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Introduction

This paper is a continuation of the previous paper [9]. We retain
the notation used there.

Let $(W, S)$ be a finite Coxeter system. If the rank of $W$ is $l$ , there
exist l-number of algebraically independent W-invariant polynomials
$x_{1},$ $\cdots,$ $x_{l}$ which freely generate the W-invariant ring. Let $f_{W}(x_{1}, \cdots, x_{l})$

be the square of an anti-invariant of $W$ . Then there exist vector fields
$X_{1},$

$\cdots,$
$X_{l}$ such that they form a free basis of the Lie algebra of vector

fields thereby the set $\{x\in C^{l};f_{W}(x)=0\}$ being left invariant. In particular,
we have $Xf_{W}=c_{i}(x)f_{W}$ with a certain polynomial $c(x)(i=1, \cdots, l)$ . We
studied in [9] the microlocal structure of the $\mathcal{D}_{c^{l}}$-Module

$\vee V_{\alpha}^{\prime}=\mathcal{D}_{c^{l}}/\sum_{i=1}^{l}\mathcal{D}_{c^{l}}(X_{i}-\alpha c_{i}(x))$ $(\alpha\in C)$ .
The main purpose of this paper is to determine the holonomy diagram

of the system $\ovalbox{\tt\small REJECT}_{\alpha}^{\wedge}$ for an irreducible finite Coxeter system (except of
types $E_{7}$ and $E_{8}$), which gives enough information for the system $tA_{\alpha}^{\prime}’$ .

In connection with the study, we shall also obtain rather computa-
tional results concerning the basic invariants $x_{1},$ $\cdots,$ $x_{\iota}$ , which are com-
plementary to our study but may be useful to the theory of logarithmic
poles developed by Professor K. Saito (cf. [4]). Since we have onIy
intermediate results when $W$ is of type $E_{7}$ or $E_{8}$ , we treat in this paper
the Coxeter systems of types $A_{l},$ $B_{l},$ $D_{l},$ $E_{6},$ $F_{4},$ $G_{2},$ $H_{s},$ $H_{4},$ $I_{2}(p)$ .

\S 1. The holonomy diagram.

(1.1) We begin with explaining the holonomy diagram of a holonomic
system. The holonomy diagram gives enough information for the holo-
nomic system. A typical application will be seen in [3].
Received July 6, 1979



2 TAMAKI YANO AND JIRO SEKIGUCHI

For the notation, see [9]. Let $X$ be an l-dimensional complex mani-
fold and let $T^{*}X$ be the cotangent bundle over $X$. Let, further, $\pi$

denote the projection of $T^{*}X$ to $X$. A holonomic system $\mathscr{L}$ is then a
coherent $\mathcal{D}_{X}$-Module with $co\dim_{TX}SS(\mathscr{L})=l\vee$ . An irreducible component
of $ SS(\mathscr{L})\vee$ is called a holonomic variety.

The holonomy diagram of $\mathscr{L}$ is determined as follows. To each
holonomic variety $\Lambda$ corresponds a circle inscribing $\Lambda$ . The diagram
\copyright -\copyright means that two holonomic varieties $\Lambda$ and $\Lambda^{\prime}$ intersect in a one
codimensional analytic subset. If $\Lambda_{1},$

$\cdots,$
$A_{k}$ are holonomic varieties such

that $co\dim_{A}(\Lambda\cap\Lambda_{1}\cap\cdots\cap\Lambda_{k})=1$ , then $\Lambda$ and $\Lambda_{j}(j=1, \cdots, k)$ are joined
by a branching segment starting from $\Lambda$ and branching off at a point
in the $k$ directions of $\Lambda_{\dot{f}}(j=1, \cdots, k)$ . If $\Lambda_{1},$

$\cdots,$
$\Lambda_{r*}$ are another holonomic

varieties such that $co\dim_{A}(A\cap\Lambda_{1}\cap\cdots\cap\Lambda_{*})=1$ and $\Lambda\cap\Lambda_{1}\cap\cdots\cap\Lambda_{k}\neq$

$\Lambda\cap\Lambda_{1}\cap\cdots\cap\Lambda_{n}$ , then the corresponding branching segments should
have different starting points. In this way, we can depict a diagram
consisting of circles and segments. This is the holonomy diagram of $-\mathscr{G}$

If $\mathscr{L}$ is generated by an unknown function $u$ and $\Lambda$ is a simple holo-
nomic variety of $ SS(\mathscr{L})\vee$ , the order of $u$ on $\Lambda$ is sometimes denoted
beside $\Lambda$ .

(1.2) We now restrict our attention to the study of the system $LA_{\alpha}^{\nearrow\prime}$

corresponding to a Coxeter system given in [9]. We always assume that
a Coxeter system is irreducible. The general case of a reducible Coxeter
system is reduced to that $caIe$ . (cf. the first step of [9, Th. 4.1]).

(1.3) We refer the reader to [1], [9] for notation and results on
Coxeter systems. Let $E$ be an l-dimenuional Euclidean space with an
orthonormal basis $\{e\}$ and $E^{*}$ its dual with the dual basis $\{\xi_{i}\}$ . Let $W$

be a finite irreducible Coxeter group acting on $E$ as a standard represen-
tation. Let $R$ be the W-invariant subalgebra of the symmetric algebra
$S(E^{*})$ of $E^{*}$ . There exist algebraically independent homogeneous elements
$x_{1},$ $\cdots,$ $x_{l}$ of $S(E^{*})$ such that $R=R[x_{1}, \cdots, x_{\iota}]$ . Let $D(\xi)$ be the product
of linear functions defining the hyperplanes of reflections in $W$ . Then,

since $D(\xi)^{2}$ is contained in $R$ , we denote it by $f_{W}(x_{1}, \cdots, x_{l})$ .
Let $X$ be the quotient space of the complexification of $E$ by the

action of $W$ whose coordinate ring is $C\otimes R$ . We use the notation $T^{*}X$

and $\pi$ as in (1.1).
(1.4) From the definition, the polynomials

$m_{;}(x)=\frac{1}{2}\sum_{k=1}^{l}\frac{\partial x}{\partial\xi_{k}}\frac{\partial x_{j}}{\partial\xi_{k}}$ $(i, j=1, \cdots, l)$

belong to $R$ and the vector fields
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$X_{i}=\sum_{\dot{g}=1}^{l}m_{ij}(x)\frac{\partial}{\partial x_{\dot{f}}}$

leave the set $f_{W}^{-1}(0)$ invariant. Hence we have

$X_{i}f_{W}=c_{i}(x)f_{W}(x)$

with certain polynomials $c_{i}(x)\in R$ . It should be here noted that $X_{1},$
$\cdots,$

$X_{l}$

form a free basis of the Lie algebra $\mathcal{G}_{W}$ of vector fieldv thereby $f_{W}^{-1}(0)$

being left invariant. It follows from this fact that

$[X_{i}, X_{j}]=\sum_{k=1}^{l}c_{ij}^{k}(x)X_{k}$

with $c_{ij}^{k}(x)\in R$ . Putting a matrix

$M(W;x_{1}, \cdots, x_{l})=(m_{ij}(x))_{i,j=1,\ldots,l}$ ,

we have
det $M(W;x_{1}, \cdots, x_{l})=cf_{W}(x)$

with a non-zero constant $c$ .
(1.5) We shall discuss in the following sections the coherent $\mathcal{D}_{x^{-}}$

Module

$-\parallel_{\alpha}^{\prime\prime}=\mathcal{D}_{X}/\sum_{i=1}^{l}\mathcal{D}_{X}(X_{i}-\alpha c_{i}(x))$

corresponding to each Coxeter system of types $A_{l},$ $B_{\iota},$ $D_{l},$ $E_{6},$ $F_{4},$ $H_{s},$ $H_{4}$ ,
$I_{2}(p)$ . For convenience we denote by $u$ the generator of $l_{\alpha}^{\nearrow\prime}$ which is
the claIs of $1\in \mathcal{D}_{X}$ . In the Iequel we always assume that $\alpha$ is not a
sum of a root of the b-function of $f_{W}(x)$ and a positive integer.

(1.6) We now explain a procedure to determine the holonomy dia-
gram of $\vee r_{\alpha}^{\prime}$ . There is a one to one correspondence between the totality
of holonomic varieties and the set of conjugate classes of S-subgroups
(cf. [9, Th. $4.1(1)]$). Hence we first determine the latter. For a holonomic
variety $\Lambda$ , the order of $u$ on $\Lambda$ and the codimension of $\pi(\Lambda)$ in $X$ are
determined by [9, Th. 4.1(2)]. We next examine the intersections of
holonomic varieties. For this purpose, it is sufficient to investigate
whether two holonomic varietieI intersect in an analytic subset of co-
dimension one or not. We have already obtained a partial result in
[9, Th. 4.1(3)]. But it may occur that there are holonomic varities $\Lambda$

and $\Lambda^{\prime}$ with $co\dim_{\Lambda}(\Lambda\cap\Lambda^{\prime})=1$ not satisfying that condition. One will
find this phenomenon in caseI $D_{\iota}(l\geqq 4),$ $F_{4}$ and $E_{6}$ . In this way, we
obtain the holonomy diagram of $*A_{\alpha}^{f^{\prime}}$ .



4 TAMAKI YANO AND JIRO SEKIGUCHI

(1.7) In the following IectionI, we treat each type of Coxeter Iys-

tems separately, and describe (1)$-(10)$ .
(1) Definition of the Coxeter group $W$ .
(2) The W-invariant ring.
(3) The square of a fundamental anti-invariant of $W$ .
(4) The matrix $M(W;x_{1}, \cdots, x_{l})$ .
(5) Vector fields $X_{1},$

$\cdots,$
$X_{l}$ .

(6) Commutation relations of $X_{1},$
$\cdots,$

$X_{\iota}$ and the equation $X_{i}f_{W}=$

$c_{i}(x)f_{W}$ .
(7) Conjugate classes of S-lubgroups.
(8) Intersections of holonomic varieties.
(9) Properties of holonomic varieties.
(10) The holonomy diagram.

\S 2. The holonomy diagram of $\sim A_{\alpha}^{\prime}$

’ for a Coxeter system of the
classical type.

(2.1) Type $A_{\iota}$ .
(2.1.1) The Coxeter group $W(A_{\iota})$ of type $A_{\iota}$ is isomorphic to the $(l+1)- st$

symmetric group $\mathfrak{S}_{l+1}$ . Let $E^{\prime}$ be an $(l+1)$-dimensional Euclidean space
and let $E^{\prime*}$ be the dual space of it with an orthonormal basis $\{\zeta_{1}, \cdots, \zeta_{l+1}\}$ .
Let $E$ be the subspace of $E$ ’ defined by $\zeta_{1}+\cdots+\zeta_{l+1}=0$ . Then $W(A_{l})$

acts on $E$ by permutation of indices of $(\zeta_{1}, \cdots, \zeta_{l+1})$ . The dual space $E^{*}$

of $E$ is isomorphic to $E^{*}/R(\zeta_{1}+\cdots+\zeta_{l+1})$ .
(2.1.2) Let $S(E^{*})$ and $S(E^{*})$ denote the symmetric algebras of $E^{*}$ and
$E^{\prime*}$ , respectively. Let $p_{i}(\zeta_{1}, \cdots, \zeta_{l+1})(1\leqq i\leqq l+1)$ be the i-th elementary
symmetric polynomial of $\zeta_{l},$

$\cdots,$
$\zeta_{l+1}$ . Define $l$ elements $x_{2},$ $\cdots,$ $x_{l+1}$ of

$S(E^{*})=S(E^{\prime*})/p_{1}S(E^{\prime*})$ by

$x_{i}=p_{i}$ mod $p_{1}S(E^{\prime*})$ $(2\leqq i\leqq l+1)$ .
Then we have $R=R[x_{2}, \cdots, x_{\iota+1}]$ .
(2.1.3) A fundamental anti-invariant of $W(A_{l})$ is

$D=\prod_{i<\dot{g}}(\zeta_{i}-\zeta,)$ mod $p_{1}S(E^{*})$

and the square
$f_{A_{l}}(x_{2}, \cdots, x_{l+1})=D^{2}$

is the discriminant $\Delta(x_{2}, \cdots, x_{l+1})$ of the polynomial of the $(l+1)$-th degree

$P(u)=u^{l+1}+x_{2}u^{l-1}+x_{s}u^{l-2}+\cdots+x_{l+1}$

$=\prod_{i=1}^{l+1}(u+\zeta_{i})$ mod $p_{1}S(E‘*)$ .
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(2.1.4) We define polynomials $m_{ij}(x)(2\leqq i, j\leqq l+1)$ by the formula

$\sum_{i,\dot{g}=2}^{l+1}m_{i\dot{g}}(x)u^{l+1-i}v^{l+1-j}=\frac{1}{u-v}(P^{\prime}(u)P(v)-P(u)P^{\prime}(v))+\frac{1}{l+1}P^{\prime}(u)P^{\prime}(v)$

(cf. [5, Prop. (2.4.2)]) and a matrix $M(A_{l};x_{2}, \cdots, x_{\iota+1})=(m_{ij}(x))_{i,j=2,\cdots,l+1}$ .
Then we have

det $(M(A_{\iota};x_{2}, \cdots, x_{l+1}))=(-1)^{l(l-1)/2}f_{A_{l}}(x_{2}, \cdots, x_{l+1})$

(cf. [5]).
(2.1.5) We define differential operators

$X_{i}=\sum_{;=2}^{l+1}m_{l+2,j}(x)\frac{\partial}{\partial x_{\dot{f}}}$

Then the following hold.

$(i=0,1, \cdots, l-1)$ .

(2.1.5.1) $[X_{i}, X_{\dot{f}}]=(j-i)\{X_{i+j}-x_{i+j}X_{0}+\sum_{k=2}^{\min(l,j)}(x_{k}X_{i+j-k}-x_{\iota+l+1-k}X_{k-1})\}$

$-\frac{(i+1)(l-j)}{l+1}x_{i+1}X_{J-1}+\frac{(j+1)(l-i)}{l+1}x_{j+1}X_{i-1}$ .

(2.1.5.2) $X_{i}f_{A_{l}}=(l+1-i)(l-i)x_{i}f_{A_{l}}$ .
We shaH prove (2.1.5.1) and (2.1.5.2) in (2.4).

(2.1.6) Any S-lubgroup of $W(A_{l})$ is ilomorphic to $W(A_{n_{1}-1})\times\cdots\times W(A_{k^{-1}})$

with a partition $(n_{1}, \cdots, n_{k})$ of $l+1$ and any two S-lubgroups correspond-
ing to the same partition are conjugate in $W(A_{l})$ . Therefore there is a
one to one correspondence between $C$ (cf. [9]) and the set of partitions
$(\{n_{1}, \cdots, n_{k});\sum_{i=1}^{k}n_{i}=l+1,$ $n_{i}\geqq 1$}. We denote by $\Lambda_{(n_{1},\ldots,n_{k})}$ the holonomic
variety corresponding to $W(A_{n_{1}-1})\times\cdots\times W(A_{n_{k}-1})$ .

(2.1.7) PROPOSITION. Given an irreducible component $\Lambda=\Lambda_{(n_{1},\ldots,n_{k})}$ of
$ SS(\infty V_{\alpha})\vee$ . Then the following hold.

(1) $co\dim_{X}\pi(\Lambda)=\sum_{i=1}^{k}(n_{i}-1)$ .
(2) $ord_{A}u=-\sum_{i=1}^{k}(n_{i}(n_{i}-1)/2)(\alpha+1/2)$ .
(3) We use the notation $(n_{1}, \cdots, n_{k})_{ij}$ instead of $(n_{1},$ $\cdots,$ $n_{i-1},$ $j,$ $n_{i}-j$ ,

$n_{i+1},$ $\cdots,$ $n_{k}$). Then the holonomic varieties $\Lambda_{(n_{1},\ldots,n_{k})_{ij}}(1\leqq i\leqq k, 1\leqq j\leqq[n_{i}/2])$

have one codimensional intersection with $\Lambda$ . Furthermore

$\Lambda\Lambda_{(n\cdots,n)}=\Lambda\Lambda_{(\prime*}1’ kj1’ ki$

if and only if $i=i’$ .
The proposition follows from Theorem 4.1 in [9].
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(2.1.8) In this cale, we amplify (2.1.7)(3) al follows.

PROPOIITION. Fix an irreducible component $\Lambda=\Lambda_{(’\cdots,.)}1’ k$ of $ SS(\infty r_{\alpha}’)\vee$ .
Let $(n_{i1}, \cdots, n_{ip})$ be a partition of $n_{i}$ for $1\leqq i\leqq k$ . Then we have

$co\dim_{\Lambda}(\Lambda\cap\Lambda_{t_{11 ,1p_{1}’ 2’ kp_{k}})}*’*\cdots,.)=\sum_{=1}^{k}(p_{i}-1)$ .

We omit the proof since it is elementary but long.
(2.2) Type $B_{l}$ .

(2.2.1) The Coxeter group $W(B_{l})$ of type $B_{\iota}$ is a semidirect product of
$S_{\iota}$ by $(Z/2Z)^{l}$ . It acts on $(\xi_{1}, \cdots, \xi_{l})$ by permutation of indicel and ar-
bitrary sign changes.
(2.2.2) Let $p(t_{1}, \cdots, t_{l})$ be the i-th elementary lymmetric polynomial of
$t_{1},$

$\cdots,$
$t_{l}$ . Put

$x_{2i}=p_{i}(\xi_{1}^{2}, \cdots, \xi_{l}^{2})$ $(1\leqq i\leqq l)$ .
Then we have

$R=R[x_{2}, \cdots, x_{2l}]$ .
(2.2.3) A fundamental anti-invariant of $W(B_{l})$ is

$D=\xi_{1}\cdots\xi_{l}\prod_{<j}(\xi_{i}^{2}-\xi_{j}^{2})$

and therefore $f_{B_{l}}(x_{2}, \cdots, x_{2l})=D^{2}$ is the product of $x_{2l}$ and the discriminant
$\Delta(x_{2}, \cdots, x_{2l})$ of the polynomial of the l-th degree

$P(u)=u^{l}+x_{2}u^{\iota-1}+\cdots+x_{2l}$

$=\prod_{=1}^{l}(u+\xi^{2})$ .

(2.2.4) We define polynomials $m_{2i,2\dot{g}}(x)(1\leqq i, j\leqq l)$ by the formula

$\sum_{j=1}^{l}m_{2i,2\dot{f}}(x)u^{l-}v^{l-j}=\frac{2}{u-v}(uP’(u)P(v)-vP(u)P’(v))$

(cf. [5, Prop. (2.2.2)]) and a matrix $M(B_{\iota};x_{2}, \cdots, x_{2l})=(m_{2i.2j}(x))_{i,j=1\ldots.,l}$ .
Then we have

det $(M(B_{\iota};x_{2}, \cdots, x_{al}))=(-1)^{(l+1)(l-2)/2}2^{l}f_{B_{l}}(x)$ .
(2.2.5) We define differential operators

$X_{2}=\sum_{j=1}^{l}m_{i+1,\dot{g}}(x)\frac{\partial}{\partial x_{2j}}$ $(i=0,1, \cdots, l-1)$ .
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Then the following hold.

(2.2.5.1) $[X_{2i}, X_{2\dot{g}}]=(2j-2i)\{X_{2(i+j)}+\sum_{k=1}^{m\ln(i,j)}(x_{2k}X_{2(i+i-k)}-x_{2ti+j+1-k)}X_{2(k-1)})\}$ .

Here we understand $x_{0}=1,$ $x_{2k}=0$ for $k>l$ and $X_{2k}=0$ for $k\geqq l$ .
(2.2.5.2) $X_{2i}f_{B_{1}}=2(l-i)^{2}x_{2i}f_{B_{l}}$ $(0\leqq i\leqq l-1)$ .

We shall prove (2.2.5.1) and (2.2.5.2) in (2.4).

(2.2.6) Any S-subgroup of $W(B_{l})$ is ilomorphic to $ W(B_{\hslash}0)\times W(A_{n-1}1)\times\cdots\times$

$W(A_{n_{k}-1})$ for integers $n_{0},$ $n_{1},$ $\cdots,$ $n_{k}$ with the condition

(2.2.6.1) $n_{0}+\sum_{i=1}^{k}n_{i}=l$ , $n_{0}\geqq 0$ , $n\geqq 1$ $(i=1, \cdots, k)$ .

Here $B_{n}$, denotel the type corresponding to the lubdiagram (2.2.6.2) of
the Coxeter diagram of type $B_{l}$ .
(2.2.6.2) ($n_{0}$ vertices).

The groups $W(A_{1})$ and $W(B_{1})$ are isomorphic but not conjugate in $W(B_{l})$ ,

because the lengths of rootl corresponding to them are different. There-
fore there il a one to one correspondence between $C$ and the set
{ $(n_{0};n_{1},$ $\cdots,$

$n_{k});k\geqq 0,$ $n_{i}$ subject to (2.2.6.1)}. We denote by $\Lambda_{(n_{0}:n_{1},\ldots,n_{k})}$ the
holonomic variety corresponding to the clall of $ W(B_{\sim 0})\times W(A_{n_{1}-1})\times\cdots\times$

$W(A_{n_{k}-1})$ .
(2.2.7) PROPOSITION. Fix an irreducible component $\Lambda=\Lambda_{(:}0$

1’ , k) of
$ SS(\leftrightarrow A_{\alpha}^{\nearrow\prime})\vee$ . Then the following hold.

(1) $co\dim_{X}\pi(\Lambda)=n_{0}+\sum_{=1}^{k}(n_{i}-1)$ .
(2) $ord_{\Lambda}u=-(n_{0}^{2}+\sum^{k}\Rightarrow 1(n_{i}(n_{i}-1)/2))(\alpha+1/2)$ .
(3) We use the notation $(n_{0};n_{1}, \cdots, n_{k})_{ij}$ instead of $(n_{0};n_{I},$ $\cdots,$ $n_{i-1}$ ,

$j,$ $n_{i}-j,$ $n_{i+1},$ $\cdots,$ $n_{k}$) for $1\leqq i\leqq k,$ $1\leqq j\leqq[n_{1}/2]$ and $(j;n_{0}-j, n_{1}, \cdots, n_{k})$ for
$i=0,0\leqq j\leqq n_{0}-1$ . Then the holonomic varieties $\Lambda_{(:\alpha}*\cdots,$ ) have one
codimensional intersection with $\Lambda$ . Furthermore

$\Lambda\Lambda_{(\eta;n_{1’ kj}}\ldots,,=\Lambda\cap\Lambda_{(;\prime}n_{01})$

if and only if $i=i$’ (cf. [9, Th. 4.1]).

(2.2.8) As in the cale of type $A_{l}$ , the following ltatement holds.

PROPOSITION. Fix an irreducible component $\Lambda=\Lambda_{(n_{01’ k)}};’\ldots,$, of $ SS(-\psi_{\alpha}^{\prime\prime})\vee$ .
Let $(n_{1}, \cdots, n_{ip_{i}})$ be a partition of $n$ for $1\leqq i\leqq k$ and let $(n_{01}, \cdots, n_{0p_{0}})$

be a partition of $n_{0}-n_{00}$ with a non-negative integer $n_{00}$ . Then we have
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(2.2.7.1) $co\dim_{A}(A\cap A_{(..\ldots,)}00^{j}01\cdots\cdot,0p_{0}’ 11’ kp_{k})=p_{0}+\sum_{i=1}^{k}(p_{i}-1)$ .
(2.3) Type $D_{l}$ .

(2.3.1) The Coxeter group $W(D_{l})$ of type $D_{l}$ is iIomorphic to a semi-
direct product of $\mathfrak{S}_{l}$ by $(Z/2Z)^{l-1}$ . It acts on $(\xi_{1}, \cdots, \xi_{l})$ by permutation
of indices and such sign changes $(\xi_{1}, \cdots, \xi_{l})\mapsto(\epsilon_{1}\xi_{1}, \cdots, \epsilon_{l}\xi_{l})$ that $\prod f_{=1}\epsilon_{i}=1$ .
(2.3.2) Put $x_{2},=p_{i}(\xi_{1}^{2}, \cdots, \xi_{l}^{2})(1\leqq i\leqq l-1)$ as in (2.2.2) and $y=\xi_{1}\cdots\xi_{l}$ .
Then we have

$R=R[x_{2}, \cdots, x_{2l-2}, y]$ .
(2.3.3) A fundamental anti-invariant of $W(D_{l})$ is

$D=\prod_{i<j}(\xi^{2}-\xi_{j}^{2})$

and the square of $D$ is

$f_{D_{l}}(x_{2}, \cdots, x_{2l-2}, y)=\Delta(x_{2}, \cdots, x_{2l-2}, y^{2})$ ,

where $\Delta(x_{2}, \cdots, x_{ll-2}, \psi)$ is the discriminant of the polynomial

$P(u)=u^{l}+x_{2}u^{l-1}+\cdots+x_{2l-2}u+y^{2}$

$=\prod_{=1}^{l}(u+\xi_{i}^{2})$ .
(2.3.4) We define a matrix

$M(D_{l};x_{2}, \cdots, x_{2l-2}, y)=\left\{\begin{array}{ll}I_{l-1} & \\ & \frac{l}{2y}\end{array}\right\}M(B_{l};x_{2}, \cdots, x_{2l-f}, y)\left\{\begin{array}{ll}I_{l-1} & \\ & \frac{l}{2y}\end{array}\right\}$ .

Then we have

det $(M(D_{l};x_{l}, \cdots, x_{2l-2}, y))=-(-1)^{l(l-1)/2}2^{l-}f_{D_{l}}(x_{2}, \cdots, x_{2l-2}, y)$

(cf. [5]).
(2.3.5) We define differential operators $X_{0},$ $X_{2|}\cdots,$ $X_{2l-2},$ $Y$ by the formula

${}^{t}(X_{0}, X_{2}, \cdots, X_{2l-4}, Y)=M(D_{l};x_{2}, \cdots, x_{2l-2}, y)^{\iota}(\frac{\partial}{\partial x_{2}},$ $\cdots,$ $\frac{\partial}{\partial x_{2l-2}},$ $\frac{\partial}{\partial y})$ .
Then the following hold. (For the proof, lee (2.4).)

(2.3.5.1) $\left\{\begin{array}{l}[X_{2i}, X_{2j}]=(2j-2i)\{X_{2(i+j)}+\sum_{k=1}^{\min(.\dot{g})}(x_{2k}X_{2(i+j-k)}-x_{2(+j+1-k)}X_{2(k-1)})\}\\(0\leqq i, j\leqq l-2)\\[X_{2i}, Y]=(l-2-i)x_{2}Y-(l-1-i)yX_{2(-1)}(0\leqq i\leqq l-2)\end{array}\right.$
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Here we understand $x_{2k}=0$ for $k>l,$ $.x_{2l}=y^{2},$ $X_{2k}=0$ for $k\geqq l,$ $X_{2l-2}=2yY$.

(2.3.5.2) $\left\{\begin{array}{ll}X_{2}f_{D_{l}}=2(l-i)(l-i-1)x_{2i}f_{D_{l}} & (0\leqq i\leqq l-2),\\Yf_{D_{l}}=0. & \end{array}\right.$

(2.3.6) Any S-subgroup of $W(D_{l})$ is ilomorphic to $ W(D_{n_{0}})\times W(A_{n_{1}-1})\times\cdots\times$

$W(A_{n_{k}-1})$ with integers $n_{0},$ $n_{1},$ $\cdots,$ $n_{k}$ lubject to the condition

(2.3.6.1) $\sum_{i=1}^{k}n_{i}=l$ , $n_{0}\geqq 0,$ $\neq 1$ , $n_{i}\geqq 1$ $(i=1, \cdots, k)$ .

Two S-subgroups corresponding to the same lymbol $(n_{0};n_{1}, \cdots, n_{k})$ with
the condition (2.3.6.1) are conjugate in $W(D_{l})$ except when $n_{0}=0$ and all
$n_{i}(1\leqq i\leqq k)$ are even. Here $D_{0}$ denotes the type corresponding to the
subdiagram (2.3.6.2) of the Coxeter diagram of type $D_{l}$ .

(2.3.6.2) ($n_{0}$ vertices).

When $n_{0}=0$ and $n_{i}(1\leqq i\leqq k)$ are even, we use the notation $(0;n_{1}, \cdots, n_{k})$

and $(0;n_{1}, \cdots, n_{k})_{-}$ respectively for the choicel of subdiagraml

$n_{1}-1$ $n_{l}-1$

$\leftarrow$ $\cdots\rightarrow$
’ 0– $..\circ-$ , ... ,

and
$n_{1}-1$ $n,-1$

– $\cdots-$ , $ 0-\cdots$ – $\cdots$ ,

Therefore, if $l$ is odd (resp. even), there is a one to one correspondence
between $C$ and the set { $(n_{0};n_{1},$

$\cdots,$ $n_{k});n_{0},$ $\cdots,$ $n_{k}$ subject to (2.3.6.1)}
(resp. the union of the set { $(n_{0};n_{1},$

$\cdots,$
$n_{k});n_{0},$ $\cdots,$ $n_{k}$ subject to (2.3.6.1)}

and the set { $(0;n_{1},$ $\cdots,$
$n_{k})_{-};n_{i},$ $i=1,$ $\cdots,$

$k$ , are even, $\sum_{i=1}^{k}n_{i}=l$}). We
denote by $\Lambda_{(n_{0};n_{1},\ldots,n_{k})}$ (or $\Lambda_{(0:n_{1},\ldots,\#_{k)-}}$) the holonomic variety correIponding
to $(n_{0};n_{1}, \cdots, n_{k})$ (or $(0;n_{1},$ $\cdots,$

$n_{k})_{-}$).

(2.3.7) PROPOIITION. Fix an irreducible component $\Lambda=\Lambda_{(n_{0};n_{1},\cdots,,\iota_{k})}$ of
$ SS(LA_{\alpha}^{\prime})\vee$ . Then the following hold.

(1) $con\dim_{X}\pi(\Lambda)=n_{0}+\sum_{i=1}^{k}(n_{k}-1)$ .
(2) $ord_{A}u=-(n_{0}(n_{0}-1)+\sum_{=1}^{k}n_{i}(n_{i}-1)/2)(\alpha+1/2)$ .
(3) We use the notation $(n_{0};n_{1}, \cdots, n_{k})_{j}(0\leqq i\leqq k)$ instead of ($n_{0}$ ;

$n_{1},$ $\cdots,$
$j,$ $n-j,$ $n_{+1},$ $\cdots,$ $n_{k}$) $(1\leqq j\leqq[n/2])$ for $1\leqq i\leqq k$ and $(j;n_{0}-j$ ,

$n_{1},$ $\cdots,$ $n_{k}$) $(0\leqq j\leqq n_{0}-1, j\neq 1)$ for $i=0$ . Then holonomic varieties
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$\Lambda_{(n:n\cdots,\alpha)}01’ kij$ and $\Lambda_{(0:_{0^{-1,1.l}\iota’ k)}}.\ldots,$. beside $\epsilon$ them when $n_{0}\geqq 4$ , have one codimen-
sional intersection with A. Furthermore

$\Lambda\cap 0:_{\iota\cdot kij}\cap 0)^{\prime\prime}$

if and only if $i=i^{\prime}$ , and

$\Lambda\cap\Lambda_{(0:\cdot-1,1,\ldots,)}=\Lambda\cap\Lambda_{(\cdot:*\cdots,)}01^{\prime}k01’ k0\dot{g}$

The statement holds if we change $\Lambda_{(0:m,\ldots,\sim r)}$ for $\Lambda_{(0:*\cdot\cdots.n_{f})-}1$
’

PROOF. The proposition follows from Theorem 4.1 in [9] except the
Itatement concerning $A_{(0:\cdot 0^{-1,1}’\cdot\iota\cdots\cdot,k)}$ . But this is derived from the fol-
lowing lemma.

(2.3.7.1) LEMMA. When $n_{0}\geqq 4$ , the holonomic varieties $\Lambda$ and
$\Lambda_{(0:n_{0}-1,1,,\ldots,,)}1’ k$ have $a$ one codimensional intersection, and

$\Lambda\cap A_{(0:\cdot-1.1,.,\ldots.*)}=\Lambda\cap\Lambda_{(0:_{0}}01k$

PROOF. First assume that $k=0$ and prove the lemma. In this case,
$\Lambda$ is the conormal bundle of the origin in $X$. Put $A=\Lambda_{(0;l-1,1)},$ $l\geqq 4$ .
Then it suffices to show

$A\cap A^{\prime}=A\cap\Lambda_{(0:\})}$ .
To prove this, we put $q_{2\nu}=\sum_{=1}^{l}\xi_{i}^{2\nu}(\nu=1,2, \cdots, l-1),$ $y=\xi_{1}\cdots\xi_{l}$ and

take $(q_{2}, \cdots, q_{2l-2}, y)$ as a coordinate syItem of $X$ instead of $(x_{2}, \cdots, x_{2l-2}, y)$ .
Let us denote by $A^{reg}$ the regular part of $\Lambda^{\prime}$ . Then we have

$\Lambda^{reg}=\{(q_{2}, \cdots, q_{2l-2}, y;\zeta_{2}, \cdots, \zeta_{2l-2}, \eta)eT^{*}X$ ;

$q_{2\nu}=(l-1)\xi_{1}^{2\nu}+\xi_{2}^{2\nu}(\nu=1, \cdots, l-1),$ $y=\xi_{1}^{l-1}\xi_{2}(\xi_{1}\neq\xi_{2})$ ,

$\sum_{\nu=1}^{l-1}2\nu\zeta_{2\nu}\xi_{i}^{2\nu-1}+\frac{\eta y}{\xi_{i}}=0(i=1,2)\}$ .

Each element $(q_{2}, \cdots, q_{2l-2}, y;\zeta_{2}, \cdots, \zeta_{2l-2}, \eta)$ of $A^{reg}$ satisfies the condition

$\zeta_{2}+\sum_{\nu=2}^{l-1}\nu\zeta_{2\nu}\frac{\xi_{1}^{2\nu}-\xi_{2}^{2\nu}}{\xi_{1}^{2}-\xi_{2}^{2}}=0$ ,

$4\zeta_{4}+\sum_{\nu=t}^{l-1}2\nu\zeta_{2\nu}\frac{\xi_{1}^{2\nu-2}-\xi_{2}^{2\nu-2}}{\xi_{1}^{2}-\xi_{2}^{2}}-\frac{\xi_{1}^{l-8}}{\xi_{2}}\eta=0$ .

Taking an analytic path $\xi_{1}=t,$ $\xi_{2}=at^{l-8}(a\neq 0)$ and letting $t$ tend to zero,
we have that $\zeta_{2}=0$ and $4a\zeta-\eta=0$ . Since we can take $a\neq 0$ arbitrary,
we finally obtain
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$\Lambda\cap\Lambda’=\{q_{2},$
$\cdots,$ $q_{2l-2},$ $y;\zeta_{2},$

$\cdots,$
$\zeta_{2l-2},$ $\eta$) $\in T^{*}X$;

$q_{2}=\cdots=q_{2l-2}=y=0,$ $\zeta_{2}=0$}.

Then the right-hand side of this coincides with $\Lambda\cap\Lambda_{(0jt)}$ (cf. [9, Th. 4.1]).
Hence we have proved the lemma for the cale $k=1$ .

The general case is proved by an argument similar to the first step
of the proof of Theorem 4.1 in [9]. Q.E.D.

(2.3.8) The case of type $D_{\iota}$ il more complicated than the cases of typel
$A_{l},$ $B_{l}$ to describe the codimension of the intersection of two irreducible
componentl. Let $(n_{0};n_{1}, \cdots, n_{k})$ be a symbol consisting of integerl with
the condition (2.3.6.1).

PROPOSITION.
Case I. $n_{0}\geqq 2$ . Let $(n_{i1}, \cdots, n_{tp})$ be a partition $ofn_{i}fori=1,$ $\cdots,$

$k$

and let $(n_{01}, \cdots, n_{0p_{0}})$ be a partition of $n_{0}-n_{00}$ with a non-negative integer
$n_{00}$ not equal to 1. We put $\Lambda=\Lambda_{(*:n\cdots,n_{k})}0\iota$

’
and $\Lambda‘=\Lambda_{(’;n_{01’},n_{11},\ldots,n_{kp_{k}})}00$

Then

(2.3.8.1) codim, $(\Lambda\cap\Lambda^{\prime})=p_{0}-\epsilon+\sum_{l=1}^{k}(p_{i}-1)$ .

Here $\epsilon=1$ if $n_{0},$ $n_{00},$ $n_{01},$ $\cdots,$ $n_{0p_{0}}$ satisfy one of the conditions in (2.3.8.2)

and $\epsilon=0$ if otherwise.
(2.3.8.2) (i) $n_{0}\geqq 4$ and $n_{00}=0$ .

(ii) When $2\leqq p_{0}\leqq[n_{0}/2]:n_{0i}=1$ for some $i$ .
When $[n_{0}/2]+1\leqq p_{0}:n_{0i}\geqq 3$ for some $i$ .

In case $n_{00}=0$ , (2.3.8.1) holds if we exchange $\Lambda^{\prime}$ for $\Lambda_{(\cdots,\ldots,)-}0;’\cdot 0\iota’*0p_{0^{l}}’ 11’ kp_{k}$

Cale II. $n_{0}=0$ . Let $(n_{i1}, \cdots, n_{ip_{i}})(i=1, \cdots, k)$ be partitions as in
Case I. We put $\Lambda=\Lambda_{(0:n_{1\cdots\cdot,k})}$ and $\Lambda‘=\Lambda_{(0:n_{11},\ldots,n_{kp_{k}})}$ (resp., $\Lambda=\Lambda_{(0:_{1}}$, ,....

$k$ ) $-$ ;
and $\Lambda^{\prime}=\Lambda_{(0:n_{11},\ldots,n_{kp_{k}})-}$ when all $n_{ij}$ are even, or $\Lambda^{\prime}=\Lambda_{(0;\alpha_{11},\ldots,n_{kp_{k}})}$ when one
of $n_{lj}$ is odd). Then

(2.3.8.3) $co\dim_{A}$ (A $\cap\Lambda$ ) $=\sum_{i=1}^{k}(p_{i}-1)$ .

Since the proof is elementary but tedioul, we omit it.
(2.4) Proof of (2.1.5), (2.2.5), (2.3.5).
In this paragraph, we prove (2.1.5), (2.2.5), (2.3.5). For convenience,

we first prove (2.2.5), next (2.3.5) and finally (2.1.5).

(2.4.1) PROOF OF (2.2.5). We firlt prove (2.2.5.1) by induction on $l$ .
It is trivial for the case $l=1$ . Aslume (2.2.5.1) holdl for $B_{l-1}$ and prove
it for $B_{l}$ . The vector field $X_{2i}$ is rewritten in the form
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$X_{2i}=\frac{1}{2}\sum_{k=1}^{l}\frac{\partial x_{2(+1)}}{\partial\xi_{k}}\frac{\partial}{\partial\xi_{k}}$ .
Comparing the coefficients of $\partial/\partial\xi$. of both sides of (2.2.5.1), we have
only to prove the following equation for each $m(1\leqq m\leqq l)$ :

(2.4.1.1) $\sum_{n=1}^{l}(\frac{\partial x_{2(+1)}}{\partial\xi}\frac{\partial x_{2(\dot{g}+1)}}{\partial\xi_{*}\partial\xi_{n}}-\frac{\partial x_{2(\dot{g}+1)}}{\partial\xi}\frac{\partial^{2}x_{2(i+1)}}{\partial\xi.\partial\xi_{n}})$

$=4(j-i)\{\sum_{t=0}^{i}(x_{2k}\frac{\partial x_{1(+\dot{g}+1-k)}}{\partial\xi}-x_{2(i+j+1-k)}\frac{\partial x_{2k}}{\partial\xi_{*}})\}$ $(i<j)$ .
We may assume $m<l$ without loss of generality. Let us denote by $y_{2i}$

$(1\leqq i\leqq l-1)$ the i-th elementary symmetric polynomial of $\xi_{1}^{2},$

$\cdots,$
$\xi_{l-1}^{2}$ . It

should be noted that $x_{2i}=\xi_{l}^{2}y_{2(i-1)}+y_{2i}$ . Here we under8tand $y_{0}=1$ and
$y_{2l}=0$ . For Iimplicity, we define

$A(i, j)=\sum_{l=1}^{l-1}(\frac{\partial y_{2(i+1)}}{\partial\xi_{l}}\frac{\partial^{2}y_{2(j+1)}}{\partial\xi_{l}\partial\xi_{n}}-\frac{\partial y_{2(\dot{J}+1)}}{\partial\xi_{*}}\frac{\partial^{2}y_{2(i+1)}}{\partial\xi.\partial\xi_{*}})$

$B(i, j)=\sum_{k=0}^{i}(y_{2k}\frac{\partial y_{2(i+\dot{9}+1-k)}}{\partial\xi_{n}}-y_{2(i+j+1-k)}\frac{\partial y_{2k}}{\partial\xi_{n}})$ .
Then direct calculation shows that

(2.4.1.2) $\sum_{\sim=1}^{l}(\frac{\partial x_{2(+1)}}{\partial\xi}\frac{\partial^{2}x_{2(\dot{J}+1)}}{\partial\xi.\partial\xi_{n}}-\frac{\partial x_{2(\dot{g}+1)}}{\partial\xi}\frac{\partial^{2}x_{2(l+1)}}{\partial\xi.\partial\xi})$

$=A(i-1, j-1)\xi_{l}$

$+\{A(i-1, j)+A(i, j-1)+4(y_{2i}\frac{\partial y_{2\dot{g}}}{\partial\xi_{n}}-y_{2g}\frac{\partial y_{2i}}{\partial\xi_{l*}})\}\xi_{l}^{2}+A(i, j)$ ,

(2.4.1.3) $\sum_{k=0}(x_{2k}\frac{\partial x_{2(+j+1-k)}}{\partial\xi_{n}}-x_{2(+j+1-k)}\frac{\partial x_{2k}}{\partial\xi})$

$=B(i-1, j-1)\xi_{l}^{4}+(B(i-1, j)+B(i, j-1))\xi_{l}^{2}+B(i, j)$ .
On the other hand, it follows from the induction hypothesis

(2.4.1.4) $\left\{\begin{array}{l}A(i-1, j-1)=4(j-i)B(i-1, j-1)\\A(i-1, j)=4(j-i+1)B(i-1, j)\\A(i, j-1)=4(j-i-1)B(i, j-1)\\A(i, j)=4(j-i)B(i, j)\end{array}\right.$

and the definition of $B(i, j)$ shows

(2.4.1.5) $B(i, j-1)-B(i-1, j)=y_{2i}\frac{\partial y_{f_{\dot{f}}}}{\partial\xi}-y_{2g}\frac{\partial y_{2i}}{\partial\xi_{n}}$ .
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In view of (2.4.1.4) and (2.4.1.5), we conclude that the right-hand side
of (2.4.1.2) equals to that of (2.4.1.3). Hence (2.4.1.1) is proved.

Next we prove (2.2.5.2). For this purpose, we define $c_{2t}(x)$ by

$X_{2i}f_{B_{l}}(x)=c_{2i}(x)f_{B_{l}}(x)$ .
and lhow

$c_{2i}(x\rangle=2(l-i)^{f}x_{2i}$

by induction on $l$ . It is trivial for the case $l=1$ . Allume that (2.2.5.2)

holds for $B_{l-1}$ . We employ the notation in the preceeding argument.
Let us define

$D’=\xi_{1}\cdot\xi_{l-1}\prod^{\prod}(\xi_{i}^{2}-\xi_{j}^{2})D=\xi_{1}\cdot.\cdot.\cdot\xi_{\iota_{1\leq i<j\leq l}}1\leqq i<\dot{r}\leq l-1(\xi_{i}^{2}-\xi_{\dot{f}}^{2}),$ .

Then $D$ and $D^{\prime}$ are the fundamental anti-invariants of $W(B_{l})$ and $W(B_{l-1})$

givn in (2.2.3), respectively. In particular, it follows that

$D=\xi_{l}\prod_{l=1}^{l-1}(\xi_{i}^{2}-\xi_{l}^{2})D$

We define $c_{2l}^{\prime}(y)=2(l-1-i)^{2}y_{2i}(0\leqq i\leqq l-1)$ . Then the induction hypothelis
implies

$c_{2i}^{\prime}(y)=\sum_{k=1}^{l-1}\frac{\partial y_{2(+1)}}{\partial\xi_{k}}\frac{\partial}{\partial\xi_{k}}(\log D)$ .

In view of this, we have

(2.4.1.6) $c_{2i}(x)=\sum_{k=1}^{\iota}\frac{\partial x_{2(i+1)}}{\partial\xi_{k}}\frac{\partial}{\partial\xi_{k}}(\log D)$

$=\xi_{l}^{2}c_{2\langle l-1)}^{\prime}(y)+c_{2i}^{\prime}(y)+2y_{2i}$

$+4\sum_{k=1}^{l-1}(\xi_{l}^{2}y_{2(i-1)}^{\hat{k}}+y_{2}^{\hat{k}})\frac{\xi_{k}^{2}}{\xi_{k}^{2}-\xi_{l}^{2}}-4\xi_{l}^{2}\sum_{k=1}^{l-1}\frac{y_{2i}}{\xi_{k}^{2}-\xi_{l}^{2}}$ .

Hele $ y_{2l}^{k}\wedge$ denotes the i-th elementary symmetric polynomial of $\xi_{1}^{2},$

$\cdots,$
$\xi_{k-1}^{2}$ ,

$\xi_{k+1}^{2},$
$\cdots,$

$\xi_{l-1}^{2}$ . Owing to the identitiel
$ y_{2i}=\xi_{k}^{2}y_{2(l-1)}^{k}+y_{2i}^{k}\wedge\wedge$

$\sum_{k=1}^{l-1}y_{2}^{k}=(l-1-i)y_{2i}\wedge$ ,

we have

$\sum_{k=1}^{l-1}(\xi_{l}y_{2(i-1)}+y_{2i}^{k})\frac{\xi_{k}^{2}}{\xi_{k}^{2}-\xi_{l}^{2}}=\xi_{l}^{2}(\sum_{k=1}^{l-1}\frac{y_{2i}}{\xi_{k}^{2}-\xi_{l}^{2}})+(l-1-i)y_{2i}$ .
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Substituting this equation to (2.4.1.6), we have
$c_{2i}(x)=\xi_{l}^{2}\cdot 2(l-1)^{2}y_{2(-1)}+2(l-1-i)^{2}y_{2}+(4(l-1-i)+2)y_{2}$

$=2(l-i)^{2}x_{2i}$ .
(2.4.2) PROOF OF (2.3.5). For convenience, let us denote by $X_{2i}^{\prime}(i=$

$0,1,$ $\cdots,$ $l-1$) the vector fields specified in (2.2.5). Then $X_{0},$ $X_{2},$
$\cdots,$ $X_{2(l-2)}$ ,

$Y$ are obtained from $X_{0},$ $X_{2}^{\prime},$

$\cdots,$ $X_{2(l-1)}$ in the following manner. Let

$Z=\sum_{j=1}^{l}a_{j}(x_{2}, \cdots, x_{2l})\frac{\partial}{\partial x_{2\dot{g}}}$

be a vector field on the $(x_{2}, \cdots, x_{ll})$-space. Then we denote by $Z|_{x_{l}=y^{2}}$

the pull back of $Z$ along the map $(x_{2}, \cdots, x_{2(l-1)}, y)\mapsto(x_{2}, \cdots, x_{2(l-1)},y^{2})2$

Namely

$Z|_{l_{2\iota=v^{2}}}=\sum_{j=\iota}^{l-1}a_{ij}(x_{l}, \cdots, x_{2(l-1)}, y^{2})\frac{\partial}{\partial x_{2\dot{g}}}+\frac{1}{2y}a_{il}(x_{2}, \cdots, x_{2(l-1)}, y^{2})\frac{\partial}{\partial y}$ .

Under this notation, we have

$X_{2i}=X_{u}|_{a_{l}=v^{2}}$ $(0\leqq i\leqq l-2)$ ,

$Y=\frac{1}{2y}(X_{2(l-1)}^{\prime}|_{a_{2l}=v^{2}})$ .
Due to this relation and (2.2.5), it Is eaIy to prove that (2.3.5.1) holds
at least for $i,$ $j<l-1$ . We must examine the remaining case $j=l-1$ .
In this cale, (2.2.5.1) implies

$[X_{2i}, X_{2(l-1)}]=2(l-1-i)(x_{2i}X_{2(l-1)}+x_{2l}X_{2(i-1)}^{\prime})$ .
It follows from this commutation relation that

$[X_{2i}, Y]=[X_{2i},$ $\frac{1}{2y}(X_{2(l-1)}^{\prime}|_{x_{g\iota=v^{2}}})]$

$=x_{2}(\frac{1}{2y})(2yY)+\frac{1}{2y}[(X_{2i}|_{x_{2l}=y^{2}}), (X_{2(l-1)}|_{\alpha_{2l}=y^{2}})]$

$=-(l-i)x_{2i}Y+(l-1-i)(2x_{2i}Y-yX_{2(i-1)})$

$=(l-2-i)x_{2i}Y-(l-1-i)yX_{2(i-1)}$ .
Here we used the equations

$x_{2}(\frac{1}{y})=-\frac{(l-i)x_{2i}}{y}$ (cf. (2.3.4), (2.3.5)),

$[(X_{2}|. \iota=u^{2}), (X_{21l-1)}^{\prime}|_{x_{2l}=^{2}},)]=[X_{2i}, X_{2(l-1)}]|_{x_{2l}=^{2}},$ .
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Hence (2.3.5.1) is proved.
The identity (2.3.5.2) is derived from (2.2.5.2). Actually, due to the

relation
$f_{B_{l}}(x_{2}, \cdots, x_{2(l-1)}, y^{2})=y^{2}f_{D_{l}}(x_{2}, \cdots, x_{2(l-1)}, y)$ ,

it follows that

$X_{2i}f_{D_{l}}(x_{2}, \cdots, x_{2\{l-1)}, y)=\{x_{2}’(\frac{1}{x_{2l}}f_{B_{l}}(x_{2}, \cdots, x_{2l}))\}|_{x_{2l}=y^{2}}$

$=2(l-i)(l-1-i)x_{2t}f_{D_{l}}(x_{2}, \cdots, x_{2(l-1)}, y)$

fol $i=0,1,$ $\cdots,$ $l-2$ . A limilar argument Ihowl that

$Yf_{D_{l}}(x_{2}, \cdots, x_{2(l-1)}, y)=0$ .
(2.4.3) PROOF OF (2.1.5). We denote by $\tilde{X}$ the $(p_{1}, \cdots, p_{1+1})$-space and

regald $X=E\otimes C/W(A_{l})$ as the subIpace of $\tilde{X}$ defined by $\{(p_{1}, \cdots, p_{l+1})\in$

$\tilde{X};p_{1}=0\}$ . In particulal, $p_{i}|_{X}=x$ (cf. (2.1)). We define polynomialI $\mu_{i\dot{g}}(p)$ by

(2.4.3.1) $\frac{1}{4}\sum_{i,j=0}^{l+1}\mu_{ij}(p)u^{l+1-i}v^{l+1-i}=\frac{1}{u-v}(uP^{\prime}(u)P(v)-vP^{\prime}(v)P(u))$ ,

whele
$\tilde{P}(u)=u^{l+1}+p_{1}u^{l}+\cdots+p_{l+1}$

$l+1$

$=\prod_{i=1}(u+\zeta_{i})$ ,

and vector fields

(2.4.3.2) $\left\{\begin{array}{ll}Z_{i}=\frac{1}{2}\sum_{\dot{g}=1}^{l+1}\mu_{i+1,j}(p)\frac{\partial}{\partial p_{\dot{f}}} & (i=0,1, \cdots, l)\\Z_{-1}=\sum_{\dot{g}=1}^{l+1}(l+2-j)p_{j-1} & (=\frac{1}{p_{l+1}}z_{l}).\end{array}\right.$

Then we have

(2.4.3.3) $\left\{\begin{array}{ll}[Z_{i}, Z_{j}]=2(j-i)\{Z_{+j}+\sum_{k=1}^{m\ln(i,j)}(p_{k}Z_{i+j-k}-p_{i+j+1-k}Z_{k-1})\} & (i, j\geqq 0)\\[Z_{-1}, Z]=(l-i)Z_{-1}+p_{i}Z_{-\iota} (i\geqq 0). & \end{array}\right.$

This follows from (2.4.3.1), (2.4.3.2), (2.2.4) and (2.2.5). We define

$Z_{i}=Z_{i}-\frac{i+1}{l+1}p_{i+1}Z_{-1}$

$=\sum_{\dot{g}=1}^{l+1}(\frac{1}{4}\mu_{+1,j}(p)-\frac{(i+1)(l+2-j)}{l+1}p_{l+1}p_{l-1})\frac{\partial}{\partial p_{j}}$ $(i=0,1, \cdots, l-1)$ .
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Since

$\sum_{i.j=0}^{l+1}(\frac{1}{4}\mu_{ij}(p)-\frac{i(l+2-j)}{l+1}p_{i}p_{j-1})u^{l+1-i}v^{l+1-j}$

$=-u\{\frac{1}{u-v}(P(u)P’(v)-P’(u)P(v))-\frac{1}{l+1}P^{\prime}(u)P(v)\}$

and
$X_{i}p_{1}=0$ ,

it follows from (2.1.4) that

$Z_{i}|_{X}=X_{i}$ .
On the other hand, it follows from (2.4.3.3) that

(2.4.3.4) $[Z_{i}, Z_{j}]\equiv(j-i)\{Z_{i+j}+m\ln(,)\sum_{k=1}^{\dot{f}}(p_{k}Z_{\iota+j-k}-p_{i+;+1-k}Z_{k-1})\}$

$-\frac{(\prime i+1)(l-j)}{l+1}p_{+1}Z_{\dot{g}-1}+\frac{(j+1)(l-i)}{l+1}p_{\dot{s}+1}Z_{i-1}$

$(mod p_{\tilde{X}}Z_{-1})$

where $\mathcal{E}_{\tilde{X}}^{p}$ denotes the sheaf of holomorphic functions on $\tilde{X}$. Since
$[Z_{i}, Z_{j}]p_{1}=0$ and $Z_{-1}p_{1}=l+1$ , both sides of (2.4.3.4) must be equal. Re-
stricting (2.4.3.4) on $X$, we obtain (2.1.5.1).

We next show (2.1.5.2). Let $\tilde{f}(p)$ be the diIcriminant of $\tilde{P}(u)$ . Then
we have $f_{B_{l+1}}(p)=p_{l+1}\tilde{f}(p)$ and $\tilde{f}|_{X}=f_{A_{l}}$ . Since (2.2.5.2) implies

$Z_{i}f_{B_{l+1}}=(l+1-i)^{2}f_{B_{l+1}}$ $(i=0,1, \cdots, l)$ ,

we have

$Z_{i}^{\prime}\tilde{f}=(Z-\frac{i+1}{l+1}p_{i+1}z_{-1})(\frac{1}{p_{l+1}}f_{B_{t+1}})$

$=(l+1-i)(l-i)p\tilde{f}$ .
Restricting this equation on $X$, we obtain (2.1.5.2).

\S 3. Type $F_{4}$ .
We first remark that partial results are already given in [5] and [6].
(3.1) Let $\{e_{1}, e_{2}, e_{s}, e_{4}\}$ be an orthonormal basiI of a Euclidean space

$E=R^{4}$ . The set of roots of type $F$ conIistI of $\pm e_{i}\pm e_{j}(i<j),$ $\pm e(i=$
$1,2,3,4)$ and $(\pm e_{1}\pm e_{2}\pm e_{8}\pm e_{4})/2$ . We may take $\alpha_{1}=e_{f}-e_{\epsilon},$ $\alpha_{2}=e_{8}-e_{4},$ $\alpha_{8}=e_{4}$ ,
$\alpha_{4}=(e_{1}-e_{2}-e_{8}-e_{4})/2$ as a fundamental system of roots.
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Let us denote by $s_{l}$ the reflection of $E$ with relpect to the root $\alpha_{i}$

$(i=1,2,3,4)$ and put $S=\{s_{1}, s_{2}, s_{\$}, s_{4}\}$ . The Coxetel group $W(F_{4})$ of type
$F_{4}$ is the group generated by $S$. It is known that $W(F_{4})$ is a lemi-direct
ploduct of the Coxeter group $W(D_{4})$ generated by { $s_{4}s_{s}s_{l}\epsilon_{8}s_{4},$ $s_{1},$ a $s,sp_{8}$}
by the symmetric group of deglee three generated by $\{S_{8}8_{4}\}$ .

(3.2) Let $E^{*}$ denote the dual of $E$ and let $\{\xi_{1}, \xi_{2}, \xi,, \xi_{4}\}$ denote the
dual daIis of $\{e_{1}, e_{2}, e_{3}, e_{4}\}$ . Put $q_{2\nu}=\sum_{i=1}^{4}\xi_{i}^{2\nu}(\nu=1,2,3,4)$ . Then the
polynomiall

$y_{2}=\frac{1}{2}q_{2}$ ,

$y_{6}=3q_{6}-\frac{15}{4}q_{2}q_{4}+\frac{15}{16}q_{2}^{3}$ ,

$y_{8}=9q_{8}-\frac{21}{2}q_{2}q_{6}-\frac{21}{4}q_{4}^{2}+\frac{63}{8}q_{2}^{2}q_{4}-\frac{77}{64}q_{2}^{4}$ ,

$y_{12}=9q_{4}q_{8}-\frac{27}{8}q_{2}^{2}q_{8}-\frac{3}{2}q_{6}^{2}-\frac{33}{4}q_{2}q_{4}q_{6}+\frac{59}{16}q_{2}^{s}q_{6}-\frac{17}{4}q_{4}^{3}+\frac{63}{8}q_{2}^{2}q_{4}^{2}$

$-\frac{229}{64}q_{2}^{4}q_{4}+\frac{103}{256}q_{2}^{b}$

folm a generator Iyltem of the $W(F)$-invariant ring.
(3.3) We introduce an olthogonal tranlformation *of $E^{*}$ defined by

$*:(\xi_{1}, \xi_{u}\xi_{s}, \xi_{4})\mapsto\frac{1}{\sqrt{2}}(\xi_{1}+\xi_{2}, \xi_{1}-\xi_{2}, \xi_{s}+\xi_{4}, \xi_{S}-\xi_{4})$ ,

and write $f^{*}(\xi)$ instead of $f(*\xi)$ fol a polynomial $f(\xi)$ on $E$.
Define

$D(\xi)=\prod_{i>j}(\xi_{i}^{2}-\xi_{\dot{f}}^{2})$

and
$D(\xi)=2^{-6}D’(\xi)D^{*}(\xi)$ .

Then $D(\xi)$ is a fundamental anti-invariant of $W(F_{4})$ . Accordingly, the
square of $D(\xi)$ is a polynomial of $y_{2},$ $y_{6},$ $y_{8},$ $y_{12}$ . We denote it by
$f_{F_{4}}(y_{2}, y_{6}, y_{8}, y_{12})$ . Then we have

$f_{p}(y)=6^{-12}\{4(y_{8}+y_{2}y_{6}-\frac{1}{4}y_{2})^{8}+27(y_{12}+\frac{1}{2}y_{2}^{2}y_{8}-\frac{1}{6}y_{0}^{2}+\frac{1}{6}y_{2}y_{0})$?
$\times\{4(y_{8}-y_{2}y_{6}-\frac{1}{4}y_{2}^{4})^{s}+27(y_{12}-\frac{1}{2}y_{l}^{2}y_{6}+\frac{1}{6}y_{6}^{2}+\frac{1}{6}y_{2}y_{0})^{l}\}$ .
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(3.4) Put
$m_{j}(y)=\frac{1}{2}\geq^{4}--\iota\frac{\partial y}{\partial\xi_{k}}\frac{\partial y_{j}}{\partial\xi_{k}}$

Then direct calculation shows
$m_{22}(y)=y_{2}$ , $m_{20}(y)=3y_{6}$ , $m_{28}(y)=4y_{8}$ , $m_{212}(y)=6y_{12}$ ,

$m_{\alpha}(y)=-15y_{2}y_{8}+\frac{3}{2}y_{2}^{f}$ , $m_{08}(y)=-18y_{12}-6y_{2}^{s}y_{0}$ ,

$m_{012}(y)=4y_{8}^{2}-4y_{2}^{4}y_{8}+4y_{2}^{2}y_{0}^{2}$ ,

$m_{812}(y)=9y_{2}^{2}y_{0}y_{8}-y_{0}-\frac{3}{2}y_{2}^{0}y_{0}$ ,

$m_{\Re}(y)=-7y_{2}^{\$}y_{8}+7y,y_{0}^{2}+\frac{1}{2}y_{2}^{7}$ ,

$m_{1212}(y)=\frac{11}{3}y_{2}^{l}y_{8}^{2}-\frac{11}{3}y_{2}y_{0}^{2}y_{8}+\frac{11}{6}y_{2}^{f}y_{6}^{2}+\frac{1}{12}y^{11}$ .
We introduce a matrix

$M(F_{4};y_{2}, y_{0}, y_{8}, y_{12})=(m_{j}(y))_{i,j=2,0.8.1},$ .
Then we have

det $(M(F_{4};y_{2}, y_{0}, y_{8}, y_{12}))=2^{10}3^{12}f_{p_{4}}(y_{2}, y_{0}, y_{6}, y_{12})$ .
(3.5) Define vector fieldI $Y_{0},$ $Y_{4},$ $Y_{0},$ $Y_{10}$ by

${}^{t}(Y_{0}, Y_{4}, Y_{0}, Y_{10})=M(F;y_{2}, y_{0}, y_{8}, y_{12})^{t}(\frac{\partial}{\partial y_{2}},$ $\frac{\partial}{\partial y_{0}},$ $\frac{\partial}{\partial y_{8}},$ $\frac{\partial}{\partial y_{12}})$ .
Then the following hold.

(3.5.1) $\left\{\begin{array}{ll}[Y_{0}, Y_{2},]=iY_{2i} & (i=0,2,3,5),\\[Y_{4}, Y_{6}]=-3y_{2}^{2} & Y_{0}-ygY-3Y_{10},\\[Y_{4}, Y_{10}]=-6y_{a} & y_{2}^{2}y_{8}-\frac{1}{2}y_{6}^{2})Y_{0}+3y_{2}^{2}y_{0}Y+3(y_{8}-\frac{1}{2}y_{2}^{4})Y_{6},\\[Y_{6}, Y_{10}]=4y_{2}y_{0} & y_{\epsilon}-\frac{1}{2}y_{2})Y_{0}+\{\frac{4}{3}(y_{2}^{2}y_{8}-\frac{1}{2}y_{0}^{2})+\frac{2}{3}y_{2}^{2}(y_{8}-\frac{1}{2}y_{2})\}Y_{4}\\+2y_{2}^{2} & Y_{0}.\end{array}\right.$

(3.5.2) $Y_{0}f_{p}=12f_{p_{4}}$ , $Y_{4}f_{p_{4}}=0$ , $Y_{0}f_{p_{4}}=-6y_{2}^{s}f_{p}$ , $Y_{10}f_{p_{4}}=6y_{2}^{2}y_{0}f_{p}$, .
(3.6) There are twelve conjugate claIses of S-subgloups of $W(F_{4})$

(cf. Table 1). Taking into account that the root syItem of type $F_{4}$ con-
sists of long rootI and short ones, we use the symbol $A_{i}^{*}$ in Table 1 to
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denote the root system of type $A_{i}$ consisting of short loots $(i=1,2)$ .
(3.7) For each irreducible component $\Lambda$ of $ SS(\vee V_{\alpha}^{\prime})\vee$ , $ord_{A}u$ and

$co\dim_{X}\pi(\Lambda)$ are determined by [9; Th. 4.1]. The holonomy diagram of
$SS(\vee-\psi_{\alpha}^{\prime\prime})$ (Figure 1) is obtained by the use of Theorem 4.1 in [9] and

TABLE 1
$F_{4}$

No. Type $\Sigma$ Iubset of $S$ $ord\Lambda u$ $co\dim_{X}\pi(A)$

$21$ $ A_{1}\emptyset$ $\{\epsilon_{1}\}\emptyset$ $-(\alpha+1/2)0$ $01$

3 $A_{1}^{*}$ $\{s_{4}\}$ $-(\alpha+1/2)$ 1
4 $A_{1}\times A_{1}^{*}$ $\{s_{1}, s_{4}\}$ $-2(\alpha+1/2)$ 2
5 $A_{2}$ $\{s_{1}, \epsilon_{2}\}$ $-3(\alpha+1/2)$ 2
6 $A_{2}^{*}$ $\{s_{8}, s_{4}\}$ $-3(\alpha+1/2)$ 2
7 $B_{2}$ $\{s_{2}, \epsilon_{8}\}$ $-4(\alpha+1/2)$ 2
8 $A_{2}\times A_{1}^{*}$ $\{\epsilon_{1}, \epsilon_{2}, s_{4}\}$ $-4(\alpha+1/2)$ 3
9 $A_{1}\times A_{2}^{*}$ $\{\epsilon_{1}, \epsilon_{8}, \epsilon_{4}\}$ $-4(\alpha+1/2)$ 3

10 $B_{\theta}$ $\{s_{1}, s_{2}, s_{8}\}$ $-9(\alpha+1/2)$ 3
11 $C_{8}$ $\{\epsilon_{2}, \epsilon_{8}, s_{4}\}$ $-9(\alpha+1/2)$ 3
12 $F$ $\{\epsilon_{1}, s_{2}, \epsilon_{3}, \epsilon_{4}\}$ $-24(\alpha+1/2)$ 4
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FIGURE 1 $F_{4}$
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Lemma (3.7.1) below. It should be noted that any S-subgroup of a
Coxeter group is also a Coxeter group. In Figure 1, $\Lambda(\Sigma)$ denoteI the
irreducible component of $ SS(,\ell_{\alpha}^{-})\vee$ corresponding to the class of an S-
subgroup $G$ of $W(F_{4})$ , where $G$ is a Coxeter group of type $\Sigma$ (cf. (3.6)).

(3.7.1) LEMMA. $\Lambda(F_{4})\cap\Lambda(B_{2})=A(F_{4})\cap\Lambda(B_{8})$ .
PROOF. We employ invariants $x_{2},$ $x_{0},$ $x_{\epsilon},$ $x_{12}$ defined by

(3.7.1.1) $\left\{\begin{array}{ll}x_{2}=y_{2}, & x_{6}=-\frac{2}{3}y_{6}+5y_{2}=-2q_{6}+\frac{5}{2}q_{2}q_{4},\\x_{8}=-\frac{1}{3}y_{8} & \frac{7}{2}y_{2}y_{\epsilon}+\frac{133}{12}y_{2}=-3q_{8}+\frac{7}{4}q^{2}+\frac{7}{4}q_{2}^{2}q_{4}, x_{12}=y_{12}\end{array}\right.$

as a generator Iyltem of the $W(F)$-invariant ring. Take ( $x_{2},$ $x_{6},$ $x_{8},$ $x_{12}$ ;
$\eta_{2},$ $\eta_{6},$ $\eta_{8},$ $\eta_{12}$) as a coordinate lystem of $T^{*}X$. Then if $(x;\eta)$ is contained
in the regular part of $A(B_{2}),$ $x_{2},$ $x_{0},$ $x_{8},$ $x_{12}$ are defined by (3.7.1.1) with the
condition $\xi_{1}\xi_{2}\neq 0,$ $\xi_{1}^{2}\neq\xi_{2}^{2},$ $\xi_{S}=\xi_{4}=0$ , and $\eta_{2},$ $\eta_{6},$ $\eta_{8},$ $\eta_{12}$ satisfy the relations

(3.7.1.2) $\eta_{l}+(3\xi_{1}^{4}+10\xi_{1}^{2}\xi_{2}^{2}+5\xi_{2}^{4})\eta_{6}+(4\xi_{1}^{0}+21\xi i\xi_{2}^{2}+28\xi_{1}^{2}\xi_{2}+7\xi_{2}^{0})\eta_{8}+f(\xi_{1}^{2}, \xi_{2}^{2})\eta_{12}=0$ ,

(3.7.1.3) $\eta_{2}+(3\xi_{2}^{2}+10\xi_{2}^{2}\xi_{1}^{2}+5\xi_{1}^{2})\eta_{6}+(4\xi_{2}^{0}+21\xi_{2}^{4}\xi_{1}^{2}+28\xi_{2}^{2}\xi i+7\xi_{1}^{0})\eta_{8}+f(\xi_{2}^{2}, \xi_{1}^{2})\eta_{12}=0$ ,

where $f(u_{1}, u_{2})$ is a homogeneous polynomial of degree five. Subtracting
(3.7.1.2) from (3.7.1.3) and dividing the result by $\xi_{2}^{1}-\xi_{2}^{2}$ , we have

(3.7.1.4) $2(\xi_{1}^{2}+\xi_{2}^{2})\eta_{0}+(3\xi i+10\xi_{1}^{2}\xi_{2}^{2}+3_{2})\eta_{8}+g(\xi_{1}^{2}, \xi_{2}^{2})\eta_{12}=0$ ,

where $g(u_{1}, u_{2})=(f(u_{2}, u_{1})-f(u_{1}, u_{2}))/(u_{1}-u_{2})$ is a polynomial of deglee foul.
Take an analytic path $\xi_{1}=t+at^{s},$ $\xi_{2}=\sqrt{-1}t,$ $\xi_{s}=\xi_{4}=0(0<|t|<2^{-1/4}a^{-1/2})$

and let $t$ converge to zero. Then (3.7.14) turns out to be

(3.7.1.5) $4a\eta_{8}-4\eta_{8}=0$ .
Since $a$ can be taken arbitrary, it follows from (3.7.1.2) and (3.7.1.5) that

$\Lambda(F_{4})\cap\Lambda(B_{2})=\{(x, \eta)\in T^{*}X;x=0, \eta_{2}=0\}$ .
The right hand side of the above equality coincideI with $\Lambda(F)\cap\Lambda(B_{s})$ by
Theorem 4.1 (3) in [9]. Hence the lemma.

\S 4. Type $E_{0}$.
(4.1) Let $E^{\prime}$ be an 8-dimensional Euclidean space with an orthonormal

basis $\{e_{1}, e_{2}, \cdots, e_{8}\}$ and let $E$ be a 6-dimensional subspace of $E$’ spanned
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by $e_{1},$ $\cdots,$ $e_{5}$ and $e_{6}^{\prime}=(e_{8}-e_{7}-e_{6})/\sqrt{3}$ . The set of loots of type $E_{6}$ con-
sists of

$\pm e_{i}\pm e_{j}$ $(1\leqq i<j\leqq 5)$ , $\pm\frac{1}{2}\{\sum_{i=1}^{b}(-1)^{\nu(l)}e_{i}+\sqrt{3}e_{0}\}$ with $\sum_{i=1}^{f}\nu(i)$ even .

We can take

$\alpha_{1}=\frac{1}{2}(e_{1}-e_{2}-e_{S}-e_{4}-e_{b}+\sqrt{3}e_{6}^{\prime})$ , $\alpha_{2}=e_{2}+e_{1}$ , $\alpha_{s}=e_{2}-e_{1}$ ,

$\alpha_{4}=e_{s}-e_{2}$ , $\alpha_{b}=e_{4}-e_{s}$ , $\alpha_{6}=e_{6}-e_{4}$ ,

as a fundamental system of roots.
Let us denote by $s$ the reflection of $E$ with respect to the loot $\alpha_{i}$

$(i=1, \cdots, 6)$ and put $S=\{s_{1}, \cdots, s_{6}\}$ . Then the Coxeter group $W(E_{6})$ of
type $E_{6}$ is the group generated by $S$ . It is known that $W(E_{t})$ is identi-
fied with the group of the 51840 automorphisms of the 27 lines on a
general cubic surface.

We change the basis of $E$ by the orthogonal transformation
$(f_{1}, \cdots, f_{6})=(e_{1}, \cdots, e_{6})P$, where

$P=\frac{1}{2\sqrt{2}}[1/\sqrt{3}-\sqrt{3}1/\sqrt{3}\sqrt{3}-1$ $-\sqrt{3}-11111$ $-2/\sqrt{3}-2/\sqrt{3}4/\sqrt{3}000$ $-220000$ $-\sqrt{3}-\sqrt{3}1/\sqrt{3}1/\sqrt{3}1/\sqrt{3}1$ $\sqrt{3}11111]$ .

We shall identify $(u_{1}, v_{1}, u_{2}, v_{2}, u_{3}, v_{3})$ with the vectol

$u_{1}f_{1}+v_{1}f_{2}+u_{2}f_{s}+v_{2}f_{4}+u_{3}f_{f}+v_{8}f_{6}$ .
Then $\alpha_{l}(i=1, \cdots, 6)$ are represented as follows:

$\alpha_{1}=(0, -\sqrt{2},0,0,0,0)$

$\alpha_{2}=(0,0,0,0,$ $-\frac{\sqrt{6}}{2},$ $\frac{\sqrt{2}}{2})$

$\alpha_{s}=(-\frac{\sqrt{6}}{2},$ $\frac{\sqrt{2}}{2},0,0,0,0)$

$\alpha_{4}=(\frac{\sqrt{6}}{3},0,$ $\frac{\sqrt{6}}{3},0,$ $\frac{\sqrt{6}}{3},0)$
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$\alpha_{b}=(0,0,$ $-\frac{\sqrt{6}}{2},$ $\frac{\sqrt{2}}{2},$ $o,$ $0)$

$\alpha_{0}=(0,0,0, -\sqrt{2},0,0)$ .
(4.2) The algebra of $W(E_{6})$-invariant polynomials is generated by

Iix elements of degrees 2, 5, 6, 8, 9, 12. We describe a complete set of
six fundamental invariants indicated in J. S. Frame [2]. Set

$p_{i}=u_{i}^{2}+v_{i}^{2}$ , $q_{i}=\frac{1}{3}u_{i}^{\Re}-u_{i}v_{i}^{2}$ , $i=1,2,3$ .

Then the fundamental invariantI $x_{i}(i=2,5,6,8,9,12)$ are defined as
follows: (We use the notation $x_{i}(i=2, \cdots, 12)$ instead of $A,$ $B,$ $C,$ $H,$ $J,$ $K$

in [2].)

$x_{2}=\frac{1}{2}|p,$ $1,1|^{+}$

$x_{b}=|q,$ $p,$ $1|$

$x_{6}=|p^{2},$ $p,$ $1|^{+}-\frac{1}{2}|p,$ $p,$ $p|^{+}+\frac{1}{2}|q^{2},1,1|^{+}-5|q,$ $q,$ $1|^{+}$ ,

$x_{8}=\frac{1}{2}|p^{2},$ $p^{2},1|^{+}-\frac{1}{2}|p^{2},$ $p,$ $p|^{+}+2|q^{2},$ $p,$ $1|^{+}-6|q,$ $qp,$ $1|^{+}+4|q,$ $q,$ $p|^{+}$

$x_{9}=|qp,$ $p^{l},$ $1|+2|q,$ $p,$ $p^{2}|+4|q,$ $q^{2},1|$

$x_{12}=\frac{1}{3}|p^{3},$ $p^{s},$ $1|^{+}-|p^{3},$ $p^{2},$ $p|^{+}+\frac{2}{3}|p^{2},$ $p^{2},$ $p^{2}|^{+}+4|q^{2}p,$ $p^{2},1|^{+}+2|q^{2},$ $p^{s},$ $1|^{+}$

$-6|q^{2},$ $p^{2},$ $p|^{+}-10|qp^{2},$ $qp,$ $1|^{+}+4|qp^{2},$ $q,$ $p|^{+}+12|qp,$ $qp,$ $p|^{+}$

$-10|qp,$ $q,$ $p^{2}|^{+}+4|q,$ $q,$ $p^{s}|^{+}-8|q^{s},$ $q,$ $1|^{+}+16|q^{2},$ $q^{2},1|^{+}-8|q^{2},$ $q,$ $q|^{+}$ .
Here $p={}^{t}(p_{1}, p_{2}, p_{3}),$ $q={}^{t}(q_{1}, q_{2}, q_{s}),$ $1={}^{t}(1,1,1)$ , and the notation $|u,$ $v,$ $w|^{+}$

and $|u,$ $v,$ $w|$ for three vectors $u,$ $v,$ $w$ are permanent and determinant,
that is:

$|u,$ $v,$ $w|^{+}=u_{1}(v_{2}w_{s}+v_{s}w_{2})+u_{2}(v_{s}w_{1}+v_{1}w_{S})+u_{s}(v_{1}w_{2}+v_{2}w_{1})$

$|u,$ $v,$ $w|=u_{1}(v_{2}w_{3}-v_{S}w_{2})+u_{2}(v_{S}w_{1}-v_{1}w_{S})+u_{s}(v_{1}w_{2}-v_{2}w_{1})$ .
(4.3) If we put

$\phi_{n}=u\cos\frac{2m\pi}{3}+v_{i}\sin\frac{2m\pi}{3}$ ,
$i,$ $m=1,2,3$ ,

$f_{in}=-u_{l}$ sin $\frac{2m\pi}{3}+v_{i}\cos\frac{2m\pi}{3}$ ,

$f_{k,*n}=\phi_{1k}+\phi_{2*}+\phi_{8*}$ , $k,$ $m,$ $n=1,2,3$ ,
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then $f_{in}=0$ and $f_{knn}f=0$ define the reflection hyperplanes, and hence a
fundamental anti-invariant of $W(E_{6})$ is given by:

$D=(\prod_{i,m=1}^{3}f_{i\alpha}.)(\prod_{k,m,n=1}^{3}f_{kmn})$ .

As usual, we define

$D^{2}=f_{B_{6}}(x_{2}, x_{b}, x_{6}, x_{8}, x_{9}, x_{12})$ .
(4.4) We define polynomials $m_{ij}(x)(i, j=2,5,6,8,9,12)$ by

$m_{ij}(x)=\frac{1}{2}\sum_{k=1}^{s}(\frac{\partial x_{i}}{\partial u_{k}}\cdot\frac{\partial x_{\dot{f}}}{\partial u_{k}}+\frac{\partial x_{i}}{\partial v_{k}}\cdot\frac{\partial x_{\dot{f}}}{\partial v_{k}})$

$=\frac{1}{2}\sum_{k=1}^{3}(4p_{k}\frac{\partial x_{i}}{\partial p_{k}}\cdot\frac{\partial x_{\dot{f}}}{\partial p_{k}}+6q_{k}\frac{\partial x_{i}}{\partial q_{k}}\cdot\frac{\partial x_{\dot{f}}}{\partial p_{k}}+6q_{k}\frac{\partial x_{i}}{\partial p_{k}}\cdot\frac{\partial x_{j}}{\partial q_{k}}+p_{k}^{2}\frac{\partial x_{i}}{\partial q_{k}}\cdot\frac{\partial x_{j}}{\partial q_{k}})$ .

Then we have the following.

$m_{2l}(x)=ix_{i}$ $(i=2,5,6,8,9,12)$ , $m_{bb}(x)=x_{8}$ , $m_{b6}(x)=9x_{9}+3x_{2}^{2}x_{b}$ ,

$m_{b8}(x)=5x_{2}x_{9}+4x_{b}x_{6}$ , $m_{59}(x)=\frac{3}{2}x_{12}$ , $m_{512}(x)=6x_{6}x_{9}+7x_{2}x_{b}x_{8}+10x_{f}^{s}$ ,

$m_{66}(x)=10x_{2}x_{8}+2x_{2}^{2}x_{6}+40x_{b}^{2}$ , $m_{68}(x)=12x_{12}+4x_{2}^{2}x_{8}+10x_{2}x_{f}^{2}$ ,
$m_{69}(x)=5x_{2}^{2}x_{9}+13x_{b}x_{8}$ , $m_{612}(x)=6x_{2}^{2}x_{12}+50x_{2}x_{f}x_{9}+8x_{8}^{2}+32x_{b}^{2}x_{6}$ ,
$m_{88}(x)=6x_{2}x_{12}+28x_{5}x_{9}+4x_{6}x_{8}+6x_{2}^{2}x_{b}^{2}$ ,
$m_{89}(x)=6x_{6}x_{9}+7x_{2}x_{5}x_{8}+10x_{b}^{3}$ $(=m_{b12}(x))$ .
$m_{812}(x)=6x_{6}x_{12}+18x_{9}^{2}+26x_{2}^{2}x_{5}x_{9}+4x_{2}x_{8}^{2}+26x_{b}^{2}x_{8}+16x_{2}x_{b}^{2}x_{6}$ ,
$m_{99}(x)=4x_{2}x_{b}x_{6}+x_{8}^{2}+4x_{f}^{2}x_{6}$ ,
$m_{912}(x)=3x_{2}x_{b}x_{12}+7x_{2}x_{8}x_{9}+28x_{b}^{2}x_{9}+8x_{b}x_{6}x_{8}+6x_{2}^{2}x_{b}^{3}$ ,
$m_{1212}(x)=6x_{2}x_{8}x_{12}+24x_{b}^{2}x_{12}+10x_{2}^{2}x_{9}^{2}+44x_{b}x_{8}x_{9}+40x_{2}x_{b}x_{6}x_{9}+4x_{6}x_{8}^{2}+28x_{2}^{2}x_{b}^{2}x_{8}$

+16 $x_{b}^{2}x_{6}^{2}+40x_{2}x_{b}^{4}$ .
Using $m_{ij}(x)$ , we define a matrix

$M(E_{6};x_{2}, x_{5}, x_{6}, x_{8}, x_{9}, x_{12})=(m_{ij}(x))_{i,j=2,b,6,8,9,12}$ .
Then we have

det $(M(E_{6};x))=2^{\aleph)}3^{-18}f_{B_{6}}(x)$ .
(4.5) Define vector fieldI $X_{0},$ $X_{3},$ $X_{4},$ $X_{6},$ $X_{7},$ $X_{10}$ by

${}^{t}(X_{0}, X_{3}, X_{4}, X_{6}, X_{7}, X_{10})=M(E_{6};x)t(\frac{\partial}{\partial x_{2}’}\frac{\partial}{\partial x_{b}’}\frac{\partial}{\partial x_{8}’}\frac{\partial}{\partial x_{8}’}\frac{\partial}{\partial x_{9}’}\frac{\partial}{\partial x_{12}})$ .
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Then the following hold.

(4.5.1)

(4.5.2) $\left\{\begin{array}{ll}X_{0}f_{B_{6}}=72f_{B_{t}}, & X_{S}f_{B_{0}}=0 , X_{4}f_{B_{0}}=30x_{2}^{2}f_{B_{0}},\\X_{\mathfrak{g}}f_{B\mathfrak{g}}=24x_{0}f_{B_{6}}, & X_{7}f_{B}=12x_{2}x_{b}f_{B_{6}}, X_{10}f_{p_{0}}=24(x_{f}x_{8}+5x_{b}^{2})f_{B_{0}}.\end{array}\right.$

TABLE 2
$B_{0}$

No. Type $\Sigma$ Subsut of $S$ ord $A$ $u$ $co\dim_{X}\pi(A)$

1 $\emptyset$ $\emptyset$ $0$ $0$

$2$ $A_{1}$ $t\epsilon_{1}$ } $-(\alpha+1/2)$ 1
3 $A_{1}\times A_{1}$ $t\epsilon\iota$ , be} $-2(\alpha+1/2)$ 2
4 $A_{2}$ $ts_{1},$

$\epsilon_{2}$} $-3(\alpha+1/2)$ 2
5 $A_{1}\times A_{1}\times A_{1}$ $ts1,$ $s,$ $\epsilon 0$} $-3(\alpha+1/2)$ 8
6 $A_{2}\times A_{1}$ $ts_{1}$ , Sa, $8_{6}$} $-4(a+1/2)$ 3
7 As {$l_{1}$ , Sa, $\epsilon_{4}$} $-6(\alpha+1/2)$ 3
8 $A_{2}\times A_{1}\times A_{1}$ $\{s1, \epsilon_{l}, \iota,, u\}$ $-5(\alpha+1/2)$ 4
9 $A_{2}\times A_{2}$ $ts_{1},$ $\epsilon_{l},$ $\iota_{f},$ $\epsilon_{0}$} $-6(\alpha+1/2)$ 4

10 $A\times A_{1}$ $\{S\iota, l\epsilon, S, S\iota\}$ $-7(\alpha+1/2)$ 4
11 $A_{4}$ $\{S_{1}, S_{2}, StS_{4}\}$ $-10(\alpha+1/2)$ 4
12 $D_{4}$ $\{l2, l\epsilon, \epsilon, \epsilon_{t}\}$ $-12(\alpha+1/2)$ 4
13 $A_{2}\times A_{2}\times A_{1}$ $t\epsilon_{1},$

$\epsilon_{s},$ $s_{b},$ $\epsilon_{\iota},$ $\epsilon 2$} $-7(\alpha+1/2)$ 5
14 $A_{4}\times A_{1}$ $t\epsilon 1,$ $s2,$ $\iota S,$ $\epsilon,$ $\epsilon 0$ } $-11(\alpha+1/2)$ 5
15 A $ts_{1},$ $s_{0},$ $\epsilon_{4},$ $\epsilon_{f}$ , So} $-15\{a+1/2\}$ 5
16 $D_{l}$ {$s_{1,2l}z,\epsilon,$ $\epsilon_{4},$

$S\iota I$ $-20(\alpha+1/2)$ 5
17 $B_{0}$ $\{s1, \epsilon,, \epsilon_{1}, u, \alpha, \iota_{0}\}$ $-ae(a+1/2)$ 6
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(4.6) There are seventeen conjugate classes of S-subgroups of $W(E_{6})$

(cf. Table 2).

(4.7) For each irreducible component $A$ of $SS(\vee-4_{\alpha}^{\nearrow\prime})$ , $ord_{A}ua\tilde{n}d$

$co\dim_{X}\pi(A)$ are determined by [9, Th. 4.1]. The holonomy diagram
(Figure 2) is obtained by Theorem 4.1 in [9], Lemma (2.3.7.1) and Lemma
(4.7.1) below. In Figure 2, the notation $\Lambda(\Sigma)$ haI the meaning similar
to the one in (3.7).

(4.7.1) LEMMA. Let $\Sigma=D_{4},$ $A_{4}$ or $A_{3}\times A_{1}$ . Then

$\Lambda(E_{6})\cap A(\Sigma)=\Lambda(E_{0})\cap\Lambda(D_{f})$ .
PROOF. The proof runs as same as that of Lemma (3.7.1).

(4.7.2) REMARK. We can also check that $\Lambda(A_{2}\times A_{1}\times A_{1})$ (or $A(A_{2}\times A_{2})$)
$\Lambda(E_{6})$ intersect in a 2-codimensional analytic subset.

\S 5. Type $H_{3}$ .
(5.1) Let $E=R^{3}$ and let $\{e_{1}, e_{2}, e_{3}\}$ be an orthonomal basiI of it. $Define$

$\alpha_{1}=e_{1}$ , $\alpha_{2}=-\frac{1}{2}(ae_{1}+\overline{a}e_{2}+e_{S})$ , $\alpha_{s}=e_{S}$ ,

where we put $a=(1+\sqrt{5})/2$ and $\overline{a}=(1-\sqrt{5})/2$ . We denote by $s_{i}$ the
reflection of $E$ with respect to $\alpha_{i}(i=1,2,3)$ . Then we have $r$

(5.1.1) $s_{i}^{2}=id$ . $(i=1,2,3)$ , $(s_{1}s_{2})^{\iota}=(s_{2}s_{s})^{s}=(s_{1}s_{S})^{2}=id$ .
The group generated by $S=\{s_{1}, s_{2}, s_{s}\}$ is the Coxeter group of type $H_{s}$ .
We denote this group by $W(H_{s})$ . The fundamental relation is given by
(5.1.1).

(5.2) Put

$p_{2}=\xi_{1}^{2}+\xi_{2}^{2}+\xi_{3}^{2}$ , $p=\xi_{1}^{2}\xi_{2}^{2}+\xi_{1}^{2}\xi_{s}^{2}+\xi_{2}^{2}\xi_{3}^{2}$ , $p_{6}=\xi_{1}^{2}\xi_{2}^{2}\xi_{3}^{2}$ ,
$d=(\xi_{1}^{2}-\xi_{2}^{2})(\xi_{1}^{2}-\xi_{3}^{2})(\xi_{2}^{2}-\xi_{\theta}^{2})$ .

Then the polynomials ‘

$x_{2}=p_{2}$ , $x_{6}=-11p_{0}+p_{2}p_{4}+\sqrt{5}d$ ,
$x_{10}=95p_{4}p_{0}-32p_{2}^{2}p_{0}-5p_{2}p^{2}+2p_{l}^{s}p_{4}+3p(\sqrt{5}d)$

folm a generator IyItem of the $W(H_{s})$-invariant ring.
(5.3) Put
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$D(\xi)=2^{1b}\prod_{i=1}^{3}\prod_{\nu=0}^{4}(s_{1}s_{2})^{\nu}(\xi_{i})$ .

Then $D(\xi)$ is a fundamental anti-invariant of $W(H_{3})$ and $f_{H_{3}}(x_{2}, x_{6}, x_{10})=$

$(D(\xi))^{2}$ is given by

$f_{H_{3}}(x)=-40x_{10}^{3}+(-40x_{6}+\frac{16}{5}x_{2}^{3})x_{2}^{2}x_{10}^{2}+(180x_{6}^{2}+48x_{2}^{3}x_{6}+\frac{16}{5}x_{2}^{0})x_{2}x_{6}x_{10}$

$-(54x_{6}^{3}+92x_{2}^{3}x_{6}^{2}+8x_{2}^{6}x_{6}+\frac{16}{5}x_{2}^{9})x_{6}^{2}$ .

(5.4) Put
$m_{ij}(x)=\frac{1}{2}\sum_{k=1}^{3}\frac{\partial x_{l}}{\partial\xi_{k}}\frac{\partial x_{\dot{f}}}{\partial\xi_{k}}$ $(i, j=2,6,10)$ .

Then stlaightforward calculation gives

$m_{22}(x)=2x_{2}$ , $m_{26}(x)=6x_{6}$ , $m_{210}(x)=10x_{10}$ ,
$m_{66}(x)=4x_{10}+4x_{2}^{2}x_{6}$ , $m_{610}(x)=14x_{2}x_{6}^{2}+4x_{2}x_{6}$ ,
$m_{1010}(x)=15x_{6}^{3}+4x_{2}x_{10}+18x_{2}^{3}x_{6}^{2}$ .

Define a matrix
$M(H_{s};x_{2}, x_{6}, x_{10})=(m_{ij}(x))_{i,j=2,6,10}$ .

Then
det $M(H_{3};x_{2}, x_{6}, x_{10})=10f_{H_{3}}(x_{2}, x_{6}, x_{10})$ .

(5.5) We define differential operators $X_{0},$ $X_{4},$ $X_{8}$ by

${}^{t}(X_{0}, X_{4}, X_{8})=M(H_{3};x_{2}, x_{6}, x_{10})^{t}(\frac{\partial}{\partial x_{2}},$ $\frac{\partial}{\partial x_{6}},$ $\frac{\partial}{\partial x_{10}})$ .

Then the following hold.

(5.5.1) $[X_{0}, X_{k}]=kX_{k}$ $(k=0,4,8)$ , $[X_{4}, X_{8}]=(4x_{6}^{2}+8x_{2}^{3}x_{6})X_{0}+8x_{2}x_{6}X_{4}$ ,

(5.5.2) $X_{0}f_{H_{3}}=30f_{H_{3}}$ , $X_{4}f_{H_{3}}=4x_{2}^{2}f_{H_{3}}$ , $X_{8}f_{H_{3}}=(20x_{2}x_{6}+8x_{2})f_{H_{3}}$ .

TABLE 3
$H_{8}$

$\ovalbox{\tt\small REJECT}_{ord_{\Lambda}uco\dim_{X}\pi(A)}$
No. Type $\Sigma$ Iubset of $S$

$\ovalbox{\tt\small REJECT}_{00}1\emptyset\emptyset$
2 $A_{1}$ $\{s_{1}\}$ $-(\alpha+1/2)$ 1
8 $A_{1}\times A_{1}$ $\{s_{1}, s_{8}\}$ $-2(\alpha+1/2)$ 2
4 $A_{2}$ $\{s_{2}, s_{8}\}$ $-3(\alpha+1/2)$ 2
5 $I_{2}(5)$ $\{\epsilon_{1}, \epsilon_{2}\}$ $-5(\alpha+1/2)$ 2

$66H_{8}\{s_{1}, s_{2}, s_{8}\}-15(\alpha+1/2)8\ovalbox{\tt\small REJECT}$
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(5.6) There are six conjugate classes of S-subgroups of $W(H_{s})$ . They
are listed in Table 3.

(5.7) The holonomy diagram is given in Figure 3.

\S 6. Type $H$ .
(6.1) Let $E=R^{4}$ and let $\{e_{1}, e_{2}, e_{s}, e_{4}\}$ be an orthonormal basis of it.

Define

$\alpha_{1}=e_{1}$ , $\alpha_{2}=\frac{1}{2}(ae_{1}+\overline{a}e_{2}+e_{S})$ , $\alpha_{s}=e_{3}$ , $\alpha=-\frac{1}{2}(ae_{2}+e_{3}+\overline{a}e_{4})$ ,

where we put $a=(1+\sqrt{5})/2$ and $\overline{a}=(1-\sqrt{5})/2$ . We denote by $s_{i}$ the
reflection of $E$ with respect to $\alpha_{i}(i=1,2,3,4)$ . Then we have

$s_{i}^{2}=id$ . $(i=1,2,3,4)$ ,
$(s_{1}\epsilon_{2})=(s_{2}s_{8})^{3}=(s_{8}s)^{s}=(s_{1}s_{s})^{2}=(s_{1}s_{4})^{2}=(s_{2}\epsilon_{4})^{2}=id$ .
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The group generated by $S=\{s_{1}, s_{2}, s_{3}, s_{4}\}$ is the Coxeter group of type $H$ .
We denote it by $W(H)$ .

(6.2) Let $\{\xi_{1}, \xi_{2}, \xi_{u}\xi_{4}\}$ be the dual basis of $\{e_{1}, e_{l}, e_{s}, e\}$ . Let $W(H_{8})$

be the S-subgroup of $W(H_{4})$ generated by $\{s_{1}, s_{g}, s_{s}\}$ , and $x_{1},$ $x_{6},$ $x_{10}$ the
generator system of the $W(H_{3})$-invariant ring specified in (5.2). Then
the following polynomials $z_{2},$ $z_{12},$ $z_{20},$ $z_{30}$ of $\{\xi_{0}, x_{2}, x_{6}, x_{10}\}$ form a genelator
Iystem of the $W(H_{4})$-invariant ring (cf. [5]).

$z_{2}=\xi_{4}^{2}+x_{2}$ ,
$z_{12}=-2x_{2}\xi^{10}+6x_{2}^{2}\xi^{8}+(33x_{6}-14x_{2}^{3})\xi^{0}-(33x_{2}x_{0}-13x_{2})\xi^{4}+(11x_{10}+2x_{2}^{b})\xi_{4}^{2}$

$-x_{2}x_{10}+\frac{3}{2}x_{6}^{2}$ ,

$z_{20}=4x_{2}^{2}\xi^{16}-(30x_{6}+20x_{2}^{3})\xi_{4}^{14}+(138x_{2}x_{6}+44x_{2})\xi_{4}^{12}+(180x_{10}-402x_{2}^{2}x_{6}-44x_{2}^{f})\xi_{4}^{10}$

$+(-464x_{2}x_{10}+294x_{6}^{2}+402x_{2}^{3}x_{6}+44x_{g}^{6})\xi^{8}+(296x_{Z}^{2}x_{10}-306x_{2}x_{6}^{2}-138x_{2}x_{6}$

$-20x_{2}^{7})\xi_{4}^{6}+(-114x_{6}x_{10}-76x_{2}^{3}x_{10}+168x_{2}^{2}x_{6}^{2}+30x_{2}^{b}x_{6}+4x_{2}^{8})\xi_{4}$

$+(4x_{2}^{4}x_{10}+\frac{57}{2}x_{6}^{\$}-21x_{2}^{3}x_{0}^{2})\xi^{2}+x_{10}^{2}-\frac{3}{2}x_{2}x_{6}$ ,

$z_{30}=\frac{32}{3}x_{2}^{3}\xi_{4}^{24}-(120x_{2}x_{6}+80x_{2}^{4})\xi_{4}^{22}+(360x_{10}+\frac{1344}{5}x_{2}^{b}+672x_{2}^{2}x_{6})\xi^{20}+(-2880x_{2}x_{10}$

$+1080x_{6}^{2}$ -1608$x_{2}^{3}x_{6}-\frac{1328}{3}x_{2}^{6})\xi^{18}+(10024x_{2}^{2}x_{10}-5628x_{2}x_{0}^{2}+1248x_{2}x_{6}+272x_{2}^{7})\xi^{16}$

$+(-7260x_{6}x_{10}-16856x_{2}^{3}x_{10}+18588x_{2}^{2}x_{f}^{2}+272x_{2}^{8})\xi^{14}$

$+(23508x_{2}x_{6}x_{10}+14216x_{a}x_{10}$ -5796 $x_{0}^{s}$ -27396$x_{2}^{s}x_{6}^{2}-1248x_{2}^{6}x_{6}-\frac{1328}{3}x_{2}^{9}$) $\xi^{12}$

$+(3240x_{10}^{2}+7650x_{a}x_{6}^{3}+19968x_{2}x_{0}^{2}+1608x_{2}^{7}x_{0}+\frac{1344}{5}x_{2}^{10})\xi^{10}$

$+(-3232x_{l}x_{10}^{2}-1956x_{2}^{2}x_{6}^{3}-6924x_{2}^{f}x_{6}^{2}-672x_{2}^{8}x_{6}-80x_{2}^{11})\xi_{4}^{8}$

$+(1168x_{2}^{2}x_{10}^{2}-1908x_{2}x_{f}^{2}x_{10}-2172x_{2}^{4}x_{6}x_{10}-344x_{2}^{7}x_{10}+2394x_{0}+288x_{2}^{3}x_{0}^{s}$

$+1332x^{r}\rho_{6}^{2}+120x_{2}^{9}x_{6}+\frac{32}{3}x_{2}^{12})\xi_{4}^{6}+(348x_{6}x_{10}^{2}-152x_{2}^{3}x_{10}^{2}+408x_{2}^{2}x_{6}^{2}x_{10}+60x_{2}^{b}x_{6}x_{10}$

$+16x_{2}^{8}x_{10}-909x_{2}x_{6}^{4}+84x_{2}^{4}x_{6}-84x_{2}^{7}x_{6}^{2})\xi_{4}^{4}+(8x_{2}^{4}x_{10}^{2}-87x_{6}^{3}x_{10}-42x_{2}^{3}x_{6}^{2}x_{10}+135x_{2}^{2}x_{6}^{4}$

$-6x_{2}^{b}x_{6}^{3})\xi^{2}+\frac{4}{3}x_{10}^{s}-3x_{2}x_{6}x_{10}+\frac{9}{5}x_{6}^{b}$ .

(6.3) Put

$D(\xi)=2^{-6}\prod_{i=1}^{4}\xi_{i}\cdot\prod(\xi_{1}\pm\xi_{2}\pm\xi_{S}\pm\xi_{4})\cdot\prod_{\sigma el_{4}}(a\xi_{\sigma(1)}\pm\overline{a}\xi_{o(2\}}\pm\xi_{\sigma(8)})$ ,
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where we take products over all combinationI of signs and $\mathfrak{U}_{4}$ is the
alternating group of degree four. Then $D(\xi)$ is a fundamental anti-
invariant of $W(H_{4})$ and is of degree $4+2^{s}+2^{2}\times 12=60$ . We denote the
square of $D(\xi)$ by $f_{H_{4}}(z_{2}, z_{12}, z_{20}, z_{S0})$ .

(6.4) Put
$m_{ij}(z)=\frac{1}{2}\sum_{k=1}\frac{\partial z_{i}}{\partial\xi_{k}}\frac{\partial z_{\dot{f}}}{\partial\xi_{k}}$ $(i, j=2,12,20,30)$ .

Then via direct calculation:

$m_{2i}(z)=iz_{i}$ $(i=2,12,20,30)$ , $m_{1212}(z)=22z_{2}z_{20}-4z_{2}^{f}z_{12}$ ,
$m_{1220}(z)=-15z_{so}-12z_{2}^{f}z_{20}+4z_{2}^{s}z_{12}^{2}$ ,

$m_{12\$ 0}(z)=-20z_{2}^{\mathfrak{g}}z_{so}-40z_{20}^{2}-8^{\wedge}z_{2}z_{12}z_{20}-\frac{8}{3}z_{2}^{2}z_{12}^{3}$ ,

$m_{2020}(z)=10z_{2}z_{so}-28z_{2}^{3}z_{12}z_{20}+\frac{76}{3}z_{2}z_{12}^{3}$ ,

$m_{2080}(z)=-60z_{2}^{3}z_{12}z_{80}+24z_{2}z_{20}^{2}-56z_{2}^{2}z_{12}^{l}z_{20}-16zi_{2}$ ,

$m_{s030}(z)=80z_{2}z_{20}z_{\theta 0}+120z_{l}^{2}z_{12}^{2}z_{30}+48z_{2}^{s}z_{12}z_{20}^{2}+\frac{464}{3}z_{2}z_{12}^{s}z_{20}$ .
We define a matrix

$M(H;z_{2}, z_{12}, z_{20}, z_{so})=(m_{ij}(z))_{i,j=2,12,20,80}$ .
Then

det $M(H_{4};z_{2}, z_{12}, z_{20}, z_{so})=f_{H}(z_{2}, z_{12}, z_{20}, z_{so})$ .
(6.5) We introduce vector fields $X_{0},$ $X_{10},$ $X_{18},$ $X_{28}$ by

${}^{t}(X_{0}, X_{10}, X_{18}, X_{28})=M(H_{4};z_{2}, z_{12}, z_{20}, z_{\epsilon 0})t(\frac{\partial}{\partial z_{2}’}\frac{\partial}{\partial z_{12}}\frac{\partial}{\partial z_{20}}\frac{\partial}{\partial z_{80}})$ .

TABLE 4
$H_{4}$

No. Type $\Sigma$ Iubset of $S$ ordx $u$ $co\dim_{X}\pi(A)$

1 $\emptyset$ $\emptyset$ $0$ $0$

2 $A_{1}$ $\{s_{1}\}$ $-(a+1/2)$ 1
3 $A_{1}\times A_{1}$ $\{s_{1}, s_{l}\}$ $-2(\alpha+1/2)$ 2
4 $A_{2}$ $\{8_{2},8_{3}\}$ $-3(a+1/2)$ 2
5 $I_{Z}(5)$ $\{\epsilon_{1}, s,\}$ $-5(a+1/2)$ 2
6 $A_{1}\times A$, $\{s_{1}, s_{\epsilon}, \epsilon_{4}\}$ $-4(\alpha+1/2)$ 3
7 $I,(5)\times A_{1}$ $\{s_{1}, s_{l}, \epsilon\}$ $-6(\alpha+1/2)$ 3
8 $A$, $\{s_{2}, s_{8}, s\}$ $-6\langle\alpha+1/2$) 3
9 $H_{0}$ $\{s_{1}, s_{2}, \epsilon,\}$ $-15(\alpha+1/2)$ 3

10 $H$ $\{s_{1}, s,, s_{0}, s\}$ $-60(\alpha+1/2)$ 4
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Then the following hold.

FIGURE 4 $H_{4}$
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(6.5.2) $\left\{\begin{array}{ll}X_{0}f_{H_{4}}=120f_{H}, & X_{10}f_{H}=-60z_{2}f_{H_{4}}, X_{18}f_{H}=-120aez_{12}f_{H} , ,\\X_{28}f_{H}=120z_{2}^{2}(z_{2}^{2}z_{20} & z_{12}^{2})f_{H}.\end{array}\right.$

(6.6) There are ten conjugate classes of S-subgroups of $W(H_{4})$ . They
are listed in Table 4.

(6.7) The holonomy diagram is given in Figure 4.

\S 7. Type $I_{2}(p)$ .
(7.1) Let $\{e_{1}, e_{2}\}$ be an orthonormal basis of $E=R^{2}$ , define $\alpha_{1}=e_{1}$ ,

$\alpha_{2}=$ -cos $(\pi/p)\cdot e_{1}+\sin(\pi/p)\cdot e_{2}$ and denote by $s_{i}$ the reflection of $E$ with
respect to $\alpha_{i}(i=1,2)$ . Then we have
(7.1.1) $s_{1}^{2}=s_{2}^{2}=(s_{1}\epsilon_{2})^{p}=id$ .
The Coxeter group of type $I_{2}(p)$ is the group generated by $S=\{s_{1}, s_{2}\}$ .
We denote it by $W(I_{2}(p))$ . It is isomorphic to the dihedral group of
order $2p$ , and (7.1.1) is the fundamental relation of $S$. We remark that
$W(I_{2}(p))$ is isomorphic to $W(A_{1})\times W(A_{1}),$ $W(A_{2}),$ $W(B_{2}),$ $W(G_{2})$ when $p=$

$2,3,4,6$ , respectively.
(7.2) Define $x_{2}=\xi_{1}^{2}+\xi_{2}^{2}$ ,

$x_{p}=(-2)^{p}\prod_{k=0}^{p-1}[\cos\{(k+\frac{1}{2})\frac{\pi}{p}\}\xi_{1}+sIn\{$ $(k+\frac{1}{2})\frac{\pi}{p}\}\xi_{2}]$ .

Then $x_{2},$ $x_{p}$ generate the $W(I_{2}(p))$-invariant ring.
(7.3) A fundamental anti-invariant of $W(I_{2}(p))$ is

$D(\xi)=-(-2)^{p}\prod_{k=0}^{p-1}\{\cos(\frac{k\pi}{p})\xi_{1}+\sin(\frac{k\pi}{p})\xi_{2}\}$

Therefore $f_{I_{2}tp)}=D^{2}$ is given by $f_{I_{2}1p)}=4x_{2}^{p}-x_{p}^{2}$ .
(7.4) The $m_{ij}(x)=\sum_{k=1}^{2}\partial x/\partial\xi_{k}\cdot\partial x_{\dot{f}}/\partial\xi_{k}(i, j=2, p)$ are given by

$m_{22}(x)=2x_{2}$ , $m_{2p}(x)=px_{p}$ , $m_{pp}(x)=2p^{2}x_{2}^{p-1}$ .
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Set $M(I_{2}(p);x_{2}, x_{p})=(m_{ij}(x))_{i,j=2,p}$ . Then

det $M(I_{2}(p);x)=p^{2}f_{I_{2}(p)}(x)$ .
(7.5) Define vector fields $X_{0},$ $X_{p-2}$ by ${}^{t}(X_{0}, X_{p-2})=M(I_{2}(p);x)\cdot{}^{t}(\partial/\partial x_{g}$ ,

$\partial/\partial x_{p})$ . Then we have

(7.5.1) $[X_{0}, X_{p-2}]=(p-2)X_{p-2}$ ,

(7.5.2) $X_{0}f_{t_{2}(p)}=2pf_{I_{2}(p)}$ , $X_{p-2}fI_{2^{(p)}}=0$ .
(7.6) The conjugate classes of S-subgroupI are listed in TabIe 5.
(7.7) The holonomy diagram is given in Figure 5.
(7.8) For convenience, put $f=f_{I_{l}(’)}$ . We define an ideal $\ovalbox{\tt\small REJECT}(s)$ of

$\mathcal{D}_{X}[s]$ by
$\mathscr{J}(s)=\{P(s)e\mathcal{D}_{X}[s];P(s)f^{*}=0\}$

(cf. [8]) and an ideal $\mathscr{J}(\alpha)$ of $\mathcal{D}_{X}$ by

$f(\alpha)=$ {$P\in \mathcal{D}_{X};P=Q(\alpha)$ with $Q(s)\in X(s)$}

for a complex number $\alpha$ . Then $\vee r_{\alpha}=\mathcal{D}_{X}/\mathscr{J}(\alpha)$ equals $cA_{\alpha}^{\prime}=\mathcal{D}_{X}/\mathcal{G}_{f}(\alpha)$

and the b-function of $f^{\iota}$ is determined. Namely, we have the following
proposition.

TABLE 5
$I_{2}(p)$

$p$ : odd
Type $\Sigma$ Subset $ord\Lambda u$ codim

$\emptyset$ $\emptyset$ $0$ $0$

$A_{1}$ $ts_{1}I$ $-(\alpha+1/2)$ 1
$I_{2}(p)$ $\{\epsilon_{1}, \epsilon_{2}\}$ $-p(\alpha+1[2)$ 2

$p$: odd

$0$ A $(\oint)$

A
$(A_{1})|$

$1$

$p$ A $(I_{2}(p))$

$p$ : even
Type $\Sigma$ Subset $ordAu$ codim

$\emptyset$ $\emptyset$ $0$ $0$

$A_{1}$ $\{s_{1}\}$ $-(\alpha+1/2)$ 1
$A_{1}$ $\{s_{2}\}$ $-(a+1/2)$ 1
$I_{2}\omega)$ $\{s_{1}, \epsilon_{2}\}$ $-p(\alpha+1/2)$ 2

$p$ : even

FIGURE 5 $I_{2}(p)$
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(7.8.1) PROPOSITION.

(7.8.1.1) $\leftarrow \mathscr{M}_{a}^{\prime}’\cong\vee f_{\alpha}^{\nearrow}$ .

(7.8.1.2) $b_{f}(s)=(s+1)\prod_{i\approx 1}^{p-1}(s+\frac{1}{2}+\frac{i}{p})$ .

PROOF. FirIt recall that

$\mathcal{G}_{f}(\alpha)=\mathcal{D}_{X}(X_{0}-2p\alpha)+\mathcal{D}_{X}X_{p-2}$ .
Since $\partial f/\partial x_{2}=4px_{2}^{p-1}$ and $\partial f/\partial x_{p}=-2x_{p}$ form a regular sequence, it follows
from \S 6 in [8] that

$\ovalbox{\tt\small REJECT}(s)=\mathcal{D}_{X}[s](X_{0}-2ps)+\mathcal{D}_{X}[s]X_{p-2}$ .
Hence we have

$\mathcal{G}_{f}(\alpha)=\mathscr{J}(\alpha)$

for any complex number $\alpha$ , and this proves (7.8.1.1).
The formula (7.8.1.2) follows from Th. 3.8 in [8].

(6.8.2) Proposition (7.8.1) aIsertI that Conjectures in [9] hold for the
Coxeter Iystem of type $I_{2}(p)$ .
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