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Abstract. In the present paper, we consider sampling theorems on Banach function spaces. Here we obtain
a necessary and sufficient condition. For the latter half of the paper, we consider sampling theorems in terms of
wavelets.

1. Introduction

Recently to unify the results in harmonic analysis, we consider Banach function spaces.
Following [2], let us recall the definition of Banach function spaces. By Banach function
norms on R”, we mean the mapping || - ||x : Llloc(R”) — [0, oo] satisfying the following
conditions below.

1. Forall f € L\ _(R™), | flx > 0and equality holds if and only if f = 0.

loc

Forall f € LI (R" anda e C, |la- fllx = lal- | fllx.

loc

2.
3. Forall fig e LL R, [f + gllx < I flx + llglx-
4. Forall f, g € LLR"),if |f] < |gl. then | flIx < llgllx.

loc

5. We have = sup || fjllx, whenever {fj}?il c Ll (R") satisfies 0 <

sup f J loc
X J

jeN
fis<ph=<---.

6. If F is of finite measure, then x r, the indicator function of F, satisfies || x|l x < oo

and there exists a constant cg > 0 such that/ |[f(x)dx <crlflx.
F

We denote by X the set of all f € LlloC (R™) such that || f||x < oo. Then X is a normed space.
We assume in the present paper that X is a Banach space. A Banach function space on R” is
a Banach space that can be realized in this way.

The sampling theorem is fundamental not only in harmonic analysis but also engineering.

We review the classical results. For definiteness, define F f(§) :=
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displaystyle—r [ou f()e™ S dx, F7f(x) := —Lop [qu f(€)e™F d.
@m)2 @n)2

THEOREM 1.1. If f € L*(R) has frequency support in [-2x W, 2 W] for some W >

. > k O\ sin(xQWr — k)
0, then the reproducing formula f(t) = Z f W W holds, where the
7'[’ —

k=—o00

right-hand side converges in L*>(R) and uniformly over R. Additionally we have the norm
equality || f 72y = W k_E_oo ‘f <_2W>

This result has a long history. The main people involved are Ogura, Shannon, Someya
and Whitaker. There are a vast amount of literatures and we refer especially to the original
papers [17, 19] and an account [3, 16] for more details. It is known that the classical theorem
above is generalized to the case L” (R") (1 < p < o0) as the following form.

THEOREM 1.2. Letl < p < oo. If f € LP(R") has frequency support on [—mr, wr]"
for some r > 0, then the norm equivalence
k
()
r

N\ U/p
C," PN fllLr ey < (Z ) < C) P\ fllLe e
holds, where C, > 1 is a constant independent of n, r and f. Moreover the reproducing for-

keZ?

kY 1 si —k
mula f(x) = Z fl- 1_[ M holds, where the right-hand side converges
) ot r w(rx, —ky)

unconditionally in L? (R™).

Gensun has initially proved Theorem 1.2 in [9] where the statement on unconditionally
convergence is unclear. Later an alternative proof containing unconditional convergence has
been given by Ashino—Mandai [1].

To formulate our results, we introduce notations. Write Q(r) := [—r, r]" for r > 0. For
a closed subset Z of R”, let us denote by S’ (R")z the set of all f € S’(R") whose Fourier
transform is supported on Z. For j € Z and m € Z", we write Q; , = 27/ m 4 [0, 27",
We employ sampling theorems to learn the size of f € S’'(R")z in terms of a certain norm
from the data { f (m)},czn. Let A, B > 0 be real numbers. The notation A < B stands for
A < CB for some constant C > 0 independent of the main parameters. Meanwhile, A = B
means B < A. Finally A ~ B stands for A < B and B < A. With this notation, we prove
the following theorem first.

THEOREM 1.3. Assume that
@) = A+ D™V A+ )™ A+ )N e X (1.1)
for some N € N.
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(1) We have the following norm equivalence.

sup LfC+ I
yerr (L+1yD2N

D 1F )Xy, ¢+ ¥)

meZ

1
sup ————
X yeR? (14 [y X

forall f € S/(Rn)Q(l).

(2) We denote by K the set of all non-negative sequences A = {Ay}mezr such that
Am = 0 with finite number of exception. Then the following are equivalent.:
(a) Forally e R"and ) € K,

> hnx0p ¢ —y)” SA+1D™M| D Auxoon (12)
meZ X meZ X
(b) Forall f € S'(R")g(1), we have
£l S | D2 £omxgo,, (1.3)
meZ" X
(3) The following are equivalent.:
(c) Forall f € S'R")pq)andy € R", we have
LFC=lx S A+ 1D MIflx- (1.4)
(d) Forall f € S'(R")g(1), we have
> fmxo,| ~Iflx- (1.5)
meZ" X
(4) Ifwe assume (1.4) forall f € S'(R") 1), then
Lf(+ )l

Ifllx ~

SUp ———— v
yeR? 1+ |y|)2N+n+l ¥

1
yséllg” RENT A D 1fm)lxg,, ¢+ ¥) ;
meZl
for all f [S S/(R”)Q(l).

Motivated by [18, 21], we are led to consider the translation in the theorem above.
We denote by M ™ the Hardy-Littlewood maximal operator. That is,

1 1/n
MW f(x) = sup (—/ If(y)l”dy>
0o \@l Jo

for a measurable function f : R® — C, where Q(x) denotes the set of all cubes whose sides
are parallel to the coordinate axis and which contain x. Also, we write M = M M. As
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a corollary, when the maximal operator is bounded, then our assumptions are automatically
fulfilled.

COROLLARY 1.4. Ifthere exists n > 0 such that |M™ f||x < I flix for all measur-
able functions f, then

Ifllx ~ (1.6)

> Fmxoo,

meZ" X
forall f € S’R") o).
Here are some examples of X we envisage.

EXAMPLE 1.5.
1. The simplest case is the one when X = L”(R") with 1 < p < co. Namely

> Fmxoo,

meZ"

I fllLe ey ~

LP(RM)

holds for all f € L?(R") NS’ (R") o(1). Comparing with Theorem 1.2, we note that
this norm equivalence is true even if p = 1 or p = oo.

2. Our theory is readily applicable to the weighted Lebesgue space X = LP(R", (1 +
|x])* dx) for some a € R.
The same can be said for the space X = L (R", w(x) dx) for some w € A, with
1 < p < oo, where A, denotes the set of all weights w for which the quantity

1 1 ! -l
A,(w) := sup <—/ w(x) dx) <—/ w(x) p1 dx) < 00
’ 0:cubes \ €@l Jo 10l Jo

when 1 < p < oo and

Al(w) :=1lim A, (w) < 00
Kkl

when p = 1. Our theory is readily applicable also to the weighted Lebesgue space
X = LPR", (1+|x])*dx) for some a € R. In particular, it is of interest in the case
when a < 0 because (1 + |x])¢ ¢ U Ap. whena < 0.
I<p<oo
3. Orlicz spaces fall under the scope of Theorem 1.3. The definition of Orlicz spaces
are given as follows: First, by a Young function, we mean a continuous bijection
® : [0, 0c0) — [0, 00). For such a function @, we define

1flle = inf{x 20 / @('f;x"> dx < 1} .

It is easy to see that || - ||, o is a Banach function norm. For example, Orlicz spaces

can be used to describe the intersection spaces as the example ®(¢) = ¢ + ¢ shows.
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4. Let p(-) : R* — [1,00] be a measurable function and consider the variable
Lebesgue space LP( ')(R”) (cf. [14]). According to [4, 6], if we assume
(a) Forall |x —y| <1/2,
‘ 1 1
px)  pky)

1
—log(jx =y’

B

(b) There exists a constant p(co) # 0 such that for all x € R",
‘ 1 B 1 ‘ < 1 ’
p(x)  p(oo)| ™ log(e + |x])

then M is bounded on LPC)/7(R™) for every number n such that 0 < 7 <
essinf{p(x) : x € R"}. Hence ||M(77)f||Lp(~)(er) S IflLrc) ey holds for all
f e LPOORM).

Below we describe how we organized the present paper. Theorem 1.3 is proved in Sec-
tion 2. Section 3 deals with sampling theorems from the viewpoint of wavelet characteriza-
tion.

2. Proof of theorem 1.3

The following lemma, which dates back to [7], was the starting point of the sampling
theorem and the (modern) theory of function spaces. This lemma shall be used in the proof of
Theorem 1.3.

LEMMA 2.1. Letk € S(R") be an auxiliary bump function satisfying

X03) = K = XQ(3+1/100) -
Then any f € 8'(R")g(3) has the following expansion:
f=@n77 Y fmF k(- —m), @.1)
meZ"
where the convergence takes place in S'(R").

The expansion (2.1) is a well-known result. By using the wavelet functions, a similar
expansion is available.
To prove Theorem 1.3 (2), we need the following lemma as well.

LEMMA 2.2. Let N € N be arbitrary and fy given by (1.1). Then there exists a
function pn € S'(R") g(1) such that oy (x) ~ fn (x).
PROOF. First observe that the function t of a variable r € R, which is given by
2 sint

t(t) == F o1.l(0) = — (2.2)
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belongs to S’ (R)[—1,1] and vanishes at 27 Z \ {0}. Therefore, the function given by

2N

Yy = [rep* (2.3)

j=1
belongs to S’(R")p2n). Observe that it is non-negative and that it vanishes at 2w Z)" \
{(0,0,...,0)}. If we define

10N 10N 10N

o= Y Y Y K”(x—(zl,zliv,...,zn)), (2.4)

L=—10N b=—10N  l,=—10N

then we see that gy satisfies the desired property. O
PROOF OF THEOREM 1.3.
(1) Let us first establish that

fatal o1
+ 2.5
e T+ 1202 ~ W+ 1y m;'f(m)'XQoN o @)

for all x, y € R". To this end, we freeze x and y arbitrarily and let us estimate
the right-hand side. Denote by m,y the unique integer such that x + y € Qo,m, -
Then we have

1
v 2 [l (v + ) =

1
S — )l 2.6
(I+1y)N & 1 0 20

=+ 1yl
Note that
A+ xDA+1yh =T+ Ix+yl. 2.7)
If we use (2.7) and the fact that |x + y — m, | < n, then we obtain
L+jx —meyl =+ yDA+Ix+y—mey) = +m)A+1yD.  (2.8)

If we insert (2.8) to (2.6), then we have

1
)ZN |f(qu)’)| 5

(1 + |y| mx’y|)2N |f(qu)’)|

(1+x —

S osup ——— [ f(w)],
werr (1+ v —w])¥
which proves (2.5). Next, let us establish that

p O
yerr L+ YDV~ (42N

D fmIxen,x+y) . (29

meZ"
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To this end, we fix y € R". Then, by virtue of Lemma 2.1, we have

e+l F Gty —m)|
Ay S 2 VI

meR"
If we use the fact that k € S(R") and (2.7), then we obtain
|[fx+ 01 | f(m)]

I+ [yD2N % +lx +y = mDN (A + [y
|f(m)]
< Z I At N
~ — 2N
(Ut [x —ml)
1
S =% 2 1fm)lxo,, (x +y).
(I+ DV =
This proves (2.9).
From (2.5) and (2.9), we obtain
LFC+ I 1
S S e —
el M b Ao DAL,

and (1) is therefore proved.
(2) Assume (a) and that f belongs to S’(R")g(1). Then we have by (2.1) and the fact
that k € S(R"),

F@IS D0 1l 4 x = m 72Nt

meZ"

If we use (2.7), then we obtain

FOIS D IFOIA + |x — 12Vt

leZ!
1
=P m(i lf(l)lxgm(x—m)) (2.10)
S, (L |m]) =

Consequently, we have

1
I1711x 5‘ > W(Z | F (DX, —m)>
meZn (1 + |m|) leZl X
1
<> |
meZ" (1 fm) leZ"
1
- Z T 2N T Zf(l_m)XQOI
meZn (1 + |m|) leZn
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1

= lim Z W Z f(l_m)XQo‘z

lezn, |l—-m|<N'

N'—o00
meZ"

X

If we use (a) with A = {A;};ezr = {I f (D xqkj<ny (D1} 1ezr, then we have

> FDxo,,

leZ!

~

X

> FDxoo Q.11)

leZ!

1
Il < ) A+ T

meZ X

Now assume (b). Since x[o,11» < fn, we obtain

S
X

D AnfnG—y—m)

meZ

Y Anxon =)

meZ X

By the definition of fx (1.1), we have

<A+ yp*
X

Y hmfn—y—m)

meZ

> hnfnC—m)

meZ"

X

SA+1D?]| D Ann (- —m)

meZ"

X

Assuming (b), then we have

> hmon (- —m) 2.12)

meZ’

Z Am X Qom

meZ

S
X X

If we use (2.12), then we obtain

meZ"

S+
X

Z Am X Qom

meZ

9

X

which proves (a).

(3) Assume first (c). We take a function ® € S(R") such that F® equals 1 on Q(1).
Note that f = ¢, P * f for some constant ¢, depending only on n. By using (2.7)
we have

[fx+0l / [P(x +y—2)f@)I
1+ |y|)2N+n+1 ~ n (1 + |y|)2N+n+1

</ £ @) J
~Y Z
R" (1 + |x +y— Z|)2N+n+1(1 + |y|)2N+n+1

| f ()]
S’ /R" (1 + |x _ Z|)2N+"+l dz.

By replacing x with x + y, we obtain
If(x + ¥ </ |f ()] _ |f(x =2l
R

(T F D2V Jon (U x — 22V 27 Jpu (U 22Nt ©5
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Consequently, since X is a Banach function space, we have

wp VL[,
yeR? (1 + |y|)2N+n+l R (1 + |Z|)2N+"+1
< / £ =2

1+ |Z|)2N+n+l ¥
I/ 1lx
§/R Wdz S Il (2.13)
X n

~

X

X

We obtain by using (c)

up /€
yerr (14 [y

If we combine (a), (b), (2.11) and (2.13), we obtain (d).
Assume (d). By (2.10) we obtain

1
FVEER DY W(Z |fDlxgy,x =y = m)) :
meZ leZ"
Since (d) implies (a), we have

1
2 W(Z [F Do, =y = m))

meZ leZn

IFC=»lx S

X

> FDxge, =y —m)

leZ”

> Fxou,

leZn

> FDxo,,

leZn

1
< -
~ Z (1 + |m|)2N+n+1

meZ" X

<y (14 Iyl + [m*Y
~ (1 + |m|)2N+n+l

meZ X

~ (1+ 1y

X
Assuming (d), we obtain

1FC=Plx S A+ 1D fllx -

Hence (¢) was obtained.
If we mimic the proof of (1) and recall Lemma 2.1, then we have

¢+ )
Il S| s T e |
1

~

> 1Fm)Ix 00, ¢+ )

sup ———————
yerr (I+ [y)VFHT &

X

forall f € S'(R")p(1). If we combine this inequality with (2.13), then we obtain
).
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d

PROOF OF COROLLARY 1.4. To prove Corollary 1.4, we need the following lemma.
LEMMA 2.3 (Planchrel-Polya—Nikols’kij [20, p.16]). Let0 < n < oo. Then for | €
S’ (R g1y, we have

p LG

(n)
S Wty S M

Once we admit Lemma 2.3, we obtain

> Fmxoe,| SIMPFlx SIfllx.
meZ" X
Observe also that
D Xy (¥ — y)‘ S+ Iyl)”/”M(”)[ > )\mXQo.mj|(x) (2.14)
meZ meZn

for all x, y € R". To see this, first we observe that the left-hand side is made up of at most 1
term. Let m be such that A, x g, ,, (x — y) # 0. Note that

M (M X Qo | @) ~ 1A | (L + |x —m])™"/7
Consequently, we obtain
A X Qom & = ¥) = (L4 [y (A + 13D ™" A | X 0, (X — ¥)
S A+ YDA+ 1x —mD ™A+ |x —m = YD) | Am]
S A+ + x = m)) 7 d|
S A+ DM [Amx 0o, ] ) -

Thus, (2.14) is proved.
If we use the boundedness of M, we see that (a) holds. Therefore, the reverse inequal-
ity being obtained in Theorem 1.3, we obtain the desired result. O

3. The sampling theorems in terms of wavelets

Let ¢° € S(R) be a real-valued function satisfying

Opy — L 2.2
(a) Fo (S)=m <S€( 371,371)),

4 4
(b) suppFe’ C [—gﬂ, 3”}

1
(©) |f¢°($)|2+lf¢°(2ﬂ—é)lzzﬁ (& € (0,27)),
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@) 0= F'E) = Fo'(—£) < J% & €R).

Define ¢! by
Fo'(§) = —V2me PF € /D{Fo (€ + 2m) + Fo' (6 — 2m)}.
Note that ¢! € S(R) is real-valued and its frequency support is contained in the closed set

8 2 2 8
[— o —gn]U[gn, gn]. Let E := {0, 1)"\ {(0,0, ..., 0)}. Foreache = (¢, 3, ..., €)

€ E, we define

o) = [[e"w), v ) :=]e" ) (r=Grx ... x) eRD. (B

v=1 v=1

The construction of such functions is due to Meyer [15]. Actually, Meyer established that the
system

{o.itkezr UVS 1} jeNui0), kezr, ecE

is an orthonormal basis in LZ(R"). We also define the following square functions:

5 1/2
If = (Z |(f+ 90.6) X 0o | ) ,

keZn
00 ' 2 1/2
=T T o)
€cE j=0keZ"

To formulate our results, we recall the following definitions.

DEFINITION 3.1. Let X be a Banach function space on R”.
1. The space X is said to have absolutely continuous norm, if f, ¢ € X and { f; }j:1 C

X satisfies
sup | fj(0)] < g(x), lim fj(x) = f(x) (aex€R"),
jeN j—o00
then
lim [|f; — fllx =0.
J—>00
oo
2. A series Z fj of X is said to converge unconditionally, if, for all bijection o :
j=1

o
N — N, the series Z fo(j) converges.
j=1
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Recall that X" denotes the associate space X [2, Chapter 1].

LEMMA 3.2. Let X be a Banach function space on R". Suppose the following:

(A1) The operators M and J are bounded both on X and on X'.

(A2) The space X N L>(R") is dense in X and the space X' N L>(R") is dense in X'.
Then we have

Iflx + 17 1x ~ 1f llx (3.2)

forall f € X. If X has absolutely continuous norm, then

F= (f0odpok+ D DD (US4

keZ" eck j=0keZ"
the convergence takes place unconditionally.

PROOF. This result seems somehow known. However, it has never explicitly appeared
in any literature at least for Banach function spaces in general. So we outline the proof. Since
M is assumed bounded in X, I is bounded on X as well. Since J is assumed bounded too, it
follows that

Iflx + 17 fx SIFlx-
So the heart of the matter is to prove the reverse inequality, that is,
Ifllx + 197 0x 2 11/ 11x (3.3)

forall f € X. Since X N L2(R") is dense in X, it suffices to prove (3.3)for f € XN L*(R"Y).
In this case, for all g € X’ N LZ(R") we have

/ f)g(x)dx

R”

<> /R (£, 90.4) X 00 () G> PO X004 ()] dx

keZ"

+Y 3D /|(f’Ky;k)zjn/zXQj.k(X)W)Zjil/z)(gj,k(x)ldx
€cE j=0keZ" R” .

= Hflx M glx + W flIxIglx -

In view of the density assumption (A2) and the fact that (X’)’ = X [2, Chapter 1], we obtain
the result.
Once we obtain (3.2), the unconditional convergence follows immediately. O

REMARK 3.3. The idea of using duality dates back to [10].

Here we envisage the following setting as examples.
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EXAMPLES 3.4.

1. Letl < p < oo and w be a Muckenhoupt’s A, weight. Then J is bounded on
the weighted Lebesgue space LI (R™) (cf. [8]). Thus (A1) and (A2) hold with
X = LE@RY).

2. Let p(-) : R* — [1,00] be a measurable function and consider the variable
Lebesgue space LP()(R"). The associate space of LP(")(R") coincides with
LP'C)(R"), where P’ () is the conjugate exponent of p(-). If p4 := esssup{p(x) :
x € R"} < oo, then the set of all infinitely differentiable functions is dense in
LPCIRMY), According to [4, 5, 6], if we additionally assume
(a) 1< p_:=essinf{p(x) : x € R"},

(b) Forall |x —y| <1/2,

lp() —pWIIS ————
—log(]x — yI)
(c) There exists a constant p(co) such that for all x € R”,

1

— < -
[p(x) — p(20) oge 2D’

then M and J are bounded on L”‘)(R"). Hence (A1) and (A2) are true with
X = LPC)(RY), provided the conditions above are satisfied.

If we apply Lemma 3.2, then we obtain the following results. Theorem 3.6 is recorded
in [12].

THEOREM 3.5. Letl < p < oo, r > %, a= %r and let w be a Muckenhoupt’s A,
weight. Then for all f € L (R") N S’ (R™) 9(xr) we have the norm equivalence

(b))’

keZn
where the implicit constants are independent of r and f. Moreover we obtain the reproducing

~ ”f”Lﬁ,(R”) > (3.4)

Li(R")

formula
k
fey =Y f(=)eax—h, (3.5)
a
kel
where the right-hand side converges unconditionally on Ll (R™).

THEOREM 3.6. Let p(-) : R® — [1,00] be a measurable function satisfying the
following:
1. 1 < p7 S p+ < OO,
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2. Forall|x —y| <1/2,
lp) =PI S —————
—log(lx — yI)

3. There exists a constant p(o0) such that for all x € R”,

Ip(x) = p(e)| S

log(e + |x|) °
Letr >2/3, R := r"1/P==1/P+) g := 3r/2. Then we have the norm equivalence
X 212
RN FIror@n S (Z f(;) XQox (@) ) S RISl o) ey
kezn LPC)(R™)

forall f € LPOORY N S’ (R™) 9(zr), where the implicit constants are independent of r and
f. Moreover we obtain the reproducing formula

k
fo=>"f (5> ¢(ax — k), (3.6)

kel

where the right-hand side converges unconditionally on LP)(R™).
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