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Abstract. We shall give a simple proof of the weak type L! inequality for the K -bi-invariant Hardy-Littlewood
maximal functions on non-compact real rank one semisimple Lie groups. For higher rank groups we do under an
assumption which holds for the most parts. And on SU (n, n + k) we introduce a maximal operator defined by the
characteristic function supported on a cube, and show that the operator also satisfies the weak L! property.

1. Introduction.

The maximal theorem, the strong type L” (p > 1) and the weak type L' inequalities for
the Hardy-Littlewood maximal functions, was first obtained in the Euclidean space, and then
generalized to various spaces. For example, homogeneous groups and semisimple Lie groups.

On homogeneous groups, an appropriate family of dilations is equipped, and the Hardy-
Littlewood maximal operator is defined by sup,.. | f| * xB,-, where xp , is a dilation of the
characteristic function xp of the unit ball B. Since the covering lemma, based on the so-
called doubling condition, holds on the group, we can prove the maximal theorem by using
analogous arguments in the Euclidean space. In this process the shape of the domain on
which the characteristic function is supported is not essential, and the fact that dilations of the
domain satisfies the doubling property is essential (see [4, Chap. 2]).

Non-compact semisimple Lie groups are not homogeneous groups. The L? inequality
was first proved by Clerc and Stein [1] for p > 1 and the weak type L' inequality by Strém-
berg [10]. In his proof, Stromberg obtained deep estimates of the convolution structure, which
are based on the Iwasawa decomposition of G, and carried out a little bit complicated argu-
ment. Therefore, it is worth to simplify his proof or to find a new approach to the maximal
theorem. Recently, the second author [9] gave a simple proof of the maximal theorem for the
Hardy-Littlewood maximal functions associated to the Jacobi transform. By specializing the
Jacobi transform, his result gives a simple proof in the case of K-bi-invariant functions on
real rank one semisimple Lie groups and his estimates are based on the Cartan decomposition
of G.
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In this paper, we shall give a further simplified proof of the maximal theorem for K -bi-
invariant functions on semisimple Lie groups. The key is, since we assume K -bi-invariance,
that the pointwise estimate remarked in [10, Remark 2] can be replaced by the estimate of
an integral over K (see (%) in Proposition 3.1), which essentially comes from an estimate
of the kernel appeared in the integral formula of the product of zonal spherical functions (see
(%) in Definition 2.1). By this process we can simplify the arguments in [10] which yield the
estimate of o, however, we still apply [10, Lemma 2] for our conclusion.

This inequality (%) was used by the first author in [7, 8] for real rank one case. For
higher rank case we notice that most of all semisimple Lie groups satisfy the estimate (x) and
thereby (xx), so we can give a simplified proof of the maximal theorem for these higher rank
semisimple Lie groups. Actually, except three simple Lie groups; SL(3, R), SL(4, R), and
SO(3, 2), all simple Lie groups satisfy (xx) (see Definition 2.1, Remark 2.2, and Proposition
3.1).

The organization of this paper is the following. In §2 we shall recall some basic facts
on the kernel form and we define a class of semisimple Lie groups satisfying the estimate
(x), which includes most of all semisimple Lie groups (see Remark 2.2). Then, combining
(x) and a sharp estimate of the volume of the ball, we deduce the key inequality (%) in
§3. The weak type L' inequality for the Hardy-Littlewood maximal functions easily follows
from this estimate and [10, Lemma 2] in §4 (see Theorem 4.1). In §5 we treat the case of
SU(n,n + k) and we introduce a cubic maximal operator, which is defined by using the
characteristic function supported on a cube, instead of the unit ball. This operator is one of
generalized maximal operators remarked in [10, Remark 2] and thus, it also satisfies the weak
type L! inequality. In 5.2 we shall give an another approach. We obtain the corresponding
estimate () inductively and thereby, without using [10, Lemma 2], we prove the weak type
L' estimate simply and directly (see Theorem 5.4). In this sense this operator is a little better
than the Hardy-Littlewood maximal operator.

2. Kernel form.

Let G be a non-compact connected semisimple Lie group with finite center and G =
K AN an Iwasawa decomposition of G. Let X T denote the set of positive roots for (G, A),
A the positive Weyl chamber of A, and G = KCL(A4)K the Cartan decomposition of G.
In what follows we identify A with R” and we denote the image of A under the identification
by RY,. We denote the dual space of the Lie algebra of A by F and we also identify 7 with R".
Each K -bi-invariant function f on G is determined by its restriction on A as a W-invariant
function on A, and thus, as one on A. We abuse the following notation:

f(g)=flax) = f(x) (g € KaxK,ax € A1, x €R})).

Especially, the invariant integral on G can be written as

/ Flg)dg = f F)A®dx,
G RY,
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where A(x) = [[,cx+ (%) — e7@W)),
Let ¢, . € F, be the zonal spherical function on G. The kernel form of the product of
two spherical functions is given as

$r ()P (y) = /R" ¢ (DK (x,y,2)Ax)dz, x,y € Ry,
w
Then the Plancherel formula yields that, for all f € C°(K\G/K)

f F@K(x,y,2)AQR)dz = f FO)P () (M IC (M) "2d
RY, F

=f f(/\)/ . (axkay)dk|C(1)|~*d
F K

- /K f(axkay)dk. (1)
Therefore, as a distribution sense, it follows that
K(x,y,2)= [7__¢A(x)¢)\()7)¢k(z)|c()\)|72d}¥ 2
and thereby
o(axa;") < o(a;) <olacay) if ar,ay € Ay and K(x,y,2) #0, (3)

where o is the distance function on G/K (see [5]).
DEFINITION 2.1. We say that G has a fine kernel if the kernel K (x, y, z) satisfies
() K(x,y,2) < ce” PO L o))", x,y,z€RY,
if o(ay),o0(ay),o(a;) > 1 and a(axa;l) > 1.

REMARK 2.2. When G is of real rank one (n = 1) and not SU (1, 1), the desired esti-
mate follows from the explicit form of K (x, y, z) obtained by [3, (4.19)], so except SU (1, 1)
the real rank one semisimple Lie groups have fine kernels. For higher rank case, we recall the
following Harish-Chandra expansion of ¢, (x):

r(x) = e P™) Z e @ (sh, x)C(sh). 4)
weW

Especially, if o (x) > 1, it follows from [5] that
B OCM) T < e, reF,

Here we assume that the C-function is integrable far from the wall. On the wall the C-function
has the singularities corresponding to short simple roots. However, in (4) these singularities
are canceled by taking the sum over W, because the left hand side has no singularities. Espe-
cially, if o (x) > 1, noting that @ (sA, x) is uniformly bounded and its /-th derivative on A has
a polynomial growth of order / on o (x), we see that ), _y/ e @ (sh, x)C(sA) is integrable
on F and has a polynomial growth of order n — 1 on o (x). This means that if the C-fucntion
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is integrable far from the wall, then e” o )¢A (x), as a function of A, is integrable on F and has
a polynomial growth of order n — 1 on o (x) > 1. Therefore, (x) follows from (2).

Let d be the dimension of G/K and n the real rank of G/K. When A is far from the wall,
the order of the C-function is gives as

ICO~ L+ A2 Al = 1.

Hence, if d > 3n, the C-function is integrable far from the wall. Therefore, combining
the previous observation for real rank one case, except SU(1, 1), SL(3,R), SL(4,R), and
SO (3, 2), all simple Lie groups satisfy the estimate (x).

3. A key estimate.

We choose a coordinate of R” so that p is identified with (o1, p2, -+, pp) in R"Q,V:

p(x) = p1x1 + p2x2 4 -+ puxn = (0, x), p €RY,

and moreover, we denote x € R” by

x:xoﬁ—i—i, xeR, TeR'", 5)
o

where (p, x) = 0. Clearly,
Alx) < e20x) — e2\|p|m)7 X € Rlévv (6)
and, if x is far from the boundaries of R’v’v, then
A(x) ~ e2P) @)

where the symbol “~” means that the ratio of the left hand side to the right hand side is
bounded above and below by a positive constant.
Let B(r), r > 0, denote the ball with radius r centered at the origin:

B(ry={geG; o(g) =r}

and | B(r)| the volume of the ball. We define a K -bi-invariant function t on G by

7(9) (g€G). (8)

" 1+ (B (g)l

LEMMA 3.1. Let S, be the unit sphere in R" and dw the surface measure on Sy,_1.
We fix ¢ > 0. Then, forr > 0

/ o= UPlr=(pro) gy . (1 4 yy==D/2
5,10RY,

PROOF. Let$ > 0 be a sufficiently small constant and Sf’:sl the intersection of Sy,
and the cone definedby C, s = {x € R llellllxll— (o, x) < 8|lollllx|l}. Then the integration
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outside of Sf;’_(sl is dominated below and above by e~<II?I" * As for the integration over Srf’_‘sl,

we see that

/ 8 e—c(||pnr—<,o,rw>>dw~/ o—clolir(1—cos,) 7,
5P

0,8
Sn—l

_ 2
N/ emelelrt g,
5P

n—1

~A 402 g

n—1

LEMMA 3.2. Whenr > 1,

|B(r)| = / Ax)dz ~ eAlPlr =172
o(az)=<r

PROOF. When the real rank of G is one, the estimate is obvious from (6). We suppose
that the real rank of G is greater than one.

| B(r)] =/ A(z)dz
o(az)=<r

< / P2 gy
lzll<r

— / e~ 2Upllizll={p.2) y2lellizll 7,
llzll<r

)
:/ </ e—z(umr—<,o,tw>>dw>ez|,ourt(n—l)d,
0 Sn,lﬁR"fV

,
N/ 2ol =172,
0

~ G2lplr (=172

Let 6 > O be a sufficiently small constant and S 5’_51 the surface domain defined in the proof of
Lemma3.1. Weput D = (z =tw; r—1/2<t<r, w € Sf’:sl}. Since D?**  B(r) and

D?*? is far from the boundaries of R}, it follows from (7) that

[B(r)| =/ A(z)dz
o(az)=<r

’
C/ (/ e—2<|p||r—<p,rw>>dw>ez|,ourt(n—ndt
r—172 \Jgr?

n—1
.
> C/ 2ol (n=1)/2,4,
r—1/2

~ 2lolr a=D/2
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PROPOSITION 3.3. We suppose that G = SU(1, 1) or G has a fine kernel and 0 <
vy < L. Then, forall ay, ay € A+,6(axa;]) >2

(%) / IB(cr(axkay))Ifldk < Ce*2p(x)e*(|\p||HX*YH*(,O,X*Y))”x _ y”"*l .
K
In particular, for all ay,a, € Ay

/ t(o(ackay))dk < ce= 2@ UPNE=YI=0.5=M) (1 4 1 — y[y=1.
K

PROOF. Since o'(aya; ') = 2,if o'(ay) < 1, then o/(a,) > 1 and

|B(o (arkay))|~" < ce21PIIF=y1 ), — y=0=1/2

< ce~ 2PN < (=20 o= (lpllIx=ylI—(p.x=3))

On the other hand, if o (a,) < 1, the same argument yields (xx). Thereby, we may assume
that o (ay), o (ay) > 1.

When G = SU(1, 1), we can obtain (%) from a direct calculation (cf. [7, Lemma 2.5]).
Hence, we may assume that G has a fine kernel and thus, we can apply (x) to prove (xx):

/ | B(axkay)| ™ 'dk
K

=/ |B(o(a))| " 'K (x, y, 2) A(z)dz
A+

< ce—(oxtY)

/ e 2lellzll Iz ”*("*1)/2 ”Z”"*l e<’0’z>dz
o(ayay ) <o (z) <o (acay)

e+ o ,
_ ef<p,x+y>/ o—lollr 3n=1y/ </ - <||p|r<p,rw>>dw)dt
lx=yl Su—1NRY,

lx+yll |
~ce—<P~X+>>/ ool n=1 4,
=yl
< cetPx ) o= lolIv =yl _ =]

= o200 o= (Uollx =yl =(px=y)) 1 _ yn=1

Next we shall estimate 7. When a(axa; 1y > 2 the assertion follows from (xx). Hence,
we may assume that cr(axa;I) < 2. If o(ay) < 1, then the right hand side is bounded. Since
T < 1, the desired estimate is clear. Therefore, we shall consider the case that o (a xay 1) <2
and o (ay) > 1.

We fix an element ag in AT such that o (ag) > 4. Since 7 is continuous as a function of
x,0(aya;") <2,and o (apaya;') = 4 —2 = 2, it follows that



A WEAK L! PROPERTY OF MAXIMAL OPERATORS 171

/ t(axka; dk ~ / T (agaxka; ")dk
K K

< ce—2p(x+logag) ,—(llpllIx+logag—yl—(p,x+logag—y)) llx + logag — y”n—l

~ ce 2P g Ulpllx=yll={p.x=y) (] 4 lx — y”)nfl .o

For the real rank one groups we have a little bit better estimate, which will be used in §5.

COROLLARY 3.4. We suppose that G is of real rank one. Then for any ¢ > 0

/ e~ FreIpolackay) gp < com2Px =PVl i X — | > 2.

K

PROOF. Since t(g) ~ ¢2*?(9) it follows that

/ e~ (Zte)polackay) gp < / r(o(axkay))dkefep“(“*’“;l) < ce PXpmePl—yl g
K K

CONJECTURE. The estimate (x%x) in Proposition 3.3 holds for any semisimple Lie
groups.

4. Weak type L' inequality.

The Hardy-Littlewood maximal operator on G is defined by

My f(g) = sup If(g)ldh, geG

r>0 |B(l’)| B(r)

for f € L'(K\G/K). We define the local (resp. global) maximal operator M?IL (resp. M}ﬂ)
with supremum restricted to the balls of redius 0 < r < 1 (resp. r > 1). Then we easily see
that

Murf(g) <MY, f(9)+My, f(9), ge€G,
My, f(g) <T*|fl(g),
where 7 is defined by (8).

THEOREM 4.1. We suppose that G = SU(1, 1) or G has a fine kernal. Then the
maximal operator My is of strong (L?,LP), 1 < p < oo, and satisfies the weak type L'
inequality: for any ¢ > 0 and f in L'(K\G/K)

/ A(x)dxfc'lf”l.
(xeRY, : My f(x)>€} €

PROOF. Clearly, My is of strong (L%, L°°), so we may suppose that p < oco. We
shall prove the theorem for M% ; and M 111 1 respectively. As for the local maximal operator
M 2] 1> we can apply the same argument used in the Euclidean case, and we can deduce that
M?, ; is of strong (L?, L), 1 < p < oo, and it satisfies the weak type L' inequality.
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As for M}L]L, since t belongs to L?° for all po > 1, [1, Lemma 2] yields that M}L]L is of

strong (L”, L?), 1 < p < oo. When p = 1, it follows from (1) that

My f(x) <cts|fl(x) < /G (/K t(axkay)dk) lfNIAG)dy .

Here we take a sufficiently small § > 0, and we devide the domain of integration as R}, =
D U D, where

Dy ={y e Ry ; [[¥ = F] < 8(x0— y0)}
and D, = R}, — Dy. On Dy, we note that

-~ 1/2 -~
||x—y||2> ~ 1xo— yol + I¥ = 3117

lx — yll = [x0 — yol <1+ .
Ixo — yol? 2|x0 — yol

Therefore, since 7 (axkay) < r(axay’] ), it follows from Lemma 3.2 that

MYy, fG) <ec / e 2IONE= I =072 £ (3 A(y)dy
Dy

< c/ e—zllpl\(|X0—y0|+|\f—5’”2/2|X0—y0\)|x0 _ y0|_("_1)/2|f(y)|A(y)e_2<p’y)dy
Dy
= HixF(x),
where * is the convolution on R” and
_ 7112 —(n— _ )
Hj(x) = e 2IPl(xol+IX17/2kx0D ) =(1=D/2 " Fy (x) = | FOD)AO)e 2(p.y) |

On D, we recall that || x —y|| > §(xo—y0). If xo—yo < O, then || p||lx—y]|—{p, x—y) >
lollllx — ylI, and if xo — yo > 0O, then
I — 32
lollllx = Il = (o, x = y) = lollx = yil(1-1/ 1+ =20
lxo — yol
> llpllllx = ylIi(1 = 1//146)
=8plllx —yll, 0<8 <1.

Therefore, by using the inequality in Proposition 3.3, we see that

ce2p:x) / e*(\lﬁl\lleyllf(ﬂsxfﬁ)”x _ y”n*] | F O Ay
D,

< ce~2p) / eIPII=y I — y =1 £ ()| A(y)dy
Dy

= ce_2<p’x)H2>T<F2(x) ,

where
Hy(x) = e 1Pl =t 0 By () = | F()IA®) -

Since [gs e IollIx 5 1"=1dx < oo, it follows that

/Rn HyxFy(x)dx < /R” lf DAYy = cllfl-
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Hence, we have deduced that
x| f1(x) < cHIZF (x) + ce 2P HpEk Py (x) = Ty (x) + Ja(x) .

In order to obtain the weak L' estimate for M }1 ; it is enough to show the estimate for
each J and J, respectively. As for J; we can apply Lemma 2 in [10] and as for Jj, since

Il =c [ e iR adr <l
Riy
it satisfies the weak L! inequality.
This completes the proof of the theorem. O

5. A cubic maximal operator.

In this section we shall define a cubic maximal operator M¢ in the case of SU (n, n + k)
and we shall prove that M satisfies the weak type L! inequality as in Theorem 4.1. This result
follows from Stromberg’s criteria in [10, Remark 2], however, we shall give an inductive and
simple proof. We retain the notations used in [5].

51. LetG = G, = SUmn,n+k) (n € Nk e NU{0}) and G, = K, A, N, the
Iwasawa decomposition of G,: A, is the set of all matrices of the form

Onn diag(t1, 2, -+ , tn) On i
ar=expH;,, H;= diag(t1, t2, -+ , tn) Onn On,k
Ok.n Ok.n Ok

forany t = (t1,1,--- , 1) € R*and K;, = S(U(n) x U(n + k)). As in §2, we identify A,
and F;,, the dual space of the Lie algebra of A,,, with R". If we define o; € F;,, 1 <i < n,
by «; (H;) = t;, then
Tr={o. 20 Isi<nm,aita;(l<i<j<n)},
2k o =q;,
My = 1 o = 2(;([ )

2 a=aqa; xaj,
where my, is the multiplicity of @. The weight A = A, and p = p,, half the sum of the
positive roots, are respectively given as follows:

A, = [] @ —e ) =00,
aeXt

where

n n
o (1) = 2" D [ (sinh 26;) sinh 2¢; = 2"* D[ Ay (1),
i=1 i=1

() = 2" D2 [(cosh2s; — cosh2z;) = 2"~V det(cosh 17V ™),

i<j



174 TAKESHI KAWAZOE AND JIANMING LIU

on@® =k+14+2m— 1t +k+14+2n =22+ -+ (k+ Dty
= Pn,101 + pp 202+ + Pp,ntn -
We note
pr=p11=k+1.

We denote the zonal spherical function and Harish-Chandra’s C-function of G, by ¢! (g)
and C"(s) (s € R") respectively. For their explicit forms we refer to [3] and [6]. Then
Hoogenboom [6] deduced the following reduction formulas: For t = (#,#, -, ;) and
A= (1,2, -+, kn) €RY,

oo A det(e, (1))
¢*(t)_n,-<,<x,-2—xﬁ>' o)
1 1 ...C!
ey =4 CL0DC ) - Cl )

(_ l)n(n—l)/z det()\.IZ(l_l)) )

where
n—1

A= (_l)n(nfl)/222n(nfl) l_[((k + j)nfjj!) )
j=1
We now introduce a cubic maximal operator M¢c on G. Let D(r) (r > 0) denote the
domain in Ry, defined by

Dry={t=(t,t0,--- ) eRYy s ti+02+---+1t, <r}

and x, the characteristic function of D(r). We regard x, as a K-bi-invariant function on G.
Then the maximal operator M¢ is defined by

1
Me1(9)=sup 5505,

xr*1fl(g), ge€G

for f € L'(K\G/K).

5.2. 1In order to obtain the weak L' inequality for M¢, we shall apply the same process
used in §4 (see 5.3 below). In this process we need to estimate the following integral: For
seR,x,ye€ R'v’v

/ coshy (axkay) > dk,
K
where cosh,, is the K -bi-invariant function on G, defined by
cosh,, (a;) = cosh(ty) cosh(ty) - --cosh(t,), t= (1,1, ---,ty) € R'v’v .

In this subsection, applying a result in [2], we shall estimate the integral. We first calcu-
late the spherical Fourier transform of cosh S,

LEMMA 5.1. Foranye > 0and . = (A, A2, -+, Ay) €RY,

(cosh; 2O1+=D+eN Ay — (cosh; >N (Ay) - - - (cosh 2AT)A ().



A WEAK L! PROPERTY OF MAXIMAL OPERATORS 175
PROOF. Foryy, y2, -+, ¥ > n+ k, we put
F(t) = (cosh 1) ™2 (cosh ) 7272 ... (cosht,,) 2" .

By definition, the spherical Fourier transform F of Fis given by

F() =/ f(9)¢5(9)dyg =/ F ()¢5 (1) An(1)dt
G R},

A
e / (cosh) 271 ... (cosht,) """ det (¢, (1)) o (o (t)dt .
1<j\"i J
We here note that

det(¢, (t;)w(r)(cosh 1 Y"1 (coshtp) ™22 ... (cosh t,) "2
= det(¢y, (¢})) - det(cosh 7Dy (cosh 1) " - - - (cosh 1,) 27

=) S0V, (1)) (12) -+ B (1)

g€eS,

X Z sgn(o’)(cosh#1)2@ M=D=211 . (cosh ,)2@ W =D=2yn

o’es,

When the real rank of G, is one (n = 1), the spherical Fourier transform }:"S A), L € R, of
Fy = cosh™ is given by

I'(s + (A= p)/DI (s + (=id = p1)/2)

7 _ —25\A —
Fy0) = (cosh™)"(3) = TG

where s > p; = k + 1 (see [2, p. 120]). Especially, if y — 8 > py, then

F,_p(}) = / ¢) (1) (cosh1)? (cosh 1) ™2 Ay (t)dt
'y =B+ Gr—p)/2)I(y = B+ (—ik—p1)/2)

'y —p)?
_ Ty = =D+ A= p)/DT(y = (1= 1) + (=it = p1)/2)
Ly —(n—1)?2
1 n—1-p
X 272n=1=h) @y —B—k—p1/2)* +2%)
| Iy 5 ,E]
n—1-p
=BE, -y [] Gir—B—k—p1/2)> +2%),
k=1
where
2—-2(n—1-p)

B = .
M=o - g-n2
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Therefore, since o (t) = ¢ [[}_; A1(#), F (A) can be written as
B
[Tic; 07 =29
x Y sgn(0)(cosh 21NN G ) - (cosh ™2 =D)A G )
o

n—o’(1)
x Y sen(e) [ @Gor—o' ) +1—k=p1/2*+22)
o’ k=1
n—o'(n)
<o [T @on =o' +1—k=p1/2> +12,).
k=1
If y1 = y» =--- = yy = y, then the last sum is equal to

n—ao'(1)
Y osen@) [T @Gy =o' )+ 1-k=p1/2 +15)
o’ k=1
n—ao'(n)

oo [ G4 =o' +1—k—p1/2> +22,)
k=1

n—1
= sen(@) [[@(& =1+ 1—k—p1/2° +27,)

k=1
n—2
< [[@(r =2+ 1—k—p1/2* +22,)
k=1

1
x ...]_[(4(;/ —m=D+1—k—p1/2?+22,_) 1
k=1
i
= det( [T@y —m—-i+1-k —m/2>2+x§>)
k=1
2 2
=[] -2
i<j
Finally, letting y =n+k+¢ = p; + (n — 1) + &, ¢ > 0, we obtain the desired result. O
As an application of this lemma, we can deduce the following inequality.

PROPOSITION 5.2. Let notation be as above. Then, for x,y € R'{V

/ Coshn(axkay)fzp"’ldk < ce 2P ) p=2(1x2=y2|+2lx3 =3 |+ +(=Dlxn—ynl)
K

PROOF. We easily see that, if ||z]| < 1, then cosh,(azarkay) ~ cosh,(aykay) and
e~2PEHY) ~ =20(X)  Thereby, we may assume that x, y are far from the boundaries of Ry,
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It follows from (1), Lemma 5.1 with ¢ = n — 1, and the Fourier inversion formula for G that

/ coshy (axkay)~2Pn1dk
K

= / @2 (X) 5. () (coshy 2PTH2=DNA Gy 0 (3)| 2d

/ / det(¢y, (x;))  det(¢x, (¥)))
l_[i<j()"2 - )‘2) 1_[[<1'()”'2 - )\2)
—2(p1+(n— 1))) ()

= C —_—
w(x) w(y)

—2(p1+(n— 1))) ()‘11)

x (cosh, - (cosh,;

Cim)---Cr0w) |
n,-<,-u2 —33)

Z Z sgn(o)sgn(o’)

X/"'/¢A](xa(l))"'¢A,,(xa(n))¢k|(ya’(l))"'¢An(ya’(n))

X (coshl_z(p'Jr("_l)))A()\l) e (COSh;Z(p]+(n_l)))A(An)

x |cl(m|—2---|C1(An)|—2dxl e odhy

1 -2
= Ca)(x) a)(y) Zngn(U)sgn(a )/ coshy (ax, kiay, ,(1)) 0148 gk,

d)»] cedhy

w(X) w(y)

X / cosh1(axg(n)lqayd,(n)))_z(p'“)dkl.
K
Forx = (x1,x2,---,xz) and y = (y1, y2, - -+ , ¥n), We put
u; = max(x;, y;), v; =min(x;,y;).

Then, Corollary 3.4 yields that

/coshn(axkay)*zfjﬂeldkf —(coshy, )21 (cosh,, u) 2"~ (cosh,, v)2*D .
K

1
o(x) (y)
Here, we recall that x, y are far from the boundaries of RY,,, and thereby

1

w(x) w(y)
=2((1=Dx1+ =22+ 20 1) p=2((1=D)y1+(1=2)y2++yn-1)

(coshy, ) ~2~D(cosh,, v)?>*—D

< ce
e 2n=Drtuat-Fun) ,2(n=1)(Vi+va+--~+vy)

< ce~H=Du+(n=2)uz++up-1) ,—2(Ix2=y2 [+ 2lx3=y3 |+ +0=Dlxn—ynl)
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Hence
/ cosh, (axkay) ~2Pn1 dk
‘ < c(cosh,, u) 721~ H =D+ (r=Dust 1) o =2(ba=yal+-+ (1= Dlxa—yn )
< ce2PW) p=2(x2=y2 203 —y3 A= xn—ynl).
This completes the proof of Proposition 5.2. 0.

5.3. Now we shall obtain the weak type L' inequality of the cubic maximal operator
M. First we note the following.

LEMMA 5.3. Let notation be as above. Then

ﬁ%ﬂmv)sdwme”M r=n?.

PROOF. Let D'(r) be the domain in RY, defined by

2m—1D+1 < t < r—nn-1),
2m-=2)+1 = n = 2m-1),

3 S tn—l S 47

1 < ty < 2.

Clearly, D'(r) C D(r) and |t; —t;| > 1ifr € D'(r) and i # j. Hence,

|D@Nz/’ At)di
D'(r)

r—n(n—1) 2(n—1) 2
= c/ ean,]lldtl / ezpn,212dt2 . / ean'ntndtn
2(n—1)+1 2(n—2)+1 1

— cezpn,lr.

Since e ™" x,(¢), s > 0, is dominated by cosh, *(¢), the lemma follows. O

We note that
~2pn,1 =2p(t) p=2(02 4263+ +(n=Dt)
(cosh, 1) <ce e

and (1) = e 2(2+263+ =Dt gatisfies the contitions (I) and (IT) in [ 10, Remark 2]. There-
fore, Mc satisfies the weak type L' inequality as remarked in [10]. Here, we shall give a
simple and direct proof based on Proposition 5.2, and we don’t use Lemma 2 in [10].

THEOREM 5.4. The maximal operator Mc is of strong (L?,L?), 1 < p < o0, and
satisfies the weak type L' inequality: for any ¢ > 0 and f in LY (K\G/K)

A(x)dxfc”f”l '

/{xeR"fV; Mc f(x)>¢} &

PROOF. We note that the L! norm of xr/|D(r)| equals 1 and coshnfz(pﬁz("*l)) belongs
to LP0 for all pg > 1. Hence, as in the proof of Theorem 4.1, it is enough to show that a global
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part of M satisfies the weak type L' estimate. Proposition 5.2 and Lemma 5.3 yield that

1 —2pn,1
T Xr * [ f1(x) < ccosh, " x| f(x)

sup
e D]
< Ce—zp(x)/ e—z(lxz—)’2\+2lx3—y3\+"'+(n—1)|xn—yn\)|f(y)|A(y)dy
Ry
<ce POHK).
Here x’ = (x2, x3, ..., x,) and, as a function on R"~!,
H(x') = / E | fA|(y1, x')dy1,
R
where E(x') = e 2(R2lt2lsl++0=DixD an4 & is the convolution on R"~1 Clearly,

IHI L1 o1y < IElL1e—1y I f1l1. We denote p = po + p’, where po(x) = pu,1x1, and
thus, p(x) = po(x1) + p’(x’). Since

/ A(x)dx
{xeRYy, ; e 2P H(x")>1}

’ ’
5/ (/ eZpo(mdx])ezp gy
R=1 \J (x>0 5 20000 53 /e=20"0N) H (x7))

_ [ H&),, ISl
Rr—1 A - A

bl

the weak type L' estimate follows. O
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