ToKYO J. MATH.
VoL. 34,No. 2,2011

Asymptotic Expansions of Solutions to the Heat Equations with Initial
Value in the Dual of Gel’fand-Shilov Spaces
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Abstract. We will derive the asymptotic expansions of the solutions U(x,t) to the heat equation with
(Sr )/(Rd), r > 1/2, initial value, where (S )/(Rd) is the dual space of the Gel’fand-Shilov space S’ (R?). More-
over, we show that, when 1/2 < r < 1, these asymptotic expansions satisfy the strong asymptotic condition on
some circle Dp = {r € C | Re t—1 > R~1}. Therefore, we find that these asymptotic series for (S,’), (Rd) initial
value are Borel summable by means of A. D. Sokal’s result on the Borel summability. As an application, we show
the asymptotic expansions of the Weyl transform with Planck’s constant 7 in some state, which are refinement of a
classical limit of the quantum mechanical expectation values expressed by the Weyl transform.

1. Introduction

In this paper, we investigate the asymptotic expansions of solutions to the heat equa-
tion with generalized functions initial value and its reconstruction. As a result, we obtain
the asymptotic expansions of solutions to the heat equation with initial value in the dual
spaces (S])’ (R?) of the Gel’fand-Shilov spaces, which are natural generalizations of the space
S’ (R?) of Schwartz’s tempered distributions and we obtain that when 1/2 < r < 1, solutions
to the heat equation are reconstructed by means of Borel summability.

Letx = (x1,...,xq) € R? and

32 32

4+ =

A= —
2 2
dxy ox;

Then solutions U (x, t) of Cauchy’s problem to the heat equation

9
(E—A>U(x,t):0, xeRY, t>0,

(1.1
U(x,0) =u(x)
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are expressed by the following formal power series
_ k
U(x,t) = E k'A u(x) (1.2)

k=0 "

for suitable initial values u. Let us define the heat kernel E (x, t) by

1 \¢ 2
E(X,t):( 7 t) e
T

forx € R? and t > 0. Then we can also express the solutions of (1.1) by

Ux,t) =w*E)(x,1).

If an initial value u € C*°(R) satisfies the following condition:

Mk! Mk!
W) < = and WD) < —=, k=0,1,2,...,
r r

for some constants M > 0 and r > 0, the solutions U = u * E satisfies (1.2) uniformly
for (x,7) € R x (0, r) (see Theorem 15.2 in [11]). If one considers # € C!(R) as an initial
function, one has the asymptotic expansions of solutions to the heat equation

Lk

Ux, 1) ~ Z%Aku(x)
k=0

for (x, t) € R x (0, o0) (See: Proposition 2.13. in [1]).
Letu € S'(RY) and U (x, t) = (u * E)(x, t). Then we have

U(x,t) —> uast — 0+ in S'(RY), (1.3)

(see [6]).
In [13], K. Yoshino obtained the asymptotic expansions of U (x, ¢) with tempered distri-
butions initial value to analyze (1.3) more precisely below:

THEOREM 1. LetU(x, 1) € C®(R? x (0, 00)). Suppose that it satisfies

3
<5—A) Ux,t)=0, inR? x (0, 00)

and that the estimate

UG, 0| <Cr™"(+|xD*, xeR?Y 0<t<l1

holds for some C > 0,v > 0 and k > 0. Then there exists u € S/(Rd) such thatU = u x E
and
Xk

U(x,t) ~ Z %Aku(x) .
k=0 "
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Namely, for any even N and ¢ € S(R?),

0=

tk

k!
k=0

iz

(Aku, (p> t72=0.

t—0+

lir(r)l ‘(U(',t),qo) -

In [3], C. Dong and T. Matsuzawa established a characterization of (Srr )/ (RY), where
(S,’ )/ (R?) is the dual space of the Gel’fand-Shilov space S’ (R?). By using their result, we
can obtain the extension of Theorem 1 below.

THEOREM 2 ([3]). Assume u € (S,’)/ RY), r > 1/2. Then the function U(x,t) =
(u * E)(x, t) is well defined as a C* function on R? x (0, 00) and satisfies

3
(a—A>U(x,t)=O, xeRY, 1>0, (1.4)

/ U(x, )p(x)dx —> (u, ), ast — 0+ forany ¢ € ST (RY).
R4

Moreover, we have the following result: (1) in the case r > 1/2, for every T > 0 and ¢ > 0,
there is a positive constant C, such that

\U(x,0)] < Ceexple(x|” + (1/0Y@ V)], xeRY, 0<r<T, (1.5)

and (2) in the caser = 1/2, for every t > 0 and € > 0, there is a positive constant C, ; such
that

\U(x,1)] < Core™, x eRY. (1.6)

Conversely every C®-function U (x, t) defined in R? x (0, 00) satisfying the conditions
(1.4) and (1.5) or (1.6) can be expressed in the form U (x,t) = (u x E)(x, t) with an unique
elementu € (Srr)/ (RY).

The aim of our investigation is to show that Yoshino’s asymptotic expansion holds for
these extended classes of U = u * E and to show the condition which the solutions to the heat

equation is reconstructed by Borel summability.
The following result is the main theorem of this paper:

THEOREM 3 (Main Theorem). (I) Each solution U = u * E, u € (Srr)/ (R?) with
r > 1/2, has the asymptotic expansion U (x, 1) ~ Y 72 ;{—k!Aku(x).
) Let1/2<r <1. Foranyg € S/ (RY), the asymptotic expansions
Xk
U 0,00 ~ 3 = (aku, g)u e () ®RY,

k!
k=0
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are Borel summable on D = {t € C | Re 1> R_l}for some R > 0 and (U(-,t), @) are
expressed by

1 o0
U1, ) = ;/0 e fp(0)de

k
in D, where fg is the Borel transform of the series Y ;< %(Aku, (p).

Especially, we also show that the asymptotic expansions
Ux, 1) ~ Z HAku(x)
k=0
are convergent series when r = 1/2.

As an antecedent result about this investigation, K. Yoshino and Y. Oka obtained the
similar asymptotic expansions of U = u * E in the cases that u is in (S1)'(R?), the space
of the distributions with the exponential growth [13], u is in (511 Y (R%), the space of Fourier-
hyperfunctions and u is in A’(K), the space of hyperfunctions with a compact support [14].

As an application on the asymptotic expansions of the solutions to the heat equation
on phase space, we give the asymptotic expansions on the classical limit of the quantum
mechanical expectation values by the Weyl transform with symbol in (S7)' (R?¢). The Weyl
transform was introduced by H. Weyl for quantization from classical mechanics to quantum
mechanics (see [7], [8], [10], [12] and etc).

The plan of the paper is as follows. In the next section, we introduce the definition and
some properties for the spaces (S, ) (RY) of the dual of Gel’fand-Shilov spaces. In section
3, we show that we can obtain the asymptotic expansions of solutions to the heat equation
with these spaces initial value. In section 4, at first we define the Borel summable and the
strong asymptotic condition and introduce A. D. Sokal’s result on Watson’s theorem. As
a result, we give the condition for (SI)’ (R?) which the solutions to the heat equation are
reconstructed by the Borel summability. We also show that when r = 1/2, the asymptotic
expansions of solutions to the heat equation are convergent series. In section 5, we introduce
the definition and some properties of the Weyl transform and give the asymptotic expansions
on the classical limit of the quantum mechanical expectation values by the Weyl transform
with symbol in (Sr’ )/ (R24).

2. The Gel’fand-Shilov space S’ and its dual space (S)’

First of all, we give some notations. We use a multi-index o € Zﬁ, namely, o« =

(a1,...,04), where ; € Z and o; > 0. So, for x € RY, x* = x‘f‘l ---xgd and
o _ ao og A (9 \Y
9y =35 -~ o5y, where 9,/ = (E) )

The Gel’fand-Shilov space S/ (R?) is defined as follows (see [4]):
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DEFINITION 1. Let A, B € (0,00)¢. Forr = (r1,...,rg)andr; >0, 1 <i <d, we
define the space Srr’f (R?) by

Srr)’f (Rd) = {p € COO(Rd) | For any § > 1 and p > 1, there exists some constant

Cs,p > O such that [x¥3Yp(x)| < Cs5,, (A (pB)IK g1, x e RY, k,q € 24},
where

BA* = @AM - (8AM

(pB) = (pB)" -+ (pBa)" .

The space Srr’f (RY) is a Fréchet space with the semi-norms

ol = sup —E P00l
cert (BAK(pBYTRET gar”
k,qez‘i

The space S/ (R?) is given by the inductive limit

S/RY) = lim S'{R?).
A,B—>o0 '
J. Chung, S. -Y. Chung and D. Kim characterized the Gel’fand-Shilov space via the
Fourier transform as follows (see [2]):

PROPOSITION 1. Letr > 1/2. The following statements are equivalent.
(i) ¢ eS/RY,
1 1
(i) sup lex)|ef < ooand sup |¢&)]e"¢!” < oo, for some e, n > 0.
xeR4 £cRd

We can easily give the example of the element of S/ (R) by Proposition 1 as follows:

. . . 2. . a2 . . .
EXAMPLE 1. (i) The Gaussian function e™ isin S; //2 (R), since its Fourier trans-

form is

Fle™)E) = e3¢

isin S 11 (R), since its Fourier transform is

1 T
f(coshx>(§) ~ cosh zE

(iii) We define the Hermite functions {%,(x)},=0,1,2,... on R by

1
(ii)) The function
cosh x

2
hn(x) = ) "2 (1)l T gle .
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The Fourier transform of the Hermite function 4, (x) is (—i)"h, (€). Hence we find that

()] < Ce™ V> and |/, (§)] < Cle™!/%7.

Therefore the Hermite function is a element of the S 11 //22 R).

_ 1
! = rl(eAlr] )71 ---rd(eA

Q.Ql_

d 1
Leta € (0,00)* bea = r(eAr)

(0, 00)4, we define the space S,r,’f (RY) by
Sfjf(Rd) ={p € C°°(Rd) | Forany 6 > 1 and p > 1, there exists some constsnt Cs , >

)71. For any a, B €

1
0 such that|37 ¢ (x)| < Cs,,(pB)1q? e~ %" x e R?, g € Z4},
-1
where as = r(e((SA)%) and

, 185 ()]
lells,, = sup T
/;E]Zl:jl (pB)ﬁﬂ/srg_aﬂx‘r
€Ly

Since S/} (R?) is isomorphic to Sy’ (R?) (see [4]), we mainly deal with Sy’ (RY).
PROPOSITION 2 ([4]). The following properties are known:
() S'RY ={0}for0<r <1/2,
(ii) Srr’f RY) = S:’;‘(Rd), where we denote the image of Fourier transform of
SPR R by SPERY).
DEFINITION 2. We denote by (S")'(R?) the dual space of the Gel’fand-Shilov space
S’(RY).
As a remark, it is known that U (x, ¢) has the following properties (see for example [3]).

PROPOSITION 3. Letr > 1/2. Ifp € Srrjf (RY), then we have

U(x,t)E/dE(x—y,t)(p(y)dyGS:(R;J), t>0, (r>1/2)
R

or

1
Ux, 1) = / E(x — v, Dp(y)dy € 5}//22(R§), O<t<—, l<i<d.
R4 8611'

Moreover we have

Ux,t) > ¢inSTRY) ast — 0+ .
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PROPOSITION 4. Let u € (SI) (RY), r > 1/2 and U(x,1) = (u * E)(x,1) =
(uy, E(x —y, t)). Then for any ¢ € S’ (R?), we have

lim Ux,Hex)dx = (u, ¢).
t—0+ JRd

3. The proof of (I) of Theorem 3

At first, we show the following proposition:

PROPOSITION 5. Let g € Sf,’f (RY), r > 1/2. Then we have for any 8, p > 1 there
exists Cs , > 0 such that

10%@ll5.or, < Cs.0(0Be /") (@)

forany o € Zi, where B = max{Bi, ..., Bq}.

PROOF. We only show our assertion as d = 1 to avoid the confusion of the notation.
Let ¢ € Si.Z(R). Then by the definition of S-2 (R), forany g € Z,

1090(x)| < C5.,(pB)1 g9 e~

Put ¥ (x) = 0] ¢(x). then we have
009 ()l = 197" p(x)] < Csp(pBYI T (g +m) @ el
= Cs,(pB)11"q? " (g + )" el (3.1)
If we put

(x+n)nr
fx) = W

, x>0, n=0,1,2,...,
nr
for any A > 1, since f(x) < ( ﬂ) (log 2)™"", we obtain the following estimate:
e

q+n" < (ﬂ) (log 1) ™" 29+1 .
e

Then we have

)\’ n
(3.1) < Cs,,(ApB)1 g9 (pB)" (nr)"" ( ) .

(log 1)’
r
Let us take the lower bound for A on Tog )" ; we obtain that e_r = ){nfl Tog i) By Stirling’s
og r > og
formula, we have
19" p o el

@ pByigT - Co.p(pB)" (" /") ()"
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Therefore we obtain
19" @ll5.0r, < Cs.p(pBe™ /)" ()"

We need the following Lemma 1 for the proof of (I) of Theorem 3.

LEMMA 1. Letgbein ng’f (RY) forr > 1/2and a, B € (0, c0)¢. Moreover ¢ satisfies

0<t<1/@Bas;),i=1,...,d. ThenforN =0,1,2,...,
1

/ e {/ (1—9)Na;‘ga(y+\/zﬂz9)d9}dz, aeZl
R4 0

is in S;8,(RY), where ¢, = (¢, ..., cy,) and ¢, = (2max{l/ri=1.0h=1

PROOF. Letg € SZ’f(Rd), r>1/2. Thenforany 8§, p > land N =0, 1,2,...

1
35/ e—zzza {/ (1 _9)N3§‘<p(y+x/4;z9)d9}dz gCraa\y\'/’
R 0
(e" pB)BBPr
1 Bt+a
</ e_ZZIZIOl / 1 _9|N|3y ‘P()“i—@z@ﬂd@ dzecrashi!r
R 0 (e" pB)P B

forany o, B € Zﬁ. By Proposition 5, we have

10842 4 (y + /4126))|

1/r
(e"pB)P Pr '

< Cs.p(pBe¥ /1)l (qut) = asly VA0

So we have

G2 = Cs,p(pée”/rr)‘“'(a!)’/ el
R4
1
) {/ 11 _9|N€_a5}'+@29I/rdG}ecrasy'/rdz.
0

Let Crp = (2max{]/"i*1s0})*]' For 1 <i < d, we have
Cr,-|yi|l/ri - |\/Ezi9|1/r" <|yi + 4/4_;Zl.9|1/ri ]

Hence we obtain
e*déi‘)’i‘F@Zr‘g‘l/ri ecridéilyi|l/ri < e*aai(cr,-\yi\l/r’*\\/4_!11'9“/”')ecr,aailyill/r’

< eaail«/4tzi\'/’i .

So we have

~ 1
(3.3) < €, (pBe™ /r") (@) f e gV g7
s R4

3

(3.2)

(3.3)

(3.4)
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Since 0 <t < 1/(8as;), i = 1,...,d, from the assumption of Lemma 1, the above integral
converges for any r > 1/2. Therefore as » > 1/2, we obtain for a sufficient small 7,

~ 1
(34) < Cé p(pBEZr/rr)\Od(a!)r/ 6712|Z|aea5|z\r dz
) _

~ 2
<Y, ar(eBe® /P @) | ™7 |2z (3.5)
14 R

< CY ) araW2pBe™ /P @) T (1/2(c + 1)) .
Since I' (1/2(c + 1)) < 79%(a!)'/?, we have
(3.5) < €Yl 0 ra(V2pBe 1) (@t) 12,

On the other hand, as r = 1/2,since 0 <7 < 1/(8as;), i =1,...,d, we obtain
(3.4 = G p(\/ipée’)'”‘(a!)’/ .e‘zz|Z|‘)‘ea5\~/‘ﬁz|2dZ
, »
< cgp(ﬁpée)'“‘(a!)r/ e~ 12271947
, i

< Cf ) aapB)@) 2T (1/2(a + 1).
This completes the proof of Lemma 1. O

THE PROOF OF (I) OF THEOREM 3. From the assumption of Theorem 2, there exists
u e (S RY), r>1/2,suchthat U(x, 1) = (u * E)(x,t). Forany ¢ € S"(R%),r > 1/2,

1 d li—y[?
<U(1 t)s (ﬂ) = <uy1 <4—m> /l;d e‘“(p(x)dx>

d
= <uy, /Rd xte oy + ~/4—tz)dz>,

xX—y .
where 7z = . Since

Jar

d
d
) I' (1/2(a; +1)), «; :even,
/e_zzzadzzl—[/e_zgzg,da: [Trare+m. «
R? i=1 'R

i=1

0, «o; > odd,

we have by Taylor’s formula,

/ 7~ %e 2 p(y + Varz)dz
Rd

41)l]
- [t L 000

1
le|l<N ’
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o 1
+ VANt Y %/ (1 —9)Na;'¢(y+Jthz9)de}dz
. 0

la|=N+1

_d (V4r)!! _22
=12 9 2
ot Y ST [ et

le| <N

1
a4 (VAN ) N+1) defzzz“ {/ (1—0)"3%e(y +~/4t19)‘19}dZ
R 0

o!
|la|=N+1

N
2 ik
t d (N+1 2
=Y oAfem +r AN Y et
k=0

w4 IR
1
x {/ (1 —)Noe(y +\/4_tzé?)d9} dz,
0

_ 52 2 . .
where A = 9§, +--- + 3, . So we have the following equality:

% tk N
(U, 1), ) — <Z EAkuy’ (p> 177
k=0 "~
= <“y, 7T7%(\/4_I)NJrl Z (N—i'_ D e (3.6)
\al:N—i—l ol R4

N
2

t

1
x {/ (1 —9)N8§‘¢(y+\/47z9)d9}dz>
0

We obtain the following estimate by the continuity of #, Lemma 1 and (3.6): For any

a, B € (0, 00)4,
N+l _N

(3.6) < Ca,5.p.a OV THWN + DYV 2 2
= Caps.pa OV THN + D143 5 0,

for some constant Q > 0 as t — 0+. This completes the proof of (I) of Theorem 3.
By the proof of (I) of Theorem 3, we obtain the following results: O

THEOREM 4. LetT > 0and U(x,t) = (u*x E)(x,t),u € (Srr)/ (RY) withr > 1/2.
Then we obtain the following estimate forO <t < T :

(i) Forany g € Srr,’f(Rd), r > 1/2, we have for any a, B € (0,00)? and §,p > 1,
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there exists Cq,p.q > 0 and || - ||} o such that

N/2

W0, 9) =Y Ak, o)
k=0

N+1

< Capalel,@V2pBe* /NN + H—1/Dr 2

(ii) For any ¢ € S;//zz’f(Rd), we have for any a, B € (0,00) and 8, p > 1, there

exists Cq,p.a > 0and | - ||;_/3 such that

N/2

! 12, = Nt
W 0).9) = 3 5{aku. )| < Capallolly,4pBHN S
k=0

Especially if we take ¢ in a bounded set B of S RY, r > 1 /2, then we have for
0<t<T,

N/2 y "

4

(UG, 1), 9) — E —(Aku, ) < ChHVFTH(N + D127

k!
k=0

for some constant C > 0 and & > 0, independent of ¢. In fact, 15 is included in some inductive
space Srrjf (Rd ) and the differential operators are bounded in the space Srrjf (Rd ).
4. Borel summability

At first, we define the Borel summable as follows (see [9]):

DEFINITION 3. We say that the formal power series Y oo a,t" is Borel summable if

o0 n
1) fe)= Z a':ﬁ converges in some circle {¢ € C | |¢] < d},
n=0 :
(i) fp(¢) has an analytic continuation to a neighborhood of the positive real axis and

1 oo
(iii) ;/ efgfg(g)dg converges for some ¢ # 0.
0
fB(¢) is called the Borel transform of the series Y - ant”.

DEFINITION 4. Let f be analytic in the circle Dg = {t € C |Re t~! > R~} for
some R > 0 and satisfy the following condition:
N
f@) =" ant" + Ry(1),

n=0

IRy ()] < CaV (N 4+ D1V H! 4.1)
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for some constants C > 0 and ¢ > 0 uniformly in N and in ¢t € Dg. Then we say that f(¢)
satisfies the strong asymptotic condition (4.1) on Dg.

On the Borel summability, Sokal’s result is known as follows (see [9]):

THEOREM 5. Suppose that f(t) satisfies the strong asymptotic condition (4.1) on Dg.

Then the Borel transform fg({) =Y oo %{” converges for |¢| < 1/o and has an analytic

continuation to the striplike region Sy = {¢ € C | dist (t, Ry) < 1/0}, satisfying the bound
| fB(0)] < KellE 4.2)

uniformly in every Sy with o' > o. Furthermore, f can be represented by absolutely con-
vergent integral

L% en
f@) = ?/0 e " f(5)dE (4.3)

foranyt € Dg.

Conversely, if fg(¢) is a holomorphicin Sy» (6" < o) and satisfies (4.2), then the func-
tion f(t) defined by (4.3) is a holomorphic in Dy and satisfies a strong asymptotic condition
(4.1) uniformly in every Dy with R' < R.

In the previous section, we obtain the asymptotic expansions of U(x,?) with u €
(S (R?), r > 1/2, initial value as follows:

X n

WE0,0) ~ 30 = (4 g)

n=0
for any ¢ € S’ (R?). Here we put

(A, @)

a, =
n!

and we consider the asymptotic series
(e.¢]
(U1, 0) ~ ) ant". (4.4)
n=0

At first, we obtain the following estimate for Srrjf (RY).

PROPOSITION 6. Let ¢ € Srrjf(Rd), r > 1/2. Then for any §, p > 1, there exists
Cs,p > 0 such that

1A" @5 orp < Cs,p(2d" 2 pBe™ /") (n1)*"

where B = max{Bi, ..., Bg}.
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PROOF. When d = 1, by Proposition 5, for any é, p > 1, there exists Cs,, > 0 such
that

18" @()5.0r, < Cs.p(pBe™ /F)>{(2n)1)" .

From the Stirling’s formula, we have

Qn)! ~ V27 (2n) 21220

1
— 22n+1/2 n—l/z(\/ﬂnn-i-l/Ze—n)Z
21
1
~ 22n+1/2 n—l/Z(n')Z .
N2
Hence we obtain
19%" () l5.0r, < C5.,(20Be* /)" (n))*" . (4.5)
For a higher dimension, by B = max{Bj, ..., Bg} and (4.5),
1A% @l5 o, < C5,(2d" 2 pBe™ /") ()" . O

Now we find that the asymptotic expansions (4.4) satisfy the strong asymptotic condition
for 1/2 <r < 1 as follows:

THEOREM 6. Let1/2 <r < 1. IfU(x,t) satisfies the assumption of Theorem 2, then
forany ¢ € S; (RY), the asymptotic expansion

>k

N ’ od
U1, 9) ~ Zg(ﬂ u, @), wue(S) ®RYH
k=0
satisfies the strong asymptotic condition on D{A29/(4e2)}’ A= min{Ay,...,Az}and0 < 0 <

L.

Now we prepare three lemmas for the proof of Theorem 6. To avoid the confusion of the
notation, we deal with only one dimensional case.

LEMMA 2. Lett = p+iq,p > 0and0 < 6 < 1. Then we have the following
estimate;

k)2

ok g0t v (1112 / k/2

e <CQRe)|— k
Op

for some constant C > 0.

PrROOF. Fort > 0, we have

2
. .
e (—ix)ke ™ gx

ok ,—01E2 _ /
s R VA0
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= \/1_(—1'(«/@))"/ e~ keI VHIE g
R

T

1 . ; .
— —(—l( /49t))k/ e—(x-i-ly)z(x + iy)ke—l(\/m(x-i-ly))édz
R

JT
k
= \/L_(—i(«/@))keyzemsy Z (?) (iy)kil/ e ™% 20X o —iVAIXE g
T R
[=0
k
B %(—u@))"ewm“’fz 2 (];) ! [ e gy,
b R
=0

x
40t
y = —\/G_tg, we obtain

k
oke "€ = %(—i(xﬂ@t))kemgzz <IZ‘) (—i\/e_tg)k*l/Re*xledx. (4.6)
=0

where we put z = and shift the integral line R to R + iy y > 0. Therefore, letting

The both hand side of this equality (4.6) are holomorphic functions on {Re ¢ > 0}. Hence
(4.6) holdson {Re ¢t > 0}. If we putt = p +iq, p > 0, we have

k
1 k k k-1
‘agﬂféz‘ < \/—;‘\/494 ey :(1> ‘\/ets‘ fRe*"zledx. 4.7)
=0

) (k=02

Since £k~le=008 < (%ﬁ (k > 1) and fpe*|x|ldx = F(%) <

Cll/zel(l/Z)l/zﬁ for some constant C > 0, we obtain

Ky k2, k)2 L (1€
4.7 k —
4.7) < Ce"lt] E (l) ( )

=0 op
k

Op

k
k/2

t 0
— Cek|e|*I2kk/? <u) Py

Op |7]

2\ k/2

< CQe) N i
< 5

Therefore we obtain the following estimate:

o\ k/2
[oke™%| < c2e)* (ﬂ) K2
Op

t
— Cek oKk (1 n u)
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for some constant C > 0. 0

LEMMA 3. Letr > 1/2. Ifp € Srr”f (R), then we have the following estimate. For any
8, p > 1, there exists Cs , > 0 such that

0] FHA™ ) (€)] < Cs,0 (e 8A)P BT e b o1 0 G + DI, B € Zo
for some Q > 0, where F~! is the inverse Fourier transform.
PROOF. Letg e Srr’f (R). Then we have for any 4, p > 1,

g ol F A" o)) < 2i / (A" ) () (i) (i&;) oV
T JR i

—1)%jf-a .
< ‘—( )2’ /xﬁag(A'"H(p)(x)e’x'de
T R

< / ‘xﬂ8§‘+2(m+l)go(x)‘ dx
R

2 1 B qa+2(m+1) “4-8)
= | a4 )m‘x 9 (p(x)‘dx

1
— B gor+2(m+1) ‘ + ‘xﬁ+28a+2(m+l) X H
[ (e o) e} T

< CSQp((SA)ﬂ(pB)(a+2(m+]))ﬁﬁr(Ol + 2(m + 1))(a+2(m+1))r

dx

+ Cé’p(SA)ﬂ+2(pB)a+2(m+l)(IB + 2)(ﬂ+2)r(a +2(m + 1))(a+2(m+1))r
for any o, B € Z. Since
B+ < o) () B
and
(o +2(m + 1) @F2HDT < )2 DT (@)% (1 4 1)20mHD!
(in detail, see the proof of Proposition 5), we obtain by Stirling’s formula,
(4.8) < Cf (e84 (¢ pB)* B o™ ((pB)*(2e)” " T (m + 1)> D"
< G5 (€8 A (€ pB)* B o ((pB)? 21X Y {(m + D))
Therefore for any §, o > 1, there exists C{’ > 0 such that

8,p

‘I/r

8L F=1(A™)(©)] < Cf, ("8 A) BPre P €1 Qmt (4 1)1},

where be’p = r/(g(grpB)l/r) and Q = (pB)Z(ZeZ)Zr_ .
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LEMMA 4. Let ¢ € S/A(R), r > 1/2 and t in Dyj2g/u2)y = {Re t™!

(A%0/(4¢*)~1},0 < 6 < 1. Then we have

679152‘7:7] (Am+1¢)(%.)

>

in 8" p R), r = 1/2, where b appears in Lemma 3. Especially, we obtain the following

estimate;
le =€ F1 A ) g o < Co,p Q" {Gm + DY
for some constant Cs , > 0 and Q > 0. Q is independent of t and m.
PROOF. Forany ¢ € S A(Rg) r>1/2andt > 0, we find that

HEFTI A ) €)

is a holomorphic on {Re ¢ > 0}. Therefore by Lemma 2 and Lemma 3, we obtain

B
afe—ezﬁ]:—l(Aerl(p)(é)‘ < Z <,2> ‘8§e‘9’52‘ ‘affk}——l(Am+1¢)(§)‘
k=0

B B It[2 k/2
<GCs,p Z <k> (2e)kkk/2 (%) (eraA)ﬁ—k
k=0

x (B — k)(ﬂ—k)re—be’p\f\l/r Qm+1{(m + 1)!}2r
for some constant Q > 0.
S 4212\ /2 _ .
ince | =5~ < Afort = p+iq, we have

(4.9) < Cs.,(2e"8AYP BB e=berslel" gmttyy 4 1y

4.9

O

THE PROOF OF THEOREM 6. From the assumption, there exists u € (Sr’)/ R), 1/2 <
r < 1,suchthat U(x,7) = (u * E)(x,t). Forany ¢ € S/ (R), 1/2 < r < 1, we have for

t >0,

(U(x, 1), @) = (F'FU, 1), <p>

€0, F o @)
i©)e ™, F o)
i©), e Fe(©))

-{7
={0
= (i
={i
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By the Taylor’s formula, we obtain that for # > 0,

(UG 1).9) <u(x>, ) ;—,A"w(x>>
n=0 "

m+1 1 )
= <ﬁ(§), ! f (1 —@)"(—gg2ym+le=0ts def—lgo(s)>
m! Jo (4.10)

Lo 1l +1_—6182 1, amtl
= (). == [Ca—oremieCaprtarigye)

= Ry (1) .

Since the both hand side of (4.10) is holomorphic on {Re ¢ > 0}, the equality (4.10)
holds on {Re ¢ > 0}.

Therefore by the continuity of # and Lemma 4, we obtain the following estimate for
Rin (1) on Dy p29)(402))

r

tm+] 1 )
Ra0l =€ | [ —orme € aor @)
’ 0 2e"5,e" p
< C'Q"H " (m + ey
for some constants C’ > 0 and Q > 0 uniformly on m and ¢. O

As a remark, the last inequality is also formed as » > 1 by Lemma 4.
By Theorem 5 and Theorem 6, we obtain the following result ((II) of Main Theorem):

COROLLARY 1. Letl/2 <r <1. Foranyg € S/ (RY), the asymptotic expansion

oo

U0~

k
E(Aku,gz)), ue (S RY,
k=0 """

is Borel summable on D{Aze/(4e2)} and (U (-, 1), @) is expressed by

1 (@]
(UG, 9) = ;/0 et fp(0)dg

in D{Aze/(4e2)}’ where fp is the Borel transform of the series Z}fozo %(Aku, (p).

On the other hand, by Proposition 6, we also find that the asymptotic series converges
for r = 1/2 as follows:

/
PROPOSITION 7. Letu € (811//22> (RY). Forany ¢ € 811//22(Rd), the asymptotic series

k
U, 1), @) ~ 32 Z(Aku, @) converges if |t| < ——————.
©) ~ Yico miatu, o) ges if YT
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X

For example, let u be the Dirac delta function and ¢ = e~ *. Then by replacing 8¢ in

(4.6) to 1, we have

ay = (Aké, e_"z)
= (8, Ake_"2>
< 1 2 2k 2
=(8, —=2%e* le/ e ka_ldy>
T = Jr
(—DF 1
— 1" k —
N ( " z)
= (=Dk2*@2k — 1.
So we have
2k — DN
k! = (—k————
ai/ (=4 a0

Therefore we find that ) oo %(Aké , e"‘2> converges and

00k 0
t 2k — H! 1

> —(Aka,e*x2>= > @k DR g L

= K parEC R L+4t

if |t] < 1/4.

5. The solutions to the heat equation on phase space and Weyl transform

On the quantization from classical mechanics, H. Weyl introduced the following operator
(see [8], [10]): Forany F € S(RZd),

WV(F))(§) = //RM F(x, )lr(x, y)¢lE)dxdy, ¢ € L*(RY),

where [ (x, y)@](§) = e[(x'5+%x'}')<p($ +y). We call this transform W(F) the Weyl transform
with symbol F. It is known that if the symbol F' € L2, then W(F) is L%-bounded (see [8],
[10]). The Weyl transform W(F') is also expressed by using the matrix element of 7: For any

9, ¥ € L2(RY),

W(E)p. ) = / /R FG )@, g, pdrdy

— ) / /R G )V ), ndady
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where V (¢, ¥)(x, y) is the Fourier-Wigner transform of ¢ and ¥ defined by
— —d ix-p Y y
Vip, ¥)(x,y) = 2m) e Polp+S )|\ p—35 )dp.
R4 2 2
The Fourier-Wigner transform has the following property (see for example [5], [7]):
PROPOSITION 8. Letg, ¥ € SI(RY),r > 1. Then V (g, ¢) € SI(R*).
We define the Weyl transform with symbol T € (S] Y (R24) by
W(T)p, ) = Qu)* (T, Vip, V), ¢, ¥ € S{RY.

It follows from Proposition 8 that this definition is well defined. The Weyl transform W(T)
has the following property (see [7]):

PROPOSITION 9. Letr > 1/2. Then the map W from S(R*?) to the space of bounded
operators on L*(RY) extends uniquely to a bijection from (S;)’(Rz‘l), r > 1/2, to the space
of continuous linear maps from S, (RY) to (Sry (RD).

We consider the heat equations on phase space:

9
<£ - Ax,y> Ux,y,h) =0, x,y e R,

where i > 0 is the Plank’s constant. In this setting the Fourier-Wigner transform and the
Weyl transform are given by

1 d ipx _
Vi, ¥)(x, y) = <ﬁ> /Rd e_th0<p+ §>w<p — %)dp

and for any Fj € (Sr’)/ (RZd), r>1/2,
(Wh (Fne, ¥) = Qei)? (Fa, Vil ¥)), ¢, ¥ € SL(RY).

As aremark, as i = 1, the operator W) (F) coincides with the normal Weyl transform
W(F). Moreover for any /i > 0, Proposition 8 and Proposition 9 hold.

Especially, we deal with the operator Wj(F) defined by for any F € (S )/ (R%), r
1/2,

v

(Wh(F)p, ¥) = Wh(Fne, ) = Qei){Srh) ™ F, Valp, ¥)), ¢. ¥ € SLRY).

PROPOSITION 10. Let F(&,1) € (SI) (R*), r > 1/2 and ¢(p) = ¥ (p)
(élytlﬁ)_d/d'efﬁp2 (p € RY). Then we have
Wh(F(x =y = N, ¥) = 47 Fin (SI) R ash — 0+ . (5.1)
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PROOF. From the assumption, we have

- — ipt 2, 02
Vil 06 m) = Gy 2 oy [ et e g

2 .
— ()~ 27y / 65 g2 g
R4

2412

= (4rh)y e

Therefore we obtain that

Vilp, ¥)(.m) = E&, 0. h).
By Proposition 4, we have for any f € S (R%),
(OVa(FGe =y = Do ¥), f) = (e (@rn) ™ (Fx =y =), Valg. ¥)). f)
=4 F+E,f)
— 474(F, f)in (SI)" (R*)
as h — 0+. O
We have the following asymptotic expansions more strictly than (5.1):

THEOREM 7. Let F(§,n) € (SI)R*), r > 1/2 and ¢(p) = ¥(p) =
(élyl'lﬁ)f‘l/‘lefﬁp2 (p € RY). Then we have

- a1
(Wh(F (e =&y =m)p. ) ~ 4713~ A"F .
n=0 "

PROOF. We immediately obtain this result from (I) of Theorem 3. O
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