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The Adams Inequality on Weighted Morrey Spaces
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Abstract. We introduce new weight classes, and extend the Adams inequality to weighted Morrey spaces.
We also investigate the boundedness of the modified fractional integral operator from weighted Morrey spaces to
Lipschitz or BMO spaces.

1. Introduction

Hardy, Littlewood, and Sobolev proved the boundedness of the fractional integral opera-
tor I, from L? to L? on Euclidean spaces, where 1/g = 1/p—a/n, 1 < p < n/a. Peetre [8]
studied the boundedness of /, on classical Morrey spaces. Adams [1] showed the bounded-
ness of I on classical Morrey spaces whose result improved the Spanne and Peetre inequality
(see Chiarenza and Frasca [2]). In this paper, we will extend the Adams result to weighted
Morrey spaces. Komori and Shirai [4] proved the Spanne and Peetre inequality on weighted
Morrey spaces only for subcritical indices. We will introduce new weight classes and prove
the Adams inequality on weighted Morrey spaces. Furthermore we consider the bounded-
ness of the modified fractional integral operator from weighted Morrey spaces to Lipschitz or
BMO spaces.

This article is organized as follows. In Section 2 we define the ordinary fractional integral
operator, the weighted Morrey space, new weight classes, and recall some known results. In
Section 3 we will state the main result. In Section 4 we give some lemmas. In Section 5 we
prove these main results.

The following notation is used: Let R” be the n-dimensional Euclidean space. For a set
E C R"™ we denote the Lebesgue measure of E by |E|. We denote the characteristic function
of E by xg. We write a ball of radius R centered at xo by B = B(xp, R) := {x; |x — xo| < R}
and aB := {x;|x —x9| < aR}, for any a > 0. We call a nonnegative locally integrable
function w on R" a weight function. Also we write w(E) = fE w(x)dx.Forl < p < o0, p/
is the conjugate index if satisfies 1/p + 1/p’ = 1. The letter C shall always denote a positive
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constant which is independent of essential parameters and not necessarily the same at each
occurrence.

2. Definitions and known results
We define two fractional integral operators and weighted Morrey, Lipschitz and BMO
spaces.

DEFINITION 2.1 (Fracional integral operators). Let0 < o < n. One define fractional
integral operator I, and modified fractional integral operator I,:

Iy f(x) == /R” %d%

- 1 1
Iy f (x) 5=/ ( T T Ta X{yzl}(y)> Fydy.
R \|x — | Iyl

Next we define weighted Morrey spaces.

DEFINITION 2.2 (Weighted Morrey spaces). Letl < p < ocoand 0 < A < 1. Sup-
pose that « and v are weight functions on R”. We define weighted Morrey space LP* (u, v):

L7, v) = f € Lo R 1 f oo < 00

where

1
N = )2 d
Il fllzp () = SHU)P: ”( (B)) / | fC)Pu(x) x)

REMARK 1. Whenu = 1 and v = 1, weighted Morrey spaces are classical Morrey
spaces.

DEFINITION 2.3 (Lipschitz and BMO spaces). Let0 <e < 1.
LipeR") = { £ € L) < I fllLip, ey < 00}
where

1 F 1 Liperry = sup inf / | f(x) —cldx.

BCR", B:ball ¢€C |B|1+n
We denote BM O(R") := Lipo(R").

Hardy, Littlewood and Sobolev(cf. Lu, Ding and Yan [5]) proved the boundedness of I,

from L? to LY where é = - — . Adams [1] proved the boundedness on Morrey spaces.

1
P
THEOREM A (Adams). Let0 < a <n,0 <A < 1,1 < p < ”(1 nd=2) If

1

5~ ﬁ, then there exists a constant C > 0 such that

||Iocf||Lq,k(Rn) <C ||f||LpﬁA(Rn) : (1)
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When p > g(l — 1), Spanne and Peetre(cf. Peetre [8]) proved the following.

THEOREM B (Spanne and Peetre). Let0 < @ < nand 0 < A < 1. If0 < ¢ =

n (% — %) < 1, then there exists a constant C > 0 such that

V2o f | iy < CNF ooy -
Let w be a non-negative function. We will recall the Muckenhoupt class.

DEFINITION 2.4. Letl <p <ocand0 <X < 1. Wesay w € A,(R") if

1 1 Y
sup —/ w(x)dx —/ w(x) rdx < 0.
BcRn Bbail \|Bl JB |Bl JB

We say w € A1 (R") if there exists a constant C > 0 such that for every ball B C R"

1
—/ w(x)dx < Cess.infw(x).
|B| B xX€B

We put Ao (R") 1= 1 Ap(R"). We say A, (R") if

I 5 N\
sup —/ w(x)dx —/ w(x) 7 dx < 00.
BcR®, Bbali \|Bl JB |B| JB

REMARK 2. w € Ap,,\(R”) if and only if w € A1+L—1(Rn).
A

DEFINITION 2.5. Letl < p,q < oo. Wesay w € Ap ,(R") if

1 1
1 q 1 , 7
sup (—/ w(x)qu)q <—/ wx)™? dx)p < 00.
BcR", Bball \|Bl Jp |Bl JB

We say w € A, o(R") if

| IR
sup  ess.sup w(x) —/ w(x) P dx < 00.
B

BCR",B:ball  xeB |B|

REMARK 3. w € Ap o (R") if and only if w P e A1 (R™).
Muckenhoupt and Wheeden [7] proved the weighted boundedness of 1.
THEOREM C (Muckenhoupt and Wheeden). LetO < a <n, 1 < p < % and % =
% — % Ifwe A, 4(R"), then there exists a constant C > 0 such that
1o fllzaqwey < CIfliLrry »
that is,

L
P

1
</ IIaf(X)I"w(X)"dX>q =C </ If(X)I”w(X)”dX>
R’ R’
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3. Main results

Our results are the following. Note that our results are true for A = 0. We only treat
the weighted case of 0 < A < 1, because the unweighted case of A = 0 follows from the
weighted case (see Remark 4 (1) below). In the following we assume that 1 < p < oo.

THEOREM 1. LetO <o <n,0<i<1—2andl <p < 2(1—21). Assume that

weA,;R". 2

Then there exists a constant C > 0 such that
Mo Sl Lok i wy < C NS Lo wy >

where
1 1 o

g p nd-n"
REMARK 4. (1) Thecondition0 < A < 1 — % is necessary for = (1 —2) > 1. When
w = 1 in Theorem 1, we obtain Theorem A. When A tends to 0, the result corresponds to the

Hardy, Littlewood and Sobolev theorem.
(2) We can obtain the Spanne and Peetre inequality on weighted Morrey spaces by

Theorem 1(see Chiarenza and Frasca [2]). We omit the details.

When p > g(l — 1), we obtain the following. Let

n(l—2»x1)
- 3)
p

THEOREM 2. LetO <o <n,0<A < l,g(l—)») <p< gand058< 1. Assume
that
o
—. 4)
n

X 1 1
wr € Apg(R") where —=——
q p

Then there exists a constant C > 0 such that

||i°‘f||Lipg(R") = Clfllrrwr ) -

Especially

17t | prrome < CIFlpiqurwy  when p= 2(1 —2).

REMARK 5. In Theorem 1, the condition (2) is stronger than (4), since ’\7" < 1. How-
ever (2) can not be replaced with (4). Because the weight w which satisfies (4) may not be
locally integrable when %q < 1.

Note that (2) and (4) are mutually equivalent when p = g(l —A).
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THEOREM 3. LetO<a <n,0<Ai<l1,p> gand() < ¢ < 1. Assume that
Wi € An  (R"). 5)
Then there exists a constant C > 0 such that
|2 £ ] iy < C I ULy -
REMARK 6. The Ag,oo(Rn) condition can be regarded as limiting case of the

Ap 4 (R") condition when p tends to n/a.

4. Some lemmas
The following two lemmas are important to prove Theorem 3.
A
LEMMA 4.1. LetO<a <n,0<i<landi <p<oo. Ilfwr e Aggoo(R”) then
we A, (R".

PROOF. Since p > Z, by Holder’s inequality and definition of A» . (R"), we have for
every ball B ¢ R”,

L
7

1 % 1 _w Iz
<m/3w(x)dx> (ﬁﬁw(x) P dx)
A _1
< (ﬁf w(x)dx)” (%/ W) Z)/dx)(g)
B B

2 1 —i(my (f)’

<ess.supw(x)? [ — [ w(x) r ¢/ dx ) "
xeB |Bl /3B

<C.

(]

A
LEMMA 4.2. LetO<a<n,0<Ai <1 and% <p<oo Ifwr e Ag,oo(R") then
there exist po < 7, and a constant C > 0 such that for every ball B C R",

Wi € Apyqo(R"). (©)

I i 1 N\
<E/Bw(x) Iz dx) §C(E/Bw(x) de) , (7)

SI-
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PROOF. Note that if pg is near % then gq is large, that is, g(, is near 1 and =% - py is
near 1. First we prove (6). Since w™r @ € A;(R"), by the reverse Holder inequality (cf.
Lu, Ding and Yan [5]) we can take pg sufficiently near g such that

1 _M
<E/Bw(x) Z dx)

n

1 _h(ny . n—a ./ n—a’
= (g7 [ w585
|B| Jp

1 / — Aoy > n
<C|— [ wkx) P ¢ dx
<|B| B
1

_~(L —E(my o N (&)
_C<|B|/Bw(x) dx) .

.n—a
n

>
Eis

On the other hand, we have

1 Ao % X
—/ w(x) P dx < ess.supw(x)? .
IBI B X€eB

(L/ w(x)_kiédx)% <L/ w(x)kf’odx)qlo
|B| B | B B

1
C<L/ w(x);'(g)/dx) () ess. supw(x)%
IBI B X€EB

Therefore we obtain

IA

<C.

Aony A
Next we prove (7). Since wr@) e A (R"), we have w™ 7 € A1(R"). By the reverse

Holder inequality we can take po slightly less than 7 so that

1
1 kg a C X 1 _w
<—/ w(x) ;%dx)"o <— | w) ;dx < C(—/ w(x) 5dx)
B[ 3 Bl i ] /5

Thus, Lemma 4.2 is proved. U

~ |-

The following two lemmas are due to Adams [1]. Let M, be the fractional maximal
function

1
M, f(x):=sup —
. B>x |B|M

/Blf(y)ldy, O<u<l.

LEMMA 4.3. LetO<a <n,1 <p< @ and 0 < A < 1. Then there exists a
constant C > 0 such that

o f (x)| < C(Mpr;lf(x))

SR

p

My f () T (8)

P
—A
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LEMMA 4.4. Suppose that0 < a < n, xg € R*,r > 0, B = B(xg,r) and x € B.
Then the following inequality holds:

% a-n dp
o foo (X)| < / P (/ If(y)ldy> —. )]
r B(x,p) 14

where foo(x) := f(x)x@2B)c(X).
We derive the following pointwise inequality from Holder’s inequality. This approach
has the advantage that can be also used in the weighted context:

LEMMA 4.5. Ifw € A, ;(R"), then

M1+)~p;1f(x) E C ”f”LPv)L(w}L)w) .

PROOF. Letx € R” fix. for every B > x, we have the following:

1 1 2 _X
r?:zzﬂﬂfwﬂdy=rT;E;ﬁJfWNw@ww@)pdx
B P B 7

L p A , _w i
= (/ LF DI w(y) dy) : </ w(y)” 7 dy)
|B|" " r B B

1
- ’

1 1 IR, s w1
= it <w(B)A /B LfOD)IP w(y) dy) ~w(B)? -w” P (B)?
|B|" " »

1

1 b _w N\
< W lLrruwr,w) (E/Bw(y)dy> -(E/Bw(y) P dy)

< Clfllprrawrw) -

A

5. Proof of main theorems
We will prove Theorem 1 by using two pointwise inequalities obtained in the previous
section.

PROOF OF THEOREM 1. Forevery xg € R" andr > 0, let B = B(xg, r) and

F@) = fx)x2p(x) + fF)x@p)e(x) = fo(x) + foolx) .

First we estimate I, fy. Because of Lemmas 4.3 and 4.5 we obtain

y

1-2
e oGO = C N F I iy - M1 SO

P
q.

On the other hand, since w € A ».»(R™), by Holder’s inequality we have wh e A »(R"). By
the weighted L? boundedness of M{(cf. Lu, Ding and Yan [5]) and doubling condition on
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AP,A(R") we obtain

/ a fo(r)[ w(x) dx
B

< CIANLE /B M fo(0)Pw(x)*dx

1
q-p p A . A
=< CUSNEpi iy (w(zB)k /23 Lf 1P wlx) dx) w(2B)
< CUSI iy - WBY*
Thus we have

||Iaf0||Lq,k(wk,w) <C ||f||Lp,k(wk,w) .

Next we estimate |/, foo(x)|. By Lemma 4.4, we have for x € B

o0 d
o foo (1)) 5/ P (/ |f<y>|dy>—".
r B(x,p) 1Y

Moreover by the same method as the proof of Lemma 4.5, we have

(+5)
/ Oy < C Il 277
B(x,p)
Hence we obtain
1
a—n+n(%+7)d_p

00
o foo (x)] = C ”f”LN(w*,w)/ P
,

niA_n

a+
< Clfllpprarwyr P 7

A1
<C|B| 1 ||f||val(wk,w) .

Therefore we have
1

1 q 5 7
(w(B))L/l;”afoo(xﬂ w(x) dX>

e | _2
<CI[Bl 7 -w"(B)s -w(B) | fllLrrar,w

< Clfllprrawrw) -
That is, we obtain the desired result. ]
Theorems 2 and 3 are obtained from the following proposition.
PROPOSITION 1. LetO<a <n,0<Xt < 1and g(l — A) < p. Assume that

weA,;R", (10)
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and there exists po such that 1 < po < %, po < p and

X
wr € ApyqoR"), (D
A , i
1 r (1 _™o 40
sup — | w(x)dx — | wkx) rdx < 00, (12)
BcR®, Bbali \|Bl JB Bl Jp
where ql—o = % — % Then there exists a constant C > 0 such that
whereOfe:a—@ < 1.

Assuming this proposition temporarily, we shall prove Theorems 2 and 3. First we prove
Theorem 2.

PROOF OF THEOREM 2. Under the assumption of Theorem 2, we can take pp = p in

A ~
Proposition 1. In fact, because w? € A, ,(R") and )‘7'1 > 1, we have w € A, (R"). Since

p'/q" > 1, we have

1 7 1 _ A
sup (—/ w(x)dx)p <—/ w(x) »? dx) < 00,
Bcr, B:batl \ Bl Jp |Bl Jg

by the Holder inequality. Therefore w satisfies the conditions in Proposition 1. O

Q\l_.

Next we prove Theorem 3.

PROOF OF THEOREM 3. We can apply Lemma 4.1 and Lemma 4.2 by the assumptions
of Theorem 3. Hence by Lemma 4.1 w satisfies (10), and by Lemma 4.2, we can find pg which
satisfies (6) and (7). Therefore w satisfies (11). By (7) and (10), w satisfies (12). Therefore
by using Proposition 1, we obtain the desired result. O

Finally we prove Proposition 1.
PROOF OF PROPOSITION 1. Forevery xg € R" and r > 0, let B = B(xg, r) and

J @) = f@)x2p(x) + f(X)xepy(x) = folx) + fool(x),
co = —/ fﬁ,ffl dy,
\

yi=1 1y

et = lu(foo) (x0) ,
c:=co+ct.
We obtain the pointwise inequality:

- 1 1
1, —c| <1, + — dy=1+11I.
1 00 — | < 1o fo)] /Rn‘lx—yl”“ | Ly
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First we estimate /. Note that by the condition (10) w satisfies the doubling condition.

A
Since w? € Ap,,q,(R"), by Theorem C and (12), we have

/1dx=/ e fo(o) | dx
B B
1

< </ [ fo ()]0 w(x);qodx)qo </ w(x);qédx>q
B B

<c (/ £ (o) w(x)%pOdX>% (/ w(x)%x>
2B B

!

<c (f f 1P w(x)*dx)z w T (B - BT
2B

SI=

-

1
P

Aq(/)

o My L 11
< CUfll oy wBY? -w™ 7 (B)% - [B[70 7
< CUf Nl ppo iy 1B

Next we estimate /. Let x € B. By the condition (10) we have

o
lx — xol
I11<C — = [ f)Id
];/;krixoyl<2k+'r |xo — y|”‘"‘+1 fO)ldy
> r
<C - d
< ]; Doryra /2 o Oy

IA

[ee] 1 , 1
__ Pwi)tdy ) S ay)”
c; Gyt ( fz ey O 0 0) dy) ( /2 ey V) dy)

> r 1 %
— p A
=C ]; (zkr)n—a-l-l <w(2k—i-lB))L /2’<+]B If(y)l w(y) dy)

A ap’ 1
x W(2k+lB)F X w—%(zk-‘rlB) I

00
r k+1
<C Z —(2k+lr)n*01+_] ”f”LP»)‘(w?»,w) . ‘2 B
k=0

A 1
17+p’

1
1 (d » 1 ( )_A_p’d v
X | ——— w N w P
‘2k+lB| kil yay |2k+]B‘ it y y

k=1
= CIBI" I fllLpi? w) »
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: o 1 A 1
since — 3 + o — 5 + 5> 0. Thus we have

- 1 -
I e /B 1 f () — cldx

1
BCR" B:ball |B|VTn \Jp B

< Cllflprrwr w) -

This is the desired result. g
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