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Abstract. Let Q be a parameter ideal in a Noetherian local ring A with the maximal ideal m. Then A isa
regular local ring and m/Q iscyclic, if depth A > 0and Q" ism-full for someinteger n > 1. Consequently, A isa
regular local ring and al the powers of Q areintegrally closed in A once Q" isintegraly closed for somen > 1.

1. [Introduction

Let A be aNoetherian local ring with the maximal ideal m and d = dim A. Let I be an
ideal in A. Then we say that 7 ism-full if m/ : x = I for somex € m. The notion of m-full
ideal was introduced by D. Rees and played since integrally closed ideals are m-full under a
certain mild condition ([G2, Theorem (2.4)]), an important role in the analysis of integrally
closed ideals (cf. [G2, GH1, GH2, GHK, HUV, MTV]).

The present purpose is to prove the following.

THEOREM 1.1. Let A bea Noetherian local ring with the maximal ideal m and let Q
be a parameter ideal in A. Assume that depth A > 0 and Q" ism-full for someinteger n > 1.
Then thelocal ring A isregular and m/ Q iscyclic.

Thistheorem provides a new sight of m-full powers of parameter ideals and givesrise to
asufficiently simple proof of the following result, which has been known if A isexcellent and
n issufficiently large ((MTV, Théoréeme 3]) or if depth A > 0 [HUV, Corollary 2.11]).

COROLLARY 1.2. Let A bea Noetherian local ring with the maximal ideal m and let
QO beaparameter ideal in A. Then thefollowing three conditions are equivalent to each other.
(1) Aisaregular local ringand m/Q iscyclic.
(2) Qisintegrally closedin A.
(3) Q"isintegrally closedin A for somen > 1.
When thisisthe case, theideals Q° areintegrally closed in A for all integers¢ > 1.
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In Corollary (1.2) our contribution is the implication (3) = (2); the equivalence of
conditions (1) and (2) isdueto [G2, Theorem (3.1)] as well asthelast assertion. Thus, asfor
the parameter ideals Q in a Noetherian local ring A, the integral closedness of any power of
Q impliesthat of all the powers of Q and the regularity of A aswell.

A global version of Corollary (1.2) is as follows. We suspect that the assumption
AssyA/I = MingA/I in condition (2) of Proposition (1.3) is superfluous.

PrRoOPOSITION 1.3. Let A be a Noetherian ring. Let I be anideal in A and assume
that wa (1) = htal, where s (1) and ht4 I denote the number of generators and the height
of I, respectively. Then the following conditions are equivalent.

(1) Iisintegrallyclosedin A.

(2) AssqA/I = MingA/I and I" isintegrally closed in A for some integer n > 1.
When thisisthe case, I¢ isintegrally closed in A for every integer ¢ > 1.

The proof of Theorem (1.1) and Corollary (1.2) shall be givenin Section 3. Section 2 is
devoted to some preliminaries. In our proof of Theorem (1.1), some results on Ratliff-Rush
closures, FLC rings (that is, generalized Cohen-Macaulay local rings), and m-full ideals will
play key roles, which we will briefly summarizein Section 2.

In what follows, otherwise specified, let A be a Noetherian local ring with the maximal
ideal mandd = dimA. Let ua(x) and £ 4 (%) denote the number of generators and the length,
respectively. For eachideal 7 in A let hty (1) bethe height of 7. We denote by e(A) = e%(A)
the multiplicity of A with respect to the maximal ideal m. Let Hin(*) (i € Z) stand for the
i " Jocal cohomology functor of A with respect to m.

2. Preéliminaries

Let A be a commutative Noetherian ring and let 74 denote the set of idealsin A which
contain at least one nonzerodivisorin A. Foreach I € F4 let

i — U(In—i-l In)

n>0

be the Ratliff-Rush closure of 7. Then7 € 7 < Tand I =7 (cf. [Mc, Lemma 8.2 (vi)]),
where I denotes the integral closure of 1.

PropPOsSITION 2.1. (1) (Y.Shimoda) Let I € J beidealsin A and assume that
1" = J" for someinteger n > 1. Then I¢ = J* for all integers ¢ > n.

(2) Let I € F4 and assumethat /" = I” for somen > 1. ThenI = [ and I¢ = I* for
all integers ¢ > n.

PROOF. (1) Sincel” C I""1J c j*1J =J" wegetI" = I""1] = J". Therefore
=y =10ty =1"7y=J"J =J"* ThusI* = J¢ foral ¢ > n.

(2) Wehavel” = [" since [" € 1" = I". Hence I C I by [Mc, Lemma 8.2 (iv)] so
that I = I by [Mc, Lemma8.2 (vi)]. The latter equality follows from assertion (1). ]
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Now let A be a Noetherian local ring with the maximal ideal m and d = dimA. Let
Hf“(*) (i € Z) betheloca cohomology functors of A with respect to m. Then we say that
A has FLC (or eguivalently, A is a generalized Cohen-Macaulay local ring), if al the local
cohomology modules H, (A) (i # d) arefinitely generated.

For each ideal 7 in A we put

R() = A[lt] = @ 1",

n>0
wheret denotes an indeterminate. Let
G(I) = R(I)/IRI) = EB 1yt
n>0
be the associated graded ring of 1.
Let G = G(m) and M = G the unique graded maximal ideal in G. Let e(A) = €2 (A)
denote the multiplicity of A. We then have the following.

ProPOSITION 2.2. (1) Supposethat A hasFLC. Then A isaregular local ring, if
e(A) = landdepth A > 0.
(2) Thelocal ring A hasFLC, if the local cohomology modules

Hi, (G) = lim Ext.(G/M", G)
of G with respect to M arefinitely generated for all i # d.

PROOF. (1) Thelocal ring A isunmixed since A has FLC and depth A > O (cf. [SV,
Appendix, Proposition 16]). Hence A isregular by [N, Theorem 40.6].
(2) See[G1, Proposition (3.1)]). O

The notion of m-full ideal was introduced by D. Rees, who showed that every integrally
closed ideal 1 is m-full, provided I is not nilpotent and the residue class field A/m of A is
infinite [G2, Theorem (2.4)]). The readers may consult [G2] about basic results on m-full
ideals. Here let us note two of them, which we later need to prove Theorem (1.1).

PROPOSITION 2.3. Let I be anideal in A and assume that / is m-full. Then the
following assertions hold true.

(1) LetJ beanidealin A. Assumel C Jandl4(J/I) < oo. Then ua(l) > ua(J).

(2) Assumethat A/I isan Artinian Gorenstein local ring. Thenm/1 iscyclic.

PROOF. (1) See[G2, Lemma(2.2) (2)].
(2) Letx emsuchthaam/:x=1I1.Then/ :m=ml:x): m=(ml:m):x2>1:
x sothat 7 : m = I : x. Thuswe get the exact sequence

0— [I:ml/T — A/T > —A/I — AJ[I + (x)] — O.

Hence L4 (A/[1+ (x)]) = £a([1 : m]/I) = 1 because A/I isGorenstein. Thusm = I + (x),
whence m/I iscyclic. |
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3. Proofsof Theorem 1.1 and Corollary 1.2

Let A be aNoetherian local ring with the maximal ideal m andd = dim A. Let Q bea
parameter ideal in A.

PrROOF OF THEOREM 1.1. Passing to thelocal ring A[ X ma[x] Where X isan indeter-
minate over A, we may assume that the residue class field k = A/m of A isinfinite. Let q
be a minimal reduction of m. Hence q is a parameter ideal in A and m"+1 = qm’ for some
r > 0 (such an ideal q must exist because the field k = A/m isinfinite), and then R(m) isa
module-finite extension of R(q). Let

¢ : R(q)/mR(q) — R(m)/mR(m)

be the homomorphism of graded k-algebrasinduced from theinclusion R (q) € R(m). Hence
the homomorphism ¢ is aso finite. We put

P=R(q)/mR(g) and G =R(@m)/mR(m).

For each integer i > O let P; = q'/mgq’ and G; = m’/m‘*! denote the homogeneous com-
ponents of P and G of degreei. Then because q is a parameter ideal in A, thering P isthe
polynomial ring with d variables over the field k. Therefore ¢ is a monomorphism since ¢ is
finiteanddim P = dimG =d.

We now look at the m-full ideal Q”. Then

d+n—-1

pa(m™) < pa(Q") = < -1

) =ua(q")

by Proposition (2.3) (1), so that the monomorphism ¢ induces an isomorphism

Pn — qn/mqn - Gn — mn/mn+l

of vector spaces over k. Hencem” = ¢" + m"*!1 and so m” = " by Nakayama's lenma.
Thus m* = q° for all integers ¢ > n by Proposition (2.1) (1). Hence the homomorphism
¢ : P — G induces an isomorphism between the vector spaces P, and G, over k and so

d+¢-1
Catm/mtHh) = £4(q /mg) = ( " )
d—1
forevery ¢ > n. Thuse(A) = €2 (A) = 1by definition. Let C = Coker ¢. Thendim; C < oo
since Cy = (0) if £ > n. Therefore because thering P is the polynomial ring over k, thanks
to the exact sequence

O—)P—W>—>G—>C—>O

of finitely generated graded P-modules, we get H’M(G) = (0)foradli #0,d, where M =
G . Hence by Proposition (2.2) (2) the local ring A has FLC, so that the local ring A is
regular by Proposition (2.2) (1) because e(A) = 1 and depth A > 0.
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Since A/ Q isan Artinian Gorenstein local ring, to seethat m/ Q iscyclic, by Proposition
(2.3) (2) it is enough to show that Q ism-full. Let x € m such that mQ” : x = Q" and let
a €emQ :x. Thenx(@Q" 1) = (xa)0" ! € mQ" whencea Q"1 € mQ" : x = QO".
Thereforea € Q" : 0" 1 = Q because Q is generated by an A-regular sequence. Thus
mQ :x = Q and so Q ism-full. O

We are in a position to prove Corollary (1.2). The last assertion and the equivalence of
conditions (1) and (2) in Corollary (1.2) are dueto [G2, Theorem (3.1)]. Let usinclude brief
proofs of the last assertion and the implication (2) = (1) for the sake of completeness.

PROOF OF COROLLARY 1.2. We may assume that d = dimA > 0. Passing to the
local ring A[XIma[x] Where X is an indeterminate over A, we may also assume that the
residueclassfield k = A/m of A isinfinite.

(3) = (2) We will show that A isaregular local ring and Q is integraly closed. Let
W = H%(A), B = A/W,andn = m/W. Then Q"B isintegraly closed in B because
W < /(0) and Q" is integrally closed in A. Hence by Theorem (1.1) the local ring B
is regular because depth B > 0 and Q"B is n-full. We must show that W = (0). Since
W C /(0),wehave W € Q" = Q". Let £ > 0bean integer and assumethat W < QF. Let

QO = (a1, az, ...,aq) and choose w € W. Wewrite w = Zm:e cqed” with ¢, € A, where
a¥ = aillagz . ~a3d and |o| = Zl‘-lzlai foreacha = (a1, a2, ..., aq) WithO < o; € Z. Let

* denotetheimagein B. Then

> Gaia g =i =0.

lor|=¢

Sincethesystemay, ap, . . ., ag of parametersin B formsaregular sequence, wegetc, € OB
forevery @ = (a1, a2, ..., ag) With |a| = £. Thusc, € Q+ W sothatw € (Q* T +wWQH)Nn
W = Q" n W)+ W Q! Consequently, W = 0“1 nw < Q! by Nakayama'slemma.
Hence W € (1),-0Q" = (0) and so thelocal ring A is regular.

Because Q" isintegrally closed, we have O = Q by Proposition (2.1) (2). Theidead Q
is generated by aregular sequence, whence

0=Jwt:0m=0,.
n>0

sothat wehave 0 = 0 = Q.

(2) = (1) Thanks to the above proof, A isaregular local ring. Hence m/Q is cyclic by
Proposition (2.3) (2) because Q ism-full and A/Q isan Artinian Gorenstein local ring.

(1) = the last assertion. We may assume that d > 2. Since m/Q is cyclic by our
assumption, we may choose aregular system ay, az, . . ., aq of parametersof A sothat Q =
(a1, ...,aq—1,ay) forsomeq > 1. Let

S=RQ = Alat, ..., aq-1t,adt, 171
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be the extended Rees algebra of Q (here ¢ denotes an indeterminate over A). Letu = 1.
Then G(Q) = §/uS. We must show that S isan integrally closed integral domain. We firstly
recall that the sequence ay, . .., a4—1, aj isregular. Hence the associated graded ring G(Q)
isthe polynomial ring with d indeterminatesover A/ Q, that is

G(Q) = (4/Q)laxt. ... ag-t. ajr]

and the elements {a;7}1<j<4—1 and agt are algebraically independent over A/Q, where x
denotes theimage in G(Q). In particular, the ring G(Q) is Cohen-Macaulay. Hence the ring
S isalso Cohen-Macaulay because u isanonzero divisor in S.

Let P beaprimeideal in S with htg P = 1. We will show that the localization Sp of S
isadiscrete valuation ring. We may assumethat u € P (becausethering S[u=1] = A[r, t~1]
isregular). Then P = (m,u)S = (a1,az,...,aq,u)S, Shce P/uS is a unique minimal
prime ideal in the polynomia ring G(Q). Hence P = (aq, u)S because a; = a;t-u for al
1 <i <d— 1 Therefore PSp = a4Sp becausealt ¢ P = (m,u)S andu = a}/(alr).
Hence Sp is a discrete valuation ring with the regular parameter a;. Thus the Cohen-
Macaulay ring S satisfies Serre's condition (R1), so that S is an integrally closed integral
domain. Hence Q" isintegrally closed in A for every integer n > 1, which completes the
proof of Corollary (1.2). ]

Before closing this paper let us note a brief proof of Proposition (1.3). We suspect the
assumption that Assq A/I = Ming A/I in condition (2) is superfluous.

PROOF OF PROPOSITION 1.3. (1) = (2) and the last assertion. This is due to [G2,
Theorem (1.1)].

(2) = (1) Assumethat I # I and choose P € AssyI/I. Then P € Assy A/l =
Ming A/I. Hencetheidea IAp isaparameter idea in the local ring Ap because htyI =
ua(l). Since

(IAp)' =I"Ap =T"Ap =T"Ap = (IAp)",

by Corollary (1.2) the local ring Ap isregular and IAp = TAp = IAp. Thisisimpos
sible. a
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