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Abstract. This paper is concerned with invariant densities for transformations on R which are the boundary
restrictions of inner functions of the upper half plane. G. Letac [9] proved that if the corresponding inner function has
a fixed point zg in C\R or a periodic point z( in C\ R with period 2, then a Cauchy distribution (1/7)Im (1/(x — z¢))
is an invariant probability density for the transformation. Using Cauchy’s integral formula, we give an easier proof
of Letac’s result. An easy sufficient condition for such transformations to be isomorphic to piecewise expanding
transformations on an finite interval is given by the explicit form of the density. Transformations of the forms
ax—+f— ZZ:I br/(x —ay), ax — Zl?il {br/(x —ay) + by /(x + ar)} and ax + B tan x are studied as examples.

1. Introduction and Results

A various kind of 1-dimensional transformations have been found to have absolutely
continuous invariant measures ([2], [3], [4], [8], [10]). However, there are not many transfor-
mations whose densities are explicitly known. The first aim of this article is to show that a
transformation R on the real line R has an invariant probability density (1 /7)Im (1/(x — z0)),
if it is a boundary restriction of an inner function of the upper half plane and if there exists
z0 = x0+1iyp € C\ R with R(z9) = zo or with R(zg) = Zo. This explicit form of the invariant
density allows us to obtain the ergodic properties of the transformation by using known results
for transformations on finite intervals.

Precisely, we have the following Theorem 1, which was already proved by G. Letac
([9]). We give an easier proof by applying Cauchy’s integral formula to the defining function
in the theory of Sato’s hyperfunction. The proofs and the examples will be found in Section
2 and Section 3, respectively. By C; we denote the upper half plane {z € C; Im(z) > 0} and
C_={z€C;Im(z) <0}.

THEOREM 1. Let R(z2) be a function defined on C;+ U (R\ E) and R(R\ E) C R,
where E is a coutable subset of R. Suppose further the following:
(1) R(z) is holomorphic in C+ and satisfies that R (C;+) C C+ or R(C4) C C_.

Received September 28, 2011; revised November 22, 2011
Mathematics Subject Classification: 37A05, 37A50, 60F05
Key words and phrases: Invariant measure, Cauchy distribution, Central limit theorem



178 HIROSHI ISHITANI

(2) R(z) is continuous on R\ E.
Then, for all zo = xo + iyg € C, the equation

/ f(R(X))< )dX—/ VACAI

holds for all essentially bounded function f(x).

dx
- R( 0)

From this Theorem 1 we can easily derive the following corollaries. If there exists a fixed
point zg in C\ R, we can immediately get that a Cauchy distribution (1/7z)Im (1/(x — zg)) dx
is an invariant probability of the transformation R on R.

COROLLARY 1. Let R(z) be a function which satisfies the assumptions in Theorem 1.
Suppose also that R has a fixed point zo = xo + iyo € C4.
Then we have

o 1 o 1
/ f(R(x)) (Im—) dx = / fx) <Im—> dx
—00 X — 20 —00 X — 20
for all bounded function f(x), that is, a Cauchy distribution (1/7)Im(1/(x — zo))dx is an

invariant probability of the transformation R on R.

In case there is a point zg € C4 with R(z9) = Zo, the same result can be derived from
the fact that Im (1/(x — z0)) = —Im (1/(x — Zp)).

COROLLARY 2. Let R(z) be a function which satisfies the assumptions in Theorem 1.
Suppose also that R has a point 7o = xo + iyo € C4+ with R(zg) = Z0.
Then we have

/ f(R(x)) (Im#) dx = / f(x) <Im;> dx
_ Z — 20

for all bounded function f(x), that is, a Cauchy distribution (1/m)Im(1/(x — z0))dx is an
invariant probability of the transformation R on R.

In the article [7] the same results for a class of rational transformations

are given by using the factor theorem, and their applications are discussed. We can use the
same idea in order to get the central limit theorem for more general transformations. Here we
repeat the outline.

Suppose that R has a point zg = xo +iyp € C+ with R(z9) = zo or R(z9) = zo. We can
also use our result to study the ergodic properties of (R, ) on R, where u is an absolutely
continuous probability measure with a density (1/7)Im (1/(x — zo)). Note that we clearly
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have

1 Yo d X — X0
Im = 3 7 == arctan
x—z0 (x—x0)"+ 0 dx Yo

for zo = x9 + iyg € C4. Denote

¢(x) = arctan <x _ xo) .

Yo

Then we can prove that the transformation 7'(¢) := <p(R(<p_1 (t))) on (—m /2, w/2) preserves
the normalized Lebesgue measure A and that (7', 1) is isomorphic to (R, n). Hence, the above
results enable us to get the ergodic properties of the transformation R on R from those of T
on(—m/2,w/2).

If the transformation R(x) is piecewise monotonic, it is clear that so is 7. The piecewise
monotonic transformations on finite intervals have been investigated by many authors. In
particular, if piecewise monotonic transformations on finite intervals are uniformly expansive,
then it has been shown that they have good ergodic properties ([2], [3], [4], [5], [6], [8]). As
in [7] the relation

(T'® =

b —z0l*

R —zol )

holds for almost all t € (—m /2, w/2), where t = ¢(x). This gives an easy sufficient condition
for T to be piecewise expanding, while N. F. G. Martin gave another sufficient condition
([11D).

Consequently, combining this relation with the known results, we can easily prove the
following Theorem 2, where N (0, 02)(y) (62 > 0) stands for the distribution function of
Gaussian measure with mean 0 and variance o2 and N (0, 0)(y) stands for that of Dirac mea-
sure. We give only a sketch of the proof in Section 2, because it is the same to the proof
of Theorem 4 in the article [7]. Examples that satisfy the assumptions of Theorem 2 will be
found in Section 3.

THEOREM 2. Suppose that the function R(z) on C4 is not 1 to 1 and satisfies the
assumptions in Corollary 1 or Corollary 2. Suppose also the following:
(1) R\ E is a union of at most countable intervals I .
(ii) The restriction of R(x) to each interval I; is monotonic and of C 2_class.
(iii) The inequality

2

inf |20 pey| 5 (1)
xeR\E | |R"(x) — z0/?

holds for some positive integer n.
(iv) The set {R(1}); j} consists of a finite number of intervals.
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Suppose further that f(x) is a function of bounded variation on R and that v is a probability
measure on R with a density dv/du with respect to the invariant probability measure |
Then the central limit theorem holds for the transformation R : the limit

n—1 2
1
Jim - [ - | au=:o? @
k=0
exists and
n—1
Jim v{ % Z(j)(f(k"x) —u(f) = y} = N@©0.0%)(y) 3)

holds for all continuity points of N(0,>)(y). If we suppose further that 6> > 0 and that
(1 + x2)(dv/dx) is of bounded variation, then there exists a constant C > 0 such that

<C 4
=7 “)

sup
yeR

1 n—1 . 5
v{ 7 l;mR x) = p(f) < y} — N0, 5)(y)

holds for all n € N.

Corollaries 1 and 2 can be also applied to get invariant densities for a class of transforma-
tions on finite intervals. Let us consider a transformation 7' (¢) := { f (¢)} on the finite interval
[—7/2, w/2), where f(¢) is a real valued function on [—7/2, 7 /2) and {a}; := a — kn for
—(/2)+ kxr < a < (w/2) + km. Remark that R(x) := tan T (arctan x) is a transformation
of R and tan{ f (arctan x)}, = tan f(arctan x). Then Corollaries 1 and 2 can be applied to the
transformation R(x) := tan 7T (arctan x), and we can easily get the following.

PROPOSITION 1. Suppose that the real valued function f(arctanx) on R can be ex-
tended to a function g(z) which satisfies the assumptions in Theorem 1. Suppose also that
there exists zg = xo + iyo € C4 with tan g(zo9) = zo or tan g(zo) = zo. Then the transforma-
tion T(t) :={f()}r on[—m/2, w/2) has the invariant probability density

l< yo(1 + tan’ 1) )

7 \(tant — x0)2 + yo2

As examples, transformations {«tant}, (¢ > 1) and {—acott}; (¢ > 0) on
[—m/2, w/2) are studied in Section 3.

2. Proofs

In this section we first give the proof of Theorem 1 and secondly the sketch of the proof
of Theorem 2.
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2.1. Proof of Theorem 1. Though G. Letac ([9]) has already proved a version of our
Theorem 1, we give another proof by using Cauchy’s integral formula.
Let us define

1 1
FQ)=—— f(x)dx (5
i) X —2

for a continuous function f(x) on R with a compact support. Note that F'(z) is known as a
defining function in the theory of Sato’s hyperfunction ([13]). It is clear that F'(z) has the
following properties:

LEMMA 1. Let f(x) be a continuous function on R with a compact support.
Then F(z), defined by (5), has the following properties:

(1) F(z) is holomorphic in C+ U C_.

(2) ReF(z) is bounded on C+ U C_. Precisely, we have the estimation

1
IReF(z)| < EHf”oo- (6)
(3) ReF(z) convergesto (1/2) f(x) as z € C4 tends to x € R: that is,
1
lim ReF(z)=<-f(x). @)
z—x,z2eCy 2

PROOF. It seems that the above results are clear and well known. Hence we repeat the
sketch of the proof of the equation (7) only.

First, we prove that Re F (x 4 iy) uniformly converges to (1/2) f(x) as y — +0. Putting
t = (s —x)/y, we get that

ReF(x +iy) — %f(x)

1 o0 1 1
E/_oolm (s - <x+iy)> JOds =37
1 o0

y d 1
E/ 7_‘_})2]%?) S—Ef(x)

o0 (8 — X)Z
1

2

1 [ 1
;/_wm(f(x‘i‘yf)—f(x))df

Since f(x) is uniformly continuous, for any ¢ > 0 there exists §(¢) > 0 such that if
|x1 — x2| < §(¢), then | f(x1) — f(x2)] < &. Note also that

1 [ 1
— dt=1.
T o t?+1

Then for sufficiently large M (¢) we clearly get

1 1
—/ —dt < . (8)
T Jizme) -+ 1 2|l fllo
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Hence, if 0 < y < §(¢)/M((e), then we easily have the estimation

111 o0 1
! —f_wmuuﬂr)—f(x))dr

2|
1 2 1 Mo
o o)
T Jit|=M@e) t +1 T J M@t +1

1
<e ©)

ReF(x +iy) — %f(x)

A
I
e e,

-2

for any x € R.
This uniform convergence of Re F(x 4 iy) and the uniform continuity of f(x) immedi-
ately show the equation (7). O

Remarking the above properties of a defining function F'(z), we can get the following
key lemma.

LEMMA 2. Suppose that R(z) satisfies the conditions in Theorem 1 and that f is a
continuous function with a compact support. Suppose also R (C4.) C C4. Then the equation

1 [ 1

holds for all zp € C4..

PROOF. Let us define

Zow + 2o
= 11

Bz (w) w1 (11
Then we have ¢, (U) = C4 and ¢>ZO(SI) = R, where U stands for the open unit disk
{z € C: |z < 1} and S! for the unit circle {z € C : |z] = 1}. Lemma 1 shows that
F(R(¢z,(w))) is holomorphic in U. By y, we denote the positively oriented circle with cen-
ter 0 and radius 1 — ¢ (0 < ¢ < 1). Cauchy’s integral formula shows that

1 F(R

_/ ( (¢zo(w)))dw
27 Jy, w

F(R(9(0)) =

e

1 .
= F(R(¢:,((1 — £)”)))d6 .
T J-n

Therefore we get

Vg

1 .
ReF(R(z0)) = ReF(R(¢2,(0))) = E/ ReF (R(¢s, (1 — e)e))do . (12)

—7T

Since the inequality

1
IReF (@) = SIS lloo
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and the equation
. 1 .
lim Re F (R (¢ (1 = e)e))) = 5f<R<¢ZO<e“)))) a.e.

hold from Lemma 1, the dominated convergence theorem shows that

1 [T .
ReF(R(z0)) = P f(R($,(?)))ao . (13)
Note that ¢Z_Ol(z) % nd (¢z01) () = ﬁ hold. Then, putting el = qﬁz_ol(x),

we can rewrite the right hand of (13) as

(¢ZOI> w
¢! ()

1 o0 1 1
= Tm/_oof(R(x” <(x ) G —m))dx

= L/OO f(R(x))Im (—1 )dx.
27 J_ o X —20

This completes the proof. O

1 T » B L 00
E/_ﬂ S (R(¢,(e7)))do = i /_OO FRX)———

This Lemma 2 immediately shows Theorem 1. In fact, from Lemma 2

1 [ 1

holds for a continuous function f with compact support and zg € C.. On the other hand, the
definition (5) of F(z) implies

1 00 1
ReF(R(z0)) = E/ f (x)Im <x—7R(z0)) a

Hence, if we suppose the assumptions of Theorem 1 and R(C;+) S C4, then the result of
Theorem 1 for a continuous function f with compact support

/ f(R(x))Im< ) dx = / £(0Im <;) dx (14)
x — R(z0)

1
and Im————— are integrable on (—o0, 00). Then
X —20 x — R(z0)

we can insist that the result (14) holds for all essentially bounded function f(x). This proves
Theorem 1 in case R(C4+) € Cy.
If R(Cy) € C_, put R(z) := 2x9 — R(z). Then we clearly get that R(z) satisfies the

clearly follows. Remark that Im
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assumptions in Theorem 1 and R (C4+) C C4. Thus we have, putting y = 2x¢ — x,

/_: f(R(x))Im (x _IZ()) dx = /_: f(2xo — R(x))Im (x _1Z0> dx
Z/_: f(2x0 — x)Im <x_lm> dx
- Lo ()@

/ fOm ( y+R<zo)>dy

/ f(y)'lm< “RG o)>'dy'

This proves the result in the case R(C;) € C_. Thus the proof of Theorem 1 is completed.

2.2. Proof of Theorem 2. Let 70 = x¢ + iyp € Cy satisfy the relation R(zg) = zo
or R(zg) = zo. Then Corollary 1 or Corollary 2 shows that du := (1/m)¢’(x)dx is an
invariant probability for the transformation R where ¢(x) := arctan{(x — x¢)/yo}. Define the
transformation T on the interval (—m/2, w/2) by T(t) := @(R(¢~'(¢))). Then we can get
the following Lemma, which is a key to the proof of Theorem 2.

LEMMA 3. Suppose that the conditions on R in Theorem 2 are satisfied. Then (R, i)
is measure theoretically isomorphic to (T, L), where )\ denotes the normalized Lebesgue mea-
sure on the interval (—m /2, /2) and is invariant under T. Furthermore, T has the following
propetrties:

(1) The restrictions T'|y1;) of T to the intervals ¢ (1) are monotonic and of C?-class.

(2) The set {T(¢(1})); j} consists of a finite number of intervals.

(3) The equation

lx — zo/?

Tn/ — n 15
(IO = s (R ) (15)

holds for all t ¢ {¢(E)} where x = ¢~\(t), and hence the inequality

inf |(T")' ()] > 1 (16)
1¢¢(E)

holds for some positive integer n.
PROOF. Recall that we have

1 Yo d t ()C - XO) /( )
= = — arctan = X).
x—z0 (x—x0)%+y® dx Yo ¢

Im
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This is followed by

z )
A(A) = 1/2 Ix(t)dt = l/ Ia(p(x)¢' (x)dx = (™' (A)).
Tz T J_ o
Hence, we have that A(A) = u(¢~'(A)) and (R, u) is measure theoretically isomorphic to
(T, A). This immediately shows that T preserves the normalized Lebesgue measure A, since
R preserves .

Because R|;; and gare monotonic and of C?class, T |(1;) are also monotonic and of
C?-class. Similarly, it is also clear that the set {T (¢(/ 7)); j} consists of a finite number of
intervals.

Recall that ¢(x) = arctan{(x — xp)/yo} and hence go_l(t) = x0 + yotant. Then we
easily have

(T™ (1) = ¢'(R" (@ (1)) (R (' 1)) (01 (1)

N (R"(w_l(t))yo— x0)2 + o2 (R™ (™' (1) yo(1 + tan® 1)
_ = x0)% + yo?
T (RM(x) — x0)2 + yo
X = 2012
T IRMx) — 20

5 (R (x)

(R™)'(x),

where x = ¢~!(¢). This completes the proof. O

Lemma 3 shows that the dynamical system (R, ©) on the real line R is isomorphic to
(T, }) on the finite interval (—m/2, 7 /2) and that (7, A) is piecewise smooth and piecewise
monotonic. The relation (16) implies that the transformation 7 is piecewise expanding and
smooth enough if the assumptions in Theorem 2 are satisfied.

On the other hand it is already known that such T has a finite number of absolutely
continuous ergodic invariant measures A1, A2, ..., Ay and the other absolutely continuous
invariant measures are convex combinations of them (cf. [3], [4], [5] and [10]). Birkhoff’s
ergodic theorem shows that if f e L'(3;) then

n—1

lim_ %Z f(T*n) = / fdri (A ae)
k=0

holds. Note that the supports of ergodic measures are mutually disjoint and that the normal-
ized Lebesgue measure X is also a convex combination of Ay, A2, ..., Ay. Hence if f is a
A-integrable function, then f is A;-integrable foralli = 1,2, ..., M. This observation shows
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that for a A-integrable function f
1 n—1
lim =" f(T") = f*(1) (rae) a17)
n—-oon =0

holds and f*(1) = ffdki for A-a.e.t e supp{r;} (i =1,2,..., M).

In order to prove our result, we apply Theorem 1 in [6] to the transformation in question
(see also [5] and [12]). Hence, if f is a function of bounded variation defined on the inter-
val (—m/2,w/2) and if ¥ is an absolutely continuous probability measure, then there exist

nonnegative constants ci, ¢z, . .., ¢y with Zf‘il ¢i = 1 and o,-z >0@G=1,2,...,M) for
which
1 n—1 M
.~ z ok 7 _ . 2
lim. v{ﬁ ;)(f(T 0= fr0) < y} = leclmo, oi*)(y) (18)
= 1=

holds for all continuity points of the right hand side. If we assume further that ;> > 0 for all
i=1,2,..., M, and that dv/dX is of bounded variation, then

sup
yeR

) 1 n—1 _ ., M s
v{ﬁg(f(T n—fr0) < y} — Y cN©,6)(y)

i=1

C
=< N 19)

for some C > 0.

J. Aaronson ([1]) proved that (R, w) is exact if R(z) is not 1 to 1. Therefore the number
M of absolutely continuous ergodic measures for 7 is equal to 1. It follows that A is the unique
invariant probability and f*(f) = A(f). Let f(x) be a function of bounded variation on R.
Then f (1) := (f o ¢~ 1)(1) is also a function of bounded variation, because ¢! (¢) is strictly
increasing. Suppose that v is a probability measure on R which is absolutely continuous with
respect to s. Then it is clear that the probability measure 7(A) := v(¢~'A) is absolutely
continuous with respect to A.
Note that we have

n—1

;,{, € (—m/2,7/2); % /; (f(T*) —r(f)) < y}

n—1
= ow){r € (—m/2,7/2); % : O(f(T"r) —A(f)) < y}

(20)
1
= U{X € R, ﬁ Z ((f o (p_l)(Tkgo(X)) - A-(f O(p_l)) = y}

(F(R*x) — u(f)) < y}.
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Therefore we get the relation (3), combining (18), (20) and the fact that M = 1.
On the other hand we have

_ dv
,)(A)Z/ —(x)dx
(p*IA dx
dl) -1 —1v/
_ / T )™ 0di
A dX

=/ d—v(w_l(t))yo(l—}-tanzt)dt
A dx

—1 B 2
:/ d_v((p—l(t))y0<1+ <w) )dt.
A dx Yo

v dv, o~ () —x0)\?
i a(‘ﬁ (t))yo(l + <T) )

1

This shows

Therefore, because ¢~ is strictly increasing, the total variation of dv/dA on the interval
(—m/2, m/2) is equal to the one of

X — X0 2 dv
y0<1+< ) )—(x)
Yo dx

on the real line R. Thus, if (x2 + 1)(dv/dx) is of bounded variation, so is d¥/dx. This and
(19) show the inequality (4) of Theorem 2.

3. Examples

In this section we consider examples which satisfy the assumptions in Theorems 1 and

First let us note the following remark.

REMARK 1. Letus define R (z) := —R(z) + 2x¢. Then we have the following:
€)) ﬁ(CJr) C C_ holds, if and only if R(C+) € Cy.

(2) R(xo+iy0) = xo — iy, if and only if R(xo + iyo) = xo + iyo.

Therefore, it is enough to consider only the examples which satisfy R(Cy) € Cy.

3.1. Rational transformations R(x) = ax+f—) ;_, bx/(x —ai). Letus consider
the rational transformations of the form

R@ =az+p— Y 2 @)
k=1

—z—ar’

where 0 <a < 1,by >0k =1,...,n), a1 <ax <--- < ay.
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In the article [7], these transformations were proved, by using the different method, to
have the same result. A sufficient condition for the existence of a fixed point zo € C \ R is
given in Proposition 3.1 of [7].

PROPOSITION 2. Let us define

b
Rx)=ax+ 8 — Z k
X — ag
k=1
forO <a < 1,by >0k =1,...,n), a1 <a < --- < a,. Assume further that a; <
B/A =), a, > (B/(1 —a)) and
b 1/3 L p., 1/313
Cli+1 —Cll‘ < \/{ 1 + l+1 } (22)
l—«
fori =1,2,...,n — 1. Then there exists zo € C+ \ R with R(z9) = zo.

Therefore, the transformations of the form (21) have the result of Corollary 1, if the
assumptions of Proposition 2 are satisfied. The ergodic properties of these transformations
are discussed in [7].

Let us consider the transformation R(x) = ax —x 1 with 0 < o < 1. We can eas-
ily get that there exists a unique fixed point zo = iyp = i4/1/(1 — &) of R in C in this
case. Corollary 1 shows that di = 7w ~'Im (1/(x — iyo)) dx is an invariant probability for the
transformation R.

Let us consider the transformation 7'(¢) := ga(R(ga_l (1)), where ¢(x) := arctan(x/yp).
Using Lemma 3 we have

_x =zl

"~ |R(x) — z0/?
ax? +1

P

T' (1) R (x)

(23)

Hence, the transformation 7" on (—m /2, /2) is uniformly expansive. Precisely, we have

, (1 1
T(t) >min| —, —— | > 1
o 11—«

for all # # 0 ([7]). It is also clear that R(z) is not 1 to 1. Therefore, R(x) = ax — x~!
(0 < a < 1) satisfies the assumptions of Theorem 2, so that we have the ergodic theorem and
the ordinary central limit theorem for (R, w).

If the number 7 of poles is more than 2, it is generally not easy to get the desired esti-

mation of |T’(r)|. However, there are some examples that satisfy the assumption of Theorem
2.
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Let us consider the transformation
1 1
x—1 x+1

with 0 < o < 1. We can easily get that R(iyg) = iyg, where yo = /(1 + «)/(1 —«). We
can obtain

R(x) = ax —

a(x? =12 +2x242
22—+ (1 -2+ (1 -a)(l+a)’

Using the equation (24), for 0 < o < 1 we also get the inequality

, . 1 1
T'(t) > min %' 1 > 1
o

—

T'(t) =

(24)

forallt ¢ {—n/2, o(—1), (1), m/2} ([7]). If « = O, then it is clear that the right hand side
of (24) is equal to 2 and

247 (—mw/2<t<-—m/4),
T()= 12t (—m/d <t <m/4),
2t —m (m/d <t <m/2).

Consequently, Theorem 2 can be also applied to these transformations.

3.2. Transformations R(x) = ax — Z,fil{bk/(x —ay) + by /(x + ar)}. Define

[e.e]

R(z):az—Z{ LR } (25)

— a, a
el 4 k2t ag

forO0 <o <1,0 <ag,and0 < br(k =1,2,...). Thenitis clear that R(C;) € C and the
assumptions of Theorem 1 are satisfied. In order to check the existence of the fixed point we
have the following sufficient condition.

PROPOSITION 3. Assume that

o o0
Zbk <o and 1—a< Z
k=1 n=1

Then there exists yy > 0 such that R(yol) = yoi holds.

2
bn <00. (26)
a;

PROOF. From the definition (25) of R we have the equation

o]

R(yi):ayi—Z{ bn_ Do }

= yi—a, yi+a,

o]

-2l
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On the other hand the assumption (26) shows that there exists yo > 0 which satisfies the
relation

This completes the proof. O
Thus we have the result of Theorem 1 for transformations in question.
3.3. Transformations R(x) = ax + Btanx. Letus consider the transformation
R(z) =az+ Btanz 27
for 0 < @ and 0 < B. Then R(z) is holomorphic in C; U C_. Remark that we have

2sin2x

Re (tan(x +iy)) = (e + e=2%) + 2cos2x

(28)

and
€2 — e

Im (t iy)) = '
m (tan(x +iy)) (€2 + e~ 2) + 2 cos 2x

(29)

Hence, we immediately get the relations R (C+) C C4 and R (C_) C C_ from the equation
(29).

In order to apply Corollary 1 we have the following proposition which gives a sufficient
condition for the existence of the fixed point zg € C;.

PROPOSITION 4. If0 < a < 1 < o + B, then there exists a unique positive number
yo which satisfies R(iyo) = iyp.

PROOF. The well known equation taniz = itanh z shows that
. . . e¥ —e™?
R(@y) = 1{ay + ,Btanhy} = 1{ay + ﬁm} .
Clearly tanh y has the following properties ;

tanh0 =0, lim tanhy=1, tanhO=1, tanh'y >0, tanh” y <0 (y > 0).
y—00
These properties and the assumption 0 < o < 1 < o + B enable us to have a unique positive
number yo which satisfies the equation «yg + 8 tanh(yo) = yo. This proves our assertion. [

From this proposition and Corollary 1, it follows that a transformation R(x)=
ax + B tanx has an invariant probability density yo/m (x> + yo?) if 0 < @ < 1 < & + B.
In order to check the condition (1) we have the following estimation.
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PROPOSITION 5. Supposethat) <o <1 < o+ B. Then for all n > 2 the estimation

Byo®

x = 20P  pnyi
2 CEY)

ess.inf | —————
IR (x) — zg|

> min {1 }(O{ + "2

holds, where zo = iyg stands for the fixed point of R.

PROOF. First, remark that the chain rule ensures us to have the inequality

2

|X_ZO| ny\/
R =z 7))

2 2 n
=< X +y0 )l_[{R/(Rk—l(x))}

(ax + Btan R™=1(x))” + yo2/ o

- <’ - 2, pk—1
((O{x + Btan Rn—l(x))z + y02> ]!:[1 {C( + B + Btan"(R (x))}

_ ((x2 +0%) (e + B + Btan*(R"~(x)))
B (ax + Btan R"=1(x))” + yo?

)(a + ,B)n_l

forallx €e R\ E. If |x]| < }tan R 1(x) }, then we clearly have the estimation

(¥ +30%) (@ + B+ Btan® (R () yo? (@ + B + Btan’(R"™'(x))
(ax + Btan R"~! (x))2 + y02 ~ (a4 p)?tan? R"~1(x) + yo?
Byo’

= min{m, (Of—i-ﬁ)}.

If [x| > |tan R"~!(x)|, then it is also clear that the inequality

(x% + y0?) (@ + B + Btan?(R""! (x))) . (x2+30%) (@ + B) o1
(x+Ban R=1(0)) +y02 @ +B2+y> T a+p

holds. Thus we get the inequality (30).

(30)

O

From Propositions 4 and 5 it follows that Theorem 2 can be applied to the transformation
R(x) = ax + Btanx if 0 < @ < 1 < o + B. J. Aaronson remarked that transformations

(R, n) in question are exact if it is not 1 to 1 ([1]). Therefore we have the following.

THEOREM 3. Let R(x) =ax+ Btanx and0 <o < 1 < «a + B. Suppose further that
f(x) is a function of bounded variation on R and that v is a probability measure on R with a

density dv/du. Then the limit

n—1

1 2
Jim - [ @ - | au=:o?
k=0
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exists and

n—1

Jim ol - SR~ i) < o} =00
holds for all continuity points of N(0, 2)(y).

If we suppose further that 6> > 0 and that (1 + x?)(dv/dx) is of bounded variation,
then there exists a constant C > 0 such that

sup
yeR

= —

Jn

n—1
1 Koy 3 >
V{ﬁlg(f(R x) —u(f) =< y} N@O,07)(y)

holds for all n € N.

3.4. Transformations on a finite interval. We discuss some examples which satisfy
the assumptions in Proposition 1.

Let us consider f(¢) := atant on [—m/2,7/2). Then g(x) = f(arctanx) on R can
be extended to a function g(z) = az on C, which satisfies the assumptions of Theorem 1.
As in the above subsection, it is clear that for « > 1 there exists z9 = iyp € C4 such
that tan(aiyg) = iyg. Hence, the transformation 7' (t) := {« tant}, on [—x /2, 7 /2) has the
invariant probability density

1 (yo(l + tan? t))

7\ tan2t + yo2

Consider a function f(¢) := —a cott on [—m/2,w/2). Then g(x) = f(arctanx) on R
can be extended to a function g(z) = (—«/z) on C, which also satisfies the assumptions of
Theorem 1. Using the equation tan(—c«//iyp) = itanh(«/yg), we can prove that for « > 0
there exists zg = iyp € C such that tan(—«/iyg) = iyg. Hence, the transformation 7'(¢) :=
{—acott}; on [—m/2, w/2) has the invariant probability density

1 (yo(l + tan? t))

7\ tan?t + yo?
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