ e “"H(r)d 7§,
0 0

1 1
= EISjG(a)Sj = ECO(L a)=Ci(a).

So we have (3.4). This completes the proof of Lemma 3.3. |

4. Reproducing relation

Foru, v € CV, we introduce inner product
(w, v) =v*u, Jul?=@u),
w, v)g =((A+aD)u, v) =v*A+al)’'u, |u ||%1 =, u)y = En,a,u).
Foru,v € C{)V :={x|x e CNand'lx =0}, we introduce inner product
u, V)a=(A"u, v) =v"A"u, |u ||i =W, u)a=EMmn,u).
First, we show the positive definiteness of Sobolev inner product (-, -)4 and (-, ) g.

LEMMA 4.1.

(1) Foru,v e Cév, (u, v) 4 is an inner product.

(2) Foru,veCVN,(u,v)yisan inner product.

PROOF OF LEMMA 4.1. (2) is obvious since (A + al)" is positive definite. We show
only (1). Foru € C{)V, we have

N—1 N—1 N—1 N—1
u=Iu=Y Eu=) Ew, |ul’=) wEfEu=)_|Ewul.
k=0 k=1 k,[=0 k=1
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From the relation E; = E Ej; = E;{‘Ek, we have

N—1 N—-1 N—1
luly =u*A"w =u* Y M Ew =) Mu'EjEwm= Y ) |Ewu|
k=0 k=1 k=1

N-1
z( min ,\;j)Z||Eku||2=< min ,\;g)||u||2.
1sk=N-1""/ & 1<k=N-1

Since Ax > 0 (1 < k < N — 1), we have |u]} > 0and [[u]% = 0 holds iff u = 0. This
completes the proof of Lemma 4.1. |

Next, we show that G" and G’ are reproducing matrix for Sobolev inner product (-, -) g
and (-, -) 4, respectively. Applying Schwarz inequality to these reproducing relations, we can
prove Theorem 1.1 and 1.2 in next section.

LEMMA 4.2. Foranyu € C(])V and fixed j (0 < j < N — 1), we have the following
reproducing relations.

(1) u(j) = @, G}8))a.
(2) Con) ='8;G8; = || GL3; I3 = E(n, GL§)).

PROOF OF LEMMA 4.2. Note that G}* = G’}. Forany u € C(])V and fixed j (0 < j <
N — 1), we have (1) as follows:

(u, G8)p = (A"u, G1§)) = 6§GZ*A”u ='§;G1A"u
_IS(I_E _tg. _teg. __tg. _il‘ _ .
=4, ou="38;Iu—"8jEou="06u Nl lu =u(j).
Putting # = G;§; in (1) and using (3.3), we obtain (2). |

LEMMA 4.3. Foranyu € CN and fixed j (0 < j < N — 1), we have the following
reproducing relations.

1) u(j) = (u, G"§;)n.
(2) Co(n,a)="§;G"8; =||G"8; |3 = E(n,a, G"§)).

PROOF OF LEMMA 4.3. Note that G™* = G". Forany u € C" and fixed j (0 < j <
N — 1), we have (1) as follows:

(u, G"8j))n = (A+al)'u, G"§;) ='8;G" (A+aD)"u="8;Iu=u(j).

Putting u = G"§; in (1) and using (3.1), we obtain (2). |

5. Proof of Theorems

This section is devoted to the proof of main theorems.
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PROOF OF THEOREM 1.1. Applying Schwarz inequality to Lemma 4.2 (1) and using
Lemma 4.2 (2), we have

lu(j) P < lu 311 G485 15 = Co(m) E(n, u). (5.1)
Taking the maximum with respect to j on both sides, we obtain discrete Sobolev inequality
2
< max | u(j) I) = Co(n) E(n, u). (5.2)
0<j=N-1

It should be noted that in performing Schwarz inequality in (5.1), equality holds if and only if
u=kG3; (k#0,0<j<N-1).

For any fixed number jo (0 < jo < N —1), if we take u = G;§ , in the above inequality,
then we have

2
(0 max 1|’3,~G:<sjo |> < Co(m)E(n, G"8,) = Co(n)* .
<J=N-—

2
.. . e . 2 te ping .
Combining this and a trivial inequality Co(n)~ < (Osl}lsazifi—l |'6,;G.9 |) , we have
2
( max |’8jG’:6jO |) = Co(n)E(n, G}, .

0<j<N-1

This shows that Co(n) is the best constant of (5.2) and the equality holds for each column
vector of G'. This completes the proof of Theorem 1.1. |

PROOF OF THEOREM 1.2. Applying Lemma 4.3 (1) to Schwarz inequality and using
Lemma 4.3 (2), we see that

lu() 1 < lullf ) G"8; 1 = Co(n,a) E(n,a,m). (5.3)
Taking the maximum with respect to j on both sides, we have the discrete Sobolev inequality
2
< max | u(j) I) < Co(n,a) E(n,a,u). (5.4)
0<j=N-1

It should be noted that in performing Schwarz inequality in (5.3), equality holds if and only if
u=kG"3; (k#0,0<j<N-1).

For any fixed number jo (0 < jo < N—1), if we takeu = G"§ jo in the above inequality,
then we have

2
max |'8;G"8;,|| < Co(n,a)E(n,a, G"S},) = Co(n,a)*.
0=j=N-1

2
Combining this and a trivial inequality Co(n, cz)2 < (0 ma}zl( | |78 iG"§;, |> , we have

=J=

2
<O<I]n<a]i,(_l |'8;G"$;, |> = Co(n,a)E(n,a, G"§;) .
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This shows that Cy(n, a) is the best constant of (5.4) and the equality holds for each column
vector of G". This completes the proof of Theorem 1.2. |

PROOF OF THEOREM 1.3. Exchanging f and s in the first formula of (2.2), we have
o
u(s) = / H.(s—1) f(t)dt,
—0o0
or equivalently

u(j,s) ="8u(s) = /OO '§;H.(s —1)f(t)dt = /OO t(H*(s — t)Sj)f(t)dt. (5.5)
Applying Schwarz inequality to (5.5), we have
P s [ Hs—nsfar [ 1rorar

Z/ ||H*(t)8j||2dt/ H(%—i—A—i—al)u(t)

= Cl (a)F(a, u(t)) )

2
s (5.6)

where we use (2.1) and (3.4). Taking the supremum with respect to j and s, we obtain
Sobolev-type inequality,

2
( sup lu(j,s) I) < Ci(a) F(a, u(r)). (5.7

0<j<N-1, —oo<s<oo

It should be noted that in performing Schwarz inequality in (5.6), equality holds if and only if
the relation

(% +A +al> u(t) =kH.(1)d; (k#0)

holds.
For any fixed number jo (0 < jo < N — 1), we introduce a vector U(t) =
"U©O,0n,U1,1),...,UN —1,1)) € CV defined by
o o
U@ =/ H.(t —s)H.(—s5)8ds, U(j,1) =/ tSjH*(t —$)H . (—5)8,ds .
—00 —00
(5.8)

Then we have

2
( sup XAGA)) I) = Ci(@)F(a,U@®))
0<j<N-

1, —oo<s<oo

= Cl(a)/ H <% +A +a1) U(t)

2

dt = C1(a) / Y I HA—D12dt = Ci @)
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2
Combining a trivial inequality Cy(a)?> = | U(jo,0) |> < ( sup |U(, s) |> ,

0<j<N-1, —co<s<o00

we have

2

( sup (U3, s) I) =Ci(a) F(a,U@®)) .
0<j<N-1, —co<s<o0

This shows that Ci(a) is the best constant of (5.7) and the equality holds for u(¢z) = U(¢).

From (5.8), we have (1.7) as follows:

U(t) = /oo H.(t — s)H . (—5)8 ,ds

o0
:/ Y(t —5)e O H(t — 5)Y (—s)e T H (—5)8 ,ds

—00

o]

Ot
1
_ / e—a(t—ZS)H(t _ 2s)610ds = / 5e—thTH(o')SdeO' s
—00

Il

where we note that x A y = min{x, y}. This completes the proof of Theorem 1.3. |
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Appendix : Distribution of eigenvalues
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We here illustrate distributions of eigenvalues of A = A(M) (M = 4,8, 6,20, 12). We

put p = V5.
Aa
A(4) )
FEigenvalue | Multiplicity
0 1
4 3
O‘ 1 2 3 B
Aa
A(8) 4
Eigenvalue | Multiplicity .
0 1
4 3
6 2
o) 1 2 3 g 5 n
A(6) A‘
6
Eigenvalue | Multiplicity
0 1 4
2 3 5
4 3
6 1 o 1 2z 3 4 5 & 7 n
An
A(20)
S+p
Eigenvalue | Multiplicity 6 J
0 1
5—p 3
6 5 o
5+p 3
o t 2 35 4 5 & 7 & & 10 11> "
As
A(12)
3+p5 N e
Eigenvalue | Multiplicity
0 1
3—p 3 3
2 5 ,
3 4
5 4 3p
3+p 3 Ol 123456 7 8 91011121314151617 1819
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