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Abstract. The aim of the paper is to construct the fundamental solution of an arbitrary complex power of
the Dirac operator, these powers being defined as convolution operators with a kernel expressed in terms of specific
distributions in Euclidean space. The desired fundamental solution is found, at least formally, in terms of the same
families of distributions as those arising in the kernel of the corresponding operator. Clearly, in order to prove these
results in a rigorous way, we first have to investigate the definition and properties of both the convolution and the
product of arbitrary elements of the families of distributions under consideration, leading to a very attractive pattern
of mutual relations between them.

1. Introduction

The Dirac operator 9 is at the heart of Clifford analysis, a direct and elegant generdli-
zation to higher dimension of the theory of holomorphic functions in the complex plane. Its
fundamental solution is the Cauchy convolution kernel yielding so-called monogenic func-
tions.

In Section 2, we recall the basic notions and concepts of Clifford analysis which will be
used in the course of this paper. For a detailed study of the Clifford function theory, we refer
thereader to [2, 8].

Complex powers of the Dirac operator 9 were already considered in [8]. They are con-
volution operators, the kernels of which are given by certain combinations of 7;*- and U;-
distributions (see [3, 4, 5]). In Section 3, the definitions and the most relevant properties of
these distributionsin R™ are given.

The eventual aim of this paper is to construct a fundamental solution for an arbitrary
complex power of 9. Except for some particular cases depending on the dimension m, the
desired solution can be found in aformal way in terms of specific 7,*- and U -distributions,
related to the ones arising in the kernel of the considered operator. Hence, since the action of
the operator on its proposed fundamental solution clearly involvesthe convolution of arbitrary
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members of the 7,*- and the U, -families, this induces the need for a thorough study of the
convolvability of these distributions. This problem is addressed in Section 4.

In Section 5, we pass to frequency space, for a similar study of the product of the distri-
butions under consideration.

The study of both convolution and product of arbitrary 7,*- and the U -distributions re-
veals awhole scheme of mutual relations both inside and in between the considered families,
caused by the action of some well-known operators (Dirac, Hilbert, Laplace, .. .); moreover,
a mirrored pattern arises in frequency space. This dance of the Clifford distributions is ad-
dressed in Section 6.

In Section 7, the fundamental solution of 3* is given for each 1 € C. Special attention
is paid to the exceptional case where the dimensionm isevenand u = m +n,n € Ng =
NU{0} ={0,1,2,...},giving riseto logarithmic termsin the solution.

Finally, in a last section, the historical background and connections of the 7,*- and the
Uy -distributions and their convolution is briefly sketched.

2. Clifford analysis

In this section we briefly recall the basic notions and results of Clifford analysis, afunc-
tion theory which may be regarded as a generalization to a higher dimensional setting of the
theory of holomorphic functions in the complex plane. For more details, we refer the reader
to[2, g].

Let R%™ be the real vector space R™, endowed with a non-degenerate quadratic form
of signature (0, m), let (e1, ..., e,) be an orthonormal basis for RO™  and let Ro,m be the
universal real Clifford algebraconstructed over R%”. The non-commutative multiplication in
Ro,» is governed by therules

e»2=—1, i=12...,m and eej+eje;=0, 1<iz#j<m.

A
A basisfor R, isobtained by considering, for any set A = {i1,...,in} C {1,..., m} with
l<ii<ip<--- <ip <m,theelement ey = e;,¢;, - - - €;,. FOr the empty set ¢, we put
ey = 1, the latter being the identity element. Then any a € Ro,,, may be written as

a:ZaAeA, as € R,
A

or still asa = Y} glal, where [alx = Z\A\ZMA es is a so-caled k-vector (k =

k
0,m’

which leads to the identification of R and R%" with respectively RJ , and R} ,,. Wewill also
identify an element x = (x1, ..., x,) € R™ with the one-vector (or vector for short)

m
X = E x.,' €j.
j=1

0,1,...,m). Denoting the space of k-vectors by R]E),m’ we have that Ro,» = @)_oR
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For any two vectorsx and y wehavex y = x e y + x A y where

1
xey=—(x,y)= _ij)’j = E(&X-ﬁ-Xi)

isascalar and

1
XAy = ZEiEj(xiyj —Xjyi) = 5(&2-2&)
i<j

is a 2-vector, also called bivector. In particular x? = x e x = —|x|%.

Conjugationin Ro ,, isdefined asthe anti-involution for whiche; = —e;, j =1,...,m.
In particular for avector x we havex = —x.

The Dirac operator in R™ isthefirst order vector valued differential operator

m

9= Zej 8Xj ,

j=1

its fundamental solution being given by

Pl
r(%)

We consider functions f : R™ — Rg,,; such afunction is said to be left (respectively
right) monogenic in the open region £2 of R™ iff f is continuoudy differentiable in £2 and
moreover satisfies the equation d f = 0 (respectively f9 = 0). Asd f = f d = —f9, a
function f isleft monogenicin £2 iff f isright monogenicin £2.

As moreover the Dirac operator factorizes the Laplace operator, i.e. —92 =909 =99 =
A, where A = Z’}'zl 85]_, a (left or right) monogenic function in £2 is harmonic and hence
also aC functionin £2.

Introducing spherical co-ordinatesx = ro, r = |x|, w € ™1, givesriseto the Clifford-
vector valued locally integrable function », which is to be seen as the higher dimensional
analogue of the signum-distribution on the real line; we will encounter w as one of the distri-
butions discussed below.

wherea,, = stands for the area of the unit sphere sm=LinRm,
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3. Some specific classical and Clifford distributions

The distributions 7; and U, (. € C) and their generalizations have been extensively
studied in [3, 4]. Thefirst family 7 = {7, : A € C} of distributions considered is very
classical. It consists of the radial distributions 7, = Fp r* = Fp (x? +--- +x2)*/2, and it
contains a.0. the respective fundamental solutions of natural powers of the Laplace operator.
As convolution operators they give rise to the traditional Riesz potentials. The second family
U = {U, : » € C} of distributions arises in a natural way by the action of the Dirac operator
on 7. The U, -distributions are Clifford-vector valued and it is shown, in Section 5, that they
also arise as products of T -distributions with the distribution v = ;ﬁ mentioned above.

In Section 6, it is shown moreover that the two families 7 and U/ are linked by the Hilbert
transform as well. Typical examples in the ¢/-family are the fundamental solutions of the
Dirac operator and of its odd natural powers.

Thenormalized distributions 7, and U;" arise when their singularities are removed by di-
viding them by an appropriate Gamma-function. In this section we summarize the definitions
and properties of these normalized versions. For a brief sketch of the historical background
of these distributions we refer the reader to Section 8.

The normalized distributions 7,* are defined by

Atm T;,
If=m 2 ——— A#E—m—2
amy ’
r(=5")
n_y

(—=2)8(x), €N,

where the action of T, = Fp r* on atest function ¢ € S isgiven by
(T, ¢) = an(Fp rlt, 2OLg])

with u = A +m — 1. Inthe above expressions Fp rﬁ isthe classical “finite part” distribution
onthereal r-axisand X© isthe scalar valued generalized spherical mean, defined on scalar
valued test functions ¢ (x) by

© 1
2 7el = ¢(x)dS(w).
am Jsm—1
We call Riesz potential of thefirst kind PY, y € C, the scalar valued convol ution operator
given by

PIf1=T; ,*f. fe€S.

Fory # —2I,1 € Ng, we have more explicitly:

Prifl= n—z Fp/R lx —ul”" fWdVw, 3.1
2 m

r(z)
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whilefor y = —2I,1 € Ng we have

m_y m_

(—A)' f =
)

—21 2
PrU = ey el

Tt
22T (% +1)

y+m
22

r(=*)
where IV [ f] isthe traditional Riesz potential.

Note that P%[f] is an entire function of y, whereas I7[ f] shows simple polesat y = m +
2k, k € No.

PrLfl= I1f1, y#m+2k, keNo,

The Clifford-vector valued distributions U;* are typical Clifford analysis objects. They
originate from the action of the Dirac operator on the T,*-distributions (see below). They are
defined by

" U
Uf =8 At —m—2—1,

F()L+l421+l) ’

5l

* w2 21+1
= — d 8(x), [ €Nop,
—-m—21—-1 22+1 (% 1+ 1) 9 (_) 0

where the action of U, on atest function ¢ € S isgiven by
(U, ) = an(Fp rlt, 2D[g)),

with 4 = A +m — 1. The Clifford-vector valued generalized spherical mean X is defined
on scalar valued test functions ¢ (x) by

1
Vig1= — /S | @¢WdS@).

We call Riesz potential of the second kind P}, e C, the Clifford-vector valued convolution
operator

Pl);[f]=U;f,m*f, fes.
Fory #-21—-1,1=0,1,2,...,wehavemoreexplicitly:

y o nym
A C

y+1
Tz —m
= () Fp/m lx—ul""(@-8fWwdVw,

* f
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whilefory = -2 —1,1=0,1,2,...,wehave

l

T2 82]+lf.

/P—Zl—l — U* * = —
U [f] T * S 22i+1 (% iy 1) -

We also put

ZVJT%M
r(=5)

PyLf1=— J'Uf], y#m+2k+1 keNog.

Note that Pg[f] is an entire function of y, whereas J¥[ f] showssimple polesat y = m +
2k +1, k € Np.

The normalized distributions 7;* and U;" are holomorphic mappings from A € C to the
space S’(R™) of tempered distributions. As aready mentioned they are intertwined by the
action of the Dirac operator. They enjoy the following properties. for all A € C one has

(i) x77 = )érTm Uiprn x UL =Uf x=-T7",
(i) 9Tr=2U;, OUf=Ufd=-2nT};
(i) AT} =27AT) 5,  AUS =2n(0—1U;_,
(iv) FIT}1=T%_,:, FIU=—-iU*,_,.
For property (iv) thefollowing definition of the Fourier transformation has been adopted:

FLF@IG) = /R £ () exp(—27i (x, y)) dax .

4. Convolution of thedistributions 7;" and U;

The convolution and the product of distributions is by no means straightforward, es-
pecially when distributions with non-compact support are concerned. Problems in the con-
volution are caused by bad behavior at infinity, while the product heavily depends on local
regularity.

This section is devoted to the problem of the convolvability of the T,- and U,-
distributions.

In the sequel we will use the following subsets of C x C:
D, ={(a,) eCxC|Rea>—m, Re p > —m, Re(a + ) < —m};
Sma1={(,) eCxCla=—-m—2k, ke Noand B # 2I, I € No};
Sm2={(,8) eCxC|la#2k, keNoand =—m — 2/, | € No};
U3={(a,B) e CxC)\(Sn.1USm2) |m=>3and(Reax < —m, —2>Re > —m
orRe B <—m, 2> Rea > —m)};
Up={(a,B) € CxC)\(Sn.1USm2) |m=>4andRe o < —m, Re B < —m}.
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Finally, we will also use the set
=0, USp1USu20¥3UYy.

Starting point is the observation that the Riesz normalizations (see [12]) of the distributions
Ty, Vviz.

1 (%" ("z%)
Ry = 2 L pppem =2 2 L T* =21 21, 1 eN
o 20[7.[% 1"(%) pr Zanaﬁz—m a—m Ol# s Ol#m+ 5 € No
2211-v m o
o
2(-1) o 1
R = m IO I A ) l S N
m+21 7'[?2””’211—'(% +l)l! r gm + Am,i 0

where

P I o) P
ml =3 2 I

and C is Euler’s constant, satisfy the convolution formula
Ry % Rg = Ry1p, VY(,B)eCxC
The following result is then obtained immediately.

PropPosITION 1. For all (o, 8) € C x Csuchthat o # 2j, j € No, B # 2k, k € Np
ando + B 4+ m # 21,1 € No the convolution 7 x T/;‘ is the tempered distribution given by

T« T = cm(e ) Toypym- (4.2)
where
F( _ a+ﬂ2+m)
r(-9r(-4)’
Nevertheless let us give some additional comments, since the equality (4.2) should be inter-
preted with care.
A. If the complex parameters « and g fulfil the conditions of the set @,,, viz. Re o >

—m, Re B > —m and Re (o« + B) < —m then the distributions 7, Tﬂ* and T(;"erm are

L’l"c-functions, and the convolvability of 7 and Tg‘ isaclassical result (see[10], Prop. 2.36).

emla, B)=m7?

B. If (o, B) € W3 U Yy, then the distributions 7, and T/;‘ are not Lll“-functions any-
more; however the convolution of those tempered distributionsis still defined.

C. If (a,B) € Sp,1U Su,2 then either T or T/;‘ reduces to a natural power of the
Laplace operator, from which a direct calculation leads to the desired result.
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D. Finally,if (o, B) & $2then T *T/;‘ does not exist as a genuine convol ution anymore.
However for each 8 € C\ {2j|j € Np}, the expression c,, (o, ) T;+/3+m is a holomorphic
mapping of «, for al « € C\ {2k|k € No} suchthat « # —8 — m + 21,1 € No. Hence, we
may define the expression 7, = Tg‘ at the left-hand side of (4.2) in this «-region by analytic
continuation. Moreover, this reasoning clearly allows for the réles of « and 8 to be inter-
changed. Thisleadsto asound interpretation of the above result (4.2) in this case, involving a
“x"-operation which, although not being a genuine convolution, till satisfies the basic prop-
erties of a convolution, as will be shown below in Corollary 1.

Similarly as above, we now give senseto the distributions 75« U, Uy + T and Ug U
In Proposition 2, we trace out the largest subset of C x C for which each of these distributions
is a convolution in the classical sense. Next, for al admissible couples («, 8) not belonging
to that subset, we provide a” natural” definition.

PROPOSITION 2. For (o + 1, 8) € £, thedistributions U * T and T « Uy exist as
a convolution in &', their action on a test function ¢ € S being given by

(Uy * TE, ¢) = (TE *« Uy, ¢) = cm(a—1,8) <U§+,3+m, é).
For (@ +1, B+ 1) € 2, thedistribution U} * U;;‘ existsasa convolutionin &', its action
on atest function ¢ € S being given by
—21
a+B+m

PROOF. We only treat the case of Uj = T, the other cases being similar.
Take (@ +1,B) € 2,then T, | * T/;‘ is a genuine convolution and hence:

<U; * Ug, ¢) = em(a—1,8—-1)( o;k+ﬂ+m’ }).

Q(T;+1 * TE) = (QT;+1) * TE . (43)
On account of (4.2) and the properties mentioned in Section 3, thisleadsto
(@+B+m+D) emla+1B) Upipyy=(+1) Uy xTg,

or
Uy * T; =cp(a —1,B) U;+ﬂ+m )
a
Note that, according to Proposition 1, one has
Ty g% TE =cp(a+1,8) T;H;erJrl. (4.9
So the action of the Dirac operator 9 on both sides of (4.4) produces
ATy *xT) =@+ 1) cmla—1,8) Uy gim (4.5)

which inspires the following definition.
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DErINITION 1. (i) For(o,B) e CxCsuchthata #2j+1, B #£2k, a+ 8 #
—m+2+1, j,k,I € Ngoneputs

Uy #Tg =T5 xUy =cm(e—1,8) Uyipym- (4.6)

(i) For(a,B) e CxCsuchthata # 241, 8 #2k+1, a+pB #—m+2, j, k€

No one puts

r(- ) T* .. (4.7)

R

m
U;*U;:yrf"l

REMARK 1. Interms of the Riesz potentials of the first and the second kind, the ob-
tained convolution formulae read:
(i forAa#m+2j,u#m+2kandr+p #m+2l, j, k,1eNg,onehas

UM = P
(i) forazm+2j+Lu#tm+2kandr+u#m+2+1, j k,[€Np,onehas
TR = UL = T
(i) fora #m+2j+Lu#m+2k+1andir+pu#m+2l, jk,1eNo onehas
TAIRL N = LA

Now we extend the basic convolution properties to al newly defined convolutions be-
tween members of the families of distributions7 = {7,* : A e C}and U/ = {U;" : A € C}.

COROLLARY 1. Let X1 and X2 betwo distributionsof 7 U . Then, aslong as the
distributions involved are defined, the following properties hold:
(i) [Commutativity] X7 * X2 = X2x X1;
(i) [Derivation] 9 (X1% X2) = (8'X1) % X2 = X1 % (8'X>)
(X1 X2)9' = (X12') % X2 = X1 % (X20), VI €N,

PrROOF. (i) Thecommutativity property can readily be checked.
(if) In &l cases where the “«”-operator denotes a genuine convolution, the proof is
trivial. In the other cases, restricting « and g to admissible values, we have e.g.

AT+ T =(a+B+m) cn(@. B) Usypym1-

The right-hand side equals

a+p+m  cn(a,p) * % * *
S QI T =T * T

which also can be written as

a+p+m  cmle, B)
B cm(e, B —2)

Ty * @TF) =T, x @T5),
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from which we may conclude that
AT = T/;‘) = @T)) * Tg = T) « (QT/;‘) .

The other cases are treated similarly. O

5. Productsof thedistributions 7;* and U

In genera, the product of arbitrary distributionsis not defined. However, if the convolu-
tion of two distributions f and g exists, one can always give meaning to the product of their
Fourier transforms, sincefor f, g € S’ and ¢ € S:

(F()-F@), ) = (F(f*9).8) = (f*9,F ).

Hence, in view of the fact that the Fourier transform maps the set 7 (resp. U/) onto the
set 7 (resp. —i ), it makes sense to consider products of distributions 7, and U;'. In this
section we will give arigorous definition for the distributions 7,y - 7, T - Ug, Uy - Ty and
Uy - U/;", for all alowed values of («, 8) € C x C. Notethat we use the dot notation in order
to emphasize that we are dealing with a product.

PropPosiTION 3. For all (a, ) € C x C, suchthat (—a —m, —8 —m) € §2, onehas

() Ty -Tg, T; -Ug, Uy - Ty and Uy - Uy are well-defined as products of distributions
inS’;

(if) the action of these distributions on a test function ¢ € S is given by

(Ty - Tg, ¢) =cm(—a —m, =B —m) (T 5, $)

(Ty - Ug, d)=cm(—a—m, = —m —1) (Uy 5, ¢)

(Uy - Tz, ) =cm(—a —m =1, =B —m) (Uy g5, $)
2

ProoF. We only treat the product 7, - Tg, the other cases being similar.

Take (o, B) € C x Csuchthat (—a —m, —B —m) € £2,i.e let («a, B) be acouple of
complex parameters for which the distribution 7* *T*,_,, isagenuine convolution (see
Proposition 1). We then have

a—m

FIT* ] FIT* 5, 1= FIT

*
—o—m

=cm(—a—m,—p—m) FIT:, 5,1,

* Tjﬁfm]

which, by means of the propertieslisted in Section 3, reduces to
Ty Tg=cm(—a—m,—p—m) T g (5.8)

The desired formulafollows if we let both sides act on atest function ¢. |
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For al (o, B) € C x C suchthat (—a —m, —f —m) ¢ §2 and for which T, _, % Tjﬁ_m
is defined (see Proposition 1), we till have

FIT* *Tfﬁ_m]zcm(—a—m,—ﬁ—m) T;+ﬁ,

—o—m

but, as the distribution 7*,,_,, * Tjﬂ_m is no longer defined as a genuine convolution, we

cannot rewrite the left-hand side as the product of two Fourier transforms. However, the
above formulainspires adefinition for the products of distributionsin 7" U/ in these cases as
well.

DEFINITION 2. (i) For(a,B8) e CxCsuchthata # —m —2j, B #-—-m—2k, o+
B#—m—2l, j, k,I1 €Ngoneputs

Ty T =cm(—a—m, = —m)T 4. (5.9)

(i) For(a,f) e CxCsuchthata # —m —2j, B # —m —2k -1, a + B
—m — 20 —1, j, k,I € Ngoneputs

Ty U =cm(—a—m,—B—m—1U, 4. (5.10)

(iii) For (@,B) e Cx Csuchthat = —m —2j—1, B # —m—2k, a +B #
—m — 20 —1, j, k,I € Ngoneputs

Uy Tg =cm(—a—m =1, - —m)Uy, 4. (5.11)

(v) For(a,B) eCxCsuchthata #-—m—2j—1, B#£-m—2k—1 a+ 8 #
—m — 2, j, k,I € Ngoneputs

m

r a+p+m
Uy Up=-n2tt (=5) T* (5.12)

rE) (g

By the above definition we have now given meaning to the distribution 7 - T/;‘ for all

(a, B) € C x C. However, one should always keep in mind that only for the couples («, 8)
mentioned in Proposition 3, 7" - T/;‘ can beinterpreted as areal product of distributions.

REMARK 2. Onaccount of Corollary 1(i), the*“-”-operator acting on (7 Ul) x (7 UU)
iscommutative. In particular, we have, for allowed valuesof o and g, that U - T3 = T3 - Ug.

6. Mutual relations between the 7;*- and U, -distributions

From the above multiplication rules for the 7,*- and U, -distributions it follows that,
returning to their non-normalized versions, in particular for A # —m — n, n € Ng, one has:

T, Ug = UoT), = U,

or
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Thismeansthat, for A # —m —n, n € No, the U, -distributions may be seen as the products of
the corresponding T; -distributions with the locally integrable Clifford-vector valued function

Up=w= \i;l This last distribution may be regarded as the higher dimensiona analogue
of the sgn(x) 2~ distribution on the real line. This becomes even more clear in frequency

]

space where, as is the case for sgn(x), its spectrum

m+1 U_m = Pv _m
T 2 Am+1 r

FlUol = —i

is, up to theimaginary unit, the convolution kernel J© of the higher dimensional Hilbert trans-
formin the Clifford analysis setting (see [6, 7, 9]).

For this Hilbert transform the 7"~ and U;-distributions are paired, since the convolution for-
mulae give, for A ¢ No:

™
oL

* O 1
HIT = JOT ] = ———=

(%)

U

§
3

and

0 r(-3
HIUS] = JOU;) = —/m——22 T .
r(%%)

AslongasRe A < 2 these are genuine Hilbert transforms, which are then analytically contin-
uated to C \ Np.

So, in retrospect, we have two convolution operators linking the 7)*- and Uj-
distributions, viz. the Dirac operator 36 and the Hilbert operator H, and two convolution
operators acting inside each of the two families 7 and 4, viz. the Laplace operator A§ and
the Hilbert-Dirac operator Hd = 9H (see dso [5]):

(i) 8+T)=aU; ; and 36Uy =U;*36=—-21nT}

(-2
Uy and HIU}]=—-7 (HZ)T;
r(=*)

(i) AS*T}F=2nAT) , and ASxU; =2r(r—1U; ,

)

. 1—‘(1—)\)
(i) HIT1=--L 2
FTOVIr(=3)

>

r
r(-

N‘

)
T, and HOU}]= 2\/;@ U,
r(=*)
By the Fourier transform these four convolution operators are turned into multiplication
operators, two of them acting between the 7 - and the ¢/-families, viz. ix and i w, the other
two acting inside each family, viz. r2 = (ix)2and r = |ix| = (ix)(iw):

(V) HolT;] =27

N>
~—
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. R A s . " o
(i) ixT*_, = —izzU%, 1 and ixU*, , =—iT*

A—m+1

T . * _ LA * . * _ J—,
(i) iwT*,_, =-iz-U*_, ~ad ioU* _  =—iT*

—A—m

2% _ A 277% _ 1%
(“I) r T—A—m - _ZTf)\fm+2 and r U—A—m - 2n U7A7m+2

(v) rT%_,=-%T*_,. ad rU*_ =3ty
Note that all those operators themselves belong to the 7 - or the ¢/-families:
0 w— -2 Gy g i LGy

- T
72 71'?+l

-

m+1 m
(||) H=— F(m%l) Ufm and lQ = ir(m%l) (JC)‘]<
T 2 T2
(i) A8 = 4F£:§:l) T*,_, ad r’= F(Tﬂf) 5

B
N

m+

—

2 *
mzrl Tl

-
—

m+1
iv) Ha =2 fl)TjIH and r="_

T 2 T

which nicely illustrates the strongly unifying character of the 7,*- and the U -distributions.
This dance of both families of distributionsis schematically shown in the picture below.

| convolution domain—l
Ad r?
T3, I —-1I3 Ty =TT T2 2
X / H| i \ /
;—2 U)\ 1‘_‘_@— U;: Ui/\—m_‘ff'—_) U A—m+41 —A—m+2
Ad r?

7. Thefundamental solution of the operator 9%

In the previous sections, we have collected all preliminary results needed to construct,
in a rigorous way, the fundamental solution E,, (x) of the operator 9. This operator is a
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convolution operator, acting on tempered distributions as follows (see [8, 5]):

14 iTp QU m+up 1— T U m+p+l
Qﬂf: [ 26 )(ni—;tz ) ij—u - 26 fnfufl ) Uim—u * f
T2 T2
ou 1 1 itp (Mt 1— it [° m+p+1
- Fp M+m|: +e ( ZM)_ e ( ;24—1)9 f

It iswell-defined for all 1 € C, except for u = —m — k, k € Ng. Hence for the moment
we exclude the above values of 1 for which the operator 9* is not yet defined.

As can be seen from the structure of this section, we need to distinguish between several
cases for the parameter . € C, depending on the dimension m.

71. Thecaseu =1,2,...,m — 1. Forthesevaluesof 1 we aready know that (see
e.g. [3]):

52 1 1 11 1 1 1 . s
ay, 20 —2 42m—-2m—4 m— 2] —m+20 | =0(x),

11 11 1 1 1
§2+ — — —...2 = U 5
B ( am 2l 42m—-2m—-4 m-—2 m+21+l) (x)

Taking into account the respective definitions of 7;* and U7, thisleadsto the fundamental
solutions:

F(n_Zl — l) *
Ey(x) = o, B Lomt2 (7.13)
r(m—
E41(x) = — (E-D) (7.14)

221+17T %+l+l —m+2/+1

7.2. Thecaseu =m+k,k € Ng. Forodd dimension m, itis sufficient to notice that

nl’ﬂ
Fm+k+3)r(—k-3)

Ty —ope1 * Top1 = 5(x)

and

nm+1

rm+k+3r(—«c+3)

UZpm—2i * Uz = §(x) .
Hence, in this case, in view of the definitions of 9”2 and 9" *%*+! intermsof U*, _,, and
T*,, o1, Weariveat the fundamental solutions:

r-4

m+2(2) om+2k 7 3+m-+k

U3, (7.15)
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r(-3-#

— < 7 T . 7.16
om+2k+1,y 3 tmtk  2H (7.16)

Epyor+1(x) =

In case of an even dimension m, note that (7.13) and (7.14) are ill-defined whenever
w =m + k (k € Np). Thus, one has to use different techniquesin order to find afundamental
solution. As
2

er: i Uil’
am

it can be directly seen that, for even m, the fundamental solution of 3™ is given by

1

_—2’"—11’(”—21) Inr.

En(x)=

Thisfact inspired usto propose, for the remaining natural powersof 9, afundamental solution
containing a logarithmic term, which has eventually lead to the following proposition.

ProPOSITION 4. Let thedimension m be even. Then, for all k¥ € N, the fundamental
solution E,,.x (x) of 3”* isgiven by

Enyor—1(x) = (p2x—1Inr + qax—1)Us_1, (7.17)
Ensor(x) = (paxInr + q2) T (7.18)
with
_(~1\'m
Pe=\4z ) &
~1\* po 1 1
q”:_(ﬂ) H;[mnk—zj + 2k—2j+21|
' (7.19)
k+1
_o(Z1) o
P2k+1 - X!
_ (L AR 1 . 1 L1
2=\ ) Slmv2k—2j " A -2j+2] mra|
and
B 1
)

PrROOF. First, assuming that the desired fundamenta solutions take the proposed forms
(7.17) and (7.18), we establish recurrence relations between the coefficients (pax, g2x) and
(p2k—1, q2k—1). To thisend, note that

A" E o (x) = 8(x) © d(paInr +qu) T5, = Emtok—1(x),
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which, on account of (7.17) and the product rules from Proposition 3, leads to

P2k = % DP2k—-1
L L (7.20)
q2k = E(qzzcl - EPZkl) .
Similarly, we have
M ELE, ri1(x) = 8(X) & (PN +qausDUSq = Entac()
yielding
1
P2k+1= —E P2k
. L (7.21)
q2k+1 = _Z <42k - m+ 2kp2k) .

From (7.20) and (7.21), a straightforward cal culation leads to the desired closed expres-
sions (7.19) for al coefficients. a

7.3. Thecaseu € C\N,u # —m —k, k € No. It remainsto construct fundamental
solutions E,, (x) for al non-natural powers of 3. Seen the definition of 9# as a convolution
operator intermsof 7%, and U*,,_  and the fact that

m

b/
T, _, xT* = §(x)
—m—p —m+p + — A
r (%=1 (%")
and
nm+1
* * _
U—m—u * U—m+u = F(erngl)F(mile»l) 5(x),

it seems rather natural to define £,,(x) asalinear combination of 7%, and U* Hence

we put

m—+pu

where the complex coefficients Cr (m, n) and Cy (m, ) still need to be determined in order
to fulfil % E, (x) = 8(x).

The action of 9# on the distribution E, (x) produces four terms, two of which are
“mixed”, in the sense that they contain a 7* aswell asa U*; they are given by

1+ efmr 20 (51
5 i Cy(m, W) T2, _, *UZ,

Lol 2r("3)
B =
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and

1 efmn pup (Ml

2
- o Crm, ) UX,_ *TX, .,
T2z

1—eime  np(mil
= — ze P«—l( 2 ) CT(ms M) Uim
()

Clearly, we need these terms to cancel each other, leading to the condition

114 el 1"(%)
2
1—eimr p(m—Ter) ’

Cr(m, u) _
Cy(m, )

T

(7.22)

One can easily verify that with

e +1 I(%57)

CT(m’ ,bL) = m-+p
2 2ng "7
and
e~ 1 F(mf,tzﬁrl)
Cy(m, n) = 5 pra—

L A
not only condition (7.22) is satisfied, but moreover
HCr(u, )T, + Cu(u,m)UZ, 1= 38(x).
Thismeansthat for arbitrary 1 € C \ N, the fundamenta solution of 3* is given by

et amemresd)

- U
+ —m-+ +u+l —m-+pu
2 m+p 12 2 m ;21. 12

Ey

Note that the case of the natural powers of the Dirac operator, already mentioned in [3], is
included in this formula as well (see (7.13)—<7.14) and even (7.15)—7.16)). Only the funda-
mental solutions E,,,1« (x) (with k € No and m even) escape from this unifying structure.

74. Thecasep = —m —k, k € No. We are now able to define ™% as the
convolution operator

AR = Epix f

where E,,, 1, has been constructed in subsection 7.2.
We put

E_m—k = Qm+k8
and observe that indeed

Q_m_kE—m—k — Em+k % Qm-‘rké =5.
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Note that, depending on the parity of the dimension m and the natural number k, E_,,_ is
indeed adistribution in the 7 - or the/-family.

8. Historical comment

The radial distributions 7;, = Fpr*, r = |x|, A € C, are of course well known. In
[12] Riesz introduced their normalizations R, (see Section 4) and the corresponding Riesz
potentials

I"[f1=R,*f, fe€S.

Notethat, if ignoring the additional definition of R, 2, Ry showssimplepolesat o = m+2I,
[ € Ng and that F[R_»] and F[R+2:1], I € Ng are no Riesz kernels anymore. In our
approach 7" is an entire function of A € C and the Fourier transform is a bijection in the
family {T}* : 1 € C}.

In [11] Horvéth introduced the vectoria kernels
1\701 = _%Ra+1 ,
which, fora # —2] — landa # m + 2 + 1,1 € N, are given by

.1 (=) i
® 205’y F(a_—é—l) pm—a+1’

These kerndls satisfy the convolution formula
]\70[ * ]\7/3 = —Ry+1p,

where the convolution of the two vector valued distributions has to be taken in the sense of a
scalar product.

If the Euclidean vector ¥ isidentified with the Clifford-vector x, then the Horvéth kernels
Ne correspond to the Clifford distributions

*
a+m+1 o—m *
2

. I—vmfoHrl
g, T8
2%

Again note that 1\7a shows smple polesat o« = m 4+ 2/ + 1,1 € No, whereas Uj_,, is an

entire function of » € C. The convolution of N,, with an appropriate function, say arapidly
decreasing one, then givesrise to the vectorial counterpart of our Clifford-vector valued Riesz
potentials of the second kind. Moreover, after identification, up to a minus sign, of the scalar
product of two vectors with the inner product of two Clifford-vectors, the above convolution
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formulafor the Horvéth kernels Ny, findsits equivaent in our formula (4.7) for the convolu-
tion of U, -distributions where the Clifford geometric multiplication isinvolved.
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