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Abstract. In [5], the author has proved extended sharp extrapolation theorem on LP spaces with

S -method ({1]), which asserted Zl<p<q((p—1)‘°‘L")”’"=(L10g°‘L+L")”". In the present paper, on that
result, we shall consider the case g~ 1.

1. Introduction and result.

Let (2, u) be a o-finite measure space. In extrapolation theory on LP-spaces, we
treat the operator which satisfies the following assumptions.

AsSSUMPTION. Let 1 <g< oo and fix it.

(1) T is a sub-additive operator on L?(, u) for 1<Vp<gq,ie. |T(f+g)|<|Tf |+
| Tg| a.e. for any f, ge LP(Q, p).
(2) For any feLA(L, p),

1/p 1/p
(1.1) [ f | Tf (x) I"du(X)] s—A—~U | £ (%) l”du(x)] :
F) (p—1) Q

Here, positive constants 4 and a are independent of p and f.

In real analysis, we can find many operators satisfying such conditions (§3). In
[5], for such operator, the author has proved the following extrapolation theorem:

THEOREM A. Let T satisfy the assumption above. Then, for any feL(logL)*+
LY, p),

(1.2) f | Tf (x) |"dpl(x) + J | T (x) |dplx)
ITfi<1

ITr1>1

< G4 [ f | fC6) (o) + J | F (1 +log| F(x) |)“du(x)]-
(g—1) Ifis1 Ir1>1
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As a corollary of this result, we can get S. Yano’s classical extrapolation theorem:

THEOREM B ([9]). Let (2, u) be a finite measure space. Then, for the operator T
satisfying the assumption above and the function fe Llog*L,

(1.3) f | TS () ldu(x) < Cq,a,A[ j | f()1(1+log™ | f(x) |y*dp(x)+ u(Q)] -
Q 2

The original proof of Theorem B depends upon the property
LY(Q)> LP(Q2)> LYQ) forany l1<p<gq.

After the proof of Theorem B, Y, _,., 4 the Y-extrapolation space of strong
compatible family of (quasi-)Banach spaces {A4y}o<g¢<1, Was defined as

Y. Ag=the closure of the linear hull of | 4,

0<6<1 0<0<1

with the (quasi-)norm

lallg=inf{} llaulle, : =3 ay,, a,€ 4} .

It was proved that this space is the “widest” space (see [1, Proposition 2.37).
For a >0, the author proved }', _ . (p—1)"*L?(Q))"*is the space of all measurable
function f satisfying

1/q
[ f | f(x)|*dp(x) +I | f(x) (1 +1og] f(x) |)"'du(x)] <
Ifl=<1 |1 f1>1

and Theorem A was proved from it. Here, each ((p — 1) *LP(£2))"/1 is the space of all p-th
integrable functions on (€, ) with quasi-norm

1/q

(2= 1) IS I r@p)t = [; f | f(x) l"du(x)] :
(p—1)* Jg
However, the original purpose of these studies is the approach to L'(R2). As is known,
we can never get (1.2) for g=1. For example, we shall consider the Hilbert transform
H. Let y(x)=1 for 0<x<1, and y(x)=0 elsewhere. Then it is easy to show Hyec L?(R)
for p>1 but ¢ L(R). So, instead of the case g=1, we shall investigate the following
function classes.

DEeFINITION (cf. [3]). Let o, >0. feZ}, if and only if f is a measurable func-
tion on Q such that

| f(x)] J
g, 1+1 d, )
ersl (1—log| f() P (x) + |f|>1lf(x)|( +log| f(x) )*du(x) < oo

Once, the author tried to get some estimation on these classes ([3, Theorem 2]).
In this paper, we shall prove the following result, which is the sharpened one.
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THEOREM. Let (2, u) be a o-finite measure space and let T be an operator satisfying
the assumption above. If fe Z¥,, then Tfe X%, o for arbitrary e>0. Moreover,

| Tf(%)| j
1.4 d T p
o J‘Tflsl (1—log| Tf(x)[)*** M+ lel>1| S0 ldpt)

| f(x)] f
—C a,e,A d
= Cane, [ng (1—log| f(x) ) KO+ I£1>1

Here, the positive constant C,,, 4 depends only on q, a, € and A.

| f()1(1+log| f(x) I)“du(X)] -

Moreover, we can treat the spaces Z°}, as Orlicz spaces. Put

| 2]

(B+1)(1—1log| t|) O<|zI<1)
—10
(1-5) Bp.1) = g
i(1+log| z))* a—p
+ |t]>1)
a+1 (@+1)B+1) .
and

¢n,a(L)={f : f Dy o f (X)dp(x) < OO}
Q

for all a, f=>0. Then, it is easy to show @, (L)=2}, and each &, (L) is an Orlicz

space with the Luxemberg norm
. x
(1.6) ||f||¢ﬂ,a(,‘)=1nf{l>0 : j cbﬁ,a<f(/1—))d,u(x)sl}.

Q

Then we can get

COROLLARY. Let (L2, u) be a o-finite measure space and let T be an operator satisfying
the assumption above. If fe®, (L), then Tfe®,,, (L) for arbitrary e>0. Moreover,

(1.7) Il Tﬂlqjﬁe,o(mﬁC”f”cbe,,(L) .
Here the positive constant C is independent of f.

This corollary can be proved similarly to [4, Theorem 1 and 2] and we here omit it.

2. Proof of the theorem.

In this section, we shall prove our theorem. First, we shall prove the following
lemma.

LEMMA. Let feZ}, and B>0. Then,
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S ; “ 1/ )
2.1 —_— 1+@=1ing ~ d .
. n””f.m'f(x)' M) f.f.sx(l—loglf(x)l)ﬂ ne

B s . . .
Here, “X % Y’ means that there exist two positive constants c,, ¢, which depend only on
q and B such that c,Y<X<c,Y.

Proor. It suffices to prove
> 1

a.8
22) S L aem
n=1 N

1
(1—loga)?

for any 0 <a< 1. First, we consider the case 0<a<e™!. Forn=1,2,3, - - -,

1 aa—Vin J‘n+1 a(q—l)/t <1+ a(q—l)/(n+1)
21+ﬂ nl+ﬂ - n t1+[3 - (n+1)1+ﬂ :
So,
© L@ 1n 8 J‘oo ala—vn —(q—1)loga 1
Y ——— % — dt=(q—-1)"* xP-le *dx | —— .
w=1 nlTé P SR o (—loga)?

For simplicity, we denote
t
I(p; t)=j xP~le *dx
0

for any 0<t<o0. As is known, I'(8; co)=TI'(f). Then, we have

(@—D)"IB;q—1) _g—-D)""I'B; —(g—Dloga) _(g—1)""2°I'(h)

23 (I—logaf (—logaf ~ (1-logay

Ife"'<a<]1, we have

(2.4) REDY =5 < 5

Now, we conclude (2.2).

Now, we prove our theorem. From Theorem A, we have

(2.5) J | T/ (x) |Pdp(x) + J | T/ (x) ldu(x)
ITs1<1

ITr1>1

gc(;)"[ f | £ P9 + j | /911 +log] £ I)“du(x)],
p—1 If1=<1 1£1>1
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for any 1 <p<gq. Here the constant C depends only on 4. Put p=1+(g—1)/n, neN.

Multiplying both sides of (2.5) by n~“*1*9 and summing them up with respect to n
we get

2

26 ¥ —n—l—— J | T (o) |+~ Dindly() + f | TA(x) ldu(x)
ITfl<1

n=1 {Tr1>1

I |
= C‘l,a,s,AI: Z 1+e J‘ If(X) II T 1)/"d#(x) +Jv
" Iri=1

=1 R Ir1>1

| /() 1(1 +1og]| f(x) I)"‘dﬂ(X)] ;

where the positive constant C depends upon only g, «, f and 4. By using the lemma above,

e | /()]
the first term of RHS. of (2.6) = du(x) ,
1r1<1 (1=log| f(x) )*
q,%,&
the first term of LHS. of (2.6) ~ J' | 77| 5 au(x) .
ITfli<1 (1—-log| Tf(x))*

Now, we have completed the proof.

REMARK 1. We can never get this theorem for ¢é=0. For example, Hy, defined
in §1, is not a member of Z ¥} o(R).

REMARK 2. Assume ¢>2. Multiplying the both sides of (2.5) by
n~1"%log(l +n)~1*9 §>0, we can prove a better estimate
| Tf(x)| j
dp(x)+ | TS (x) |dpx)
£Tf|sl (1—log| Tf(x))*(1 + LogLog| Tf(x)[)* *° | Tf1>1

/69 f
<Cpusa .
=Cans Umg (I+LogLog| /i = MO 171>1

Here, LogLogy=1log(l1 —logy) for any 0<y<1.
By using other suitable sequence x,, {x,} /', we can get similar results.

| f(x)|(1 +1og]| f(x) I)"du(X)] -

REMARK 3. T. Miyamoto ([2]) has proved that “If the operator T'is of weak-type
(1, 1) and (g, q) for some g> 1, then T satisfies (1.4) for «=1"". But our theorem includes
his result because the Marcinkiewicz interpolation theorem says “If the operator T is
of weak-type (1, 1) and (g, ¢) for some g> 1, then T satisfies (1.1) for a=1".

3. Applications.

In this section, we state some applications of our theorem.

ExaMPLE 1 (Maximal function). Let £, denote the collection of all rectangles in
~R" whose sides are parallel to the coordinate axes for n>2 and let #, denote the
collection of a finite open interval in R'. For any fe L. (R"), we consider the maximal
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function

M f()= su

RaR n

Here, | R| denotes the Lebesgue measure of the set R. Then, as is known, the operator

M is of weak-type (1, 1) for n=1. But for n>2, # is not of weak-type (1, 1) (see [7,

X §2.3]). Of course, even if n>2, # is of type (p, p) for p>1. Moreover,

(-1
(see Remark 3 and [7, II §5.20]). Therefore, instead of the L'-boundedness, we have

1A fN@ns oy < Cllf o, .ty
for any e>0 (see (1.6)). Here, the positive constant C is independent of f.

A S || Lo@m < IS 1| Lo caemy

ExampLE 2 (Differential operators). Suppose f is of class C%(R"™) and has compact
support. Let Af =) "_, 8*f/0x}. Then we have

o%f

0x;0x;

<ClAfllo,

@2 +¢,0(L)

for any ¢>0. Hence, the positive constant C is independent of f.
In fact, by using the Riesz transform of the function f,

I'((n+1)/2) ..
Ry = m |

Yi fx—ypdy, j=1,2,3,--,n,
y|>é |J"|"+1

we have
02 f

0x;0x;

(see [6, III §1.3]). As is known, each R; is of weak-type (1, 1) and of strong type (2, 2).
So, as remarked above, T= R; R, satisfies our assumption for «=2. Hence we can apply
our theorem.
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