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Abstract. We extend a well-known result of H. Fujita and H. Morimoto [1] to exterior domains of R, with
m > 4.

1. Statement of the theorem

The steady—state Navier—Stokes problem is to find a solution of the equations
Au—u-Vu—Vp=0 in £,
divu =0 in $2, (1)
u=a onds2
in the unknown u and p.

In a well-known paper of 1997 [1] H. Fujita and H. Morimoto proved that' if £ is a
bounded regular domain of R” (m = 2, 3) and the boundary datum a is expressed by

a=uvVé+y, ()

with & € W22(£2) harmonic function and y satisfying the compatibility condition

/ y -n=0,
082

where n is the outward (with respect to £2) unit normal to 952, then there is a discrete at most
countable subset G of R such that for u ¢ G a positive constant co = co(u, &, §2) exists such
that if

bl wi/22302) = €0,
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then (1) has a solution
(w, p) € [WEH(£2) N C®(2)] x [L*(£2) N C®(2)].

A noteworthy consequence of this theorem is that, modulo (at most) a countable set, for every
“flux” pu there is a nonpotential solution of (1)2. This results has been extended in [6] to
boundary data (2) in Lebesgue spaces and to the problem

Au—u-Vu—Vp=0 in$2,
dive =0 in £2,

u=a onoas2, )
Iim u(x)=0,
[x|—+o0
where £2 is the exterior Lipschitz domain of R?
h
Q=R"\|JQ2i. @in2;=0 i#j @)
i=1

and £2; is a bounded domain with connected Lipschitz boundary. To be precise, it is showed
that, if £ vanishes at infinity, there is a discrete at most countable subset G of R such that if
n & G, then a positive constant co exists such that if ||y |z~@2) < co, then (3) has a C*®
solution in §£2 which decays at infinity as the fundamental solution of the Stokes equations.
In the present paper we aim at showing that the Fujita—Morimoto approach can be also
used to get existence of a solution of system (3) in higher dimensions for boundary data in
natural trace spaces and for large fluxes. Our main purpose is indeed to prove the following

THEOREM 1. Let 2 be an exterior domain of R™ (m > 4) of class C? and let a be
expressed by (2) with & € D>9(£2) (g > m/2) harmonic function vanishing at infinity. There

. . _ . _ (m—Z)\/E .
is a discrete at most countable subset G of R \ (—a, o) with o = T DIVElm o) such that if

w & G, then a positive constant co = co(m, &, |1, §2) exists such that if |y | wi1-2/mmp 0y <
co, then (3) has a solution

(. p) € [Dy(2) N C®(2)] x [L"*(2) N C®(2)].
Notation. We use a standard vector notation as, e.g., in [3]. wkea (£2) (k € No, q €
[1, +00]) is the usual Sobolev space and WX—1/9:9(3§2) (k > 1) is its trace space; DX (£2) =
k, kq =
{p € L (2) : IVigllLa) < +00}, Vig = V. ..., Vi_times 9 Dy? (2), Dy? (2) are the

loc
completions of C§°(£2), C§° (£2) respectively with respect to || Vio|| La(s2) (for the properties
of these spaces see [3] Ch. II); if V is a linear subspace of LIIOC(Q), Vo ={u eV :
Jou-Vo =0,Yg € C(2)}; Sg = {x € R™ : |x| < R} and the symbol ¢ stands for a
positive constant whose numerical value is unessential to our purposes.

2If £2 is an annulus of R?, then G = @ (see [2], [4]).
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2. Preliminary results

Let us recall some well-known results we shall need to prove Theorem 1. In what follows
£2 denotes an exterior domain of R™ (m > 4) of class C2. As is always possible, we assume
that 02 contains S;.

The Stokes equations

Au—Vp=0,
. Q)
divu =0,
in R™, m > 4, admit the fundamental solution (see [3] Ch. IV)
1 8ij (xi = yi)(xj —yj)
Uijx —y)=— : +(m—2 : ,
BT = s =) [|x N P
L S
e T T
For f € L9(£2) the pair (volume potential)
VA= [ V6= S,
Q
PLAI= [ ate= 9 o,
Q
is a solution of the (nonhomogeneous) Stokes equations
Au—Vp=f,
. (6)
divue =0

in £2.
LEMMA 1. Ifg € (1, m/2), then V maps boundedly L9 ($2) into Di:g(ﬁ). Moreover,
[t <c [ s,
Q Q
for all f such that ré| f|"/3 € L1(82), with € € (0, 1).

LEMMA 2. Ifg € D} (), q € [1,m), then for large R

/ lp(R, ¢)|7d¢ ScR"_'"/ Vol?. @)
£ CSg

Moreover, there is a positive constant ¢ depending only on q and S2 such that

ol me <=2 D o @®)
L7m=7(2) ~ 2(m — q)/m
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forall g € Dy ().

Lemma 1 is a special version of the classical Calderon—Zygmund theorem (see [7]),

while Lemma 2 is the Sobolev’s inequality in the space D(l)’q (£2) (see [3] Ch. II).
Consider the Stokes problem

Au—Vp=f in$2,
divu =0 in $2, )
u=a onods2.

LEMMA 3. Ifa € W'"Y949082), g € (. m), and f € L*(2) with s = 24

m—1° m+q’

1l <s < %, then (9) admits a unique solution

(u, p) € [D(l,:g(ﬁ) NC™(2)] x [L1(£2) N C™(2)]
and

||u||D1,q(_Q) + ||P||L‘1(.Q) =< C{”a”Wlfl/q»q(a_Q) + ||f||LS(.Q)}~

Lemma 3 is a classical result in the theory of Navier—Stokes equations (see [3] Ch. V).

3. Proof of Theorem 1
Since & vanishes at infinity, by well-known properties of harmonic functions

Vi€ (x)| < er* ™k, (10)

,m/2

for large r = |x| and for every nonnegative integer k. Hence for v € D(l) (£2) it follows

that
VE .-V, v-V§ e L°(22), sel[l,mqg/m+q)].

Therefore, by Lemma 1 the operator

Kol = / Uk —y) - [VE - Vo + v - Vag](3)dv,
22

maps boundedly D}T:g"/z(ﬁ) into Dijg(ﬁ) forall s € (1,mq/(m + ¢)] and

KL p2s () < (s, &, )0l prm(g) - (11)

Let {vi}ren be a bounded sequence in Dé:gl/z(ﬁ). By (11) {K[vk]}ren is bounded

in Di’g(ﬁ) so that, since ¢ > m/2, by Rellich’s compacteness theorem we can extract a

l,m/2(§).

subsequence, still denoted by the same symbol, which converges strongly in D,/
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By (8) and the inequality (la| + [b|)? < c(lal? +1b]?) (¢ = 1)

(o] =

2 m m m_ 2e m
5c/ |V(rn VK[| < c/ rf|VaKlvel| +c/ r3TE VK| 7
2 2 2

2¢e m %
rm VK[ve]|? }

with 0 < ¢ <« 1. Hence by Lemma 1, (11) and the inequality

mq 1/a 2 _my ./ l/q/
{/ ‘VIC[vk]| 3 } {/ F(3—3) }
2 2

IA

/ P E | VK| 3
2

for g close to 1, it follows

2
m i m
{/ r8|VIC[uk]|7} 5c/ ré|VE - Vg + vi - Vo£|3 +c. (12)
Q Q
Since by Holder’s inequality and (10)

m m m
/rﬂvs.vw SC/ Pt A=mS |Gy |3
2 2

Lm2(2) Lm/2($2)°

e m e_m? m
rélog - Vo&|3 <c | r*7 5 o3
17, 17,

2
m/3 2|’ m/3
S C”vk“Lm(Q) {/ ré‘ " / } E C”Vvk”Lm/Z(Q) )
2

(12) and the boundedness of {vi} in D"/2(£2) imply

1
3
< clIVul”? { f r@f*“"”m} < cl|Vul"?
2

/ ré VK[| % <c. (13)
2
Now, by (13)

/ |VK[vx — v4]|% 5/ IVK[vx — o412
2 £22NSg

1 m m C
+— | P IVKIvk — vpl|2 S/ IVEIvk — vallZ + —,
R? Jgsy NSk R
for large R, so that the sequence {/C[vi]}ren converges strongly in D1/ 2(£2) and the opera-
tor K is compact from D(ly:f)"/ 2(2) into itself.

Let M[v] e D(lr:gl/ %($2) be the solution of equations (9) in £2 with boundary datum

—trC[v]}5. Starting from (11) and repeating the above argument, we see that also M is
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compact from D(lr’g'/ 2 (£2) into itself. Then, setting

L=T—puK+M): D@ — DLy (@),
by classical results we see that £ is invertible for all ©# € R\ G, with G discrete at most
countable subset of R.

Foru € D;zg"/z(ﬁ) denote by J[u] the solution of

Av—Vp=u-Vu in$2,

divo =0 in £2,
v=20 onos2.
1,m/2 2,m/3

By Lemma 1 J[u] maps D,y (£2) into Dy (£2) and it holds

1Tt p2ms ) < el g - (14)

Let

1,m/2 —
(wy. py) € Do "2 (2) x L"*(£2)

be the solution of Stokes’ problem with boundary datum y and for u ¢ G consider the
functional equation

-1 -1
u' = Llu,]+ L[Tul] = Slu] (15)
— -1
in D'¢"(2). By the continuity of £ and (14)

—1
I E[”y]”plv"ﬂ(g) <clu, ||D|,m/2(g) = C1||}’||W1—2/m,m/2(3g) >
—1
2
|| £ [j[u]] HDI,m/Z(Q) E C2|Iu||Dl,m/2(_Q) ?

for some positive constants ¢; and ¢ depending only on m, u, & and 2.

Consider the ball of D(lr’g'/ (%)

Lm/2 = 1
B = {u (S Dmgn/ (.Q) : ||ll||Dl,m/2(_Q) < —(2+8)C2}
for some positive ¢, and assume that

1

— m,m < - A .
||}’||Wl 2/m.m/2(32) (2+8)26‘1€2
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Of course, S maps B into itself and it is not difficult to see that
IS[u] — S[vllls < callu — vl prozgy {lull prozgy + 10l proz o) )

<
T 2+4¢

||u — 'U”Dl,m/2(g) .

Therefore, S is a contraction in B so that (15) has a fixed point w

-1
w= Llu,]+ L[T[w]]
and coming back to £, we have that w satisfies the equation
w— K+ M)w]=u, +J[w].
Hence, taking the Stokes operator, it follows that w is a solution of
Aw —puVE-Vw —pw - Vo —w-Vw —VQ =0 in 2,
divw=0 1in$2,
w=y onas2,

for a suitable pressure field Q. Since (uV§E, —%|,uV§ 12) is a solution of (3)1,2 with boundary
datum pVE, the pair

(w+ uVE, Q — LuveP)

gives the desired solution of (3). The regularity of (w, Q) in £2 is proved by well-known
arguments (see [3] Section VIIL.5) and the condition (3)4 is satisfied in the sense of (7).

It remains to show that if © € (—«a, @), then Kern £ = {0}. If u € Kern L, then u
satisfies the equations

Au — puVE -Vu —pu - Vo —Vp=0 in$2,
diveu =0 1in $2, (16)
u=0 onadf2

for a suitable pressure field p. By what we said about the operator £, (u, p) is regular and
(u, p) € D(lr’g(.Q) x L1(82), g € [2,m/2]. Let g be a regular function in R”, equal to 1

in Sg, vanishing in Sy and such that |[Vg| < ¢R™!. Multiplying (16) scalarly by gu and
integrating over £2, we have

/gIW|2=M/ gu-Vu-sz/[%|u|2vs+(u-VS)u1-Vg
2 Q 2
a7
—/[Vu~u—pu]~Vg.
2
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2/m
C C
< | |u|25—2{/|u|'"} ,
R™ Jsyr\Sk R /e
2/m
C
<° /|u|’" ,
R2 | Jo

< V m u 2m Vu 2
< IVgllLm s, \sp) |l ”Lm—2(S2R\SR)” l22($0\SR)

Since by Holder inequality

/ uPVE - Vg
2

/(u~V§)rog
Q

/VgoVuou
Q

/pu’Vg
2

andu - Vu - V& € L! (£2), we are allowed to let R — +o0 in (17) to get

/|Vu|2=u/u.w.vg:. (18)
2 2

Therefore, taking into account that by Sobolev’s inequality (8) ||« ||L o © <

< cllu 2 Vul|;2
<] ||LTT2(S2R\SR)|| e (S2r\SR) °

<clu|l =2 2
=cl ||Lmr_rt2 (SzR\SR)”p”L ($28\SR)

(m=1)

m”vuﬂﬁ(n),
u-vu - VE‘ < om | Vull o) IVEILm (2
/9 2 @) L2(2) (2
(m—1)

< - 7
T (m=2)ym

A
=

IVElLn () IVall7s g

and (18) yields

[1 lulen = 1)
(m —2)/m

Hence the desired result follows at once. O

||vsnm(mV Va2 <0,
2
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