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Abstract. It is shown that, for any coaction « of a locally compact group K on a properly infinite von Neumann
algebra A and a closed subgroup H of K, « is cocycle conjugate to a coaction which comes from a coaction of H
if and only if the dual action & is induced by an action of H. We also include applications of the result concerning
almost periodic coactions and the ranges of 1-cocycles on measured equivalence relations.

1. Introduction

Let K be a locally compact group and A be a von Neumann algebra. The coactions of
K on A are special unital normal *-isomorphisms from A into W*(K) ® A, where W*(K)
is the von Neumann algebra which is generated by the left regular representation of K. It is
known that group coactions are defined as a dual notion of group actions. Indeed, if a group
K 1is abelian, then all coactions of K can be considered as actions of the dual group K, and
vice versa.

For each closed subgroup H of K, there exists a natural inclusion map I from W*(H)
to W*(K). So, if the range of a coaction o of K on A is contained in I/(W*(H)) ® A,
then o comes from a coaction of H, i.e., (I_l ® id) o « is a coaction of H on A. In the
recent work of the author and T. Yamanouchi, they treated the exchangeability of coactions
which fix Cartan subalgebras ([1]). Namely, for each coaction o of K which fixes a Cartan
subalgebra and closed subgroup H of K, they gave a necessary and sufficient condition that «
is cocycle conjugate to a coaction which fixes the common Cartan subalgebra and comes from
a coaction of H. They proved that, a coaction o of K on A satisfies such properties if and

only if the dual action & of K on the crossed product K o % A is induced from an action of H
([1, Theorem 7.2]). But, in their proof, they use the fact that o fixes a Cartan subalgebra and
comes from a 1-cocycle on a discrete measured equivalence relation. Hence their arguments
can not be directly applied to general situations.

So it is natural to ask that their theorem is valid for general coactions. Our aim of this
paper is to give an affirmative answer to this question for all coactions on properly infinite
von Neumann algebras (Theorem 3.5). By using our arguments, we succeed in characterizing
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the ranges of 1-cocycles on (not necessarily discrete) measured equivalence relations and the
flow of weights in terms of corresponding coactions (Corollary 4.1 and Corollary 4.2).

Moreover, we also apply our arguments to almost periodic coactions. We will prove that,
if a coaction « is almost periodic, then the dual action & is induced by an action of a discrete
group (Theorem 3.2). We note that the assumption of our theorem contains the case that « is
an almost periodic group action. So our theorem is a generalization of the theory in [3] which
describes the connection between discrete decompositions and continuous decompositions of
type III von Neumann algebras (Corollary 3.3).

The idea to prove our main theorem is to develop the arguments in [3] to general coac-
tions. We will show that, if a coaction « of K comes from a coaction o® of H, then the system

{13 oX A, &} is induced by {ﬁ OXA, (;0} (Proposition 3.1). To prove the converse, we use the
Takesaki duality theorem. We will prove that, if an action x of K is induced by an action of
H, then the dual coaction « is cocycle conjugate to a coaction which comes from a coaction
of H (Proposition 3.4).

The organization of this paper is as follows: Section 2 is devoted to summarizing the
basic facts about coactions and induced actions. In Section 3, we will give a proof of our main
theorem. We also give applications to 1-cocycles in Section 4. In Appendix, we mention the
construction of coactions from 1-cocycles on the flows of weights.

The author would like to thank Professor Takehiko Yamanouchi for fruitful conversations
and constant encouragement, and Professor Masaki Izumi for suggesting a problem concern-
ing coactions and 1-cocycles on the flows of weights. He is also grateful to the referee for
many helpful comments about earlier versions of the paper.

2. Preparation

In this section, we recall the basic facts about coactions and induced actions. Further
details about these matters are found in [1], [2], [3], [4], [7], [8], [9] and [10].

We assume that all von Neumann algebras in this paper have separable preduals.

For a Hilbert space H with a inner product (-, -)7¢, we denote by B(H) the algebra of all
bounded linear operators on . For a faithful normal semifinite weight ¢ on a von Neumann
algebra A, setn, := {x € A : p(x*x) < oo} and m,, := n?;nw. We denote the Hilbert space
obtained from ¢ by the GNS-construction by H,, and the natural injection from n, to H, by

A,.

2.1. Group coactions on von Neumann algebras. Let K be a (second countable)
locally compact group with the left Haar measure u and the module §x. We denote the left
(resp. right) regular representation of K on L(K, i) by Ak (resp. px) and the von Neumann
algebra generated by {Ag (k) }xek (resp. {pk (k)}kex) by W*(K) (resp. W} (K)).

We recall that the coproduct Ax of W*(K) is a unital normal *-isomorphism from
W*(K) into W*(K) ® W*(K) which is defined by the following:

Ag(x) = Wxk(1 @x)W§ (x € WH*(K)),
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where W is a unitary on L>(K x K, i x ) defined by

(Wké)(ki, ko) :=&(k; ki ko) (€ € L*(K x K), ki.ky € K).

Suppose that A is a von Neumann algebra. A unital normal *-isomorphism « from A
into W*(K) ® A is called a coaction of K on A if « satisfies the following:

(dR®a)oa =(Ax ®id) o .

‘We note that, by using the Fourier transformation, if K is abelian, then coactions of K coincide

with actions of the dual group K.

DEFINITION 2.1. Leta bea coaction of alocally compact group K on a von Neumann
algebra A.

ey

©))

3

“)

«a is called faithful if {(id ® w)a(a) : a € A, w € A} is equal to W*(K), where
A, in general stands for the predual of A.
The fixed-point algebra A* is the von Neumann subalgebra of A defined by

A =lacA:a@) =1Qa}.

Suppose that a is in A and V is a closed subset of K. The spectrum Sp(«), the spec-
trum Sp, (a) of a, the spectral subspace A“(V) and the discrete spectrum Sp, ()
are defined by the following:

Sp(e) = (){Ker(¢) : ¢ € A(K), g =0},

Spe(a) = [ |{Ker(¢) : ¢ € A(K), ag(a) = 0},
A¥(V) = {a € A :Spy(a) S VY,
Spa(@) = {k € K : A*({k}) # {0}},

where A(K) = (W*(K)) is the Fourier algebra of K and « is determined by the
following:

w(ap(a)) = (pQ@w)ala) (peAK), ac A, we Ay).

o is called almost periodic if (i) o is faithful; (ii) The spectral subspaces
{A%({k})}rek generates a o-strongly* dense subspace of A; (iii) There exists a faith-
ful normal state ¢ on A which satisfies the equation (id ® ¢)a(a) = ¢(a) for each
a € A. We call ¢ an o-invariant state on A.

By [2, Proposition 3.3], if « is almost periodic, then Sp,(c) is countable and
there exists a mutually orthogonal family of projections {Px}iesp, (@) With sum 1
such that the canonical implementation Vg of « is determined by the following:

Vki= > k() ® P
keSpg(a)

Namely, the equation a(a) = Vi (1 ® a) Vi holds for each a € A.
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(5) The crossed product K o A is a von Neumann algebra which is generated by a(A)
and L®(K) ® C. It is known that K o x A is equal to the fixed-point algebra of the
stabilization & := Ad(Wg ® 1) o (0 ® 1) 0 (id ® @) on B(L?*(K)) ® A, where o in
general stands for the flip.

(6) The map &, := Ad(pg (k) ® 1)|1€a1><A is an action of K on K « X A and called the

dual action of «. It is known that the fixed-point algebra of & on Kaox Alis equal to
a(A).

(7) A unitary R in W*(K) ® A is called an a-1-cocycle if R satisfies the following
equation:

(A ®id)(R) = (1 Q@ R)(id ® a)(R) .

For each a-1-cocycle R, the map Ad(R) o« is also a coaction of K. We denote it by
ra. We call a coaction o’ of K on A is cocycle conjugate to « if there exist an a-1-
cocycle R and an automorphism 7 on A such that o’ is equal to (id ® 7) o oot 1.

‘We note that the system {12 « X A, &} is determined by only the cocycle conjugacy
class of .

Let H be a closed subgroup of K. By [7, Lemma 3.1], there exists a unique normal
x-isomorphism 7 from W*(H) into W*(K) which satisfies the equation I (Ag (h)) = Ag (h)
for each h € H. It follows that the equation Ax o I = (I ® I) o Ay holds. So, for each
coaction a® of H on A, (I ® id) o & is a coaction of K on A.

We further suppose that 8 is an action of K on a von Neumann algebra M. The crossed
product K gx M is a von Neumann algebra which is generated by W*(K) ® C and wg(M),

where g (X)(k) := B;-1(X) foreach X € M and k € K. Set ,3~k = Ad(pk (k)) ® B for
each k € K. Itis known that K g x M is equal to the fixed-point algebra of the action B of
K on B(LZ(K)) ® M. Moreover, the map B(X) =AdWgk @ NI ® X) for X € Kgx M
is a coaction of K on K gx M. We call ,é the dual coaction of . By the Takesaki duality

theorem, the bidual coaction & onK X K «X A is conjugate to &@ on B(L?(K))® A. By using
the arguments as in the proof [9, Theorem V.2.4], if A is properly infinite, then there exists an
a-1-cocycle R such that AR* is also properly infinite. It follows that, for each coaction « on

a properly infinite von Neumann algebra A, Qis cocycle conjugate to «.
For each action 8 of K on a von Neumann algebra M, the map T defined by Tg(x) :=

fK Bi(x)d (k) is an operator valued weight from M to MPB. Set nr, 1= {xeM : Tg(x*x) e

MP} and mr, = n’;ﬁnrﬁ. It is known that 7} is a semifinite operator valued weight from
I%a X Ato a(A),ie., mr, is dense in I%a X A.

2.2. Inclusions of group-subgroup with the induced actions on von Neumann al-
gebras. Let P be a von Neumann algebra and H C K be an inclusion of (second countable)
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locally compact group—subgroup. For each action 8 of H on P, we define (mutually com-
mute) actions y of H and « of K on L*°(K) ® P by the following:

(X)) == Br(X(IRh)), k(X)) :=Xk ) (XeL®K)®P, he H, k.l €K).

Set Q := (L*°(K) ® P)Y. The restriction of « to Q is called the induced action by 8. We
denote the pair {Q, «} by IndX {P, B}.

We will assume in what follows that H is a closed subgroup of K. By [4, Sec-
tion 2.6], there exists a rho-function p on K associated to a quasi-invariant measure on
K/H. For the (left) projection mg from K to K/H, choose a Borel cross section 6 :
K/H — K. It is easy to check that the unitary V : L*(K) — L*(K/H) ® L*(H)
defined by (VE)(p, h) := £@O(p)h)pO(p)h)~/? yields an isomorphism from B(L*(K))
onto B(L?>(K/H)) ® B(L*>(H)). Moreover, since mx (kO (p)) is equal to kp, we have that
0 (kp)~'kO(p) belongs to H forall p € K/H andk € K. Sothemap x : K x K/H — H
defined by x(k, p) = 6(kp)~'k6(p) is a Borel 1-cocycle. It is known that the system
Indf,{P, B} is conjugate to {L>°(K/H) ® P, §}, where the action § of K is defined by the
following (see [1, Theorem A.1]):

Se(X)(P) = By, X(K'p)) (X € L®(K/H)®P. pe K/H. ke K).

Conversely, suppose that k is an action of K on a von Neumann algebra Q. If there
exists a K -equivariant embedding of L°°(K /H) into the center Z(Q) of Q, then there exists
an action 8 of H on a von Neumann algebra P such that the pair {Q, «} is conjugate to
IndK { P, B} (Imprimitivity Theorem).

3. [Exchangeability of coactions by their dual actions

In this section, by showing a connection between the ranges of coactions and their dual
actions, we will give a proof of our main theorem. Firstly, we will show the following:

PROPOSITION 3.1. Suppose that «a is a coaction of a locally compact group K on a
von Neumann algebra A. If there exists a closed subgroup H of K such that the subalgebra
{[dRw)x(a) :a € A, w € A,} is contained in I (W*(H)), the range of the x-isomorphism
I from W*(H) into W*(K) defined by I Ay (h)) = Ak (h) (h € H). Then the dual action &
of K on K o % A is induced by some dual action B of H on a von Neumann algebra P.

PROOF. By the assumptions, «® := (/="' ® id) o « is a coaction of H on A. Set
P = I:Iao X A, B = (;O and {Q,«} = Indg{P, B}. We will show that there exists a -
isomorphism @ from K « X A onto Q which satisfies the equation (id ® @) o @ = « o @. For
this, we first define a map & on Kox A by the following:

@:=(0Qid)o([d®a’)=(U""'®id®id) o (c ®id) o (id® «) .

We claim that @ is a coaction of H on K a X A.
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Indeed, a direct computation shows that the following equations hold on K 4% A:
a=I"®id®id) o (Ad(Wx) ®id) 0@,
([dRa)oad = (A RidRid)oa.
So, for each z € Iea X A, we have
@) ="' ®id®id)(AdWk) ®id (1 ®2).
It follows that
(@ @a(z) = (d®Ad(WE) ®id)(id ® I ® id ® id)(id ® a)a(z)
=([d®AdWE) ®id)(d® I ®i1d®id)(Ay @ id ® id)a(z)
=({1d®AdWE) ®1d)(([dQ® Ay ® id ® id)
(7' @ id ®id)(Ad(Wk) ® id)(1 ® 2)
= (i[d® Ad(W;) @id)((I ' @ id) Ak ® id ® id)(Ad(Wk) ® id)(1 ® 2)
="' ®Ad(WE) ®id)(Ax ®id ® id)(Ad(Wk) ® id)(1 ® 2)
= ('@ AAW}) ®id)(id® Ax ®id)(Ad(Wk) ® id)(1 ® 2)
= (I ® Ad(W}) ® id)(id ® Ad(Wk) ® id)
(0 ®id®id)(id ®@ Ad(Wk) ®id)(1 ® 1 ® 2)

=(""'®ideid®id)(c ®id®id)(id ® Ad(Wk) ®id)(1 ® 1 ® 2)
= (0 ®ideidId® I ®id®id)(id ® Ad(Wk) ®id)(1 ® 1 ® 2)
=(0®id®id)(1 Q a(z)).

So we conclude that 5[(12 « X A) is contained in W*(H) ® K 4% A, and @ is a coaction of H

on K 4, x A.

It follows that (K , x A) is equal to the fixed-point algebra of the dual action oy :=

Ad(pg(h) ® 1 ® 1) on I:I& X (I%a x A). Now, we define a unitary U from L*(K x H) to
L%(H x K) by the following:

UE)(h, k) =gk "m)'\ 26k~ 'h,h) (e L*> (K xH), ke K, he H).
It is easy to check that, for each k € K and & € H, the following equations hold:
AU @ Ay (h) = Ay (h) @ Ak (h) = (I ®id)Ag (Mg (1)),

Ad(U)(px (h) ® pa (M) = pa(h) @ 1,
AUk (k) ® 1) =1® pk (k) .
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So, foreachk € K, h € H anda € A, we have
Ad(U)(L*(K) ® L™ (H)) = L™ (H) ® L™(K) ,
AdU ® D1 ® (@) = a(a(@),
Ad(U ® 1) Ad(pg (h) @ pu(h) ® 1) = Ad(pr () @1 ® 1),
AdU @ HAdAk (k) ®@1® 1) = Ad(1 @ pk (k) ® 1).

Hence the map @ := Ad(U* ® 1) o & is an isometry from K ox A onto 0 which satisfies the
desired condition.
Therefore we complete the proof. |

We note that the above arguments can be applied to almost periodic coactions. Namely,
we get the following:

THEOREM 3.2. Let o be a coaction of a locally compact group K on a von Neumann
algebra A. If o is almost periodic with the discrete spectrum Sp,(«), then there exists a
coaction «® of I" on A such that the dual action & is induced by «°, where I is a subgroup

of K generated by Sp, ().

PROOF. Suppose that ¢ is a faithful normal «-invariant state with the GNS-Hilbert
space H,. By [2, Proposition 3.3], there exists a mutually orthogonal family of projections
{Pk}keSpd(oz) on H, with sum 1 such that Vg = ZkeSpd(a) Mk (k) ® Pk is the canonical

implementation of « associated to ¢. Set V := ZkESpd(a) Ar(k) ® Py. Itis easy to check

that V is a unitary on L2 ® Hyp, and dia- Ve ® a)V} is a coaction of I" on A.
Set Vri3:=(0 ® id)(le(K) ® Vr). We have the following equations:

Vris(ppm® V)= Y ar() @ik (k) ® Px = (1200 ® V) Vi3,
keSpy(a)

Vris(pagmy ® Vr) = (Ar@id) Y Ar(k) ® Pe = (Ar ®id)(Vr).
keSpg (c)
Hence the range of the map @ := (0 ® id) o (id ® 2% on K « X A is contained in W*(I') ®
K o« X A, and @ is a coaction of I" on K 4 X A with the canonical implementation V3. Now
we define a unitary U from L?(K x I') to L?(I" x K) by the following:

UE)(y. k) =8k k') 2k y,y) EeLl* K xT), keK, yel).

By using the same arguments as in the proof of Proposition 3.1, the map Ad(U* @ 1) o is a
s-isomorphism from {K o x A, &} to IndK {7 ,ox A, a0}
Therefore we get our conclusion. |

COROLLARY 3.3 ([3, Corollary 3.4]). Suppose that M is a type 11l von Neumann al-
gebra with a faithful normal semifinite almost periodic weight ¢ such that the point spectrum
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of the modular operator A, generates the discrete subgroup I'. Let {Ny, I, B1} giving rise to
M = T g, X Ny be the discrete decomposition of M associated to ¢, and {N2, R, B2} giving
rise to M = R g, X N3 be the continuous decomposition of M. Then the action B, of R on N>
is induced up to R from the action By of I" on Nj.

We will next show that the converse of Proposition 3.1 holds when the von Neumann
algebra A is properly infinite. For this, we will show the following:

PROPOSITION 3.4. Let K be a locally compact group and H be a closed subgroup of
K. If an action k of K is induced from an action of H, then the dual coaction K is cocycle
conjugate to a coaction which comes from a coaction of H.

PROOF. Suppose that 8 is an action of H on a von Neumann algebra P. Set {Q, «k} :=
Ind® {P, B}, where

Q0 :=(L*(K)®P), yn(X)(D) := pn(X(h)) (X eL¥(K)®P, he H, 1 €K).
By using the duality, the action id ® y of H on K , x (L*°(K) ® P) is conjugate to ¥’ on
B(LZ(K))(X)P, where y}i := Ad(pg (h))® Py for h € H. Moreover, since K (X (L*(K)® P)

is equal to (B(LZ(K)) ® L®°(K) ® P)’z and k¥ commutes with id ® y, we have

dey _

(K o x (L2(K) ® P))“®" = (BLA(K)) ® L¥(K) ® PY)“®”

= ((B(LA(K)) ® L™®(K) ® P)4®7)F
= (B(L*(K)® Q) =K,x Q.

So the dual coaction & on K , x Q is conjugate to ¥’ ® id on (B(L*(K)) ® P)”’, where k' is
defined by ' (X) = Ad(Wg)(1 ® X) foreach X € B(L?(K)). Now, we define two unitaries
V:L*(K) — L*(K/H)® L>(H) and Wk on L*>(K) ® L*>(K) by the following:
(VE)p, 1) :=E@(PMp @)~ (£ € L*(K), pe K/H, he H),

(W 18k, k) := ¢(O(mk (k2)ki, ko) (¢ € L2 (K x K), ki, k2 € K) |
where 0 is a Borel cross section for the left projection 7g : K — K/H and p is the rho-
function on K associated to a quasi-invariant measure on K/H. Set ¥ := Ad(V ® 1) and
kx. = (d®W¥)o (K ®id) o vl Ttis easy to check that the map ¥ is an isomorphism
from B(L*(K)) ® P to B(L>(K/H)) ® B(L*(H)) ® P which satisfies the equation ¥ o
Y, = ({d® Br) o W for each h € H. It follows that (B(L2(K)) ® Py is isomorphic to
B(L2(K/H)) ® (B(L*(H)) ® P)f = B(L*(K/H))® H gx P. So ki p is a coaction of K
on B(L>(K/H)QH g P. On the other hand, a direct computation shows that Wx  is ak’-
1-cocycle which satisfies the following equation for each & € L?(K x K) and k, k1, k) € K:

(Ad(Wk g)ic’ (A (k)E) (k1 ka) = (i (k) ® A (k)W E)(0 (g (k2))k1, k2)

= Ok (k)T kT O (mk (k)ky, ko)



A CHARACTERIZATION OF A COACTION 319

Since Wk ®1isin W*(K)® (B(L2(K)® P)"" and 6 (rx (k~'k2)) "' k16 (7t (k2)) is in H
for each k, k» € K, we conclude that (id ® ¥)(Wk g ® 1) is a kx g-1-cocycle such that the
range of a coaction (i@ w)(wx. 4 ® 1)KK, H is contained in I (W*(H))® B(L*(K /H))®H px P.
So our claim has been proven. O

By the above propositions, we get our main theorem.

THEOREM 3.5. Leta be a coaction of a locally compact group K on a properly infinite
von Neumann algebra A, and H be a closed subgroup of K with the x-isomorphism I :
W*(H) 2 g (h) — Ag(h) € W*(K). Then the following are equivalent:

(1)  There exists an a-1-cocycle R such that the subalgebra {(id®w)ra(a) :a € A, w €
ALY is contained in I (W*(H)).
(2) The dual action & of K on K o X A is induced by some action of H.
(3) There exists an injective *-homomorphism & from L°° (K /H) to the center ofle X
A suchthat © ol = Qo0 for eachk € K, where £y comes from the left translation
bykon K/H.
Moreover, if one of the above conditions occurs, then there exists a coaction o’ of H on A
such that the system {12 « X A, @} is induced by the system {I:I o XA, (?}.

PROOF. By the above propositions and the Takesaki duality theorem, the conditions (1)
and (2) are equivalent. The equivalence of (2) and (3) comes from the Imprimitivity Theorem
in [10]. The last assertion follows from Proposition 3.1. a

4. Applications for the coactions which come from 1-cocycles

We conclude this paper with two applications associated to the ranges of 1-cocycles.

We first consider 1-cocycles on the measured (not necessarily discrete) equivalence rela-
tions. Suppose that R is a measured equivalence relation on a base space X with a Haar system
{A*},ex. We denote by v a o-finite measure on R obtained by {A*} cx. Set § := dv/dv~\.
For each 2-cocycle o on R, we denote by W*(R, o) the left von Neumann algebra of a left
Hilbert algebra 2(; which is defined by the following:

A :={& € LZ(R, v) : £ is §-bounded and || &||; < oo},
(f* ) = f Fae o, v ydir P o),

ffy)=a,y Hsm ' foh.

It is known that W*(R, o) has a special abelian subalgebra W*(X) which is isomorphic to
L (X, ) and called the diagonal subalgebra of W*(R, o). We note that, if R is a discrete
measured equivalence relation, then W*(X) is a Cartan subalgebra of W*(R, o). For the
details about these matters, refer to [5].

By [1, Theorem 5.8], for each coaction « of a locally compact group K on W*(R, o),
if @ fixes each element of W*(X), then there exists a (Borel) 1-cocycle ¢ on R of a locally
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compact group K such that « is equal to «, where
ac(@) =Uc(1®@a)Us (a € W' (R,0)),

ULk, y) :=E(c(N 'k y) (EeL*KxR), keK, yeR).

By [1, Proposition 5.10], we have that a 1-cocycle ¢ is cohomologous to ¢’ if and only if there
exists an «,.-1-cocycle R such that o is equal to ro.. Moreover, by using the arguments as
in the proof of [1, Theorem 6.3], we have that the spectrum Sp(c.) is equal to the essential
range of c. Namely, the essential range of c is contained in a closed subgroup H if and only
if the coaction o, comes from a coaction of H. So we get the following:

COROLLARY 4.1 (cf.[1, Theorem 7.2]). Let R be a measured equivalence relation
with a 2-cocycle o. For a Borel 1-cocycle ¢ from R to a locally compact group K with a
closed subgroup H, the following are equivalent:

(1) The 1-cocycle c is cohomologous to a 1-cocycle ¢’ such that the essential range of
¢’ is contained in H.

(2) There exist a coaction o® of H on W*(R, o) and an isomorphism @ from {12 ae X
W*(R, o), a.} to Indll_([{l-}aox W*(R, o), o;b} which satisfy W*(X) € W*(R, cr)"‘0
and P(CR W*(X)) =C® C® W*(X).

PROOE. Put A := W*(R,0).

(1)=(2): Set o = (I7'®id) o o . By Proposition 3.1, there exists an isomorphism
@ from {12%/ X A, d}to Indfl{ﬁaox A, 07)} which satisfies @(1 ® a) = 1 ® 1 ® a for each
a € A%'. Moreover, by [1, Proposition 5.10], there exists an «.-1-cocycle R such that o is

equal to ra.. So the condition (2) follows.
(2)=(1): By [1, Theorem 5.8], there exists a Borel 1-cocycle ¢’ : R — K such that

(I ®id) o  is equal to a¢,. By the construction, we have that the essential range of cq
is contained in H. By using the same arguments as in the proof of Proposition 3.1, there
exists an isomorphism ¥ from {I%ozc0 X A, dg} to Indg{lflao X A, (;b} such that ¥ (C ®
W*(X)) = C®C® W*(X). Hence the map ¥ ! o & is an isomorphism from (K a X A, o)
to {12 agy X A, ag,} which satisfies P lod)(CRW*(X)) = CQC® W*(X). So there exist
an a.-1-cocycle R and a x-isomorphism ¢ on A which satisfy o, = (Id ® 071 o rate 06 and
O(W*(X)) = W*(X). Set o’ := gate(= (i[d®0) oy 0 6~1). It is easy to check that AY also
contains W*(X), and there exists a 1-cocycle ¢’ : R — K such that «’ is equal to «.r. By [1,

Proposition 5.10], we have that ¢’ is cohomologous to c.
Thus our claim has been proven. O

The second application is concerning 1-cocycles on the (smooth) flows of weights.

Let N be a type III factor with the dominant weight ¢ and the flow of weights
Xy, R, FV).

In [11], T. Yamanouchi showed that, if a coaction « of a locally compact group K on N
fixes each element of the centralizer N, then there exists a Borel 1-cocycle ¢ from R x Xy to
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K such that « is equal to the extended modular coaction B¢. We recall that, for the continuous
decomposition N = Ry x Ny = ({u(t)}ier V Ny), ,Bf is determined by the following:

BEa)=1®a (aeNy), BIu®)=0Q(1Qu@) (teR),

where Q; € W*(K) ® L®°(Xy) is defined by Q;(w) := Ag(c(—t,w)) for € Xy. For
the precise definition of the extended modular coactions, refer to [11, Section 3] (see also
Appendix).

It follows that the range of ¢ is contained in a closed subgroup H if and only if the coac-
tion ,Bf comes from a coaction of H. By using [11, Theorem 4.1] and [11, Proposition 3.3]
instead of [1, Theorem 5.8] and [1, Proposition 5.10], we can use the same arguments as in
the proof of Corollary 4.1. Namely, we get the following:

COROLLARY 4.2. Let N be a type Il factor with a dominant weight ¢ and c be a
1-cocycle from R x Xy to a locally compact group K. For any closed subgroup H of K, the
Jfollowing are equivalent:
(1) The 1-cocycle ¢ is cohomologous to a 1-cocycle ¢’ such that the range of ¢’ is con-
tained in H. e
(2) There exist a coaction o° of H on N and an isomorphism @ from {12 e X N, B¢}

to ndX {H ,ox N, &%) which satisfy N, € N and ®(C ® N,) = C® C® N,

Appendix A. A remark on coactions which come from the 1-cocycles on the flow
of weights

Let N be a type III factor with a faithful normal semifinite weight ¢ and the modular
automorphism group {o,"},cr. Set N := R ,¢x N. The smooth flow of weights (Xy, R, FV)
of N is given by the restriction of {@t},ER to Z(N) = L®(Xn,vn). In what follows we
assume that ¢ is in Z'(FV, K), a 1-cocycle from R x Xy into a locally compact group K.
Then we have an action of R on K x Xy by the following:

t-(k,w):= (kc(t,w),F,N(a))) (we Xy, ke K, t eR).

The action is called the skew product action associated with ¢ and denoted by (K . x Xy, R).
The 1-cocycle c is called minimal if the skew product action acts ergodically.

In [6], M. Izumi shows that, if K is compact, then for each minimal 1-cocycle ¢ in
ZY(FN | K), there exists a dual action 8 of K on a type III factor M such that the fixed-point
algebra M? is equal to N, and the flow of weights of M coincides with the skew product
action on K . x Xy. It follows that there exists a coaction « of K on N such that the flow of
weights of the fixed-point algebra N¢ is given as the skew product action on K . X Xy.

On the other hand, in [11], by using a different method, T. Yamanouchi showed that such
a coaction can be constructed for each ¢ € Z!'(FV, K) with a locally compact (not necessarily
compact) group K. The action is called the extended modular coaction and denoted by B¢.
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In this appendix, we will modify the arguments in [6], and show that [zumi’s arguments
can be extended to the case that K is not necessarily compact and c is not necessarily minimal.
Moreover, we will show that the coactions obtained by our arguments are cocycle conjugate
to the extended modular coactions.

We denote the skew product action of R on L*(K . x Xy, i X vy) by {9:}ser, the
canonical left translation of K on L*°(K . X Xy, X vy) by {At}rex and the canonical
semifinite operator valued weight from L (K .x Xy) onto L®(Xy) = L>®(K .x Xy)* by
T. It is easy to check that the equation T o ¥; = ﬂt o T holds for each t € R.

THEOREM A.1 (cf. [6, Lemma 5.8]). Under the above conditions, fix a *-isomor-
phism 7 : Z(1\~/) — L (Xn). There exists a unique system {M, 8} which satisfies the
following:

(1) M is a von Neumann algebra which contains N.
(2) B isadual action of K on M, and the fixed-point algebra MP is equal to N.
3) M:= Ra(poTﬁ X M is generated by Z(M) and N.

—

(4) M N N’ is equal to the fixed-point algebra of o%°T¢ on Z(M).
(5) The inclusion of the flows of weights
y 5\ ~goTs
{Z(M) 2 Z(N), o¥°ip |Z(M)’ T,B'Z(M)’ mOd(,B)}
is conjugate to

with a *-isomorphism p : Z(M) — L®°(K +x Xy) satisfying p|Z(N) = 1, where
B is the canonical extension of B and mod(B) is the Connes—Takesaki module of B.

PROOF. We first show the uniqueness of {M, 8}. Suppose that both {My, 81} and
(M, B>} satisfy the desired properties. Then there exists an isomorphism p from Z (M)

—

onto Z(M>) such that the equations p o o?°Th = @ o p, pomod(B;) = mod(Br) o p
and p o Tz = Tg, o p hold on Z (M), and the restriction of p to Z(N) is the identity map.
Fix a faithful normal semifinite weight i on N. Since AZ is generated by Z (AZ-) and N, the
subalgebra generated by mymrg ) is dense in M; (i=1,2). S0y oTg (resp. ¥ o Tg) is

il7(M;
a faithful normal semifinite weight on ]\7141 (resp. ]%). Hence we may and do assume that M,

(resp. A712) acts on H‘/“’TBT (resp. Hon%)- Foreacha, b € nTTI _ and x, y € ny, we have
Z(My)

U (Tg, (" p (™) pla)x)) = Y (y* Tz, (p(b*a))x) = ¥ (y*Tj (b*a)x) = Y (Tg, (y*b*ax)) .
It follows that the map U defined by

U(Ayors (ax)) = Ayory- (p(a)x) (a eny-  —, x €ny)
A B2 Pilz iy
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is a unitary from HllfoTﬁ] to H‘/"’TBE' A direct computation shows that Ad(U) is an automor-

o —

phism from M; to M, which satisfies the equations Ad(U) o 6¥°7#1 = ¢#°Tk2 o Ad(U) and
AdU) o ,gl = ,3~2 o Ad(U) on le. Hence Ad(U) yields an isomorphism from {My, 81} to
{M>, B>}. So such a pair {M, B} is unique.

We next show the existence of {M, 8}. Suppose that H is the standard Hilbert space

of N. Set A := L®(K) ® Z(N). We denote by H; the completion of the algebraic tensor
product ny © Z(V) 'H by a inner product (-, -)3¢, defined by the following:

(@& boOny, =(TO &y, (@benr, §neH).

The von Neumann algebra generated by N and A in B(H;) is denoted by L. By using the
same arguments as in the proof of [6, Lemma 5.8], we have

@ ~

L =/ L(K) ® N(w)dpun (@),
XN

and L N N' = A. Let u(z) be the canonical implementation of % on H. We define a

1-parameter unitary group {U (¢)};cr on H; by the following:

Ut)A(a© &) == AW (a) Qu@)s) (6 eH, aenr).

Then the restriction of Ad(U(¢)) to L is an automorphism of L. We denote it by ©;. It is
easy to check that the equation ®;(ax) = ¥ (a)ﬁ ¢(x) holds foreacha € A and x € N. Set
M= L°. By the definition, N is contained in M.

We construct the action 8 of K on M as follows. For each k € K, we define a unitary
V (k) by

Vk)A(a©§) = AG(a) ©§) (aenr, §€H).

Then {Ad(V (k))}xek is a dual action of K on L. We denote it by B’. By the construction,
B’ commutes with @. So the restriction of g/ to M = L® is an action of K on M. We
denote it by B. Since the equations ,BIQ(ax) = M (a)x and Ty (bx) = T (b)x hold for each
x € N,a € Aand b € mp, we have that LF s equal to N. Hence we obtain N = (N)® =
(Lﬂ/)@ = (L?)# = MP. We note that, by the definition of A/, Ty satisfies the equation
Tg 0O = 09 o Tg and the map Tg = Tg/|p is a semifinite operator valued weight from M
toN.

Since L is generated by A = L*(K)® Z (N) and N, for each faithful normal semifinite
trace T on N satisfying the equation t 00% =e'1,the map 71 := T o T is a faithful normal
semifinite trace on L which satisfies the equation

100, =10Tg 0B, =100% 0Ty =¢'t0Ty =¢""14.

So, by using the same argument as in the proof of [6, Lemma 5.8] again, we conclude that

L —

{L, ®, B’} coincides with (M, o975, B}. Hence the flow of weights of M is equal to the skew
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product action (K .x Xy, R). Moreover, by using the duality, id® f is conjugate to the action
id® B of K on B(L>(R)) ® M. Since N is properly infinite, we can replace {N C M, 8} by
{B(L’(R)) ® N € B(L*(R)) ® M, id ® B}. So we may assume that A is dual.

Finally, since M NN’ is equal to Z(M), we have MNN' = (]\;IDN')"(POTﬁ = Z(M)"worﬁ .
Therefore we complete the proof. a

COROLLARY A.2. Under the above setting, there exists a coaction « of K on N such
that the flow of weights of N is equal to the skew product action (K . x Xy, R). Moreover,
the coaction « is cocycle conjugate to the extended modular coaction BY.

PROOF. By Theorem A.l, there exists a coaction o of K on N such that the pair

{M, B} := {I% « X N, a} satisfies the conditions of the above theorem. Since the flow of
weight of N“ coincides with that of M, « satisfies the desired condition. Moreover, since
such an action 8 is unique, o and B¢ are cocycle conjugate. So we get our conclusion. O
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