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Introduction

In dealing with the generalized harmonic analysis of functions of
several variables, a problem of basic importance would be to study the
so-called Wiener formula which states the equivalence of

$\lim_{s,\tau\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{S}|f(s, t)|^{2}dsdt$

and

$\lim_{e,\eta\rightarrow 0}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon s\sin^{2}\eta t}{s^{2}t^{2}}dsdt$ .

Different from the case of functions of one variable, one should
keep in mind that there are several kinds of methods about limit pro-
cesses and this makes the problem more involved than that of one vari-
able. In this paper we restrict ourselves to the case of functions of
two variables.

(1) The method of N. Wiener-A.C. Berry [9]. They assumed that
the following limit

(0.1) $\lim_{R\rightarrow\infty}\frac{1}{\pi R^{2}}\int_{0}^{2\pi}\int_{0}^{R}|f$($r$ cos $\theta,$ $r$ sin $\theta$ ) $|^{2}rdrd\theta$

exists and developed the spectral analysis.
(2) The method of T. Kawata [1]. He assumed that the following

limit

(0.2) $\lim_{T.T\rightarrow\infty}\frac{1}{4TT’}\int_{-T}^{T^{\prime}},\int_{-T}^{T}|f(s, t)|^{2}dsdt$

exists and has the same limit no matter how $T$ and $T^{\prime}$ tend to infinity
and, using the Wiener formula, derived some type of law of large num-
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bers for nonstationary processes.
We begin with examining the Wiener formulas for several particular

cases in the following section, and this indicates a new method of hand-
ling the problem. We shall deal with functions which satisfy that the
limit

(0.3) $\lim_{s,\tau\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{S}|f(s, t)|^{2}dsdt$

exi8ts and has the same limit for every positive constant $C$ whenever
$S$ and $T$ tend to infinity in such a way that $S=CT$.

T. Kawata proved the Wiener formula directly, but it also follows
from the general Tauberian theorem. See W. Rudin [8].

We first give a modification of the general Tauberian theorem and
then establish the Wiener formula according to the method of H. R.
Pitt [7].

We, here, give a remark. S. Koizumi [2] has studied about the
spectral analysis of the Hilbert transform in the case of one variable.
Recently K. Matsuoka [4, 5, 6] has succeeded to extend the results to
the case of functions of two variables using the Wiener formula we
have obtained in this paper.

The authors are grateful to Professor T. Kawata for several valu-
able suggestions concerning the subject matter of this paper.

\S 1. Some examples.

1. Trigonometrical polynomial. Let us write

(1.1) $p(x, y)=\sum_{n=0}^{N}\sum_{n=0}^{K}c_{n}.,.e^{i(\lambda_{m}x+\mu_{l},y)}$ .

Then we easily see that

$\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{S}p(x+s, y+t)\overline{p(s,t)}dsdt$

$=\sum_{l=0}^{N}\sum_{*,k=0}^{K}c_{n\prime}.\overline{c_{kl}}e^{i\{\lambda_{f*}x+\mu_{n}u)}\frac{1}{2S}\int_{-S}^{s}e^{tt\lambda_{\hslash}-\lambda_{k})}ds\frac{1}{2T}\int_{-T}^{T}e^{5(\mu_{n}-\mu_{l})t}dt$ .

Since

$\lim_{T\rightarrow\infty}\frac{1}{2T}\int_{-T}^{T}e^{\ell\lambda t}dt=\left\{\begin{array}{ll}1 & (\lambda=0)\\0 & (\lambda\neq 0),\end{array}\right.$
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we have

(1.2) $\phi(x, y)=\lim_{s.\tau\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{S}p(x+s, y+t)\overline{p(s,t)}dsdt$

$=\sum_{n=0}^{N}\sum_{m=0}^{M}|c_{mn}|^{2}e^{i(\lambda_{m}x+\mu_{n}y)}$ ,

where $S$ and $T$ tend to infinity independently. Furthermore if we put

(1.3) $\Lambda(u, v)=2\pi\sum_{n:\mu_{n}<v}\sum_{\tau n:\lambda_{m}<u}|c_{mn}|^{2}$ ,

then

(1.4) $\phi(x, y)=\frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{i(ux+vy)}d\Lambda(u, v)$ .

This is called the spectral representation of the correlation function of
$p(x, y)$ . In particular, we have, letting $x=y=0$ ,

$\lim_{s,\tau\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{s}|p(s, t)|^{2}dsdt=\sum_{n=0}^{N}\sum_{m=0}^{K}|c_{mn}|^{2}$

On the other hand,

$\frac{1}{\pi^{2}\epsilon\eta}I_{-\infty}^{\infty}\int_{-\infty}^{\infty}|p(s,$
$ t\rangle$ $|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\eta t}{t^{2}}$ dsdt

$=\sum_{n,l=0}^{N}\sum_{m,k=0}^{M}c_{\hslash\hslash}\overline{c_{kl}}\frac{1}{\pi\epsilon}\int_{-\infty}^{\infty}\frac{\sin^{2}\epsilon s}{s^{2}}e^{i(\lambda_{m}-\lambda_{k})\epsilon}ds\frac{1}{\pi\eta}\int_{-\infty}^{\infty}\frac{\sin^{2}\eta t}{t^{2}}e^{i(\mu_{n}-\mu_{l})t}dt$ ,

which yields, because of

$1_{\tilde{1}’ a\rightarrow}m_{0}\frac{1}{\pi}|_{-\infty}^{\infty}\frac{1-\cos au}{au^{2}}e^{ixu}du=\left\{\begin{array}{ll}1 & (x=0)\\0 & (x\neq 0),\end{array}\right.$

$\lim_{\epsilon,\eta\rightarrow 0}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|p(s, t)|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\eta t}{t^{2}}dsdt=\sum_{r=0}^{N}\sum_{m=0}^{M}|c_{mn}|^{2}$ ,

where $\epsilon,$ $\eta$ tend to $0$ independently. Therefore we have the Wiener
formula

(1.5) $\lim_{s,\tau\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{s}|p(s, t)|^{2}dsdt$

$=\lim_{\epsilon,\eta\rightarrow 0}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|p(s, t)|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\eta t}{t^{2}}dsdt$ .

Similarly, if $(x, \mu)\neq(0,0)$ , then writing $\lambda s+\mu t=r\rho$ cos $\theta$ , we see
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that

$\frac{1}{\pi R^{2}}\int\int_{2}+t^{2}\leq R^{2}e^{i(\lambda\cdot+\mu t)}d\epsilon dt=\frac{1}{\pi R^{2}}\int_{0}^{R}\int_{0}^{2\pi}e^{i\gamma\rho\cos\theta}\gamma d\theta dr$

$=\frac{2}{R^{2}}\int_{0}^{R}J_{0}(r\rho)rdr=O(R^{-1/2})$ as $ R\rightarrow\infty$

Thus we also have

$\lim_{R\rightarrow\infty}\frac{1}{\pi R^{2}}\int\int_{2}+\iota^{2}\leqq R^{2}|p(s, t)|^{2}dsdt=\sum_{\sim=0}^{N}\sum_{\hslash=0}^{\Pi}|c_{mn}|^{2}$

(1.6)
$=\lim_{\epsilon,\eta\rightarrow 0}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|p(s, t)|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\eta t}{t^{2}}dsdt$ .

2. A function with random signs. Let $(x, \mu)$ be a pair of numbers
in $(0,1)\times(0,1)$ , with the binary expansion

$\lambda=0.\alpha_{11}\alpha_{12}a_{21}\cdots(2)$ , $\alpha_{ij}=0$ or 1 ,
$\mu=0.\beta_{11}\beta_{12}\beta_{21}\cdots(2)$ , $\beta_{k1}=0$ or 1.

We define the function $f(x, y)$ as follows:

(1.7) $f(x, y)=\left\{\begin{array}{ll}2\alpha_{2+1’\cdot+1}* & (m<x\leqq m+1, n<y\leqq n+1)\\2\beta,.+12*+2 & (m<x\leqq m+1, -n-1<y\leqq-n)\\2\beta_{n+12n+1} & (-m-1<x\leqq-m, n<y\leqq n+1)\\2\alpha_{2*+2n+1} & (-m-1<x\leqq-m, -n-1<y\leqq-n)\end{array}\right.$

$(m, n=0,1,2, \cdots)$ . We wish to show that

(1.8) $\phi(x, y)=\lim_{s.r\rightarrow\infty}\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{S}f(x+s, y+t)\overline{f(s,t)}dsdt$

$=\left\{\begin{array}{ll}(1-|x|)(1-|y|) & (|x|\leqq 1, |y|\leqq 1)\\0 & (elsewhere) ,\end{array}\right.$

where $S$ and $T$ tend to infinity under the restriction $S=CT$ for every
positive constant $C$.

What we are going to show, may be stated also as follows: If
$f(x, y)$ has over each square $(m, m+1)\times(n, n+1)(m, n=0, \pm 1, \pm 2, \cdots)$

either the value +1 or the value $-1$ , and if each choice of these values
is independent of all the others, then the probability that $\phi(x,\grave{y})$ will
not have the value given in (1.8) is $0$ .

To begin with, let us note that for $m’\leqq x<m’+1,$ $n’\leqq y<n’+1$ ,
$|m^{\prime}|<M,$ $|n’|<N,$ $M,$ $N$ being large positive integers, we have
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$\frac{1}{4MN}\int_{-N}^{N}\int_{-K}^{M}f(x+s, y+t)f(s, t)dsdt$

$=\frac{1}{4MN}\sum_{n=-Nm=}^{N-1}\sum_{-M}^{M-1}\{\int\int_{(1)}+\int\int_{(2)}+\int\int_{(3)}+\int\int_{(4)}\}(’)dsdt$ , say,

where

$\int\int_{(1)}(’)dsdt=\int_{n}^{n+n^{\prime}+1-y}\int_{m}^{m+m^{\prime}+1-x}f(m+m’+1, n+n’+1)f(m+1, n+1)dsdt$

$=(m’+1-x)(n^{\prime}+1-y)f(m+m^{\prime}+1, n+n^{\prime}+1)f(m+1, n+1)$ ,

$\int\int_{(2\}}(\prime\prime)dsdt=\int_{n+n+1-y}^{l+1}\int_{m}^{m+m^{\prime}+1-x}f(m+m’+1, n+n^{\prime}+2)f(m+1, n+1)dsdt$

$=(m^{\prime}+1-x)(y-n’)f(m+m^{\prime}+1, n+n^{\prime}+2)f(m+1, n+1)$ ,

$\int\int_{(3)}(\prime\prime)dsdt=\int_{n}^{n+n^{\prime}+1-y}\int_{m+m+1}^{m+1}-oef(m+m’+2, n+n’+1)f(m+1, n+1)dsdt$

$=(x-m’)(n’+1-y)f(m+m’+2, n+n^{\prime}+1)f(m+1, n+1)$ ,

$\int\int_{(4)}(’)dsdt=\int_{n+n+1-\nu}^{n+1}\int_{m+m+1-x}^{m+1}f(m+m^{\prime}+2, n+n^{\prime}+2)f(m+1, n+1)dsdt$

$=(x-m^{\prime})(y-n^{\prime})f(m+m^{\prime}+2, n+n^{\prime}+2)f(m+1, n+1)$ .
This representation gives us

$\phi(x, y)=(m^{\prime}+1-x)(n^{\prime}+1-y)\phi(m^{\prime}, n^{\prime})$

$+(m^{\prime}+1-x)(y-n^{\prime})\phi(m’, n+1)$

$+(x-m^{\prime})(n^{\prime}+1-y)\phi(m+1, n)$

$+(x-m^{\prime})(y-n^{\prime})\phi(m^{\prime}+1, n^{\prime}+1)$ .
Suppose we can prove that

(1.9) $\phi(m, n)=\left\{\begin{array}{ll}1 & ((m, n)=(0,0))\\0 & (elsewhere).\end{array}\right.$

Then we see that according as (i) $0<x\leqq 1,0<y\leqq 1$ , (ii) $0<x\leqq 1,$ $-1<y\leqq 0$ ,
(iii) $-1<x\leqq 0,0<y\leqq 1_{f}$ and (iv) $-1<x\leqq 0,$ $-1<y\leqq 0$ , we have $\phi(x, y)=$

$(1-x)(1-y),$ $(1-x)(1+y),$ $(1+x)(1-y)$ , and $(1+x)(1+y)$ , and for other
values of $(x, y),$ $\phi(x, y)=0$ , which can be written simply by

(1.10) $\phi(x, y)=\left\{\begin{array}{ll}(1-|x|)(1-|y|) & (|x|\leqq 1, |y|\leqq 1)\\0 & (elsewhere).\end{array}\right.$

This, in turn, is written by
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(1.11)
$\phi(x, y)=(\frac{1}{2\pi})^{2}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}(\frac{\sin\frac{u}{2}}{\frac{u}{2}})^{2}(\frac{\sin\frac{v}{2}}{\frac{v}{2}})^{2}e^{(ux+v\nu)}dudv$ ,

because of a well known property of Fej\’er integral. Now writing

(1.12) $\Lambda(u, v)=\frac{1}{2\pi}\int_{-\infty}^{v}\int_{-\infty}^{u}(\frac{\sin\frac{s}{2}}{\frac{s}{2}})^{2}(\frac{\sin\frac{t}{2}}{\frac{t}{2}})^{2}dsdt$ ,

(1.11) can be represented by

(1.13) $\phi(x, y)=\frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{i(ux+vy)}d\Lambda(u, v)$ .

Let us consider $f(m+m’, n+n)f(m, n)$ for fixed $(m’, n’)$ and varying
$(m, n)$ . For any fixed $(m’, n’)$ each for them assumes either $+1$ or $-1$

for each $(m, n)$ . Any set of signs are equal probably assigned to
squares which are formed by any finite consecutive set of pairs $(m, n)$ ,
and hence the each choise of any set of signs corresponds to the set of
$(\lambda, \mu)$ of the same Lebesgue measure.

Let us put

$S_{K,N}(m^{\prime}, n^{\prime})=\sum_{n=-N’*}^{N-1}\sum_{=-K}^{K-1}f(m+m^{\prime}, n+n^{\prime})f(m, n)$ .

Then by an elementary consideration from the theory of probability,
we have

$|\{(x, \mu):|S_{K.N}(m, n)|>MN\epsilon\}|$

$\leqq\frac{1}{2^{4\kappa N}}\sum_{k=[KN*/]}^{rN}\frac{2\cdot(4MN)!}{(2MN+2k)!(2MN-2k)!}$ .

By Stirling’s theorem this is asymptotically

$\frac{2}{\sqrt 2\pi}\sum_{k=[MN\epsilon/4]}^{HN}e^{-4k^{2}/(MN)}(\frac{1}{MN-\frac{k^{2}}{MN}})^{1/2}=O((MN)^{1/2}e^{-\lambda fN\epsilon^{2}/4})$

.

Now, take any pair of positive constants $C,$ $D(C<D)$ and fix them. If
we write $C=\tan a,$ $D=\tan\beta(0<\alpha<\beta<\pi/2)$ , then
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$\sum_{(M,N):G\leqq N/M\leqq D}(MN)^{1/2}e^{-MN*v_{4}}$

$=o(\int_{1}^{\infty}|_{\alpha}^{\beta}\gamma(\sin\theta$ cos $\theta)^{1/2}e^{-(\epsilon^{?}r^{2}s\ln\theta\cos\theta)/4}rd\theta d\gamma)$

$=o(\int_{1}^{\infty}r^{2}e^{-(\epsilon^{2}s\ln\alpha\cos\beta)/4\cdot r^{2}}d\gamma)<\infty$

The convergence of the above series implies from Borel-Cantelli lemma
(transforming $(M,$ $N)$ into single sequence) that the chance that

$|\sum_{n=-N}^{N-1}\sum_{m=-M}^{M-1}f(m+m^{k}, n+n^{\prime})f(m, n)|>MN\epsilon$

takes place infinitely often is zero. Hence, except for a set of pair of
$(x, \mu)$ of zero measure,

$\varlimsup_{M.N\rightarrow\infty}|\frac{1}{4MN}\sum_{n=-N}^{N-1}\sum_{m=-M}^{M-1}f(m+m^{\prime}, n+n^{\prime})f(m, n)|\leqq\frac{\epsilon}{4}$ ,

where $M,$ $N$ tend to infinity under the restriction that $C\leqq N/M\leqq D$ , for
any pair of positive constants $C$ and $D$ . Since $\epsilon$ is arbitrarily, and the
sum of a denumerable set of null sets is null, we should have

$\lim_{M,N\rightarrow\infty}\frac{1}{4MN}\int_{-N}^{N}\int_{-Xf}^{M}f(m^{\prime}+s, n^{\prime}+t)f(s, t)dsdt=0$ ,

except for a null set of pair of values of $(\lambda, \mu)$ , where $M,$ $N$ tend to
infinity under the restriction in consideration. The transition from
integral $(M, N)$ to general values $(S, T)$ offers no difficulty, and we have

$\phi(m^{\prime}, n’)=0$ $((m’, n’)\neq(O, 0))$ ,

thus completing the proof of (1.9) and therefore (1.10).

3. Constant functions in a half-plane. Let us consider the function

(1.14) $f(x, y)=\left\{\begin{array}{ll}1 & (y\leqq x)\\0 & (y>x).\end{array}\right.$

Then for every $T>0$ ,

$\frac{1}{4T^{2}}\int_{-T}^{T}\int_{-T}^{T}|f(s, t)|^{z}dsdt=\frac{1}{2}$ .

On the other hand for every $\epsilon>0$ ,
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$\frac{1}{\pi^{2}\epsilon^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon\epsilon}{s^{2}}\frac{\sin^{2}\epsilon t}{t^{2}}$ dsdt

$=\frac{1}{2}$ . $\frac{1}{\pi^{2}\epsilon^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\epsilon t}{t^{2}}dsdt=\frac{1}{2}$ .

Thus

(1.15) $\lim_{s\rightarrow\dot{S},=T}\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{S}|f(s, t)|^{2}dsdt$

$=\lim_{\epsilon\eta\rightarrow,\epsilon=\eta^{0}}\frac{1}{\pi^{l}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon s}{s^{l}}\frac{\sin^{2}\eta t}{t^{2}}dsdt$ .

While we see that

$\lim_{T\rightarrow\infty}\frac{1}{4T^{2}}\int_{-T}^{T}\int_{-T}^{T}f(x+s, y+t)f(s, t)dsdt$

$=\lim_{T\rightarrow\infty}\frac{\{2T+(x-y)\}^{2}}{8T^{2}}=\frac{1}{2}$ .

Thus it can be represented by

(1.16) $\phi(x, y)=\lim_{Ts,\rightarrow\infty,S=T}\frac{1}{4ST}\int_{-T}^{T}|_{-S}^{s}f(x+s, y+t)f(s, t)dsdt$

$=\frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{i\{ux+v)}d\Lambda(u, v)$ ,

where

(1.17) $\Lambda(u, v)=\left\{\begin{array}{ll}\pi & (u, v\geqq 0)\\0 & (elsewhere).\end{array}\right.$

We give one more example. Let us consider the function

(i.18) $f(x, y)=\left\{\begin{array}{ll}1 & ((2y-x)(2y+x)<0)\\0 & (elsewhere).\end{array}\right.$

Then for every $T>0$ ,

(1.19) $\frac{1}{4T^{2}}\int_{-T}^{T}\int_{-T}^{T}|f(s, t)|^{2}dsdt=\frac{1}{4}$ .

On the other hand for every $\epsilon>0$ ,

$\frac{1}{\pi^{2}\epsilon^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t)|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\epsilon t}{t^{2}}$ dsdt
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$=\frac{4}{\pi^{2}\epsilon^{2}}\int_{0}^{\infty}(\int_{0}^{l/2}\frac{\sin^{2}\epsilon t}{t^{2}}dt)\frac{\sin^{2}\epsilon\epsilon}{s^{2}}ds$

$=\frac{4}{\pi^{2}\epsilon}\int_{0}^{\infty}(\int_{0}^{\epsilon\cdot/2}v^{2}\ovalbox{\tt\small REJECT} v)\frac{\sin^{2}\epsilon s}{s^{2}}ds$

$=\frac{4}{\pi^{2}}\int_{0}^{\infty}(\int_{0}^{\prime 2}\frac{\sin^{2}v}{v^{2}}dv)\frac{\sin^{2}u}{u^{l}}du$ .

Since it is clear that for every $u>0$ ,

$\int_{0}^{u/2}\frac{\sin^{2}v}{v^{2}}dv>\int_{u/2}^{u}\frac{\sin^{2}v}{v^{2}}dv$

and

$\frac{4}{\pi^{2}}\int_{0}^{\infty}(\int_{0v^{2}}^{u_{\ovalbox{\tt\small REJECT} v}}\sin^{2}v)\frac{\sin^{2}u}{u^{2}}du=\frac{1}{2}$ ,

the above is strictly greater than 1/4. That is

(1.20) $s.r\rightarrow\infty\lim_{s=r}\frac{1}{4ST}\int_{-T}^{T}\int_{-S}^{S}|f(s, t)|^{2}dsdt$

$<\lim_{\eta,\iota=\overline{\eta}^{0}}\frac{1}{\pi^{2}\epsilon\eta}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}|f(s, t),|^{2}\frac{\sin^{2}\epsilon s}{s^{2}}\frac{\sin^{2}\eta t}{t^{2}}dsdt$ .

Thus in this case, the Wiener formula fails to hold.

\S 2. General Tauberian theorems.

Let $G$ be a locally compact aberian group and $\gamma(x)$ be a character
of $G$ . The set of all continuous characters of $G$ forms a group $\Gamma$, the
dual group of $G$ .

If $f\in L^{1}(G)$ , the convolution $(f*\phi)(x)$ may be regarded as an average
of $\phi$ by assigning a weight factor $f(x-y)$ to the value $\phi(y)$ . Then we
have

THEOREM (N. Wiener). Suppose $\phi\in L^{\infty}(G),$ $feL^{1}(G),\hat{f}(\gamma)\neq 0$ for all
$\gamma e\Gamma$, and

$(f*\phi)(x)\rightarrow a\hat{f}(0)$ $(x\rightarrow\infty)$ .
Then the limit relation

$(g*\phi)(x)\rightarrow a\hat{g}(0)$ $(x\rightarrow\infty)$

holds for every $g\in L^{1}(G)$ .
If we impose slightly stronger conditions on $\phi$ , the conclusion of the
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preceding theorem may be replaced by the stronger assertion that
$\phi(x)\rightarrow a$ as $ x\rightarrow\infty$ .

Let us call a function $\phi eL^{\infty}(G)$ slowly oscillating if $\phi(x)-\phi(y)\rightarrow 0$ as
$ x\rightarrow\infty$ and $x-y\rightarrow 0$ . More explicitly, we require that for each $\epsilon>0$ , there
should exist a compact set $K$ in $G$ and a compact neighborhood $V$ of $0$

in $G$ such that $|\phi(x)-\phi(y)|<\epsilon$ if $x-y\in V$ and $x\not\in K$. Then we have

THEOREM (H. R. Pitt). Suppose $\phi eL^{\infty}(G),$ $\phi$ is slowly oscillating,
$f\in L^{1}(G),\hat{f}(\gamma)\neq 0$ for all $\gamma\in\Gamma$ , and

$(f*\phi\rangle(x)\rightarrow a\hat{f}(0)$ $(x\rightarrow\infty)$ .
Then $\phi(x)\rightarrow a$ as $ x\rightarrow\infty$ .

For $feL^{1}(G)$ , we define $Z(f)$ to be the set of all $\gamma e\Gamma$ such that
$\hat{f}(\gamma)=0$ , and if $I$ is an ideal in $L^{1}(G)$ , we define the zero-set of $I$ by

$Z(I)=\bigcap_{fet}Z(f)$ .

Thus $\gamma\in Z(I)$ if and only if $\hat{f}(\gamma)=0$ for all $feI$. Let us notice that if
$I$ is a closed ideal in $L^{1}(G)$ with $Z(I)$ empty, then $I=L^{1}(G)$ . These
theorems are based on this result.

Now let us modify these theorems to meet our purpose. Let us
consider a path $x(t)$ in $G$ with a real parameter $t$ such that

$x(O)=0$ , $ x(t)\rightarrow\infty$ as $ t\rightarrow\infty$ .
This means that for every compact set $K$ there exists a positive number
$T$ such that $x(t)$ beIongs to the complement of $K$ for all $t\geqq T$. Then
we have

THEOREM 1. Suppose $\phi eL^{\infty}(G),$ $feL^{\iota}(G),\hat{f}(\gamma)\neq 0$ for all $\gamma e\Gamma$, and
$(f*\phi)(x(t)-u)\rightarrow a\hat{f}(0)$ as $t\rightarrow\infty(\forall ueG)$ .

Then the limit relation
$(g*\phi)(x(t)-u)\rightarrow a\hat{g}(O)$ as $t\rightarrow\infty(\forall u\in G)$

holds for every $g\in L^{1}(G)$ .
PROOF. Replacing $\phi$ by $\phi-a$ , we may assume, without loss of

generality, that $a=0$ . The set $I$ of all $g\in L^{1}(G)$ such that $(g*\phi)(x(t)-u)\rightarrow 0$

as $ t\rightarrow\infty$ for all $u\in G$ is a linear subspace of $L^{1}(G)$ which is clearly
translation-invariant. Also $I$ is closed, for if $g_{*}e$ $I$ and $||g.-g||_{1}\rightarrow 0$ ,
then $||g_{\#}*\phi-g*\phi||_{\infty}\rightarrow 0$ ; and $geI$. Hence $I$ is a closed ideal in $L^{1}(G)$ with
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$Z(I)$ empty, and so $I=L^{1}(G)$ .
Next let us call a function $\phi\in L^{\infty}(G)$ slowly oscillating along a path

$x(t)$ if $\phi(x(t)-u)-\phi(y-u)\rightarrow 0ast\rightarrow\infty$ and $x(t)-y\rightarrow 0$ for all $ueG$ . More
explicitly, we require that for each $\epsilon>0$ , there should exist a positive
number $T$ and a compact neighborhood $V$ of $0$ in $G$ such that
$|\phi(x(t)-u)-\phi(y-u)|<\epsilon$ if $t\geqq T$ and $x(t)-y\in V$. We then have

THEOREM 2. Suppose $\phi eL^{\infty}(G),$ $\phi$ is slowly oscillating along a path
$x(t),$ $f\in L^{1}(G),\hat{f}(\gamma)\neq 0$ for all $\gamma\in\Gamma$ , and

$(f*\phi)(x(t)-u)\rightarrow a\hat{f}(0)$ as $t\rightarrow\infty(\forall ueG)$ .
Then $\phi(x(t)-u)\rightarrow a$ as $t\rightarrow\infty(\forall ueG)$ .

PROOF. Given $\epsilon>0$ , choose $T$ and $V$ as above, and let $g$ be the
characteristic function of $V$, divided by $m(V)$ . Then

$\phi(x(t)-u)-(g*\phi)(x(t)-u)=\frac{1}{m(V)}\int_{V}\{\phi(x(t)-u)-\phi(x(t)-u-y)\}dy$ ,

so that $|\phi(x(t)-u)-(g*\phi\rangle$$(x(t)-u)|<\epsilon$ for all $t\geqq T$ and $u\in G$ . By Theorem 1,
$(g*\phi)(x(t)-u)\rightarrow a$ as $ t\rightarrow\infty$ for all $u\in G$ , and the desired conclusion follows.

We shall slightly generalize these theorems for later purposes. Let
$L_{0}$ be a subclass of $L^{1}(G)$ such that for every $\gamma\in\Gamma$ , there exists $f$ in
$L_{0}$ with $\hat{f}(\gamma)\neq 0$ . Then we have

THEOREM 1’. Suppose $\phi\in L^{\infty}(G)$ , and for all $f\in L_{0}$ ,
$(f*\phi)(x(t)-u)\rightarrow a\hat{f}(0)$ as $t\rightarrow\infty(\forall ueG)$ .

Then the limit relation
$(g*\phi)(x(t)-u)\leftrightarrow a\hat{g}(0)$ as $ t\rightarrow\infty$ $(\forall u\in G)$

holds for every $g\in L^{1}(G)$ .
THEOREM 2‘. Suppose $\phi\in L^{\infty}(G),$ $\phi$ is slowly oscillating along a path

$x(t)$ , and for all $feL_{0}$,

$(f*\phi)(x(t)-u)\rightarrow a\hat{f}(O)$ as $t\rightarrow\infty(\forall ueG)$ .
Then $\phi(x(t)-u)\rightarrow a$ as $t\rightarrow\infty(\forall u\in G)$ .

\S 3. The Wiener formula.

Let $R^{2}$ be the two-dimensional Euclidean space, $M(R^{2})$ be a subclass
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of $L^{1}(R^{2})$ , consisting of all continuous functions $f$ for which

(3.1) $\sum_{=-\infty}^{\infty}\sum_{\alpha=-\infty}^{\infty}\max_{(x_{1},x_{2})eI_{m}}|f(x_{1}, x_{2})|<\infty$ ,

where $I_{n,n}=\{(x_{1}, x_{2}):m\leqq x_{1}\leqq m+1, n\leqq x_{2}\leqq n+1\}$ . Then for every $fe$

$M(R^{2})$ , its Fourier transform $\hat{f}$ is defined for every pair of real argu-
ments. Let us also introduce a subclass $M_{0}$ of $M(R^{2})$ , consisting of $f$

which satisfies the following property:

(3.2) $\forall(u_{1}, u_{2})eR^{2}$ , $\exists feM_{0}$ : $\hat{f}(u_{1}, u_{l})\neq 0$ .
On the other hand, let $V(R^{2})$ be a class of functions $\alpha$ of bounded

variation over any finite rectangle for which

(3.3) $\sup_{-\infty<’**<\infty}\int_{n}^{n+1}\int;^{+1}|d\alpha(x_{1}, x_{2})|<\infty$ .

From now on, for the sake of simplicity, we shall use notations $x$ ,
$u$ instead of $(x_{1}, x_{2}),$ $(u_{1}, u_{2})$ and also $f(x),$ $\alpha(u)$ instead of $f(x_{1}, x_{2}),$ $\alpha(u_{1}, u_{2})$

and similarly in other cases.
Then for every pair of $feM(R^{2})$ end $\alpha\in V(R^{2})$ , the Stieltjes integral

of $f$ with respect to $a$ is defined and denoted as follows:

(3.4) $\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(x-y)d\alpha(y)$ $(\forall xeR^{2})$ .
Let us also consider a path $\xi(t)$ in $R^{2}$ such as

(3.5) $\xi(0)=0$ , $\xi(t)\rightarrow\infty$ as $ t\rightarrow\infty$ .
Then we have

THEOREM 3. Suppose a $eV(R^{2})$ , and for all $f\in M_{0}$ ,

(3.6) $\lim_{t\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(\xi(t)-\zeta-x)d\alpha(x)=A\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(x)dx$ $(\forall\zeta eR^{2})$ .

Then the limit relation

(3.7) $\lim_{t\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(\xi(t)-\zeta-x)d\alpha(x)=A\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(x)dx$ $(\forall\zeta eR^{2})$

holds for every $g\in M(R^{2})$ .
PROOF. Let us define for any $geM(R^{2})$ ,

(3.8) $a(x)=\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(x-y)d\alpha(y)$ .
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Then we shall prove that $a(x)eL^{\infty}(R^{2})$ and is slowly oscillating along the
path $\xi(t)$ . First, we have

$|a(x)|=|\sum_{n=-\infty}^{\infty}\sum_{m=-\infty}^{\infty}\int_{n}^{\iota+1}\int_{n}^{m+1}g(x-y)d\alpha(y)|$

$\leqq\sum_{n=-\infty}^{\infty}\sum_{m=-\infty}^{\infty}\max_{yeI_{m,n}}|g(x-y)|\int_{n}^{n+1}\int_{n}^{m+1}|d\alpha(y)|$

$\leqq 4\sup_{-\infty<m,n<\infty}\int_{n}^{n+1}\int_{m}^{m+1}|da(y)|\sum_{n=-\infty m}^{\infty}\sum_{=-\infty}^{\infty}\max_{yet_{m.n}}|g(y)|<\infty$ ,

and second,

$|a(\xi(t)-\zeta)-a(x-\zeta)|$

$=|\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}(g(\xi(t)-\zeta-y)-g(x-\zeta-y))d\alpha(y)|$

$\leqq 4\sup_{-\infty<’ n.,<\infty}\int_{n}^{\pi+1}\int_{m}^{m+1}|d\alpha(y)|\sum_{n=-\infty m}^{\infty}\sum_{=-\infty}^{\infty}\max_{y\epsilon I_{m.n}}|g(\xi(t)-x+y)-g(y)|$ ,

since clearly $g(x)$ is uniformly continuous in any compact neighborhood
of $0$ , it will yield us

$|a(\xi(t)-\zeta)-a(x-\zeta)|\rightarrow 0$ as $ t\rightarrow\infty$ and $\xi(t)-x\rightarrow 0(\forall\zeta\in R^{2})$ .
Now it follows that

$\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(\xi(t)-\zeta-x)a(x)dx$

$=\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(\xi(t)-\zeta-x)dx\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(x-y)d\alpha(y)$

$=\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}d\alpha(y)\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(\xi(t)-\zeta-x)g(x-y)dx$

$=\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}d\alpha(y)\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(\xi(t)-\zeta-x-y)g(x)dx$

$=\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(x)dx\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(\xi(t)-\zeta-x-y)d\alpha(y)$

by the Fubini theorem and change of variables and again the Fubini
theorem for the inversion of order of integration. By the Lebesgue
convergence theorem with the formula (3.6),

$\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(\xi(t)-\zeta-x)a(x)dx\rightarrow A\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(x)dx\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}f(x)dx$

as $t\rightarrow\infty(\forall\zeta eR^{2})$ . Hence we can apply Theorem 2’, to have
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$a(\xi(t)-\zeta)\rightarrow A\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(x)dx$ as $t\rightarrow\infty(\forall\zeta eR^{2})$ .

That is

$\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(\xi(t)-\zeta-x)d\alpha(x)\rightarrow A|_{-\infty}^{\infty}\int_{-\infty}^{\infty}g(x)dx$

as $t\rightarrow\infty(\forall\zeta eR^{2})$ . This conpletes the theorem.

We are going to apply this Tauberian theorem to prove the Wiener
formula in the two-dimensional case. In fact, the Wiener formula we
want to prove can be stated as the following theorem. For the sake of
simplicity, we shall consider in the first quadrant. Let $R_{+}$ be a half
real line $(0, \infty)$ and $R_{+}^{2}$ be the first quadrant of the plame.

THEOREM 4. Suppose $f(x_{1}, x_{2})\geqq 0$ in $(x_{1}, x_{2})eR_{+}^{2}$ and bounded on $R_{+}^{2}$ .
Then the limit relations

(3.9) $\lim_{T\rightarrow\infty}\frac{1}{C_{1}C_{2}T^{2}}\int_{0}^{C_{l}T}f_{0}^{C_{1}T}f(x_{1}, x_{2})dx_{1}dx_{2}=A$ $(\forall C_{1}, C_{2}>0)$

and

(3.10) $\lim_{l\rightarrow 0}\frac{4C_{1}C_{2}}{\pi^{2}\epsilon^{2}}\int_{0}^{\infty}\int_{0}^{\infty}f(x_{1}, x_{2})\frac{\sin^{2}\epsilon C_{1}^{-1}x_{1}}{x_{1}^{2}}\frac{\sin^{2}\epsilon C_{2}^{-1}x_{2}}{x_{2}^{2}}dx_{1}dx_{2}=A$ $(\forall C_{1}, C_{2}>0)$

are equivalent in the sense that if either of the limits (3.9) or (3.10)
exists, then the other limit exists and assumes the same value.

PROOF. Let us put

$x_{1}=e^{\epsilon_{1}}$ , $x_{2}=e^{\xi_{2}}$

and
$f(x_{1}, x_{2})=\psi(\xi_{u}\xi_{2})$ .

So $\psi(\xi_{1}, \xi_{2})\geqq 0$ in $(\xi_{1}, \xi_{2})eR^{2}$ and $\psi(\xi_{1}, \xi_{2})$ is bounded on $R^{2}$ . Again let us
put

$C_{1}=e^{a}$ , $C_{2}=e^{b}$

and
$T=e^{\zeta}$ , $\epsilon=T^{-1}$ .

Then (3.9) and (3.10) are written respectively by
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(3.11) $\lim_{\zeta\rightarrow\infty}\int_{-\infty}^{c+b}\int_{-\infty}^{C+a}e^{-(\zeta+a-\xi_{1})}e^{-(\ddagger+b-6_{2})}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}=A$

for all $(a, b)\in R^{2}$ , and

(3.12) $\lim_{\zeta\rightarrow\infty}\frac{4}{\pi^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\frac{\sin^{2}e^{-(C+a-\xi_{1})}}{e^{-(\zeta+a-\xi_{1})}}\frac{\sin^{2}e^{-(C+b-\xi_{2})}}{e^{-(\zeta+b-\xi_{2})}}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}=A$

for all $(a, b)eR^{2}$ .
Since $\psi(\xi_{1}, \xi_{2})$ is bounded on $R^{2}$ ,

(3.13) $\sup_{-\infty<n,n<\infty}\int_{n}^{n+1}\int_{m}^{m+1}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}<\infty$ .

Now let us put

(3.14) $g(\xi_{1}, \xi_{2})=\int_{0}^{\epsilon_{2}}\int_{0}^{\epsilon_{1}}\psi(\eta_{1}, \eta_{2})d\eta_{1}d\eta_{2}$ .

Then since $\psi(\eta_{1}, \eta_{2})\geqq 0$ ,

$\zeta_{n}^{\alpha+1}\zeta_{m}^{m+1}|dg(\xi_{1}, \xi_{2})|=g(m+1, n+1)-g(m+1, n)-g(m, n+1)+g(m, n)$

$=\int_{n}^{n+1}\int_{m}^{m+1}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$ ,

and so

$\sup_{-\infty<m,n<\infty}\int_{\alpha}^{\tau*+1}\int_{n}^{m+1}|dg(\xi_{1}, \xi_{2})|<\infty$ ,

that is, $g\in V(R^{2})$ .
Furthermore we can write (3.11) and (3.12) in the forms (3.15) and

(3.17) respectively:

(3.15) $\lim_{r_{\rightarrow\infty},\backslash }\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})=A$ $(\forall(a, b)eR^{2})$ ,

where

(3.16) $K_{1}(\xi_{1}, \xi_{2})=\left\{\begin{array}{ll}e^{-\xi_{1}}e^{-\epsilon_{2}} & (\xi_{1}, \xi_{2}>0)\\0 & (elsewhere),\end{array}\right.$

and

(3.17) $\lim_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{2}(\zeta+a-\xi_{1}, \zeta+b-\xi_{p})dg(\xi_{1}, \xi_{2})=A$ $(\forall(a, b)eR^{2})$ ,
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where

(3.18) $K_{2}(\xi_{1}, \xi_{\epsilon})=\frac{4}{\pi^{2}}\frac{\sin^{2}e^{-\epsilon_{1}}}{e^{-\xi_{1}}}\frac{\sin^{2}e^{-\epsilon_{l}}}{e^{-\xi_{2}}}$ .

Since

$\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}=\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{2}(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}=1$ ,

both (3.15) and (3.17) can also be written as follows:

(3.19) $\lim_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})=A\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$

$(\forall(a, b)eR^{2})$

and

(3.20) $\lim_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{2}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})=A\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{2}(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$

$(\forall(a, b)eR^{2})$ .
To show the equivalence of (3.15) and (3.17), we quote Theorem 3.

The kernel $K_{2}$ clearly belongs to $M(R^{8})$ , since

$K_{2}(\xi_{1}, \xi_{2})=\left\{\begin{array}{ll}\frac{4}{\pi^{2}}e^{-\text{\’{e}}_{1}}e^{-6_{2}}(\frac{\sin e^{-\xi_{1}}}{e^{-6_{1}}})^{2}(\frac{\sin e^{-\xi_{I}}}{e^{-6_{2}}})^{2} & (0\leqq\xi_{1}, \xi_{2})\\\frac{4}{\pi^{2}}e^{-\xi_{1}}e^{\epsilon_{2}}(\frac{\sin e^{-g_{1}}}{e^{-6_{l}}})^{2}\sin^{2}e^{-\text{\’{e}}_{2}} & (\xi_{1}\leqq 0\leqq\xi_{1})\\\frac{4}{\pi^{2}}e^{\xi_{1}}e^{-\text{\’{e}}_{2}}sIn^{2}e^{-\text{\’{e}}}l(\frac{\sin e^{-g_{2}}}{e^{-\xi_{2}}})^{2} & (\xi_{1}\leqq 0\leqq\xi_{2})\\\frac{4}{\pi^{2}}e^{\epsilon_{1}}e^{\epsilon_{2}}\sin^{2}e^{-\xi_{1}}sIn^{2}e^{-\epsilon_{2}} & (\xi_{1}, \xi_{2}\leqq 0)\end{array}\right.$

and so

$|K_{2}(\xi_{1}, \xi_{2})|\leqq\frac{4}{\pi^{2}}e^{-|\xi_{1}|}e^{-|\epsilon_{2}|}$

Its Fourier transform is

$\hat{K}_{2}(u_{1}, u_{2})=\frac{1}{2\pi}\prod_{k=1}^{2}\int_{-\infty}^{\infty}e^{\epsilon_{k}(1-u_{k})}\sin^{2}e^{-\epsilon_{k}}d\xi_{k}$

$=\frac{1}{2\pi}\prod_{k=1}^{2}\frac{\Gamma(iu_{k}+1)}{u_{k}(iu_{k}-1)}(e^{-\pi u_{k}/2}-e^{\pi u_{k^{\prime}}2})2^{-iu_{k}-1}$ ,
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and then $\hat{K}_{2}(u_{1}, u_{2})\neq 0$ for any pair of real numbers $(u_{1}, u_{2})$ .
The kernel $K_{1}$ is discontinuous, and hence does not belong to $M(R^{2})$ .

The modified kernels

$K_{1}(\xi_{1}, \xi_{2};\epsilon)=\frac{1}{\epsilon^{2}}\int_{\epsilon_{2}}^{\epsilon_{2+\epsilon}}\int_{\text{\’{e}}_{1}}^{\epsilon_{1+}}K_{1}(\eta_{1}, \eta_{2})d\eta_{1}d\eta_{2}$

$=|\frac{e^{-\xi_{1}}e^{-\xi_{1^{\frac{1-e^{-\epsilon}}{e^{-\xi_{1}-\epsilon}\frac{1-e^{-\epsilon}\epsilon}{\epsilon}}}}}1-}{\frac{1-e^{-\text{\’{e}}_{1}-\epsilon}\epsilon}{0\epsilon}}\cdot e\frac{..e_{1^{\frac{-\epsilon_{2_{\frac{1-e^{-\epsilon}}{\epsilon}}}1-e^{-\xi_{2}-e}}{-2_{\frac{1-e^{-\epsilon}\epsilon}{e^{-\text{\’{e}}_{2}-\epsilon}\epsilon}}}}}-\xi}{\epsilon}$

$(0\leqq\xi_{1},\xi_{2})(-\epsilon\leqq\xi_{1},\xi_{2}<0)(0\leqq\xi_{1},-\epsilon\leqq\xi_{2}<0)(e1sewhere)(-\epsilon\leqq\xi_{1}<0,0\leqq\xi_{2})$

do however belong to $M(R^{2})$ . Their Fourier transforms are
$\hat{K}_{1}(u_{1}, u_{2};\epsilon)$

$=\frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{-l(u_{1}\epsilon_{1+u_{2}\xi_{2})}}d\xi_{1}d\xi_{2}\frac{1}{\epsilon^{2}}\int_{\epsilon_{2}}^{\epsilon_{2+\in}}\int_{\epsilon_{1}}^{\text{\’{e}}_{1+\epsilon}}K_{1}(\eta_{1}, \eta_{2})d\eta_{1}d\eta_{2}$

$=\frac{1}{2\pi}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}e^{-i(\xi u\text{\’{e}})}u_{11+22}d\xi_{1}d\xi_{2}\frac{1}{\epsilon^{2}}\int_{0}^{*}\int_{0}^{\epsilon}K_{1}(\xi_{1}+\eta_{1}, \xi_{2}+\eta_{2})d\eta_{1}d\eta_{2}$

$=\prod_{k=1}^{2}\frac{1}{\epsilon\sqrt{2\pi}}\int_{0}^{*}d\eta_{k}\int_{-\eta_{k}}^{\infty}e^{-\xi_{k}(1+iu_{k})-\eta_{k}}d\xi_{k}$

$=\prod_{k=1}^{2}\frac{1}{\epsilon\sqrt{2\pi}}\int_{0}^{*}\frac{e^{iu_{k}\eta k}}{1+iu_{k}}d\eta_{k}$

$=\prod_{k=1}^{2}\frac{1}{\epsilon\sqrt{2\pi}}\frac{e^{u_{k}}-1}{iu_{k}(1+iu_{k})}$

Thus $\hat{K}_{1}(u_{1}, u_{2};\epsilon)=0$ only for $u_{1}=2m\pi/\epsilon,$ $u_{2}=2n\pi/\epsilon(m, n=0, \pm 1, \pm 2, \cdots)$ .
Hence there is no one $(u_{1}, u_{2})$ for which this vanishes for every $\epsilon$ . As
for detailed calculations, refer to the original paper of N. Wiener [10]
or N. Wiener [11]. Now we shall consider the subclass $M_{0}=\{K_{1}(\xi_{1}, \xi_{2};\epsilon)$ :
$\epsilon>0\}$ instead of $K_{1}(\xi_{1}, \xi_{2})$ . Since

$\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\xi_{1}, \xi_{2};\epsilon)d\xi_{1}d\xi_{2}=1$ $(\forall\epsilon>0)$ ,

we can apply Theorem 3 and the equivalence of (3.17) and
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(3.21) $\lim_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2};\epsilon)dg(\xi_{1}, \xi_{2})=A$

$(\forall(a, b)eR^{2},$ $\forall\epsilon>0$)

are established.
Finally, we shall prove the equivalence of (3.15) and (3.21). First,

we assume (3.15). Let us notice that

$\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2};\epsilon)dg(\xi_{1}, \xi_{2})$

$=\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\{\frac{1}{\epsilon^{2}}\int_{\zeta}^{\zeta}:_{b-\text{\’{e}}_{2}}^{b-\epsilon_{2+\epsilon}}\int_{\zeta+a-\xi_{1}}^{+a-\epsilon_{1+\epsilon}}K_{1}(\eta_{1}, \eta_{2})d\eta_{1}d\eta_{2}\}dg(\xi_{1}, \xi_{2})$

$=\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\{\frac{1}{\epsilon^{2}}\int_{0}^{l}\int_{0}^{\epsilon}K_{1}(\zeta+a-\xi_{1}+\eta_{1}, \zeta+b-\xi_{2}+\eta_{2})d\eta_{1}d\eta_{2}\}dg(\xi_{1}, \xi_{2})$

$=\frac{1}{\epsilon^{2}}\int_{0}^{\epsilon}\int_{0}^{\epsilon}d\eta_{1}d\eta_{2}\{\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a+\eta_{1}-\xi_{1}, \zeta+b+\eta_{2}-\xi_{2})dg(\xi_{1}, \xi_{2})\}$ .

Applying the Lebesgue convergence theorem, it follows that

$\lim_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2};\epsilon)dg(\xi_{1}, \xi_{2})$

$=\frac{1}{\epsilon^{2}}\int_{0}^{\epsilon}\int_{0}^{l}Ad\eta_{1}d\eta_{2}=A$ $(\forall(a, b)eR^{2},$ $\forall\epsilon>0$) ,

which is (3.21). Second, we assume (3.21). Let us notice that

$(\frac{1-e^{-\epsilon}}{\epsilon})^{2}K_{1}(\xi_{1}, \xi_{2})\leqq K_{1}(\xi_{1}, \xi_{2};\epsilon)\leqq(\frac{e-1}{\epsilon})^{2}K_{1}(\xi_{1}+\epsilon, \xi_{l}+\epsilon)$ .
Since $g(\xi_{1}, \xi_{2})$ is defined by (3.14), we then see

$(\frac{1-e^{-\epsilon}}{\epsilon})^{2}\varlimsup_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})$

$\leqq\varlimsup_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2};\epsilon)dg(\xi_{1}, \xi_{2})$

$\leqq\langle\frac{e^{l}-1}{\epsilon})^{a}\varliminf_{\rightarrow\infty}\int_{-\infty}^{\infty};_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}+\epsilon, \zeta+b-\xi_{2}+\epsilon)dg(\xi_{11}\xi_{2})$

$\leqq(\frac{e^{l}-1}{\epsilon})^{2}\varliminf_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})$ ,

and so

$(\frac{1-e^{-\epsilon}}{\epsilon})^{2}\varlimsup_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{\iota}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})$
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$\leqq A\leqq(\frac{e^{\epsilon}-1}{\epsilon})^{2}\varliminf_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})$ .

As $\epsilon$ is arbitrarily small, we may make $(1-e^{-\epsilon})/\epsilon$ and $(e^{\epsilon}-1)/\epsilon$ as cIose
to 1 as we wish, and hence

$\varlimsup_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})$

$\leqq A\leqq\varliminf_{\zeta\rightarrow\infty}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}K_{1}(\zeta+a-\xi_{1}, \zeta+b-\xi_{2})dg(\xi_{1}, \xi_{2})$ $(\forall(a, b)eR^{2})$ ,

which is equivalent to (3.15). This completes the proof of Theorem 4.

REMARK. In Theorem 4, we have only used the condition of boun-
dedness of function $f$ to show

(3.13) $\sup_{-\infty<n,n<\infty}\int_{n}^{n+1}\int_{m}^{m+1}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}<\infty$

Therefore we can replace the condition of boundedness by somewhat
weaker one.

(i) If $f\in L_{1oc}^{1}(R_{+}^{2})$ and

(3.22) $\sup_{-\infty<m,n<\infty}\int_{e^{n}}^{\iota^{n+1}}\int_{e^{m}}^{e^{m+1}}\frac{f(x_{1|}x_{2})}{x_{1}x_{2}}dx_{1}dx_{2}<\infty$ ,

then (3.13) is equivalent to (3.22).
(ii) If $f\in L_{1oc}^{1}(R_{+}^{2})$ and

(3.23) $\int_{1}^{T}\int_{0}^{1}f(x_{1}, x_{2})dx_{1}dx_{2}=O(T)$ as $ T\rightarrow\infty$ ,

(3.24) $\int_{0}^{1}\int_{1}^{S}f(x_{1}, x_{2})dx_{1^{\wedge}}dx_{2}=O(S)$ as $ S\rightarrow\infty$ ,

and

(3.25) $\sup_{0\leqq m,n<\infty}\int_{e^{n}}^{e^{n+1}}\int_{e^{m}}^{e^{m+1}}\frac{f(x_{1},x_{2})}{x_{1}x_{2}}dx_{J}dx_{2}<\infty$ ,

then (3.13) is also true.
In Theorem 4, it is clear that we can take $f(x_{1}, x_{2})=0$ if $0\leqq x_{1}\leqq 1$

and $0\leqq x_{2}\leqq 1$ without Ioss of generality.
First, we assume (3.9), (3.23) and (3.24). Then we can suppose that

$f(x_{1}, x_{2})=0$ if either $0\leqq x_{1}\leqq 1$ or $0\leqq x_{2}\leqq 1$ by (3.23) and (3.24), and there-
fore the condition (3.22) of (i) is replaced by (3.25).

Second, we assume (3.10), (3.23) and (3.24). Then we have
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(3.26) $\lim_{\epsilon\rightarrow 0}\frac{4C_{1}C_{l}}{\pi^{2}\epsilon^{2}}\int_{1}^{\infty}\int_{0}^{1}f(x_{1}, x_{2})\frac{\sin^{2}\epsilon C_{1}^{-1}x_{1}}{x_{1}^{2}}\frac{\sin^{2}\epsilon C_{2}^{-1}x_{2}}{x_{2}^{2}}dx_{1}dx_{2}=0$ $(\forall C_{1}, C_{2}>0)$

and

(3.27) $\lim_{\rightarrow 0}\frac{4C_{1}C_{2}}{\pi^{2}\epsilon^{2}}\int_{0}^{1}\int_{1}^{\infty}f(x_{1}, x_{2})\frac{\sin^{2}\epsilon C_{1}^{-1}x_{1}}{x_{1}^{2}}\frac{\sin^{2}\epsilon C_{2}^{-1}x_{2}}{x_{2}^{2}}dx_{1}dx_{2}=0$

$(\forall C_{1}, C_{2}>0)$ .
Because, we have by $f(x_{1}, x_{2})\geqq 0$,

$0\leqq\varlimsup_{\sim}\frac{4C_{1}C_{2}}{\pi^{2}\epsilon^{2}}\int_{1}^{\infty}\int_{0}^{1}f(x_{1}, x_{2})\frac{\sin^{2}\epsilon C_{1}^{-1}x_{1}\sin^{2}\epsilon C_{2}^{-1}x_{2}}{x_{1}^{2}x_{2}^{2}}dx_{1}dx_{2}$

$=\varlimsup_{\epsilon\rightarrow 0}\frac{4C_{2}}{\pi^{2}C_{1}}\int_{1}^{\infty}\{\int_{0}^{1}f(x_{1}, x_{2})(\frac{si_{\dot{\mathfrak{U}}}\epsilon C_{1}^{-1}x_{1}}{\epsilon C_{1}^{-1}x_{1}})^{2}dx_{1}\}\frac{\sin^{2}\epsilon C_{2}^{-1}x_{2}}{x_{2}^{2}}dx_{2}$

$\leqq\varlimsup_{\epsilon\rightarrow 0}\frac{2\epsilon}{\pi C_{1}}$
. $\frac{2C_{\iota}}{\pi\epsilon}\int_{1}^{\infty}\{\int_{0}^{1}f(x_{1}, x_{2})dx_{1}\}\frac{\sin^{2}\epsilon C_{2}^{-1}x_{2}}{x_{2}^{2}}dx_{2}$ .

Now if we apply the one-sided Wiener formula of S. Koizumi [3], the
last formula does not exceed

$\varlimsup_{\epsilon\rightarrow 0}O(\epsilon)\cdot\overline{1\tau 1\rightarrow m\infty}\int_{1}^{T}\{\int_{0}^{1}f(x_{1}, x_{2})dx_{1}\}dx_{2}$ ,

which turns out to be $o(1)$ as $\epsilon\rightarrow 0$ by (3.23). Thus we have (3.26).
Similarly, we have (3.27) by (3.24). Therefore we can also suppose that
$f(x_{1}, x_{2})=0$ if either $0\leqq x_{1}\leqq 1$ or $0\leqq x_{2}\leqq 1$ , and the condition (3.22) of (i)
is replaced by (3.25).

(iii) If $feL_{1oc}^{1}(R_{+}^{2})$ and

(3.28) $\frac{1}{ST}\int_{0}^{T}\int_{0}^{S}f(x_{1}, x_{2})dx_{1}dx_{2}\leqq B$

for any $S,$ $T>0$ , where $B$ is a constant, then (3.13) is also true.
Since $f(x_{1}, x_{2})\geqq 0$ , we have for any pair of integers $(m, n)$

$\int_{\epsilon^{n}}^{n+1}\int_{*}^{f(x_{1}}\ell^{n+1}\ovalbox{\tt\small REJECT}^{x_{2})}x_{1}dx_{2}m$

$x_{1}x_{2}$

$\leqq e^{2}\cdot\frac{1}{e^{n+1}e^{+1}}\int_{0}^{+1}\int_{0}^{l}n+1f(x_{1}, x_{2})dx_{1}dx_{2}\leqq e^{2}B$

by (3.28) and it follows (3.22) of (i). It is noticed that (3.28) also implies
the conditions (3.23) and (3.24) of (ii).

Instead of the condition of boundedness, there is another kind of
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condition to make (3.13) hold.
(iv) If $feL_{1oc}^{1}(R_{+}^{2})$ and the limit of either (3.9) or (3.10) exists uni-

formly as for $C_{1},$ $C_{2}>0$ , then’(3.13) is also true.
First, we assume the uniform existence of (3.9) as for $C_{1},$ $C_{2}>0$ .

Since $\psi(\xi_{1}, \xi_{2})\geqq 0$ , it follows for all sufficiently large values of $\zeta$ ,

$A+1>\int_{-\infty}^{c+b}\int_{-\infty}^{\zeta+a}e^{-(C+a-\xi_{1})}e^{-(\zeta+b-\xi_{2})}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$

$\geqq\int_{c+b-1}^{\zeta+b}\int_{c+a-1}^{c+a}e^{-(\zeta+a-\xi_{1})}e^{-(\zeta+b-\xi_{2})}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$

$\geqq e^{-2}\int_{c+b-1}^{\zeta+b}\int_{\zeta+a-1}^{\zeta+a}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$ $(\forall(a, b)eR^{2})$ .
Now we take one of sufficiently large $\zeta$ and fix it, and if we $choose\backslash $

$(a, b)$ such that $\zeta+a-1=m,$ $\zeta+b-1=n$ for any pair of integers $(m, n)$ ,
then we have by the above estimation

$A+1\geqq e^{-2}\int^{n+1}\int_{m}^{m+1}\psi(\xi_{\iota}, \xi_{2})d\xi_{1}d\xi_{2}$ .
Thus we have (3.13).

Second, we assume the uniform existence of (3.10) as for $C_{1},$ $C_{2}>0$ .
It follows for all sufficiently large values of $\zeta$ ,

$A+1>\frac{4}{\pi^{2}}\int_{-\infty}^{\infty}\int_{-\infty}^{\infty}\frac{\sin^{2}e^{-(\zeta+a-\text{\’{e}}_{1})}}{e^{-(\zeta+a-\xi_{1})}}\frac{\sin^{2}e^{-(C+b-\xi_{2})}}{e^{-(\zeta+b-\xi_{2})}}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$

$\geqq\frac{4}{\pi^{2}}\int_{C+b}^{\mathfrak{c}+b+1}\int_{\zeta+a}^{\zeta+a+1}e^{-(C+a-\text{\’{e}}_{1})}e^{-(C+b-\xi_{2})}$

. $(\frac{\sin e^{-(\zeta+a-\text{\’{e}}_{1})}}{e^{-(\zeta+a-\text{\’{e}}_{1})}})^{2}(\frac{\sin e^{-(\zeta+b-6_{l})}}{e^{-(C+b-\xi_{2})}})^{2}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$

$\geqq\frac{4}{\pi^{2}}(\frac{\sin e}{e})^{4}\int_{\zeta+b}^{\zeta+b+1}\int_{\epsilon+a}^{\sigma+a+1}\psi(\xi_{1}, \xi_{2})d\xi_{1}d\xi_{2}$ $(\forall(a, b)eR^{2})$ .

We similarly have (3.13).
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