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Abstract. We will give an explicit description of extensions of the group scheme (resp. the formal group
scheme) which gives a deformation of the additive group scheme to the multiplicative group scheme (resp. the additive
formal group scheme to the multiplicative formal group scheme) by the additive group scheme (resp. the additive
formal group scheme) over an algebra for which all prime numbers except a given prime p is invertible.

Introduction.

Let A be a commutative ring, and let G, H be algebraic groups or formal groups over
A. It is an important problem to determine Homa (G, H) and Extk (G, H), especially in
elementary cases. This was done completely when A is a field (cf. [DG]). Moreover, the
calculation was achieved in some cases by Weisfeiler [5] and Sekiguchi-Suwa [2] when A is
a discrete valuation ring.

Generally, let A be a ring and A € A. Let G4 4 (resp. (A}a, A) denote the additive
group scheme (resp. the additive formal group scheme) over A and Gy, 4 (resp. f}m A) the
multiplicative group scheme (resp. the multiplicative formal group scheme) over A. Then
the group scheme G™ which gives a deformation of G4, 4 to Gy, 4 is defined as follows:
G® = Spec A[T, (1 + AT)~']. Here, the multiplication of G is givenby T +— AT @ T +
T®1+1Q®T. (See 1.1.) Let Exti‘(g(”, G, 4) denote the group formed by the class of
commutative extensions of G*) by Gy, 4.

Weisfeiler [5] studied the group Extk(g()‘), G4, 4) when A is an integral domain, and
gave an explicit description of the group Ext/{‘ (GM, Gy 4) when A is an integral domain
containing a field in the case that G*) acts on Gy, 4 trivially. Sekiguchi-Suwa [2] worked
on the subject when A is a discrete valuation ring, including the case that G acts on Gy, A
non-trivially.

On the other hand, structures of HomA,gr(gA(k), G a) and Ext} (GP, Gy a) are de-
scribed by Sekiguchi-Suwa [3] when A is a Z,)-algebra, here p is a fixed prime number.
It was crucial there to construct some formal power series which generalize the Artin-Hasse
exponential series.
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Our interest is to describe HomA_gr(gA()‘), (A}a,A) and Extl‘ (Q<*>, (A}a,A) for any Z,)-
algebra A. In fact, we obtain that HomA_gr(gA()‘), (A}a,A) (resp. Extk (QA()‘), (A}a,A)) is isomor-
phic to the kernel (resp. cokernel) of an endomorphism ¥ of AN, (The definition of ¥ is given
in 2.1.) It is crucial here to construct some formal power series which is a kind of logarithm.

Now, let HZ(G™), Gq, ) (resp. HOZ(QA(A), Ga.4)) denote the Hochschild cohology group
consisting of symmetric 2-cocycles of G (resp. QA(A)) with coefficients in G, 4 (resp. (A}a, A)-
(See 1.2 and 1.3.) Then our result is stated precisely as follows:

THEOREM (See 2.5.). Let A be a Zp-algebraand A € A.
(1) The correspondence
r+1 —1

> pTr(—M"*P’ T’}

i=p"

p

(ar)r=0 — f(T) = Zar[
r=0

induces isomorphisms
n°: Ker[¥ : AN — AN] =5 Homs_ o (G™, Gy )
1% Ker[¥ : AN — AM™] 5 Homy o (GP), Gya) -

(2) Assume that G» (resp. é M)y acts on Gy 4 (resp. (A}a, A) trivially. Then the corre-
spondence

oo
(@)r=0 > Y arLy, (1, X, Y)
r=0
induces isomorphisms

171 : Coker[W : AN — AN] = HOZ(QA()‘), éa,A)a
n': Coker[¥ : AN — AM] = H2(GP Gy a).

We will give two proofs of the main theorem.

The first proof is somewhat elementary and self-contained, and we develop an argument
in the first three sections. In Section 1 we give some basic definitions and recall on Hochschild
2nd cohomology group. In Section 2 we state the main theorem, and in Section 3 we prove
the main result.

The last section is devoted to the second proof. We recall necessary facts on Witt vectors,
the Artin-Hasse exponentials and the main result of Sekiguchi-Suwa [3] at the beginning of
the section. We need the result of [3] on HomA,gr(gA()‘), Gun.a) and HOZ(QA()‘), Gun.a) here.
However, it is worthwhile to clarify a relation between results on f}m 4 and those on (A}a, As
which was suggested in Suwa [4].

ACKNOWLEDGMENT. The problem was produced in a serial work of T. Sekiguchi and
N. Suwa. Availing myself of this opportunity, I would like to express my gratitude to them
for their support and encouragement which enabled me to progress my study and to finish this

paper.
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NOTATIONS. Throughout this paper, p denotes a fixed prime number, Z,) the local-
ization of Z at the prime ideal (p) and A a Z,)-algebra and we put P = {p®; e > 0}.

Gy, A: the additive group scheme over A

G, a1 the multiplicative group scheme over A

A

Gy, 4: the additive formal group scheme over A

(A}m, A: the multiplicative formal group scheme over A

H02(G, H) denote the Hochschild cohology group consisting of symmetric 2-cocycles of
G with coefficients in H. In this paper, we investigate Hg(g(k), Gy, ) (resp. H02(QA(A), (A}a, A4))

assuming G® (resp. GV acts on Gg_4 (resp. Gq_4) trivially.

1. Some preparations.

First, we give the definition of the group scheme G.

1.1. Let Abearingand A € A. We define a group scheme G* over A by GV =
Spec A[T, (1 + AT)~'] with

(1) the multiplication: T > AT QT +TQ1+1QT,

(2) theunit: T — 0,

(3) theinverse: T — —T(1 4+ AT)" L.

Moreover, we define an A-homomorphism a™® : G& — G, 4 by

1 1
AT, =|— AT, ——|; Tm— 14+AT.
T 1 +AT

If A is invertible in A, ™ is an A-isomorphism. On the other hand, if A = 0, GW is nothing
but the additive group scheme G, 4.

Next we recall the definition of Hochschild cohomology. For details, see [DG].

1.2. Let A be aring and g(X, Y) a formal power series in A[[X, Y]] (resp. a fraction
in A[X,Y, (1 +2X)~', (1 + AY)~!]). Recall that g(X, Y) is called a symmetric 2-cocycle
of G® (resp. G®)) with coefficients in (A}a, A (resp. G4 a) if g(X, Y) satisfies the following
functional equations:

) 9g¥V,2)—gQAXY +X+Y,2)+9gX,AYZ+Y +2Z)—g(X,Y) =0,

(2 9(X,Y) =g, X).

We denote by VA (gAW, (A}a,A) (resp. VA (g@), Gy, 4)) the additive subgroup of A[[X, Y]]
(resp. A[X, Y, (1 +AX)~!, (1 +1Y)~!]) formed by the symmetric 2-cocycles of G» (resp.
G™)) with coefficients in Gy a4 (resp. Gy a).

Let f(T) be a formal power series in A[[T]] (resp. a fraction in A[T, (1 + AT,
Then f(X) + f(Y) — fOXY + X +Y) € Z2(GD,Gaa) (resp. Z2(GP, G, ). We
denote by 9 the correspondence f(T) — f(X)+ f(¥Y) — f(AXY + X 4+ Y). We denote by
BZ(QA()‘), (A}a,A) (resp. B2(GW, G4 4)) the subgroup of ZZ(QA()‘), (A}a,A) (resp. Z2(GW, Gy.4))
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of the symmetric 2-cocycles of the form f(X) + f(Y) — f(AXY + X 4+ Y). Put
H3 (6P, Gap) = Z(GP, G0/ B*GP, Gu ),
H§(G™, Ga,n) = Z2G™, Ga,0) /B> G™, G ) -
Since any G,-torsor over an affine scheme is trivial, we have the following:
LEMMA 1.3. Let G be an affine A-group, acting on G4 . Then the canonical map
H (G, Ga,4) — Ext} (G, Ga,a)
is bijective.
On the other hand, HomA_gr(gA()‘), (A}a,A) (resp. HomA_gr(g()‘), Gy 4)) is isomorphic to
the kernel of 3 : A[[T]] = Z2(GP), Ga.a) (resp. 3 : A[T, (1 + AT)" 11— Z2G™, Gy.0)).
Now we define some polynomials and homomorphisms.
1.4.  We define polynomials C;(X, Y) in Z[ X, Y] by
X +y —(X+v) (¢P),

C(X,Y)= %{Xl+yl_(x+Y)l} (leP).

1.5. We define polynomials L, ,(A; T) in Z,)[A][T] by

pr+l_1

Ly ATy =p" )

k=1

(=M!
k

Tk

forall r > 0.

1.6. We define polynomials I:p,r(A; X, Y)inZ (A, AN[X, Y] by

li,,,r(A; X, Y)=— {(Lp,(A; X)+ Ly, (A;Y)— Ly, (A; AXY + X +7Y)}

forall r > 0.
LEMMA 1.7. Letr > 0. Then we have followings:
(1) l:p,r(A; X, Y)e Z(p)[A][X’ Y],
(2 Lp,(A;X,Y)=Cp(X,Y) moddeg(p't! + 1).

PROOF. Put
e} _A k—1 i o0 _A k?pr+l
LT = ) (T)Tk =Pty ()TT" € QIITII.
k=prtl k=pr+!

Then we have
1
Ly, (A;T) = ”r{X log(1 + AT) — f(A; T)} :

where
o

1
1 log(l1 + AT) = ];

(=) !

. T € QIITTI.
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Noting
log(1 + A(AXY + X 4+ Y)) = log((1 + AX)(1 + AY)) = log(1 + AX) + log(1 + AY)
and
fr(A,T)=0 mod(A”" ),
we have

Lp,r(A; X)+ Ly, (AY)—Lp, (A, AXY + X +Y)
=—p{fi(A; X)+ f[r (A Y) — fr(A; AXY + X + 1)}

=0 mod(A” "1y,

Moreover, noting
r+1 —1

(=A)?

Ps 77" moddeg(p' ™ + 1),

AT =

we readily see (2).
By 1.7, we readily see the following:

COROLLARY 1.8. LetAbeaZy-algebraand € A. ThenL,,(A; X,Y) € Z2(GP),
Ga,A)-

1.9. Let A be a Z(p)-algebra and A € A. Leta = (agp,a1,a2,---) € AM™ (resp.
AMN). By 1.8, we can define homomorphisms n° : AN — A[[T]] (resp. n° : AN —
AT, (1 +AT) "Dand n' : AN — Z2(G™, G a) (resp. ' - AN — Z2(G™, G a)) by

pr+l_1

0 r
0 p k—p" pk
ram ) PR CS A R
n-:a r=oar[ k( ) i|

k=p"

o
r]l rab> Zarlzp)r()\; X,Y).
r=0

2. Statement of the theorem.

2.1. Let AbeaZg-algebraand A € A. Leta = (ap,ai,az,---) € AN (resp. A(N)).
We define an endomorphism of AN (resp. AN)) denoted ¥ (resp. ¥) by
i+1 i
W ia (—(=0"" a4 + paisi)iso.
LEMMA 2.2. Let A be a Zp-algebra and ). € A. Then the diagram

0
AN T A[IT]]

v| £

l A A
AN 1 726 Gy )

is commutative.
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PROOF. Note that

. (- A)k ! o )k "
—(=A)P 1{ - A)p 12 }

k=1 =1

=~

and
r+1_q

r+1 r 1 P pr
_ (_A)p —P { _ 7r} _(_A)k—lTk
(—ayr it ,; k

1 '~ k—17k
- (—AkT
ol - i S Fe

+1
-,

= Y Zaprrt
k
k=p"
for all » > 1. Then we have
- (_A)k—l

p—1
~(AP T Lpo(A, X V) =Y X Y+ (X Y+ AXD)Y
k=1

and
— (=P, (A XYY+ pLy_1(A, X, Y)
Pl
= 2 %(—A)"*p’{X" + YR+ (X + Y + AXY)Y)
k=p"
forallr > 1.

Now, let & € A and a = (ao, a1, a2, - -) € AN. Then

@ on®)(@) = —(=2)PagL, o(r, X, Y)

o0
r+l_ r ~ ~
+ Y ar{—(=0)"" TP Ly 0uX.Y) + pLy (A, X, Y))
r=I1
o0

r+1_ r ~
= Z{_(_)\)p ter ar + par+]}Lp,r()h X,Y)
r=0

= (' o¥)(a).
COROLLARY 2.2.1. Let A be a Lp-algebra and A € A. Then the diagram

AN L) Al T, 1
14+ AT

. Js
1
AN T Z2(G™, Gy 0)

is commutative.
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LEMMA 2.3. LetAbeaZ-algebraand h € A. Let f(T) = Z,Oil c;T! be a formal
power series in A[[T]] satisfying

(@ c¢j= pT.S(—)»)-/'_pscps foralls, j withs >0, p* < j < p*Tl,
(®) —(=)P" P eps + pepsnt =0 forall s > 0.
Then f(X)+ f(Y) — fFOXY + X +Y) =0.

PROOF. Lets >0, p’t < j < pt2andl <k <j— 1.
The case of k < j — p*t1:

k
3 Jmki ) (=220
j—2k+2i i Jokti
i=m(j,k)
k . . . .
_ Z j—k+i J—2k+2i ki ol (_)\’)j_k_i_i_ps-%—lc »
—~ Jj—2k+2i i j—i+k p*

_ps+l
_ 2": J—k+i\(j—2k+2i (j—k+i—ps+1) e
- —\j =2k +2i i J—k+i pt
= ps-i-l

On the other hand, using Lemma 2.3.1asm = j —k,n =k,[ = p”‘l, t = 0, we have

=0.

_ps+1
Xk:( j—k+i ><j—2k+2i> <j—k+i—ps+1)

Jj—2k+2i i j—k+i
ps+1

i=0
k . . . .
Z Jj—k+i Jj—2k+2i NP
j—2k+2i i Joki = U

i=m(j,k)

The case of k > j — p*Tl:

Hence

k . N .
Jj—k+i Jj—2k+2i k=i
> j— 2k +2i i Cj—kti
i=m(j.k)
S+]_'k_l
Uy Gmkti )\ [ =2k 420\ s
= Z . . . A Cj—k+i
j — 2k +2i i J
i=0
d ki \ [ —2k+2i
J—k+i \(j- i\ ok-i
+ 2 <j—2k+2i)( i )A Ci=kti
i=pstl—j+k
k

_ J—k+i J=2k 420\ i P ki
= X (j—2k+2i>< i MorTrE e v
i=PS+]7j+k7]



114 MITSUAKI YATO

k . . . . 1

j—k+i j=2k+2i\ 4 P ki pstl

+ Z <j—2k+2i)( ; A 7}._1._'_]{( A) Cpotl
i=pstl—j+k

_ Xk: joki ) (- 2k+2 <j—k+i—ps) i
- Jj— 2k +2i ' v

) 4 l j—k+i
l:p5+l—j+k—l < ps

_ps+l
Xk: <j—k+i)(j—2k+2i)(j—k+i—p5“> st

J=pP
j—2k+2i i i —k+i M e
ps+1

S
:Aj_ps+] . Z (]— +l><]— + l> J )4 )\,pS-H_pSCpS

J—2k+2i i <j—k+i>
ps

_ps+l
‘ j—k+i J—2k+2i (J'—k+i—p"“)
Sy () ()

j—2k+2i i ikt M
ps-i-l
k

et Jokt i N (= 2k 2Ny ikiep TP g
= 2 (j—2k+2i i = PRy ‘p
i:psﬂ—j—i-k

k . . . . +1
j—k+i J—2k+2i kgioptt —P°
. . . —1)/ P
i Z (J—2k+21>< i)Y j—k+ir
i=psti—j+k

k . . . .

= | " Z Jokti J—2k+2i (_1)j*k+i*l7s+l LSH
el J—2k+2i i J—k+i
i=pSTi—j

+

i=pstl—j+k

i=pstl—j+k

i=pStl—j+k

s+1 s
x A=(=)"" 7P 4 pe o)
0.

Hence we obtain

X+ X)) - fAXY +X+7Y)

Jj—1 k
J—k4i \(j—2k+2i\ i P
R E () e
Jj>2 k=1 i=m(j,k)
=0.
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LEMMA 2.3.1([2,Cor.2.2.3]). Letn,m,l € Nwithm > nandm > 1. Then

- m+i m—n-+2i <m:-_ll—l>_(rf1_—ll)(rtl>
;<m—n+2i)( i ) (m;—z) o (;7> ’
in Q[t].

PROOF. For reader’s convenience, we give a short proof. Let n € N. The next identity

2(7965)-C)

in Q[z, u]. If n, m € N with m > n, we obtain

B0

1

is well known:

by the fact above and

(w22 (") ) = 62D G (1)

Moreover, let [ € N with m > [. Noting

<m:—_il—l> (mt+>

m—+i
/
we finally obtain

Z( m+i )(m_Hz,)(mﬁ:,l_l) (&)(2) <,;__ll>(2)

— m—n+2i i m+i - t - m
1=

[ [ [

LEMMA 2.4. Let A be a Z(p)y-algebra and . € A. Leta = (ap,a1,az,---) € AN

(resp. AN Then homomorphisms n%: AN = A[[T]] (resp. n%: AN AT, (1+AT)71))

andn' : AN — ZZ(QA()‘), (A}a,A) (resp. n' : AN — 72(GW), Gy, 4)) induces homomorphisms

n° : Ker[¥ : AN = AN] — Homg_o(G®, Gy a)
(resp. 1° : Ker[¥ : AN — AM] — Homy_o(G™, Gy, a))
and
n': Coker[¥ : AN — AN] — HZ(GY, G, 0)
(resp. n' : Coker[¥ : AN — AMN] 5 H2(GM G, 0)) .
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PROOF. Leta = (ag,ay,az,---) € Ker[¥ : AN — AN] (resp. Ker[¥ : AN —
AMNT) and put

e p
f(1) =Zar[

r=0

r+1_1

> p—r(—)\)"l’rT’} € AllT]] <resp AlT) € A|T, !
i ' T1+AT )

i=p"

Now, let ¢ be a coefficient of T/ of f(T). Then we easily see that
(0) cps =asforalls >0,
1 ¢j= pTS(—)\)j_pscps foralls, j withs >0, p* < j < p**1,

@) —(=)P" P eps + peysr =0 foralls > 0.
Hence we obtain f(X) + f(Y) — f(AXY + X +Y) =0, by 2.3.
On the other hand, well-definedness of 5! is induced immediately from 2.2 (resp. 2.2.1).

Now we can state our main theorems.

THEOREM 2.5. LetA be aZy)-algebraand ). € A. Then
(1) the homomorphisms

n° : Ker[¥ : AN — AN] — Homy_o(G™, Gy ) ,
n': Coker[W : AN > AN] > H2(G™P, G,.4)
are bijective,
(2) the homomorphisms
1 Ker[¥ : AN — AMN] 5 Homy (6P, Gy ),
n': Coker[ : AN — AM] 5 H2GP, G, 0)

are bijective.

3. Proof of the theorem.

Our aim of this section is to give the proof of our main theorems.
LEMMA 3.1. Let A be a Zy-algebra, . € A and f(T) € A[[T]]. If f(T) satisfies
fX)+fX)—fAXY+X4+Y) =0, there exists a = (ag, a1, az, ---) € Ker[¥ : AN - ANy

such that
pr+l —1

o r

p Cor

T) = N

f(1) Zar[ Z —(=2) T}
r=0 i=p’

PROOF. Put f(T) =72, ¢;T'. Consider the Taylor expansion

0= f(X)+ f(Y)— fOXY + X +7)

j—1 k
J—ki (- 2k+ 2\ 4 ik
3P 3 (j—2k+2i)< N

=2 k=1 i=m(j k)
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Here m(j, k) = max{0, 2k — j}. Looking at the coefficient of XY/~!, we see that
(j—Dicj_1+ jcj =0

for all j > 2. Hence

N
cj =L (=i P cps

forall s, j withs > 0, (j, p) = 1.
Here, we claim following statements:
1 ¢j= pT(—)\)j_pscps foralls, j withs >0, p* < j < p*T1,
2) —(=n?
Admit claims above. Putting a, = c,r for all r > 0, we have a € Ker[¥ : AN 5 ANy
and

W*Pscp: + pcpsr1 =0 forall s > 0.

r+1_1

> p%(—k)"—”r T'} =n’@).

i=p"

0 p
F(I) = Zar[
r=0

Proof of (1). Lets > 0, p* < j < p**! and put r = ord,j. We prove the assertion by
induction on j. Assume that

P —p
= T(—)»)l Peps

for all [ with p* <1 < j.
Consider the above Tayler expansion again. Looking at the coefficient of X?" Y/~7" we

see that
prl(j—pr+i j=2p" +2i ; j
YU, . s A e i+ c;=0.
—2p" 2)( ) J—p+i < r) J
= J p +2 ! p

Noting that ((;r) p) =1,

r

-1
1A =D i\ (J=20 +20\
- Pr—ia. ..
€= ; Z(j—Zp’—i—Zi i M
J ) izo

pr
By the hypothesis of induction,

r—1

A j—p’+i><j—2p’+2i) N i

¢ =—— . . . P — NV

| (f>;(f—2p’+2l i i !
pr

Noting that
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if p¥ <l < pS‘H, we can easily see that

: nd
L RS (- i\ (P2 2 <j—pr+i—p5> ip
cj=— Z A Cps .

P’ p’

Now, applying2.3.1tom = j — p",n=p",l = p",t =0, we have

_pS _ps
p—1 . o . r . <'_ - s> . <'_ S)
Z(]—p +l)(]—2p+21> Jj—p +i—-p _(]) j—p
: - r

J—2p" +2i i <j—p’+i> p
pS

i=0

and therefore

()

Proof of (2). Let s > 0. We already have

. § pS . s
cj= M7 ey = 7(—)»)pr Cps

jrcj+(j+ Dejy1 =0 forallj>1,

S
cj= p—(—k)/_pscps for all j with p* < j < pst1.

J

Use these formulaas j = p*T! — 1, we obtain
_(_)\‘)pSJrlfpScpS + pCps+] = 0 .
This completes the proof of 3.1.

3.2.  'We conclude the bijectivity of no :Ker[¥ : AN - AN - HomA_gr(gA()‘), Ga,A)
immediately by 3.1. Moreover, we can verify the bijectivity of n° : Ker[¥ : AN — AN
— HomA_gr(g()‘), Gy, 4) combining 3.3 and 3.1.

LEMMA 3.3. Let A be a L) -algebra and X, a; € A for alli > 0. Assume that

r+l1

(=P P a, + pay4 =0 forallr = 0. If
00 pr+171 pi’ 1
(=0T e AlT, ,
Yol ¥ Fen ] el
r=0 i=p"

then a, = 0 for almost all r.

PROOF. Put

’

i(_k)i—PrTi} — &
i (14 AT)"
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where f(T) € A[T], n > 0. Now, we assume deg f < p”. Looking at the coefficient of Tr

of the formula
r+1 —1

> L T’} = f(1),

i=p"

00 P
(1+AT)”Za,|:

r=0
we see that

,
ar+ ) (=" a =0,
i=1
where ¢; € Zp) forall i with 1 <i < r. Here, by the assumption, we have
(_)\)pr_pr_iar—i = piar
foralli with1 <i <r. Since 1 + Z{:l pici is invertible in Z,), we have a, = 0 for all r
withdeg f < p".

LEMMA 3.4. Let A be a Zp)-algebra and » € A. If g(X,Y) € Z2(QA()‘), (A}a,A),
there exists b = (bg, b1, by, ---) € AN such that Zroio brI:p,r()»; X, Y) is cohomologous to
g(X,Y).

PROOF. Let g(X,Y) € A[[X, Y]] and ¢;(X, Y) be the homogeneous part of degree r
of g(X, Y). Then there exists [ > 2 such that

gX,¥) =Y g,(X,Y).
r=I

As g(X, Y) satisfies 2-cocycle condition
g(Y,Z) — gOXY + X+ Y, Z)+ g(X,\YZ+ Y+ Z) — g(X,Y) =0,
we see that
g, 2) —gX+Y, )+ qX,Y+2Z)—gq(X,Y)=0.
Hence there exists a; € A such that
X, Y) =aCi(X,Y),

by Lazard’s comparison lemma ([1, Lem 3]): Let A be aring and let/ > 2 and g(X,7Y) €
A[X, Y] be a homogeneous polynomial of degree [ satisfying

{g(Y, Z)—gX+Y,2)+9g X, Y+2Z)—g(X,Y)=0
g(X,Y)—g(,X)=0.

Then there exists a € A such that g(X,Y) = aCi(X,Y).
Now, we put

HX,Y) =X +Y — (XY + X +Y) € B2 GW,Gyn)
for all r > 1. Noting that
X, Y)= X' +Y" — (X +Y) moddeg(l + 1),
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if [ is not a p-power,
g(X,Y)—aity(X,Y) =0 moddeg(l + 1) .

As g(X,Y) is cohomologousto ¢g(X, Y) —a;t;(X, Y), we may replace g(X, Y) by g(X,Y) —
aitj(X,Y) and

o0

9X,¥)= " g (X,Y).

r=I+1
Repeating the same argument, we may assume / is a p-power and

gX,¥) =) g (X,Y).
r=I

Namely there exists ¢ > 1 such that
g(X,Y) =apCpe(X,Y) moddeg(p®+1).
Next, put A(X, Y) = g(X, Y) — ape L, ((A; X, Y). Recall that

Lpe(h; X, Y) = Cpe(X,Y) moddeg(p® + 1),
h(X,Y) =0 moddeg(p®+1).

Hence we can write

o
hX,Y)= Y h(X,Y),
r=p¢+1
here /1, (X, Y) is the homogeneous part of degree r of 2(X, Y). Repeating the above argument,

Wwe may assume
oo

h(X,Y) = Z he(X,Y).

r:pe+l
Namely
h(X,Y) = ape1Cpes1 (X, ¥) moddeg(p*™! +1).

Repeating the above processes, we finally get

o0
9XY) =D artr (X, Y) =) brLp (i X, ¥) =0
r>/ r=e
rép

in A[[X, Y]], here above g(X, Y) is the original g(X, Y) and we replaced a,- by b,. Hence,
Zroio brl:p,r(k; X, Y) is cohomologous to g(X, Y) as elements in Z2(QA()‘), (A}a,A).
COROLLARY 3.5. Let A be a Zp-algebraand ) € A. If g(X,Y) € Z2(GP, Gy, a),

there exists b = (bo, by, by, ---) € AN such that y"°° b, L, ,(; X, Y) is cohomologous to
g9(X,Y).
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PROOF. Let g(X, Y) be a polynomial in A[X, Y] of degree m. Take N > 1 such that
pN’1 <m< pN. As g(X,Y) is a polynomial,

N pN—1 2pN -2
9X,¥) =) bLp, 0 X, V)4 Y at,(X, )+ Y lat (X, Y) moddeg2p" —1)]
r=e r;% r=pN+1
r

in A[X, Y]. Now, we put
2pN -2
UX.Y)= Y alt-(X,Y) = [1(X,Y) moddeg(2p" — 1]].
r=pN+1
Noting that g(X, ¥), L, ,(A; X, Y), (X, Y) € Z2(G™, Gy 4), wehave U(X, Y) € Z2(G™,
Gy, 4). Hence

0=UY,Z)—-UQXY+X+Y, )+ UX,\YZ+Y+2Z)—UX,Y)

2pN -2 . 2j—-2pN+1 )
_ Z g2V 1= J y2oN—1-j Z 2j —2p"N +1
= J 2j —2pN +1 ; i
j=pN+1 i=1

x (X217 (X )Mz iy Z)Z-/'—ZPN“—"}} mod deg(2p") .
Looking at the coefficient of Y2P" —1=7 x2P" =1=j 72j=2p"+1 e see that

2PN -1 J _
aj* <2j—2pN+l) =0

for all j with pV 4+ 1 < j <2p"™ — 2. Noting that
) ) N 2pN —1—i
(X, Y) = [t(X,Y) moddeg(2p™ — 1)] € (A )
for all i with pN +1<ic< 2pN — 2, we obtain U(X, Y) = 0. Hence

2pN -2 2pN -2
Y laiti(X,Y) moddeg2p" — D= > aiti(X,¥) € B* GV, Gya).
i=pN+1 i=pN+1

Thus, we conclude that Zroio brI:p,r(A, X, Y) is cohomologous to g(X, Y) as elements in
Z2(G™, Gy, a).
This completes the proof of 3.5.

LEMMA 3.6. Let A be a Ly -algebra, . € A andb = (by,by1,b2,---) € AN,
Put g(X,Y) = Zroil brl:p,r(k; X,Y) € A[lX,Y]]l. Assume that there exists f(T) =
Y2, T € Al[T]] such that

g X, ) =fX)+f¥)—fAXY +X+7Y). (H
Then there exists a = (ag, ai,az,---) € AN such that

r r—1
by = _(_)\)p 7 a + par
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forallr > 1.

PROOF. Recall that the Taylor expansion of f(X) + f(Y) — f(AXY + X + 7).

g(X,Y) =0moddeg p,

j—1
’Z Xk: ki N (F=2k A2 s
j =2k +2i i Johti =

k=1 i=m(j,k)
for all j with 2 < j < p — 1. Hence we obtain
1 .
cj=—(=0"""e
J

forall j with2 < j < p — 1. (cf. Proof of 3.1.)
The degree p part of the left-hand side of (1) is

p—1
b (’.’) Xiyri.
P i=1 !
The coefficient of XY?~! of the right-hand side of (1) is
—{(p — DAcp—1 + pep}.

Hence
b1 = (p — Dicp—1 + pcp = —(=0)P ey + pe,y .

Generally, let e > 1. The degree p° part of the left-hand side of (1) is

Pl
e (”.e> Xiyr i,
p i=1 !

The coefficient of X7 Y7° of the right-hand side of (1) is

e—1
p pe _ pe—l +i pe _ zpe—l 42§ )Lpe’l—i
— ZO pg _ 2pe71 + 21 l Cpe_pe—l_H' .
=l

Hence

e—

% pe _ p pe _ pe—l +i pe _ zpe—l +2i )\pe—liic o
p \p7) T \pf = 2pTh 2 i pemptT A
1=

Noting that
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1 p pé— pefl +i pe— 2pefl 4+ 2i el -
— § pe—i .
T ) £ <pe —2p°7! +2i> ( i Mt
P\ p°

-1 0
Pl e e—1 : e -1 :
__ 1 S (P +i )\ (p*—2p 2
B 1<p6> — \pe—2p' 42 i
= =
p pefl
-1 e
p° pe—2pe i p°
X m(—)\) Cpe—l + pe_l Cpe |-

Noting that

_pefl
<l - P"‘)

—1
_pe—1 pe
= (=P i
l =D l
pefl
if pe_l <1 < p°, we can easily see that
b — 1
e l pe
P pe—l
_pe—l
€—|_1 e — .
5 PZ <pe _pe—l +l> <pe _2pe—l +2i> (pc _2pe 1 +l> A‘pefpeflc
. o — . . e—1
o \j-2p 42 i <pe_pe1+,-) »
pefl
+pCpe .

Now, applying 2.3tom = p¢ — p¢~',n=1= p¢~!, 1 = 0, we have

. ( _pe—l )
”Z (pe—pe_l—i-i )(pe—zpf—1+2i) P —2p 4 :_( _pe! )

= - 2p7t +2i : <p"’ —-p + i) p¢— p¢!
- pefl

and therefore

Noting that
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we obtain
be = —(—)L)”e_”e_]cpefl + pcpe .
Taking Cpi a8 a; for all i > 0, this completes the proof of 3.6.

3.7. LetAbeaZ)-algebraand A € A. Now we prove the bijectivity of n! : Coker[¥ :
AN = AN] = H2(GW, Gy 0).

For [¢(X,Y)] € H}G™,Ga a), there exist b = (bo, b1, by, ---) € AN such that
20 brl:p,r(kg X, Y) is cohomologous to g(X, Y) by 3.4. This shows that

oo
n': Coker[¥ : AN — ANl > HF(G™.Gua): b Y beLp (ki X.Y)
r=0
is surjective.
On the other hand, if Y02 b,L, (A; X,Y) € B2(G™, Gy a), b = (bo, b1, b, --+) €
Im[¥ : AN — AN] by 3.6. Thus, we also see the injectively of n!.

EXAMPLE 3.8. We regain following well-known facts by 2.5.
(1) AssumethatA = 1. Then ¥ : AM — AM) jg bijective. Hence we have

Hom4_gr(Gm, 4, Gaa) =0, HE(Gm a,Gaa) =0.

(2) Assume that 1 = 0. If A is of characteristic 0, we see that ¢ : AN — AM jg
surjective. Hence HO2 (Ga.4, Ga,a) =0, and we obtain

Homy g1(Ga, A, Gaa) = {aT;a € A} = A

On the other hand, if A is of characteristic p, we see that ¥ AN AN i5 a4 zero
homomorphism. Hence we have

oo
Homa—gr(Ga, 4, Ga,4) = { > aT: (ao.ar, ) € A<N>} ~ AN,
r=0

o0 r+1 r+1 r+1
XP L YPT (X +Y)P
H§(Gy, 4, Ga,a) = {Zar[ >

r=0

} (ap,ai, ) € A(N)} ~ AN

4. Relation with Homs_g(G?), Gy, 4) and Ext}, (G®), Gy 4).

We start with reviewing necessary facts on Witt vectors. For details, see [DG, Chap. V]
or [HZ, Chap. I1I].

4.1. For each r > 0, we denote by &,.(T) = @,(Ty, Ty, - - - , T;) the so-called Witt
polynomial

r r—1
o.(T) =1y +pT{ +--+p'T;
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in Z[T] = Z[Ty, T}, - - - 1. We define polynomials
S X, Y) =S8(Xo, -+, Xp, Yo, -+, Yr),
P.X,Y)=P-(Xo, -+, Xr, Yo, , Y})
in Z[X, Y] = Z[ Xy, X1, -, Yo, Y1, - - - ] inductively by
D, (So(X, Y), S1X,Y), -, 5 (X, Y)) = - (X) + D (Y),
@, (P(X,Y), IX,Y), -+, (X, Y)) = 2,(X)P,(Y) .
Then as is well known, the ring structure of the scheme of Witt vectors
Wz = SpecZ[Ty, T1, T», - - -]

is given by the addition

Tor— SoX,Y), 1~ S1X,Y), b — $2(X,Y), - -
and the multiplication

Tor—> PX,Y), 1~ PIX,Y), o~ X, Y), - .

4.2. Define now polynomials

F(T) = F-(To, - -+, Tr, Tr41) € QTo, - -+, Ty, Tr41]

inductively by
D (Fo(T, -+, Fr(T)) = @rp1(To, - -+, Tr, Trg1)

for r > 0. Then

F.(T) = F-(To, -+, Tr, Tr41) € Z[To, -+, T, Tr41]
for r > 0. We denote by F : Wz — Wy the morphism defined by

Tor— Fo(T), T1 — Fi(T), T > Fo(T),---.

Then it is verified without difficulty that F' is a homomorphism of ring schemes. If A is an
F,-algebra, ' : W4 — W, is nothing but the usual Frobenius endomorphism.

Next we recall a formal power series which is a generalization of the Aritn-Hasse expo-
nential series. For details, see Sekiguchi-Suwa [3, Sec 2].

4.3.  We define a formal power series E,(U, A; T) in Q[U, A][[T]] by

i af(uy oy
EP(U,A;T)z(l—I—AT)% 1_[(1+Al’le’k)pk{(A) (A) }
k=1
Recall now the definition of the Artin-Hasse exponential series

T r
Ep(T) = exp(z —r) € ZylIT1l.
r>0 p
Then we can verify that E,(U, A; T) € Z,)[U, A][[T]] and that £,(1,0; T) = E,(T) and
Ep(A, A;T) =1+ AT ([3,2.5,2.6]).
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LetU = (U, Uy, Uz, - - - ). We define a formal power series £, (U, A; T') in Z () [Up, Uy,
Uz, -, Al[T]] by

o0
Ep(U, A;T) = [ Ep(Uk, A7 T7).

k=0
Then the equality
e’} 1 k=11
®(U) : —L (D (U)—ar" P Dy (U))
Ep(U, A;T) = (1 + AT) -1 [ [ + a7 77y kot ke
k=1
is verified.

We define a formal power series F,(U, A; X, Y) in Q[Up, Uy, Ua, - - -, Al[[X, Y]] by

- [(1 + AP XY+ Akapk)j|¢'k—l(U)/PkApk

F,(U, A; X, Y) =
b 11:[1 1+ AP X +Y 4+ AXY)P*

It is known that F,(U, A; X, Y) € Z(,)[Uo, U1, Uz, - - -, AJ[[X, Y]].

4.4. Let A be a Zp)-algebra and A € A. There are defined homomorphisms & 0.
W(A) — A[T]]* and €' : W(A) — Z2(G®,Gpa) by a — Ep(a,2;T) and a —
Fp(a, A; X, Y), respectively ([3, Sec 2]). On the other hand, we define a cocycle map 9 :
A[[TI]* = Z2(GD, Gp.a) by f(T) — f(X)f(Y)f(AXY + X +Y)~!. Then the diagram

W(A) 5_0) A[[TTT™

F - [)J’"]l lB

W) —s 2269, G)

commutes, where [A\P~!] = ()J’_l, 0,0,---) € W(A). Moreover, SO and 51 induce homo-
morphisms

€0 Ker[F — [A"7']: W(A) > W(A)] —» Homa_g(GP, Gua); a— Ep(a 1 T),

gl : Coker[F — [A"711: W(A) = W(A)] — HZGW,Gpna); ar Fp@ i X,Y),
and the following theorem is proved in [3, Sec 3]: Let A be a Zj)-algebra and A € A. Then
homomorphisms

£ Ker[F — [A"7']: W(A) = W(A)] — Homa_g(GP, G a)
£': Coker[F — [A7"': W(A) —> W(A)] — HZGP, Gp.)

are bijective.
Now we give another proof of 2.5, basing our arguments on the above result. We begin
with establishing some formalisms on Witt vectors and defining formal power series.

LEMMA 4.5. Put X = (X9, X1, X2,---), Y = (Yo, Y1, Y2,---)and T = (Tp, T},
T», - --). Then we have followings:
M $X.Y)=X,+Y, mod (X, X,—1, Yo, Yr1)? forallr > 1,
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2 PXY)=o,X)Y, mod(Yy, -, Y,—1)? forallr > 1,
3) F—1(T) = pT, mod(Tp,---,Tr—1)? forallr > 1.
We prove the assertion by the induction on . We can easily see that
Pyl — (Xo+ Yo)P
p
PX,Y) = o (X)Y1 + XY,

Fo(T) = Ty + pTi = pTi  mod (To),

PROOF.

’

SIXY)=X1+11 +

respectively. Assume that
SkX,Y) = X + Y mod (Xo, -+, Xe—1, Yo, -+, YeeD)?,

P(X.Y) = & (X)Y mod (Yo, . Yi1)?,
Fi1(T) = pTx mod (To, -+, Tx—1)
fork =1,---,r — 1, respectively. Then we have
SX. V)P =0 mod (Xo, -+, X1, Yo, Yoo,
PX,Y)” =0 mod(Yo,---,¥_1)2,
Fi (P =0 mod(To, -, Tr_1)?
fork =1,---,r — 1, respectively. Hence we obtain
D, (50X, Y), 51X, Y), -+, 5(X,Y))
= S YV 4 pSIX Y)Y 4 IS X Y + S (X, Y)

EprSV(XvY) mOd(XO:"’:Xr717YO:"’:Yr71)27

D, (P(X,Y), X, Y), -, (X, Y))
= PoX. )" + pPiX, V)" o p P (X Y)P 4 Pr(X,Y)
=p'P(X,Y) mod(Yy,---,Yr_1)%,
D1 (Fo(T), Fi(T),---, F—1(T))
= R(D? + pF(D? " 4+ p 2 (D + p' Koy (T)
=p " 'F_1(T) mod (T, -, Tr—1)?,

respectively. On the other hand, we have
®,(X) + & (Y) = p' (X, +¥,) mod(Xo, -, Xr—1, Yo, -, Y,_)?,
@, (X)®,(Y) = &,(X) - p'Y, mod (Yo, -, ¥,—1)?,
®,(T) = p'T, mod(Tp, -, Tr—1)*,

respectively. Hence we hold the claim.
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Let A be a commutative ring with the unit element, and A[¢] be a ring of dual numbers,
that is €2 = 0. Recall now that the augmentation homomorphism W(A[e]) — W(A) is
defined by (ap + boe, a1 + b1e, ax + boe, ---) — (ao, ai, az, - - -). Then

Ker[W(A[e]) = W(A)] = {(boe, b1e, bye,---); bj € Aforalli > 0}.
PROPOSITION 4.6. Ker[W(A[e]) — W(A)] is a square null ideal of W(Al¢e]) and is
isomorphic to AN as additive group.

PROOF. Letb = (boe, bie, bye,---), ¢ = (cog, c18, 28, ---) € Ker[W(Ale]) —
W(A)]. Then we see by 4.5 that P.(b, ¢) = 0 and S, (b, ¢) = (b, + ¢ )¢, for all » > 0. Hence
Ker[W(A[e]) - W(A)] is square null ideal of A[e] and

Ker[W(Ale]) > W(A)] — AN (aos, are, aze, - ) > (ao, a1, a2, -+ -)
is an isomorphism as additive group.

COROLLARY 4.7. F : W(Ale]) — W(A[e]) induces an A-endomorphism (ayp, a1,
a,---) > (pai, paz, pas, ---) on AN.

PROOF. Leta = (ape, ae, aze,---) € Ker[W(A[e]) — W(A)]. Then we see by
4.5 that Fr(a) = pa,4+1€ forall ¥ > 0. Hence F : W(A[e]) - W(A[¢]) induces an A-
endomorphism F : a — (paie, paze, pase, ---) on Ker[W(A[e]) > W(A)].

COROLLARY 4.8. Letc = (cp,c1,c2,---) € W(A). Then the homothety on W(A[e])
by ¢ induces an A-endomorphism (ao, ai, az, - --) — (®o(€)ag, P1(c)ai, P2(c)az, ---) on
AN,

PROOF. Letc = (co,c1,¢2,---) € W(A) anda = (ape, ai¢, are, ---) € Ker[W(Ale])
— W(A)]. Then we see by 4.5 that P,(c, a) = &, (c)a,¢ for all r > 0. Hence the homothety
on W(A[e]) by ¢ induces an A-endomorphism a — (@g(c)ape, D1(c)aie, Pa2(c)aze, ---) on
Ker[W(A[e]) > W(A)].

Combining 4.7 and 4.8, we have the following:

COROLLARY 4.9. Letc = (co,c1,¢2,---) € W(A). Then F —c¢ : W(Ale]) —
W (A[e]) induces an A-endomorphism (ag, a1, az, - --) — (pa; — @o(c)ag, paz — P1(c)a,
paz — dy(e)az, - --) on AN,

4.10. Let A be a Zp)-algebra and A[e] be a ring of dual numbers. We define a group
homomorphism A[[T]] — (A[e][[T])* by f(T) — 1+ ef(T). Since

(ALNITID® = {f(T) +eg(T); f(T) € AUTN™, g(T) € A[IT1},

we can also define a group homomorphism (A[][[T]])* — A[[T]1]* by f(T) + eg(T)
f(T). Then we can easily see that

0 — AT — (A[]ITID* — AT — 0

is an exact sequence of groups.
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We define a group homomorphism ZZ(QA()‘), (A}a,A) — ZZ(QA()‘), (A}m,A[g]) by f(X,Y) —
1 4+ ef (X, Y). This is well defined, since we can easily obtain equalities
A4+ef (Y, DMl +ef (X, AYZ+Y + Dl +ef (X, V) {1 +efOXY + X +Y, 2)} !
=14+e{fV, D)+ fX,AYZ+Y+2Z2)— f(X,Y)— fOXY +X+Y, Z)}

and

I+ef(X. Nl +egX, N} =1+e{f(X,Y)+g9(X, )}
for f(X,Y), g(X,Y) € A[[X, Y]]. We can also define a homomorphism of multiplicative
groups Z2(GP , Gpare) = Z2G™, Goa) by f(X,Y) +eg(X,Y) — f(X,Y), where
f(X,Y) e A[[X, Y]]* and g(X, Y) € A[[X, Y]]. Then we can easily see that

0= Z2G%, Gun) = Z2GP, G age) > 22 (G, Gua) > 0
is an exact sequence of groups.

4.11. We define formal power series L, (A; T) by
1 1
L,(A;T) = X{ log(1 + AT) — —log(1 + APTP)}
4

in QLA][[TT]].
LEMMA 4.12. We have
k=1
> %Tk (p>2),

(k. p)=1

AZk—l
> - > — T (p=2).

k
(k,2)=1 (k,2)=1

L,(A;T) = el

PROOF. Let p > 2. Note that
1 o (_A)k—l '
—log(1 4+ AT) = —T",
— log(1 + AT) ; .

1 1 S ( 1)kp—l ( 1)k—l
_ PTPYy — N kp N gk
» log(1 + APT?) = E T = E T" .

k=1 k (k,p)#£1

S

Hence we immediately obtain

—A k—1
Ly(A;T) = Z SEOMRYS
(k,p)=1
Let p = 2. Note that
k—1

llo (1+ AT) = Tk + %Tk
s = 2 P —
*,2)=1 (k,2)£1

DT T ATy

(k,2)=1 (k,2)=1 (k,2)#1
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1 0 (_1)k—1A2k—l A2k—1 A2k—1
1 1 AZTZ — 77&]( — —TZk_ —TZk.
2a sl + AT =) —— 2. 2

k=1 (k,2)=1 (k,2)#1
Hence we immediately obtain
Ak A2k—1
Ly(A; T) = Z Tk — Z —
(k,2)=1 (k,2)=1

By 4.12, we readily see the following:
COROLLARY 4.13. L,(A;T) € Z,)[All[T]].

LEMMA 4.14. LetU = (Uy, Uy, Ua, - - -). Then we have followings:

() log Ep(U, A:T) = 372 2L, (Ar; 77,

(2) logEp(U, A;T) = Y22 U Ly(AP'; TP") mod (Uy, Uy, Up, - -+ )2,
(B) E,(U, A7) =1+ Y 2,UL,(AP; TP") mod (Up, Uy, U, -+ )%
PROOF. By the definition of E, (U, A; T'), we have

logE,(U, A; T)
00 r—1
P r r ;r @, (U)—AP (P*U@ri U
=10g[(1+AT) & ||(1+Apr)prAp{ ) 1( )}i|

r=1

r—1
@0 (U) =\ @, (0) — AP (=D, (U) s
=— 10g(1+AT)+2} AT log(1 4 AP TP
r=
o
@, (U P .t
=3 r( 2{10g(1+A1’ TP)——log(1+AP“TP“)}
prAP P
r=0
o
@ U r r
=> r( )L,,(AP;TP).
p’
r=0
Moreover, noting that
o0 T"
®,(U) = p'U; mod (Up, U1, Ua,---)* and  exp(T) =)~
n:
n=0

we immediately have (2) and (3).

4.15. Let p be a prime number. We define formal power series L, ,(A; X, Y) by
1 (1+Apr+lXpr+l)(1+Apr+l
Apr+l lOg

r+1

Yr
14+ AP (X + Y 4+ AXY)P™!

Lp,r(A§ X, Y)=
p

in Q[A][[X, Y]].
LEMMA 4.16. L, (A; X,Y) € Zp[AlLX, Y]I.

PROOF. Noting that

r+1 r+l1 r+l1 r+l1

A+ AP XP YA 4+ AP yP)
1+ AP (X 4+ Y 4+ AXY)P™!

=1 modp,
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we easily see the fact.
LEMMA 4.17. LetU = (Uy, Uy, Ua, - - -). Then we have followings:
(1) log Fy(U, A; X, Y) = ZS"O g’”‘U)L,, F(A; X, Y),
(2) logFp(U, A; X, Y) =322 ULy (A; X, Y) mod (Up, Uy, Us, -+ +),
() Fp(U, A X.Y)=1+Y220UrLp(A: X, Y) mod (Up, Uy, Ua, -+ )%

PROOF. By the definition of F,, (U, A; X, Y), we have

(14 A7 XP)(1 + Ap’yp’)ruw)/pw’

o0
log Fp(U, A: X, Y) = log U [ 1+ A7 (X +Y + AXY)V

Z b, 1(U) (1+AP’XP’)(1+AP’YP’)

AP CETL AP (X + Y + AXY)P
e’} Qpr(U) (1+Apr-HXpr-H)(l+Apr+lypr+])
= r+1 r+1 Og r+1 r+1
P AP 1+ AP (X +Y + AXY)P
o0
@, (U
=y "y x v,
r=0
Moreover, noting that
o Tn
@, (U) = p'Uy mod (Up, U1, Uz, --)* and exp(T) =) —.
n!
n=0

we immediately have (2) and (3).

4.18. Let A be a Zp)-algebra, Ale] a ring of dual numbers and . € A. We define
homomorphisms £° : AN — A[[T]] and £° : W(A[e]) — (A[e][[T]1])* by

9. AN S A[T]]; a— Za,L,,(M’; TPy,
r=0
£0: W(Ale]) — (ALENITID: aw> Ep(a,rT),
respectively.

LEMMA 4.19. Let A be a ZLp)-algebra and A € A. Then we have a commutative
diagram with exact rows

0—— AN ——  WWA[E) —— WA —— 0

e e e
0 —— A[[T]] —— A[elITID* —— A[[T]]* —— 0.
PROOF. Leta = (ag,ay,az,---) € AN. By 4.14,

o0 o o0
]_[ Ep(are, WP ;TP ) =1+ Z(a,s)L,,()\P’; TVy=1+¢ Za,L,,(,\P’; TP,
r=0 r=0 r=0
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4.20. Let A be a Zp)-algebra, Ale] a ring of dual numbers and A € A. We define
homomorphisms £' : AN — Z2(G™ G, 4) and &' : W(A[e]) = Z2(G™, Gy, aje)) by

o0
gl :AN_) Zz(gA()L)’Ga,A); at— Zaer,r()\§ X,Y),
r=0
£ W(ALeD) — Z2GW, Gmae): ar Fpar X, Y),
respectively.

LEMMA 4.21. Let A be a ZLp)-algebra and A € A. Then we have a commutative
diagram with exact rows

0 —— AN — W(Alg]) —_— W(A) — 0

L L J

0 —— Z2GW,Gyp) —— ZZ(QA(M,(A}m,A[s]) — Z2GW Gpp) —> 0.

PROOF. Leta = (ag,ai,az,---) € AN and putb = (aoe, aie, aze, ---). By 4.17,

o0 oo
Fpb, A1 X.Y) =1+ (@&)Lp,(A:X.Y) =1+ aLy (A X.Y).
r=0 r=0

The following lemma is easily verified so we ommit the proof.

LEMMA 4.22. Homomorphisms £° : AN — A[[T1]and &' : AN — Z2(GD®, G4.4)
are A-homomorphisms.

4.23. Let AbeaZy)-algebraand A € A. Leta = (ap, a1, a2,---) € AN, We define a
homomorphism

®:AN 5 AN a0 4 payin)eso.

LEMMA 4.24. Let A be a ZLp)-algebra and A € A. Then we have a commutative
diagram with exact rows

0 AN W(Ale]) —— W(A) —— 0
l@ lF — [P lF — 1
0 AN W(Ale]) —— W(A) —— 0.

PROOF. Note that @, ([A?~1]) = A7 (?=D forall r > 0. Then F—[A"~']: W(A[e]) —
W (A[e]) induces A-homomorphism

@ AN 5 AN a4 (pay — AP PNy, pay — AP (P=Dg, paz — AP P=Dg, Ly

by 4.9.
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LEMMA 4.25. Let A be a ZLp)-algebra and A € A. Then we have a commutative
diagram with exact rows

0 —— A[lT]] —  (A[elTID* —— AlTI™ — 0
s g Lo
0 —— Z2GW,Gon) — Z2GP, Gape) —— Z2GP, Gpa) — 0.
PROOF. Let f(T) € A[[T]]. Noting {1—|—ef(T)}’1 = 1—¢&f(T), we obtain an equality
(I4+efXOH +efMMHI+ef (X + Y +21XY)} 7!
=1+e{f(X)+ fY)— f(X+Y +AXY)}.
By 4.4,4.19,4.21, 4.24, and 4.25, we readily see the following:

LEMMA 4.26. Let A be a Zp)-algebra, A € A and €2 = 0. Then we have a following
commutative diagram with exact rows:

0 — A[[T]]

A[ENTN —— AT —— 0

A A

0 AN W(AlE]) ———— W(A) — 0

d kil a
@ F—P—1 F—P—1

0 —|— Z26™, Gy a) —|—=>Z2GD, Gy ape)—|— 22EGW, Gy p) —— 0

0 AN W(Ale])

wA) —— 0

COROLLARY 4.27. Homomorphisms éo : Ker®d — HomA,gr(gA(k),(A}a,A) and‘é1 :
Coker® — HO2 (gAW, (A}a,A) are bijective.

PROOF. Put B = A[¢]. Then the correspondences a — 1+ ae and a 4+ be +— a induce
following split exact sequence of formal group schemes:

A
00— (A}a,A — [HG’"’B} — (A}m)A — 0.
B/A

Here, [,4 denotes the Weil restriction functor. Noting that

A
HomAgr(g(A): |: l_[ Gm,Bj| > = Homegr(g(A): G, B)

B/A
A /\ A A
H&(g@), [ I1 Gm,B} ) ~ H}(G™, G 5) .,
B/A
we obtain long exact sequences
0— HomAfgr(gA()\): (A}a,A) - Homegr(gA()\): (A}m,B) - HomAfgr(gA()\): Gm,A) -0,
0= H7(G™, Gan) = Hy(GP, ) = H3 (G, Gina) = 0.
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Hence, we obtain following commutative diagram with exact sequences by 4.26. Moreover,
combining the result of the argument of 4.4, we immediately have the bijectivity of £° :
Ker @ — Homp_gr(G*), Gg 4) and &' : Coker @ — HF(GY, Gy, a).

0 0 0
0 0 0
0 —|—Homa (G, Gy p) —tHomape]gr(G™), Gy afe) T Homg_ (G, G p) — 0
% 0 0
0 —— Kerd ———» Ker[F —[AP71]: — > Ker[F —[AP71]: ——» 0
W(Ale]) = W(A[eD] W(A)— W(A)]
0 —|—— AlT]] ——|— AT ——|— AT ———— 0
r rd rd
0 AN W(Al]) —— > W@A) —— 0
F 3 F
@ F—P—1 F-pP—1
0 —|— Zz(é(k)véa,A> — | Zz(gA(A)sénLA[S]) | Zz(gA()L)sém,A) — 0
A A A
0 AN W(Ale]) — > WA) ——» 0
0 —|— Hg(QA()‘),(A;a,A) —|— Hg(gA(A).Gm’A[g]) —|— Hg(gA()‘)-Gm,A) — 0
% i “
0 —— Coker® ———— Coker[F — [A"~1]: —— Coker[F —[A?~1]: ——— 0
W(Ale]) = W(A[eD] W(A)— W(A)]
0 0 0
0 0 0

4.28. Let AbeaZy)-algebraand A € A. Leta = (ap, a1, a2,---) € AN, We define a
homomorphism

r+1

v AN AN§ ar (—(=n7 7prar + par+1)r>0-

If p>2, ¥ = &. Let p = 2. We define an automorphism ¢ of AN by (ao, ar, az, ---) —
(—ag,ay,az,--+). Then¥ = @ o



THE EXTENSIONS OF ¢® BY G, 135

LEMMA 4.29. Let A be a Zp)-algebra. Let X,aq,ai,az,--- € A. Assume that
kpr+l_prar = pay4 forallr > 0. Then

r+1_1

o0 P r
P T
. Zar[ Y o EnEr Tk} (p>2),
Zaer()\pr; Tpr) _ r=0 k=p"
=0 00 2+l or
- k—=2" rk _
aoT — X;a,[ kzzr TR } (p=2).
r= =

PROOF. Let p > 2, (k, p) = 1 and p* < k < p**!. Then the coefficient of T7* of
the right-hand side is
(_)L)prkipﬁrr pr+s
Pk

Ay+y -

r+:7j71(p

Here, since pa, s j = AP ’])arﬂ,j,] forall j with0 < j <'s,

psar_,’_s _ )\’prJrSil(P*l))\PHﬂiz(P*l) L )\’pr(pil)ar _ )\’pr+:7prar _ (_)\’)pr+57prar )
Hence
(_)\‘)Prk*prJrSpr‘FS 3 (_)\’)prkipr#»s(_)\‘)pr+s7prpr 3 (_)\’)prkipr
ok Ar4s = ok ar = X ar
(=27
= ——qy .
X r

On the other hand,

et et "\k—1

r r (_A‘p ) rk
pP.TP )y — - 7 7P

Sar, 05 =Y a| Y SR

r=0 r=0 (k,p)=1
by 4.12.

Letp =2, (k,2) =1land2® <k < 25+1 When s > 1, the coefficient of T* of the
right-hand side is

(_)L)k72s 28

-

as—j—1 forall j with0 < j <,

dg .

. s—j—1
Here, since 2a,_; = A2

Pa, =22 A2 A %ap = 22 ay.

Hence
(_A)k—Zszs (_)\)k—Zs)\’Zs—l Ak—ZrAZS—l )\,k_l
—Tasz— X apg = X apg = X ap .
Let p=2,(k,2) =1and 2’ <k < 25t!. Whens > 0 and r > 1, the coefficient of T2'* of
the right-hand side is

_2r+s 2r+s

(_)\)Zrk
- Ar+s -

2k
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. s—j—1 .. .
Here, since 2a,_; = P ag—j—1 forall j with0 < j <,

r+s—1 r4s—2 r r4s _ o r r4s _or
VHa =27 AT A, =P P g, =2,

Hence
(=) 2 k=2 rts (—p) k=2 22 or AT k=2 22
oo 4T 'k R
22" (k—1)
= — k ay .
On the other hand,
00 00 2" (k—1) 2" (2k—1)
r r A’ r )\' r
Yar,orsr) =Y a| ¥ ey ]
=0 r=0 (k,2)=1 (k,2)=1

by 4.12. The coefficient of T2 of the right-hand side is

32" (k=1) AZ"'(Zk—l)
T a, — T ar_1.
Since 2a, = )»zr_l ar—1,
227 Gk=1) 2271 @k-1 227 k=1) 22 (k=1 22 (k=1)
X ar — X ar—-1 = X ar — X (2(1,«) = - X ay .

Now we attain our goal.

COROLLARY 4.30. Let A be a Zpy-algebra and ). € A. Then the homomorphism

pr+171

o r
~ ~ )4 —p"
7’ Ker¥ — HomA_gr(g()‘), Goa): ar> anr|: kEPr 7(—)\)]( b Tkj|
r= =

is bijective.

4.31. Put
r+1_

pr p 1 (_A)kfl

A I
(=A)P ! k=1 k

Ly (A;X,Y)= (X +YF— (X +Y + AXD)F)

forallr > 0.
COROLLARY 4.32. LetA be a Zpy-algebraand ). € A. Then
Ly, X, ] (p>2),

L, (A X,Y)]= 2
Er ! LMWWKD]@=D

in H}(G%, Ga,a).
COROLLARY 4.33. Let A be a Lpy-algebra and ). € A. Then the homomorphism

o0
n' : Coker¥ — HOQ(QA(A), Gua): arm Zarip,r()"; X,Y)
r=0
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is bijective.
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