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On the Sum of Four Cubes and a Product of $k$ Factors
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1. Introduction.

Page [10] [11] and Hooley [6] investigated the asymptotic behaviour of the number
of representations of a natural number as a sum of squares and products of two positive
factors, and established an asymptotic formula for the number of representations in
each case where it can exist.

We consider here similar problems for cubes instead of squares. As is mentioned
in Hooley [7, p. 180], an asymptotic formula for each case with at least five cubes and
a product, or with at least two products and a cube is obtained by standard application
of the circle method of Hardy and Littlewood. Indeed, let $k\geq 2$ be an integer and let
$v(N)$ denote the number of representations of $N$ as the sum of $t$ products of $k$ positive
factors and $s$ cubes. The number $v(N)$ is investigated in Waring’s problem when $t=0$ ,

and in the additive divisor problem when $s=0$ . Here we consider the case $t,$ $s\geq 1$ . We
introduce the functions

(1.1) $F(\alpha)=\sum_{m\leq N^{1/3}}e(m^{3}\alpha)$ , $D_{k}(\alpha)=\sum_{n\leq N}d_{k}(n)e(n\alpha)$ ,

where $e(\alpha)=\exp(2\pi i\alpha)$ and $d_{k}(n)$ denotes the number ofways of expressing $n$ as a product
of $k$ positive factors. We have

$ v(N)=\int_{0}^{1}D_{k}(\alpha)^{t}F(\alpha)^{s}e(-N\alpha)d\alpha$ .

We divide the unit interval $[0,1]$ into ”major” and ”minor” arcs. We don’t give here
definitions of major and minor arcs exactly, but we only indicate that major arcs, say
$\mathfrak{M}$ , is a union of narrow neighbourhoods of rational numbers with smaller denomina-
tors, and that $\mathfrak{M}$ is defined so that the integral

$\int_{\mathfrak{M}}D_{k}(\alpha)^{t}F(\alpha)^{s}e(-N\alpha)d\alpha$
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can be estimated asymptotically. And minor arcs, say $\mathfrak{m}$ , is defined as the complement
of $\mathfrak{M}$ to the unit interval. Therefore, establishing an asymptotic formula for $v(N)$ is
reduc$ed$ to giving a sufficient estimation for the integral on minor arcs

$\int_{\mathfrak{m}}D_{k}(\alpha)^{t}F(\alpha)^{s}e(-N\alpha)d\alpha=v(N;m)$ , say.

For example, the estimate
$v(N;\mathfrak{m})=o(N^{t+s/3-1})$

is sufficient.
When $t\geq 2$ , we have

$v(N;\mathfrak{m})<<(\max_{\alpha\in \mathfrak{m}}|F(\alpha)|)^{s}(\max_{\alpha\in m}|D_{k}(\alpha)|)^{t-2}(\int_{0}^{1}|D_{k}(\alpha)|^{2}d\alpha)$ ,

and then we can derive that $v(N;\mathfrak{m})$ is small enough by Weyl’s inequality (see [14,
Lemma 2.4]) and the well-known fact

(1.2) $\int_{0}^{1}|D_{k}(\alpha)|^{2}d\alpha=\sum_{n\leq N}d_{k}(n)^{2}\ll N(\log N)^{k^{2}-1}$

Henceforth we consider only the case $t=1$ . We have by Cauchy-Schwartz inequality

(1.3) $v(N;\mathfrak{m})\ll(\int_{0}^{1}|D_{k}(\alpha)|^{2}d\alpha)^{1/2}(\int_{\mathfrak{m}}|F(\alpha)|^{2s}d\alpha)^{1/2}$

and, in view of (1.2), the required bound for $v(N;\mathfrak{m})$ follows from

(1.4) $\int_{\mathfrak{m}}|F(\alpha)|^{2s}d\alpha\ll N^{2s/3-1}(\log N)^{-B}$

with arbitrary fixed constant $B>0$ . Roughly speaking, to prove (1.4) is the same as to
establish an asymptotic formula for the number of representations of a number as the
sum of $2s$ cubes. When $2s>8$ , that is, $s\geq 5$ , the bound (1.4) follows at once from Weyl’s
and Hua’s inequality (see [14, Theorem 2.1]).

Next we set $s=4$ . Suppose that

(1.5) $|\alpha-a/q|\leq q^{-2}$ , $(q, a)=1$ .

Then we have by a familiar argument (see [14, Lemma 2.2])

(1.6) $D_{k}(\alpha)\ll\sum_{1\leq N^{1- 1/k}}d_{k-1}(l)|\sum_{m\leq N/l}e(lm\alpha)|\ll\sum_{l\leq N^{1-1/k}}$ max $(\frac{N}{l}\Vert l\alpha\Vert^{-1})N^{\epsilon}$

$\ll(\frac{N}{q}+N^{1-1/k}+q)N^{2\epsilon}$
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for any fixed $\epsilon>0$ , where $\Vert\beta\Vert$ denotes the distance between $\beta$ and the nearest integer
of it. When $s=4$ , we can define our minor arcs $\mathfrak{m}$ so that one can find integers $a$ and
$q$ satisfying (1.5) with

$N^{4/9-\epsilon}\leq q\leq N^{5/9+\epsilon}$ ,

for any $\alpha\in \mathfrak{m}$ . Thus it follows from (1.6) and Hua’s inequality that

(1.7) $v(N;\mathfrak{m})\ll\max_{\alpha\in \mathfrak{m}}|D_{k}(\alpha)|\int_{0}^{1}|F(\alpha)|^{4}d\alpha\ll(N^{1-1/k}+N^{5/9})N^{2/3+\epsilon}$

with any Pxed $\epsilon>0$ . Through this way, we obtain a sufficient estimate $v(N;\mathfrak{m})\ll N^{4/3}$

providing $k<3$ , namely, only when $k=2$ .
We have now observed that the circle method can establish an asymptotic formula

for $v(N)$ when $s\geq 5$ or when $s=4$ and $k=2$ . This limit was first got over by Hooley
[7] in 1981. He published a new approach to problems in additive number theory,
different from the circle method. He succeeded in obtaining an asymptotic formula for
$v(N)$ when $s=4,$ $k=3$ by his method, which is based on his decomposition [7, (33)] for
the sum

$m_{1}^{3}+m_{2}^{3}+m_{3}^{3}+m_{4}^{3}\equiv N\langle mod q)\sum_{m_{1}^{3}+m_{2}^{3}+m_{3}^{3}+m_{4}^{3}<N}1$

.

By the method, he further showed in [8] that it is possible to prove an asymptotic
formula for $v(N)$ when $s=3,$ $k=2$ .

In 1986, Vaughan [15] established an asymptotic formula for the number of
representations of a natural number as the sum of eight positive cubes, in a frame of
the circle method. He proved (1.4) for $s=4,$ $ B<2-4/\pi$ [ $15$ , Theorem $B$]. Here the
constant $B$ can not be large enough in (1.4), so we can not obtain directly a required
bound for $v(N;m)$ by (1.3) when $s=4$ . We can, however, prove an asymptotic formula
for $v(N)$ when $s=4,$ $k\geq 3$ , being based on Vaughan’s ingenious treatment of the integral
on minor arcs. To show this is the purpose of this paper.

Let $R_{k}(N)$ denote $v(N)$ for $s=4,$ $k\geq 3$ , or $R_{k}(N)$ be the number of representations
of a natural number $N$ as the sum of four positive cubes and a product of $k$ positive
factors;

(1.8) $N=l_{1}l_{2}\cdots l_{k}+m_{1}^{3}+m_{2}^{3}+m_{3}^{3}+m_{4}^{3}$ .
Hooley showed in [7]

$R_{3}(N)=\frac{3}{8}\Gamma(\frac{4}{3})^{3}\mathfrak{S}(N)N^{4/3}(\log N)^{2}+O(N^{4/3}(\log N)^{9/5})$ ,

where $\Gamma$ denotes the gamma function and $\mathfrak{S}(N)$ is what is called the singular series.
(On the notation in section 5 below, $\mathfrak{S}(N)=2\mathfrak{S}_{3}^{\langle 0)}(N).$ ) Our result is
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THEOREM 1. For $k\geq 3$ , we have

$R_{k}(N)=N^{4/3}\sum_{j=0}^{2}\xi_{k}^{(j)}(N)(\log N)^{k-1-j}+O(N^{4/3}(\log N)^{k-4}(\log\log N)^{C_{k}})$ ,

where

$C_{k}=\frac{1}{6}k(k-1Xk+4)+3$ ,

the implied constant depends only on $k$, and the coefficients $\xi_{k}^{0)}(N)$ are defined explicitly
in the section 5 (see (5.15) below). In particular, we have $\xi_{k}^{(j)}(N)\ll 1$ for all $0\leq j\leq 2$ , and
$\xi_{k}^{\{0)}(N)\gg 1$ .

When we apply the circle method to our problem, we should first consider how to
treat the integral for $R_{k}(N)$ on minor arcs. For $k\geq 3$ , we can not give a satisfactory
estimate for the integral on minor arcs directly, as yet. But if we pay attention to,
instead of $R_{k}(N)$ , the number of solutions of (1.8) such that $m_{1}m_{2}m_{3}$ has a prime divisor
in the interval $[(\log N)^{C}, N^{1/21}]$ with an appropriate constant $C$, then we can estimate,
by Vaughan’s method, the corresponding integral on minor arcs satisfactorily through
the way like (1.3). We should then handle the number, $sayR_{k}(N)\sim$ , of solutions of (1.8)
such that $m_{1}m_{2}m_{3}$ has no prime divisor in $[(\log N)^{C}, N^{1/21}]$ . It is inevitably hopeless to
evaluate $ R_{k}(N)\sim$ asymptotically, and it is all we can do with $ R_{k}(N)\sim$ at present to give a
sharp upper bound for $ R_{k}(N)\sim$ (see (2.8) below) using Wolke’s result [17].

This is the outline of our proof, and also shows the reason why our formula for
$R_{k}(N)$ in Theorem 1 provides with only the first three main terms, though it is expected
that

$R_{k}(N)\sim N^{4/3}\sum_{j=0}^{k-1}\xi_{k}^{\{j)}(N)(\log N)^{k-1-j}$

with 1. $k\langle j$

)
$(N)s$ defined in the section 5 (see (5.14) below).

Here we $re$late briefly to a similar problem for h-th prowers with $h\geq 4$ , instead of
cubes. Let $v(N)$ be the number of representations of $N$ as the sum of a product of $k$

factors and $s$ h-th powers. Using Hua’s inequality, we can prove an asymptotic formula
for $v(N)$

for $s\geq 2^{h-1}+1$ , and for $s=2^{h-1},$ $k<h$ ,

by the way like (1.3), and (1.7), respectively. When $h\geq 6$ , we can also prove an asymptotic
formula for $v(N)$

for $s\geq 7\cdot 2^{h-4}+1$ ,

through the way like (1.3), by using Heath-Brown’s improvement of Hua’s inequality
[5, Theorem 2].
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Our argument in this paper can show an asymptotic formula for $v(N)$

for $s=2^{h}$
‘ 1 and for $h\geq 6$ , $s=7\cdot 2^{h-4}$ ,

by combining with Vaughan’s method [16] and Heath-Brown’s method [5] (see also
Boklan [1]).

When $h\geq 10$ , we can improve the above restriction for $s$ by Wooley’s result [18]
with the way like (1.3). In fact, an asymptotic formula for $v(N)$ is attainable for $s\geq s_{0}(h)$ ,
where $s_{0}(h)$ is a certain function of $h$ , and we only remark here $s_{0}(h)<7\cdot 2^{h-4}$ for $h\geq 10$ ,
and $s_{0}(h)=(1+o(1))h^{2}$ logh as $ h\rightarrow\infty$ , because the definition of $s_{0}(h)$ is pretty complicated
(refer to Corollaries 1.2 and 1. $2a$ in [18]).

We can apply our argument to another similar problem. As a direct consequence
of the result due to Davenport [2], it follows that every sufficiently large number is
representable as the sum of four positive cubes and a prime. We denote by $R_{0}(N)$ the
number of such representations of a natural number $N$. In the same manner as for
$R_{k}(N)$ with $k\geq 3$ , we obtain an asymptotic formula for $R_{0}(N)$ .

THEOREM 2. We have

$R_{0}(N)=\tau(\frac{4}{3})^{3}\mathfrak{S}_{o}(N)\int_{2}^{N}\frac{(N-t)^{1/3}}{\log t}dt+O(N^{4/3}(\log N)^{-4}(\log\log N)^{4})$ ,

where $\mathfrak{S}_{0}(N)$ is defined in the section 5 (see (5.17) below). In particular we have
$1\ll \mathfrak{S}_{0}(N)\ll 1$ .

We note here that

$\int_{2}^{N}\frac{(N-t)^{1/3}}{\log t}dt=\frac{3}{4}\frac{N^{4/3}}{\log N}+o(\frac{N^{4/3}}{(\log N)^{2}}\log\log N)$ .

The author expresses here his hearty gratitude to Professor S. Uchiyama and
Dr. H. Mikawa for encouragement and valuable advice. He would also like to thank
the referee for valuable comment on the style of the paper.

2. Notation, definition and preliminaries.

Throughout this paper, $N$ denotes a sufficiently large natural number, regarded as
tending to infinity. The letter $B$ is a fixed constant $\geq 5;k$ is a non-negative integer; and
$p$ stands for prime numbers. The letter $\epsilon$ is a fixed (small) positive constant. The constants
implied by the symbols $\ll$ and $O$ depend, at most, on $k,$ $B$ and $\epsilon$ .

We denote the M\"obius function and Euler’s totient function by $\mu(m)$ and $\varphi(m)$ ,
respectively. We denote by $\rho_{n}(d)$ the number of solutions of the congruence

$x^{3}\equiv n$ $(mod d)$ ,

with $1\leq x\leq d$. It is easily seen that
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(2.1) $\rho_{n}(p)=\{_{0}^{1}$

or 3
$(p\equiv 1(p\not\equiv 1(mod 3(mod 3\}_{andp}^{orp|n)}p_{n’})$

.
Let $J$ be the set of all natural numbers $\leq N^{1/3}$ , and let

$\mathscr{A}=$ {$m\in J;m$ has no prime factor $p$ such that $(\log N)^{4B_{O}}<p\leq N^{1/21}$ } ,

$\overline{\mathscr{A}}=J\backslash \mathscr{A}$ ,

where $B_{0}=B_{0}(k)=2B+k^{2}$ . Making use of Selberg’s upper bound sieve (see [4, Theorem
3.3]), we have

(2.2) $f\mathscr{A}\ll N^{1/3}$ loglogN/logN.

Here, the symbol $f$ denotes the cardinality of the indicated set.
Besides the functions $F(\alpha)$ and $D_{k}(\alpha)$ introduced by (1.1), we use the function

$F(\alpha;\mathscr{B})=\sum_{n\in 9}e(m^{3}\alpha)$ ,

for a subset $\mathscr{B}\subset J$ . In particular, $F(\alpha;J)=F(\alpha)$ .
We put

$r(m)=\sum_{m_{1}^{3}+m^{3}+m_{3}^{3}=m}1$

so that

(2.3) $F(\alpha;\mathscr{A})^{3}=\sum_{m\leq 3N}r(m)e(m\alpha)$ .

By (2.2), we have

(2.4) $\sum_{m\leq 3N}r(m)=F(0;\mathscr{A})^{3}=(\#\mathscr{A})^{3}\ll N(\log N)^{-3}(\log\log N)^{3}$

For convenience’ sake, we define

$d_{0}(n)=\left\{\begin{array}{ll}1 & (if n is a prime),\\0 & (otherwise),\end{array}\right.$

$D_{0}(\alpha)=\sum_{n\leq N}d_{0}(n)e(n\alpha)=\sum_{p\leq N}e(p\alpha)$ .

Then, for $k\geq 0$ , we see

$ R_{k}(N)=\sum_{n+m_{1}^{3}+m_{2}^{3}+m_{3}^{3}+m_{4}^{3}=N}d_{k}(n)=\int_{0}^{1}D_{k}(\alpha)F(\alpha)^{4}e(-N\alpha)d\alpha$ .

Next, we put $B_{1}=B_{1}(k)=6B+3k^{2}$ and
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$Q_{1}=Q_{1}(k)=(\log N)^{2B_{1}}$ , $Q_{2}=Q_{2}(k)=N(\log N)^{-B_{1}}$

For $1\leq a\leq q\leq Q_{1},$ $(a, q)=1,$ le $t$

$\mathfrak{M}_{0}(q, a)=\{\alpha;|\alpha-a/q|\leq 1/Q_{2}\}$ ,

$\mathfrak{M}_{1}(q, a)=\{\alpha;1/Q_{2}<|\alpha-a/q|\leq 1/(qN^{3/4})\}$ ,

and, for $Q_{1}<q\leq N^{1/4},1\leq a\leq q,$ $(a, q)=1$ , let

$\mathfrak{M}_{2}(q, a)=\{\alpha;|\alpha-a/q|\leq 1/(qN^{3/4})\}$ .
We should note that these families of arcs $\mathfrak{M}_{j}(q, a)s$ are pairwise disjoint, because if

$q,$
$q^{\prime}\leq N^{1/4}$ , $(q, a)=(q^{\prime}, a^{\prime})=1$ , $a/q\neq a^{\prime}/q^{\prime}$ ,

then we see

$|\frac{a}{q}-\frac{a^{\prime}}{q’}|=\frac{|aq^{\prime}-a^{\prime}q|}{qq}’\geq\frac{1}{qq}’>\frac{q+q^{\prime}}{qq^{\prime}N^{3/4}}=\frac{1}{qN^{3/4}}+\frac{1}{q^{\prime}N^{3/4}}$ .

Further, we set

$\mathfrak{M}_{j}=\bigcup_{q\leq Q_{1}}$ $\bigcup_{a=1,\langle a,q)=1}^{q}\mathfrak{M}_{j}(q, a)$
(for $j=0,1$ ),

$\mathfrak{M}_{2}=\bigcup_{Q_{1}<q\leq N^{1/4}}\bigcup_{a=1}^{q}\mathfrak{M}_{2}(q, a)$ ,
$\langle a,q)=1$

$\mathfrak{m}=[N^{-3/4},1+N^{-3/4}]\backslash (\mathfrak{M}_{0}\cup \mathfrak{M}_{1}\cup \mathfrak{M}_{2})$ .
Then we have, for $k\geq 0$ ,

(2.5) $ R_{k}(N)=\int_{N^{-3’ 4}}^{1+N^{-3/4}}D_{k}(\alpha)F(\alpha)^{4}e(-N\alpha)d\alpha$

$=\int_{N^{-3’ 4}}^{1+N^{-3/4}}D_{k}(\alpha)F(\alpha)\{F(\alpha)^{3}-F(\alpha;\mathscr{A})^{3}\}e(-N\alpha)d\alpha$

$+\int_{N^{-3’ 4}}^{1+N^{-3/4}}D_{k}(\alpha)F(\alpha)F(\alpha;\mathscr{A})^{3}e(-N\alpha)d\alpha$

$=I_{k}(\mathfrak{M}_{0})+I_{k}(\mathfrak{M}_{1})+I_{k}(\mathfrak{M}_{2})+I_{k}(\mathfrak{m})+R_{k}(N)\sim$ ,

where

$K_{k}\{N)=$

$\sum_{m_{1},m_{2},m_{3}\in d,m_{4}<\langle N-m_{1}^{3}-m_{2}^{3}-m_{3}^{3})^{1/3}}d_{k}(N-m_{1}^{3}-m_{2}^{3}-m_{3}^{3}-m_{4}^{3})$

,

and
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$ I_{k}(\mathfrak{R})=\int_{\Re}D_{k}(\alpha)F(\alpha)\{F(\alpha)^{3}-F(\alpha;\mathscr{A})^{3}\}e(-N\alpha)d\alpha$

for $\mathfrak{R}=\mathfrak{M}_{0},$ $\mathfrak{M}_{1},$ $\mathfrak{M}_{2}$ and $\mathfrak{m}$ .
We require

(2.6) $I_{k}(\mathfrak{m})\ll N^{4/3}(\log N)^{-B}$ ,

(2.7) $I_{k}(\mathfrak{M}_{j})\ll N^{4/3}(\log N)^{-B}$ for $j=1,2$ ,

(2.8) $ R_{k}(N)\ll N^{4/3}(\log N)^{k-4}(\log\log N)^{C_{k}}\sim$

with $C_{\acute{0}}=7/2$ and $C_{k}^{\prime}=k+2$ for $k\geq 3$ . We also require that $I_{k}(\mathfrak{M}_{0})$ equals th$e$ right-hand
side of the asymptotic formula for $R_{k}(N)$ in our Theorems 1 and 2, namely,

(2.9) $I_{k}(\mathfrak{M}_{0})=N^{4/3}\sum_{j=0}^{2}\xi_{k}^{\{j)}(N)(\log N)^{k-1-j}+O(N^{4/3}(\log N)^{k-4}(\log\log N)^{C_{k}})$

for $k\geq 3$ , and

(2.10) $I_{0}(\mathfrak{M}_{0})=\Gamma(\frac{4}{3})\mathfrak{S}_{0}(N)\int_{2}^{N}\frac{(N-t)^{1/3}}{\log t}dt+O(N^{4/3}(\log N)^{-4}(\log\log N)^{4})$ .

We shall prove (2.6) in the section 3, (2.7) in the section 4, (2.8) in the section 6,
(2.9) and (2.10) in the section 5.

3. Estimation of $I_{k}(\mathfrak{m})$ .
Our estimate for $I_{k}(\mathfrak{m})$ is entirely based on Vaughan’s work [15] on Waring’s

problem for cubes. We have, for any $\mathscr{B}\subset J$ ,

(3.1) $\int_{\mathfrak{m}}|F(\alpha)|^{2}|F(\alpha;\phi|^{2}|F(\alpha;\mathscr{B})|^{4}d\alpha\ll N^{5/3}(\log N)^{-B_{O}}$

by his method (see the estimation for $I(\mathscr{C})$ and $I(\mathcal{D})$ in [15, pp. 137-138]). We
observe the outline of a proof for (3.1) here.

We put

$G_{d}(\alpha)=\sum_{m_{1},m_{2}\in\overline{d}}e((m_{1}^{3}-m_{2}^{3})\alpha)$
,

$\langle m_{1},m_{2})=d$

so that

$G(\alpha)=\sum_{m_{1},m_{2}\in\overline{d}}e((m_{1}^{3}-m_{2}^{3})\alpha)$
,

$\langle m_{1},m_{2})\leq Q_{0}$

$|F(\alpha;\ovalbox{\tt\small REJECT}|^{2}=\sum_{Q_{0}<d\leq N^{1/3}}G_{d}(\alpha)+G(\alpha)$ .
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Then

(3.2) $\int_{\mathfrak{m}}|F(\alpha)|^{2}|F(\alpha;\ovalbox{\tt\small REJECT}|^{2}|F(\alpha;\mathscr{B})|^{4}d\alpha=I_{1}+I_{2}$ ,

where

$ I_{1}=\sum_{Q_{0}<d\leq N^{1/3}}\int_{\mathfrak{m}}|F(\alpha)|^{2}G_{d}(\alpha)|F(\alpha;\mathscr{B})|^{4}d\alpha$ ,

$ I_{2}=\int_{\mathfrak{m}}|F(\alpha)|^{2}G(\alpha)|F(\alpha;\mathscr{B})|^{4}d\alpha$ .

Let $R(P)$ denote the number of solutions of

$m_{1}^{3}+m_{2}^{3}+m_{3}^{3}+m_{4}^{3}=m_{5}^{3}+m_{6}^{3}+m_{7}^{3}+m_{8}^{3}$

with $m_{j}\leq P$ . Vaughan [15, Theorem 2] proved $R(P)\ll P^{5}$ , which yields

$\int_{0}^{1}|G_{d}(\alpha)|^{4}d\alpha\leq R(N^{1/3}/d)\ll N^{5/3}d^{-5}$ , and

(3.3) $\int_{0}^{1}|F(\alpha;\mathscr{B})|^{8}d\alpha\leq R(N^{1/3})\ll N^{5/3}$ for any $\mathscr{B}\subset f$ .

Thus we have

(3.4) $I_{1}\ll\sum_{Q_{0}<d\leq N^{1/3}}(\int_{0}^{1}|G_{d}(\alpha)|^{4}d\alpha)^{1/4}(\int_{0}^{1}|F(\alpha)|^{8}d\alpha)^{1/4}(\int_{0}^{1}|F(\alpha;\mathscr{B})|^{8}d\alpha)^{1/2}$

$\ll N^{5/3}\sum_{Q_{0}<d\leq N^{1/3}}d^{-5/4}\ll N^{5/3}Q_{0}^{1/4}$

Next, by [15, Lemma 1], we have $F(\alpha)\ll N^{1/4}(\log N)$ uniformly for $\alpha\in \mathfrak{m}$ , and

(3.5) $I_{2}\ll N^{1/4}(\log N)(\int_{0}^{1}|G(\alpha)|^{2}|F(\alpha)|^{2}d\alpha)^{1/2}(\int_{0}^{1}|F(\alpha;\mathscr{B})|^{8}d\alpha)^{1/2}$

$\ll N^{1/4}(\log N)V_{0}^{1/2}R(N^{1/3})^{1/2}$ ,

where $V_{0}$ denotes the number of solutions of $m_{1}^{3}-m_{2}^{3}+n_{1}^{3}=m_{3}^{3}-m_{4}^{3}+n_{2}^{3}$ with
$m_{j}\in\overline{\mathscr{A}}$ , $(m_{1}, m_{2})\leq Q_{0}$ , $(m_{3}, m_{4})\leq Q_{0}$ , $n_{j}\leq N^{1/3}$

For these $m_{j}’ s$ there exist primes $p_{1},$ $p_{2}$ such that
$p_{1}|^{\prime}m_{1}$ , $p_{1}|m_{2}$ , $p_{2}\ell m_{3}$ , $p_{2}|m_{4}$ , $Q_{0}<p_{j}\leq N^{1/21}$

by the definition of $\overline{\mathscr{A}}$ Therefore,

(3.6) $V_{0}\leq V$
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where $V$ denotes the number of solutions of

$x_{1}^{3}-p_{1}^{3}y_{1}^{3}+z_{1}^{3}=x_{2}^{3}-p_{2}^{3}y_{2}^{3}+z_{2}^{3}$

with

$x_{j}\leq N^{1/3}$ , $Q_{0}<p_{j}\leq N^{1/21}$ , $(x_{j},p_{j})=1$ , $y_{j}\leq N^{1/3}/p_{j}$ , $z_{j}\leq N^{1/3}$

Vaughan showed, in [15, p. 138],

(3.7) $V\ll N^{7/6}(\log N)^{4}Q_{0}^{3/4}$

So we have

(3.8) $I_{2}\ll N^{5/3}(\log N)^{3}Q_{0}^{3/8}$

by (3.5), (3.6) and (3.7). Hence the bound (3.1) follows from (3.2), (3.4) and (3.8).
Now we can estimate $I_{k}(\mathfrak{m})$ easily. Since

$F(\alpha)^{3}-F(\alpha;\mathscr{A})^{3}=(F(\alpha)-F(\alpha;\mathscr{A}))(F(\alpha)^{2}+F(\alpha)F(\alpha;\mathscr{A})+F(\alpha;\mathscr{A})^{2})$

$\ll|F(\alpha;\ovalbox{\tt\small REJECT}|(|F(\alpha)|^{2}+|F(\alpha;\mathscr{A})|^{2})$ ,

we have, using the Cauchy-Schwartz inequality, (3.1) and (1.2),

$I_{k}(\mathfrak{m})\ll(\int_{0}^{1}|D_{k}(\alpha)|^{2}d\alpha)^{1/2}(\int_{\mathfrak{m}}|F(\alpha)|^{2}|F(\alpha;\ovalbox{\tt\small REJECT}|^{2}(|F(\alpha)|^{4}+|F(\alpha;\mathscr{A})|^{4})d\alpha)^{1/2}$

$\ll N^{4/3}(\log N)^{-B}$

We have obtained (2.6) for $k\geq 0$ . (We should note that (1.2) is still true for $k=0.$)

4. Estimations of $I_{k}(\mathfrak{M}_{1})$ and $I_{k}(\mathfrak{M}_{2})$.
Essentially, it is not so difficult to treat $I_{k}(\mathfrak{M}_{O}),$ $I_{k}(\mathfrak{M}_{1})$ and $I_{k}(\mathfrak{M}_{2})$ . In this section,

we shall estimate $I_{k}(\mathfrak{M}_{1})$ and $I_{k}(\mathfrak{M}_{2})$ . We start with summarizing known $re$sults on the
function $F(\alpha)$ .

Let

$V(q, a)=\sum_{r=1}^{q}e(\frac{a}{q}r^{3})$ , $V^{*}(q)=\langle a,q)=1\sum_{a=1}^{q}|\frac{V(q,a)}{q}|^{6}$ ,

$\tilde{V}_{j}(q, h)=\langle a,q)=1\sum_{a=1}^{q}(\frac{V(q,a)}{q})^{j}e(-\frac{a}{q}h)$ ,

and let

$v(\beta)=\frac{1}{3}\sum_{m\leq N}m^{-2/3}e(m\beta)$ .
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We note that $V^{*}(q)$ and $\tilde{V}_{j}(q, h)$ are multiplicative functions of $q$ .
LEMMA 1. (i) Assume that $\alpha=(a/q)+\beta,$ $(a, q)=1$ and $|\beta|\leq(6qN^{2/3})^{-1}$ . Then we

have

$F(\alpha)=v(\beta)+O(q^{1/2+\epsilon})\underline{V(q,a)}$ .
$q$

(ii) For $|\beta|\leq 1/2$ , we have

$v(\beta)\ll\min(N^{1/3}, |\beta|^{-1/3})$ .
(iii) For $Q\geq 1$ , we have

$\sum_{q\leq Q}q^{1/2}V^{*}(q)\ll 1$ .

(iv) For $Q\geq 2,$ $k\geq 1$ andfor any integer $h$ , we have

$\sum_{q\leq Q}\frac{d_{k}(q)}{q}|\tilde{V}_{1}(q, h)|\ll(\log Q)^{C_{k}}$ ,

where $C_{k}^{\prime\prime}=k(k+1Xk+5)/6$ .
(v) For $Q\geq 2$ andfor any integer $h$ , we have

$\sum_{q\leq Q}\frac{\mu(q)^{2}}{\varphi(q)}|\tilde{V}_{1}(q, h)|\ll\log Q$ .

(vi) Suppose $\delta>\epsilon>0$ and $\Theta(q)\ll q^{-\delta}$ . Then the series $\sum_{q\Rightarrow 1}^{\infty}\Theta(q)\tilde{V}_{4}(q, N)$ converges
absolutely, and we have, for $Q\geq 1$ ,

$\sum_{q>Q}|\Theta(q)\tilde{V}_{4}(q, N)|\ll Q^{-\delta+\epsilon}$

PROOF. As for (i) and (ii), see Theorem4.1 and Lemma 2.8 in Vaughan’s book [14].
We turn to (iii). For $l\geq 1$ , we write $l=3u+v$ with integers $u$ and $1\leq v\leq 3$ . Then

we have, as in [14, p. 50],

$V^{*}(p^{l})\ll\left\{\begin{array}{ll}p^{-6u-3+l} & (v=1),\\p^{-6u-6+l} & (v=2,3),\end{array}\right.$

$\sum_{q\leq Q}q^{1/2}V^{*}(q)\leq\prod_{p\leq Q}(1+\sum_{l=1}^{\infty}p^{l/2}V^{*}(p^{l}))\ll\prod_{p\leq Q}(1+O(p^{-3/2}))\ll 1$ .

We next prove (iv). According to Lemma 4.7 of [14], we have

$\tilde{V}_{4}(p^{l}, h)\ll\left\{\begin{array}{ll}p^{-u} & (where v=1 and p|^{\prime}h) ,\\p^{-u-1} & (when v\neq 1 and p\{/h),\\p^{-u-1/2+l} & (when v=1 and p|h),\\p^{-u-1+l} & (when v\neq 1 and p|h) ,\end{array}\right.$
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for $l=3u+v,$ $1\leq v\leq 3$ . By simple calculation, we have also $\tilde{V}_{1}(p^{l}, h)=\rho_{h}(p^{l})-\rho_{h}(p^{l-1})$ ,

and

$\tilde{V}_{1}(p, h)=\left\{\begin{array}{ll}0 & ( p\not\equiv 1 (mod3), or p|h),\\2 or- l & ( p\equiv 1 (mod3) and p\ell h),\end{array}\right.$

and if $p|h$ then $\tilde{V}_{1}(p^{v}, h)\leq p^{v-1}$ for $v=2,3$ .
Taking account of these results, we obtain

$\sum_{q\leq Q}\frac{d_{k}(q)}{q}|\tilde{V}_{1}(q, h)|\leq\prod_{p\leq Q}(1+\sum_{l=1}^{\infty}\frac{d_{k}(p^{l})}{p^{l}}|\tilde{V}_{1}(p^{l}, h)|)$

$\leq\prod_{p\leq Q}(1+\frac{2k}{p}+O(p^{-3+\epsilon}))\prod_{p|h}(1+\frac{C_{k}^{\prime\prime}}{p}+O(p^{-3/2+\epsilon}))$

$\ll\prod_{p\leq Q}(1+\frac{C_{k}^{\prime\prime}}{p})\ll(\log Q)^{c_{i_{c}}’}$ .

Similarly, we obtain (v) and

$\sum_{q=1}^{\infty}q^{-\epsilon}|\tilde{V}_{4}(q, N)|\ll\prod_{p\chi_{N}}(1+O(p^{-3/2}))\prod_{p|N}(1+O(p^{-1-\epsilon}))\ll 1$ ,

which gives (vi).

Now we proceed to estimate $I_{k}(\mathfrak{M}_{1})$ and $I_{k}(\mathfrak{M}_{2})$ . Using Lemma 1 (i), (ii), (iii), we
obtain

(4.1) $\int_{\mathfrak{M}_{1}}|F(\alpha)|^{6}d\alpha\ll\sum_{q\leq Q_{1}}$
$\sum_{a=1,\langle a,q)=1}^{q}\int_{1/Q_{2}}^{q^{-1}N^{-3/4}}(|\frac{V(q,a)}{q}|^{6}|v(\beta)|^{6}+q^{3+6\epsilon})d\beta$

$\ll\sum_{q\leq Q_{1}}V^{*}(q)\int_{1/Q_{2}}^{1/2}|\beta|^{-2}d\beta+N^{-3/4+\epsilon}\ll Q_{2}=N(\log N)^{-B_{1}}$ ,

(4.2) $\int_{\mathfrak{M}_{2}}|F(\alpha)|^{6}d\alpha\ll\sum_{Q_{1}<q\leq N^{1/4}}$
$\sum_{a=1,\langle a.q)=}^{q}\int_{0}^{q^{-1}N^{-3/4}}1(|\frac{V(q,a)}{q}|^{6}|v(\beta)|^{6}+q^{3+6\epsilon})d\beta$

$\ll\frac{1}{\sqrt{Q_{1}}}\sum_{q\leq N^{1/4}}\sqrt{q}V^{*}(q)\int_{0}^{1/2}\min(N^{2}, |\beta|^{-2})d\beta+N^{1/4+2\epsilon}$

$\ll\frac{N}{\sqrt{Q_{1}}}=N(\log N)^{-B_{1}}$

Combining (1.2), (3.3), (4.1), (4.2) with a trivial bound $|F(\alpha;\mathscr{B})|\ll N^{1/3}$ for $\mathscr{B}\subset J$ , we
have for $j=1,2$ ,
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$I_{k}(\mathfrak{M}_{j})\ll\max_{\alpha\in[0,1]}(|F(\alpha)|+|F(\alpha;\mathscr{A})|)^{1/3}(\int_{0}^{1}|D_{k}(\alpha)|^{2}d\alpha)^{1/2}$

$\times(\int_{\mathfrak{M}_{j}}|F(\alpha)|^{6}d\alpha)^{1/6}(\int_{0}^{1}(|F(\alpha)|^{8}+|F(\alpha;\mathscr{A})|^{8})d\alpha)^{1/3}$

$\ll N^{4/3}(\log N)^{-B}$ .

We have showed (2.7).

5. On the integral $I_{k}(\mathfrak{M}_{0})$ .
In order to evaluate $I_{k}(\mathfrak{M}_{0})$ , we need an appropriate approximation of $D_{k}(\alpha)$ for

$\alpha\in \mathfrak{M}_{0}$ . As for $k=0$ , we know the following result.

LEMMA 2. Let

$T_{0}(\beta;q)=\frac{\mu(q)}{\varphi(q)}\sum_{2\leq n\leq N}\frac{e(n\beta)}{\log n}$ .

(i) Suppose thatl $\leq a\leq q\leq Q_{1},$ $(a, q)=1,$ $\alpha\in \mathfrak{M}_{0}(q, a)and\alpha=(a/q)+\beta$ . Then we have

$D_{0}(\alpha)=T_{0}(\beta;q)+O(N\exp(-c_{1}\sqrt{\log N}))$ ,

where $c_{1}$ is a positive constant depending only on $B$ .
(ii) For $|\beta|\leq 1/2$ , we have

$T_{0}(\beta;q)\ll\frac{\mu(q)^{2}}{\varphi(q)}$ min $(\frac{N}{\log N},$ $|\beta|^{-1})$ .

Andfor $|\beta|\leq 1/\sqrt{N}$, we have

$T_{0}(\beta;q)\ll\frac{\mu(q)^{2}}{\varphi(q)\log N}\min(N, |\beta|^{-1})$ .

For the proof of (i), see Prachar [13, VI, Satz 3.2, p. 180]. The inequalities in (ii)

follow easily from the well-known estimate

(5.1) $\sum_{n\leq x}e(n\beta)\ll\min(x, |\beta|^{-1})$

for $|\beta|\leq 1/2$ , by partial summation.

As for the case $k\geq 2$ , Motohashi [9] showed a result adequate to our aim. Though
he confined his attention within square free $q’ s$ , his argument [9, Lemmas 5, 6 and $p$ .
60] still works for all $q’ s$ with slight differences, and establishes the following Lemma
3. Here we follow his way.
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Before writing down our Lemma 3, we need some definitions. Let $s=\sigma+it$ be a
complex variable with real $\sigma$ and $t$ , and $\zeta(s)$ be the Riemann zeta function, as usual.
We define the numbers $\eta_{k}(h)$ by

$(s-1)^{k}\zeta(s)^{k}s^{-1}=\sum_{h=0}^{\infty}\eta_{k}(hXs-1)^{h}$ (as $s\rightarrow 1$ ).

We set

$\Phi_{k}(s;q)=\prod_{p1q}\{1-(1-p^{-s})^{k}(\sum_{v=0}^{-}\frac{d_{k}(p^{v})}{p^{\nu s}})-(1-p^{-1})^{-1}(1-p^{-s})^{k}\frac{d_{k}(p^{g_{p}-1})}{p^{\langle g_{p}-1)s}}\}$ ,

where $g_{p}=g_{p}(q)$ is the number such that $p^{g_{p}}$ is the highest power of $p$ dividing $q$ . We
denote, by $\Phi_{k}^{(h)}(q)$ , the value of the h-th derivative of $\Phi_{k}(s;q)$ at $s=1$ . For $k\geq 2$ ,
$0\leq h\leq k-1$ , we put

$\Theta_{k}^{th)}(q)=\frac{1}{(k-1-h)!}\sum_{j=0}^{h}\frac{1}{j!}\eta_{k}(h-j)\Phi_{k}^{0)}(q)$ ,

$T_{k}(\beta;q)=\sum_{\hslash=0}^{k-1}\Theta_{k}^{(h)}(q)\sum_{n\leq N}\{(\log n)^{k-1-h}+(k-1-h)(\log n)^{k-2-h}\}e(n\beta)$ .

Now we can write down our Lemma 3.

LEMMA 3. Let $k\geq 3$ .
(i) Suppose that $1\leq a\leq q\leq Q_{1},(a, q)=1,$ $\alpha\in \mathfrak{M}_{0}(q, a)and\alpha=(a/q)+\beta$ . Then we have

$D_{k}(\alpha)=T_{k}(\beta;q)+O(N^{1-\langle 1Ok)^{-1}})$ .
(ii) For $|\beta|\leq 1/2$ andfor $q\leq Q_{1}$ , we have

$T_{k}(\beta;q)\ll\frac{d_{k-1}(q)}{q}(\log N)^{k-1}\min(N, |\beta|^{-1})$ .

$PR\infty F$ . For $k\geq 1,$ $\sigma>1$ , we introduce the functions

$\Delta_{k}(s;\frac{a}{q})=\sum_{n=1}^{\infty}e(\frac{a}{q}n)d_{k}(n)n^{-s}$ ,

$\Psi_{k}(s;q)=\frac{1}{\varphi(q)}$
$\sum_{a=1,\langle a,q)=1}^{q}\Delta_{k}(s;\frac{a}{q})=\frac{1}{\varphi(q)}\sum_{n=1}^{\infty}c_{q}(n)d_{k}(n)n^{-s}$ ,

where $c_{q}(n)$ is the Ramanujan sum

$(a,q)=1\sum_{a=1}^{q}e(\frac{a}{q}n)$ .

We can see
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(5.2) $\Psi_{k}(s;q)=\zeta(s)^{k}\Phi_{k}(s;q)$ ,

by some calculation.
If $k\geq 2$ and $(a, q)=1$ then we have

$\Delta_{k}(S;\frac{a}{q})=\sum_{b=1}^{q}\sum_{l=1}^{\infty}$

$\sum_{m=1,am\equiv b\langle mod q)}^{\infty}e(\frac{a}{q}\iota_{m})d_{k-1}(mXlm)^{-s}$

$=\zeta(s)^{k}\prod_{p1q}(1-(1-p^{-s})^{k-1}(^{g}\sum_{\nu=0}^{-1}\frac{d_{k}(p^{v})}{p^{vs}}))$

$+q^{-1}\sum_{b=1}^{q-1}\Delta_{1}(s;\frac{a}{q})\sum_{\hslash|q}$
$\sum_{l=1,\langle l,\hslash)=1}^{\hslash}e(-\frac{bl}{h})\Delta_{k-1}(s;\frac{al}{q})$ .

Then we see the following facts by induction on $k$ with known results on the Lerch
zeta functions $\Delta_{1}(s;a/q)$ and the Riemann zeta function $\zeta(s)$ .

(i) $\Delta_{k}(s;a/q)$ can be analytically continued to a meromorphic function over the
whole complex plane, which is holomorphic save a possible pole at $s=1$ .

(ii) If $(a, q)=1$ then the meromorphic part of $\Delta_{k}(s;a/q)$ at $s=1$ does not depend
on $a$, therefore, $\Delta_{k}(s;a/q)$ has the same meromorphic part as $\Psi_{k}(s;q)$ at $s=1$ .

(iii) For any fixed $\epsilon>0$ , we have

$\Delta_{k}(s;\frac{a}{q})\ll q^{k-1}(1+|t|^{k\langle 1-\sigma+\epsilon)/2})$ ,

uniformly for $|s-1|\geq 1/2,$ $\sigma\geq 1/2$ .

Now we suppose $q\leq Q_{1},$ $(a, q)=1$ , and $x\geq\sqrt{N}$, and put $T=x^{4\delta}$ with $\delta=\delta(k)=$

$(10k)^{-1}$ . Applying Perron’s formula with the facts listed above, we obtain

(5.3) $\sum_{n\leq x}d_{k}(n)e(\frac{a}{q}n)=\frac{1}{2\pi i}\int_{1+\delta-iT}^{1+\delta+\iota\tau_{\Delta_{k}}}(s;\frac{a}{q})\frac{x^{s}}{s}d_{S}+O(x^{1+\delta}T^{-1})$

$=Y_{k}(q)+O(x^{1-2\delta})$ ,

where $Y_{k}(q)$ is the residue of $\Psi_{k}(s;q)x^{s}/s$ at $s=1$ . For $k\geq 2$ , it follows from (5.2) that
$\Psi_{k}(s;q)$ hasa pole of orderk at s $=1$ . And by the definition of $\Theta_{k}^{\langle h)}(q)$ , we have

$Y_{k}(q)=x\sum_{h=0}^{k-1}\Theta_{k}^{\langle h)}(qX\log x)^{k-1-h}$

Then, Lemma 3 (i) is derived from (5.3) by partial summation.
We tum to (ii). It follows from (5.1) that

$\sum_{n\leq N}\{(\log n)^{k-1-\hslash}+(k-1-h)(\log n)^{k-2-h}\}e(n\beta)\ll\min(N, |\beta|^{-1})\cdot(\log N)^{k-1-h}$
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for $0\leq h\leq k-1$ by partial summation, and we have

(5.4) $T_{k}(\beta;q)\ll\min(N, |\beta|^{-1})\cdot\sum_{\hslash=0}^{k-1}|\Theta_{k}^{\langle h)}(q)|(\log N)^{k-1-h}$ ,

for $|\beta|\leq 1/2$ .
Next we estimate $\Theta_{k}^{(\hslash)}(q)$ . After some computation, we $get$

$\Phi_{k}(s;q)=q^{-s}\prod_{p|q}\{\sum_{u=0}^{k-2}(^{g_{p}+k-2}u)(1-p^{-s})^{u}p^{-s(k-2-u)}$

$-\left(\begin{array}{ll}g_{p}+k & -2\\k & -1\end{array}\right)p^{s-1}(1-p^{-s})^{k-1}(1-p^{-1})^{-1}(1-p^{-s+1})\}$ ,

$\Theta_{k}^{(0)}(q)=\frac{1}{(k-1)!}\Phi_{k}(1;q)\ll\frac{d_{k-1}(q)}{q}$ .

For $1\leq h\leq k-1$ , we have

$\Phi_{k}^{\langle h)}(q)=\frac{h!}{2\pi i}\int_{s-1|=(\log 2q)^{-1}}\frac{\Phi_{k}(s;q)}{(s-1)^{\hslash+1}}ds\ll q^{-1+\epsilon}$ ,

and $\Theta_{k}^{\langle h)}(q)\ll q^{-1+\epsilon}$ . Combining these estimates with (5.4), we deduce Lemma 3 (ii), and
we complete our proof of Lemma 3.

We now use our Lemmas 2 and 3 to evaluate $I_{k}(\mathfrak{M}_{0})$ . For simplicity, we write
$S_{k}(\alpha)=D_{k}(\alpha)F(\alpha)F(\alpha;\mathscr{A})^{3}e(-N\alpha)$ , and

(5.5) $ I_{k}(\mathfrak{M}_{0})=\int_{\mathfrak{M}_{O}}D_{k}(\alpha)F(\alpha)^{4}e(-N\alpha)d\alpha-\int_{\mathfrak{M}_{O}}S_{k}(\alpha)d\alpha$

$=I_{k}^{\langle 0)}(\mathfrak{M}_{o})-I_{k}^{(1)}(\mathfrak{M}_{0})$ , say.

At first we estmate $I_{k}^{(1)}(\mathfrak{M}_{O})$ for $k\geq 3$ . Suppose that $q\leq Q_{1}$ , and $|\beta|\leq Q_{2}^{-1}$ , then we
have by Lemma 1 (i), (ii), Lemma 3 and (2.3)

$a=1\sum_{\langle a,q)=1}^{q}s_{k}(\frac{a}{q}+\beta)=\sum_{\langle a,q)=1}^{q}a=1\{T_{k}(\beta;q)\frac{V(q,a)}{q}v(\beta)\sum_{m\leq 3N}r(m)e((m-N)(\frac{a}{q}+\beta))$

$+O(N^{7/3-\langle 10k)^{-1}}+q^{-1/2+\epsilon}N^{2+\epsilon})\}$

$=T_{k}(\beta;q)v(\beta)\sum_{m\leq 3N}r(m)\tilde{V}_{1}(q, N-m)e((m-N)\beta)+O(qN^{7/3-(1Ok)^{-1}})$

$\ll\frac{d_{k-1}(q)}{q}(\log N)^{k}$
‘ 1

$\min(N^{4/3}, |\beta|^{-4/3})\sum_{m\leq 3N}r(m)|\tilde{V}_{1}(q, N-m)|$

$\rightarrow xr7/3-(10k)^{-1}$
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Therefore, by virtue of Lemma 1 (iv) and (2.4), we have

(5.6) $I_{k}^{\langle 1)}(\mathfrak{M}_{0})=\sum_{q\leq Q_{1}}\int_{-Q_{2}^{-1}}^{Q_{2}^{-1}}$
$\sum_{a=1,\langle a,q)=1}^{q}s_{k}(\frac{a}{q}+\beta)d\beta$

$\ll(\log N)^{k-1}\sum_{m\leq 3N}r(m)\sum_{q\leq Q_{1}}\frac{d_{k-1}(q)}{q}|\tilde{V}_{1}(q, N-m)|$

$\times\int_{-Q_{2}^{-1}}^{Q_{2}^{-1}}\min(N^{4/3}, |\beta|^{-4/3})d\beta+N^{7/3-\langle 10k)^{-1}}Q_{1}^{2}Q_{2}^{-1}$

$<<N^{1/3}(\log N)^{k-1}(\log Q_{1})^{C_{k-1}^{\prime\prime}}\backslash \sum_{m\leq 3N}r(m)+N^{4/3-\langle 20k)^{-1}}$

$\ll N^{4/3}(\log N)^{k-4}(\log\log N)^{\langle 1/6)k\langle k-1)\langle k+4)+3}$

When $k=0$ , we have similarly

(5.7) $I_{0}^{\langle 1)}(\mathfrak{M}_{0})\ll N^{4/3}(\log N)^{-4}(\log\log N)^{4}$ ,

by Lemma 1 (i), (ii), (v), Lemma 2, (2.3) and (2.4).
We can also evaluate $I_{k}^{(0)}(\mathfrak{M}_{0})$ straightforwardly. We consider the case $k\geq 3$ again.

For $q\leq Q_{1},$ $|\beta|\leq Q_{2}^{-1}$ , we have by Lemma 1 (i), (ii) and Lemma 3,

$\langle a,q)=1\sum_{a=1}^{q}D_{k}(\frac{a}{q}+\beta)F(\frac{a}{q}+\beta)^{4}e(-N(\frac{a}{q}+\beta))$

$=T_{k}(\beta;q)v(\beta)^{4}e(-N\beta)\tilde{V}_{4}(q, N)+O(qN^{7/3-\langle 10k)^{-1}})$ ,

thus

(5.8) $I_{k}^{\langle 0)}(\mathfrak{M}_{0})=\sum_{q\leq Q_{1}}\int_{-Q_{2}^{-1}}^{Q_{2}^{-1}}\sum_{a=1}^{q}D_{k}(\frac{a}{q}+\beta)F(\frac{a}{q}+\beta)^{4}e(-N(\frac{a}{q}+\beta))d\beta\langle a,q)=1$

$=\sum_{q\leq Q_{1}}\tilde{V}_{4}(q, N)\int_{-Q_{2}^{-1}}^{Q_{2}^{-1}}T_{k}(\beta;q)v(\beta)^{4}e(-N\beta)d\beta+O(N^{4/3-\langle 20k)^{-1}})$

$=J_{k}+O(N^{4/3-\langle 20k)^{-1}})$ , say.

It follows at once from Lemma 1 (ii) and Lemma 3 (ii) that

(5.9) $\int_{Q_{2}^{-1}\leq|\beta|\leq 1/2}T_{k}(\beta;q)v(\beta)^{4}e(-N\beta)d\beta\ll\frac{d_{k-1}(q)}{q}(\log N)^{k-1}\int_{Q_{2}^{-1}}^{1/2}\beta^{7/3}d\beta$

$\ll\frac{d_{k-1}(q)}{q}Q_{2}^{4/3}(\log N)^{k-1}$

On the other hand, since we know
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(5.10) $\int_{0}^{1}v(\beta)^{4}e(-m\beta)d\beta=\Gamma(\frac{4}{3})^{3}m^{1/3}+O(N^{1/3-\delta})$

for $m\leq N$ with some constant $\delta>0$ (see [14, Theorem 2.3]), we have

(5.11) $\int_{0}^{1}T_{k}(\beta;q)v(\beta)^{4}e(-N\beta)d\beta$

$=\sum_{\hslash=0}^{k-1}\Theta_{k}^{(h)}(q)\sum_{n\leq N}\{(\log n)^{k-1-h}+(k-1-hX\log n)^{k-2-h}\}$

$\times\int_{0}^{1}v(\beta)^{4}e(-(N-n)\beta)d\beta$

$=\Gamma(\frac{4}{3})\sum_{h=0}^{3k-1}\Theta_{k}^{(h)}(q)S_{k,h}(N)+O(N^{4/3-\delta/2})$ ,

where

$S_{k.h}(N)=\sum_{n<N}\{(\log n)^{k-1-h}+(k-1-hX\log n)^{k-2-h}\}(N-n)^{1/3}$

Elementary calculation shows

(5.12) $S_{k,h}(N)=\int_{1}^{N}\{(\log x)^{k-1-\hslash}+(k-1-h)(\log x)^{k-2-\hslash}\}(N-x)^{1/3}dx$

$+O(N^{1/3}(\log N)^{k-1-h})$

$=\frac{1}{3}\int_{1}^{N}x(\log x)^{k-1-h}(N-x)^{-2/3}dx+O(N^{1\prime 3}(\log N)^{k-1-h})$

$=\frac{1}{3}N^{4/3}\int_{1/N}^{1}t(\log N+\log t)^{k-1-\hslash}(1-t)^{-2/3}dt+O(N^{1/3}(\log N)^{k-1-}$

$=\frac{1}{3}N^{4/3}\sum_{i=0}^{k-1-h}\left(\begin{array}{lll}k & -1- & h\\ & i & \end{array}\right)(\log N)^{k-1-h-i}\int_{0}^{1}t(\log t)^{i}(1-t)^{-2/3}dt$

$+O(N^{1/3}(\log N)^{k-1-h})$ .

Then, by (5.9), (5.11) and (5.12),

(5.13) $J_{k}=\frac{1}{3}\Gamma(\frac{4}{3})^{3}N^{4/3}\sum_{h=0}^{k-1}(\sum_{q\leq Q_{1}}\Theta_{k}^{\{\hslash)}\tilde{V}_{4}(q, N))$

$\times\sum_{i=0}^{k-1-h}\left(\begin{array}{lll}k & -1- & h\\ & i & \end{array}\right)(\log N)^{k-1-h-i}\int_{0}^{1}t(\log t)^{i}(1-t)^{-2/3}dt$
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$+o(\sum_{q\leq Q_{1}}\frac{d_{k-1}(q)}{q}|\tilde{V}_{4}(q, N)|Q_{2}^{4/3}(\log N)^{k-1}+N^{4/3-\delta/2})$

$=\frac{1}{3}\Gamma(\frac{4}{3})^{3}N^{4/3}\sum_{h=0}^{k-1}\mathfrak{S}_{k}^{\langle h)}(N)$

$\times\sum_{i=0}^{k-1-h}\left(\begin{array}{lll}k & -1- & h\\ & i & \end{array}\right)(\log N)^{k-1-h-i}\int_{0}^{1}t(\log t)^{i}(1-t)^{-2/3}dt$

$+O(N^{4/3}(\log N)^{-B})$ ,

where we have used Lemma 1 (vi), and put

$\mathfrak{S}_{k}^{\langle h)}(N)=\sum_{q=1}^{\infty}\Theta_{k}^{\langle h)}\tilde{V}_{4}(q, N)$ .

On writing $j=h+i$ in (5.13), and combining it with (5.8), we have

(5.14) $I_{k}^{\langle 0)}(\mathfrak{M}_{0})=\frac{1}{3}\Gamma(\frac{4}{3})^{3}N^{4/3}\sum_{j=0}^{k-1}(\log N)^{k-1-j}\sum_{h=0}^{j}\left(\begin{array}{lll}k & -1- & h\\ & j-h & \end{array}\right)\mathfrak{S}_{k}^{\langle\hslash)}(N)$

$\times\int_{0}^{1}t(\log t)^{j-\hslash}(1-t)^{-2/3}dt+O(N^{4/3}(\log N)^{-B})$

$=N^{4/3}\sum_{j=0}^{k-1}\xi_{k}^{(j)}(N)(\log N)^{k-1-j}+O(N^{4/3}(\log N)^{-B})$ ,

where

(5.15) $\xi_{k}^{\langle j)}(N)=\frac{1}{3}\Gamma(\frac{4}{3})^{3}\sum_{h=0}^{j}\left(k & -1-j-h & h\right)\mathfrak{S}_{k}^{(h)}(N)\int_{0}^{1}t(\log t)^{j-\hslash}(1-t)^{-2/3}dt$ .

We note that

$\xi_{k}^{\langle 0)}(N)=\frac{1}{3}\Gamma(\frac{4}{3})^{3}\mathfrak{S}_{k}^{\langle 0)}(N)\int_{0}^{1}t(1-t)^{-2/3}dt$

$=\frac{3}{4(k-1)!}\Gamma(\frac{4}{3})^{3}\prod_{p}\{1+\sum_{i=1}^{\infty}\tilde{V}_{4}(p^{l}, N)\Phi_{k}^{\langle O)}(p^{l})\}$ ,

with

$\Phi_{k}^{(0)}(p^{l})=\Phi_{k}(1;p^{l})=\frac{1}{p^{l}}\sum_{u=0}^{k-2}\left(\begin{array}{ll}l+k & -2\\u & \end{array}\right)(1-p^{-1})^{u}p^{-\langle k-2-u)}$ .

In the case $k=0$ , we obtain similarly (rather more simply)
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(5.16) $I_{0}^{(0)}(\mathfrak{M}_{0})=\Gamma(\frac{3}{4})^{3}\mathfrak{S}_{0}(N)\int_{2}^{N}\frac{(N-t)^{1/3}}{\log t}dt+O(N^{4/3}(\log N)^{-B})$ ,

by Lemma 1 (i), (ii), Lemma 2 and (5.10), where

(5.17) $\mathfrak{S}_{0}(N)=\sum_{q=1}^{\infty}\frac{\mu(q)}{\varphi(q)}\tilde{V}_{4}(q, N)=\prod_{p}(1-\frac{\tilde{V}_{4}(p,N)}{p-1})$ .

In view of (5.5), we have (2.9) by (5.6) and (5.14) for $k\geq 3$ , and (2.10) by (5.7)
and (5.16).

It remains to observe the properties of $\xi_{k}^{U)}(N)s$ and $\mathfrak{S}_{0}(N)$ which are mentioned
in our Theorems 1 and 2. By Lemma 1 (vi), we see at once $\xi_{k}^{\{j)}(N)\ll 1$ for $0\leq j<k$, and
$\mathfrak{S}_{0}(N)\ll 1$ . In order to observe $\xi_{k}^{\langle 0)}(N)\gg 1$ for $k\geq 3$ and $\mathfrak{S}_{0}(N)\gg 1$ , it suffices to show

(5.18) $1+\sum_{l=1}^{\infty}\tilde{V}_{4}(p^{l}, N)\Phi_{k}^{\langle 0)}(p^{l})>0$ ,

(5.19) $1-\frac{\tilde{V}_{4}(p,N)}{p-1}>0$ ,

for all primes $p$ . Since $|\tilde{V}_{4}(p, N)|\leq 2$ and $\tilde{V}_{4}(2, N)=\tilde{V}_{4}(3, N)=0$ , we get (5.19). Next,
for $k\geq 3$ we put $S_{m}=\sum_{l=0}^{m}\tilde{V}_{4}(p^{\iota}, N)$ . Then, by [14, Lemma 2.12], we have $S_{m}\geq 0$ and

$1+\sum_{\iota=1}^{m}\tilde{V}_{4}(p^{l}, N)\Phi_{k}^{\langle 0)}(p^{l})$

$=1-\Phi_{k}^{(0)}(p)+\sum_{l=1}^{m-1}p^{-l}(1-p^{-1})^{k-1}\left(\begin{array}{ll}l+k & -2\\k & -2\end{array}\right)S_{l}+\Phi_{k}^{\langle 0)}(p^{m})S_{m}$

$\geq(1-p^{-1})^{k-1}$ ,

which yields (5.18).

6. Treatment for $ R_{k}(N)\sim$.
It remains to prove (2.8). We put, for $k\geq 0$ ,

$W_{k}(m)=\sum_{n<m^{1/3}}d_{k}(m-n^{3})$ ,

then

(6.1) $K_{k}(N)=\sum_{m_{1},m_{2},m_{3}\in d}W_{k}(N-m_{1}^{3}-m_{2}^{3}-m_{3}^{3})=\sum_{m<N}r(N-m)W_{k}(m)$ .

We are going to estimate $W_{k}(m)$ . We first consider the case $k\geq 3$ . By van der Corput’s
argument, one may show $W_{k}(m)\ll N^{1/3}(\log N)^{C}$ for $m\leq N$ with some constant $C$, but we
need the best possible value of the exponent $C$ of log $N$ in the estimate for $W_{k}(m)$ . To
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this end, we appeal to Wolke’s result [17, Satz 1]. Applying Satz 1 of [17] with $f(n)=d_{k}(n)$

and $a_{n}=m-n^{3}$ , we have

(6.2) $W_{k}(m)\ll N^{1/3}\exp((k-1)\sum_{p\leq N}\frac{\rho_{m}(p)}{p})$ ,

for $m\leq N$. We should note that we can not show

(6.3) $\sum_{p\leq N}\frac{\rho_{m}(p)}{p}=\log\log N+O(1)$

uniformly for $m\leq N$ as yet, though it may be expected when the polynomial $x^{3}-m$ is
irreducible over the rational number Peld. We can however show that (6.3) holds for
almost all $m\leq N$.

We put

$j_{0}=[\epsilon\log N]$ , $u=(\log N)^{1/\epsilon}$ , $v=2^{j_{0}}u$ ,

and define the sets

$\mathscr{E}(N, M)=\{m<N;|\sum_{M<p\leq 2M}\frac{\rho_{m}(p)-1}{p}|\geq\frac{1}{j_{0}}\}$ ,

$\mathscr{E}(N)=\bigcup_{j=1}^{j_{0}}d(N, 2^{j-1}u)$ .

Since $N^{\epsilon/2}<v<N^{\epsilon}$ , we see that if $m\not\in \mathscr{E}(N)$ and $m<N$ then

$\sum_{u<p\leq v}\frac{\rho_{m}(p)}{p}=\sum_{j=1}^{j_{0}}(\sum_{2^{j-1}u<p\leq 2^{j}u}\frac{1}{p}+O0_{\overline{o}^{1}}))$

$=\log\log N-\log\log\log N+O(1)$ ,

whence

(6.4) $\sum_{p\leq N}\frac{\rho_{m}(p)}{p}=\sum_{p\leq u}\frac{\rho_{m}(p)}{p}+\sum_{u<p\leq v}\frac{\rho_{m}(p)}{p}+O(1)$

$\leq\log\log N+\log\log\log N+O(1)$ ,

because of (2.1) and the well-known formula

$\sum_{p\leq x}\frac{1}{p}=\log\log x+O(1)$ .

Thus, by (2.4), (6.2) and (6.4), we have

(6.5)
$m\not\in 9\langle N$)

$\sum_{m<N}r(N-m)W_{k}(m)\ll N^{4/3}(\log N)^{k-4}(\log\log N)^{k+2}$
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Next, we estimate the cardinality of ($f(N)$ through the way indicated in Plaksin’s
paper [12]. For a natural number $v$ , we put

$S(N, M, v)=\sum_{m\leq N}|\sum_{M<p\leq 2M}\frac{\rho_{m}(p)-1}{p}|^{2\nu}$

And let $\mathscr{C}_{p}$ be the set of non-principal characters $\chi$ modulo $p$ for which $\chi^{3}$ is principal.
It is easily observed that $\#\mathscr{C}_{p}=2$ or $0$ according as $p\equiv 1$ (mod3) or not, and that

$\rho_{m}(p)-1=\sum_{\chi\in l_{p}}\chi(m)$ .

Making use of the $P6lya$-Vinogradov inequality, we get

(6.6) $S(N, M, v)=\sum_{\{1\leq i^{i}\leq 2v)}\prod_{iM<p\leq 2M=1}^{2\nu}\frac{1}{p_{i}}\langle 1\leq t\leq 2^{i}v)\sum_{\chi el_{p}}\sum_{m\leq N}\prod_{i=0}^{2\nu}\chi_{i}(m)$

$\ll NM^{-2v}S_{1}(M, v)+2^{5v}M^{\nu}\log((2M)^{2\nu})$ ,

where

$S_{1}(M, v)=\sum_{M<p|\leq 2M}$ $\sum_{X\iota\in l_{p_{i}}}$
1.

$\langle 1\leq i\leq 2\nu)$ $(1\leq i\leq 2v)$

$\prod_{j=1}^{2v}Xt$ is principal

We note that if $\chi_{i}\in \mathscr{C}_{p},$ $(1\leq i\leq 2v)$ and $\prod_{i=1}^{2v}\chi_{i}$ is principal, then $\prod_{i=1}^{2v}p_{i}$ is apowerful
number. A natural number $l$ is called “powerful” if $p^{2}|l$ for all prime factors $p$ of $l$.
The number of powerful numbers not exceeding $x$ is $O(\sqrt{x})$ . (See Golomb [3].) So we
have

$S_{1}(M, v)\leq 2^{2\nu}(2v)!$
$\sum_{\leq\langle 2M)^{2},lispowcrfu1}1\ll 2^{3\nu}(2v)!M^{\nu}$

Then, by (6.6) and the definition of $d(N, M)$ , we obtain

(6.7) $\# d(N, M)\leq j_{0}^{2v}S(N, M, v)$

$\ll(\log N)^{3\nu}((2v)!NM^{-\nu}+M^{\nu}\log((2M)^{2\nu}))$ .

We now suppose that $(\log N)^{1/\epsilon}\leq M\leq N^{\epsilon}$ , and choose $v$ so as to satisfy $ M^{\nu}\leq$

$\sqrt{N}<M^{\nu+1}$ . Then we see

$N^{1/2-\epsilon}<M^{\nu}\leq N^{1/2}$ and $v\leq\frac{\epsilon}{2}\frac{\log N}{\log\log N}$ ,

therefore we have $(2v)!\leq\exp(2v\log(2v))\leq N^{\epsilon}$ , and $(\log N)^{3v}\leq N^{2\epsilon}$ . So (6.7) gives

$f\ovalbox{\tt\small REJECT}(N, M)\ll N^{1/2+4\epsilon}$

Hence,
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(6.8) $\#\mathscr{E}(N)\leq\sum_{j=1}^{j_{0}}\#\mathscr{E}(N, 2^{j-1}u)\ll N^{1/2+5\epsilon}$

On the other hand, we know

$\int_{0}^{1}|F(\alpha)|^{2^{j}}d\alpha\ll(N^{1/3})^{2^{j}-j+\epsilon}$ for $1\leq j\leq 3$ ,

by Hua’s inequality (see [14, Lemma 2.5]). Using this, we see

(6.9) $\sum_{m\leq N}r(N-m)^{2}\leq\int_{0}^{1}|F(\alpha)|^{6}d\alpha$

$\ll(\int_{0}^{1}|F(\alpha)|^{4}d\alpha)^{1/2}(\int_{0}^{1}|F(\alpha)|^{8}d\alpha)^{1/2}$

$\ll N^{7/6+\epsilon}$

By (6.8), (6.9) and a trivial bound $W_{k}(m)\ll N^{1/3+\epsilon}$ , we have

(6.10) $\sum_{m\in S\langle N)}r(N-m)W_{k}(m)\ll N^{1/3+\epsilon}(\sum_{m\in d\langle N)}1)^{1/2}(\sum_{m\leq N}r(m)^{2})^{1/2}$

$\ll N^{7/6+4\epsilon}$

In view of (6.1), the inequalities (6.5) and (6.10) yield (2.8) with $C_{k}^{\prime}=k+2$ for $k\geq 3$ ,
which completes our proof of Theorem 1.

We proceed to the case $k=0$ . By (2.4), we have at once
$ R_{0}(N)\ll N^{4/3}(\log N)^{-3}(\log\log N)^{3}\sim$ ,

and which is sufficient to obtain an asymptotic formula for $R_{0}(N)$ . To show (2.8), we
should improve this trivial bound slightly.

We use Selberg’s upper bound sieve. Taking $z=N^{1/7}$ and $\kappa=3$ in Theorem 4.1 of
[4], we obtain

$W_{0}(m)\ll N^{1/3}\prod_{p\leq N^{1/7}}(1-\frac{\rho_{m}(p)}{p})\ll N^{1/3}$ exp $(-\sum_{p\leq N^{1/7}}\frac{\rho_{m}(p)}{p})$ ,

for $m\leq N$. It follows from the definition of the set $d(N)$ that if $m\not\in d(N)$ and $m\leq N$ then

$\sum_{p\leq N^{1/7}}\frac{\rho_{m}(p)}{p}\geq$
$\sum_{p\leq u,p\not\equiv 1\langle mod 3)}\frac{1}{p}+\sum_{u<p\leq v}\frac{\rho_{m}(p)}{p}$

$=\log\log N-\frac{1}{2}$ logloglog$N+O(1)$ ,

whence
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$W_{0}(m)\ll N^{1/3}(\log N)^{-1}(\log\log N)^{1/2}$

Therefore, in the same manner as for the case $k\geq 3$ , we conclude that the inequality
(2.8) holds for $k=0$ as well, with $C_{\acute{O}}=7/2$ . Now we complete our proofofTheorem 2.
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