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Abstract:
torsion subgroup of order 2 or 3 is constructed.
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1. Introduction. There are numerous re-
sults on the construction of an infinite family of
elliptic curves of rank at least r and given torsion
subgroups. For example, Dujella and Peral [DP15]
proved that there are infinitely many elliptic curves
E/Q such that

{ rankz (E(Q)) > 3,
rankz(E(Q)) > 3,

E(Q),., = Z/2Z x Z./6Z,
E(Q),,, = Z/3Z.

For other torsion groups, analogous results are
listed in [Duj].

However, less is known regarding the construc-
tion of an infinite family of elliptic curves over the
rational numbers whose rank is ezactly r. The only
known cases are r =0 and 1. We recall the parity
conjecture for elliptic curves over the rationals: For
any elliptic curve E/Q,

ords—1 L(s, E) = rankz(FE(Q)) (mod 2).

Byeon and the author [BJ16] constructed an
infinite family of elliptic curves over the rationals
whose Mordell-Weil group is exactly Z x Z. In
this study, we will prove the analogous results
for other torsion subgroups, namely, Z/2Z and
Z/37Z.

Theorem 1.1. Under the parity conjecture,
there are infinitely many elliptic curves E such that
EQ)2ZXZxT forT=17Z/27,7Z/3Z.

For an integer m, we denote by FE,, the elliptic
curve defined by 3? = z* —ma, and by A,, the
elliptic curve defined by 3> = 23 +m?. Let p and ¢
represent prime numbers. We will show that there
are infinitely many elliptic curves of the form FE,,
and A,,, such that each has root number +1 and
a nontrivial rational point. In other words, we
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show that there are infinitely many pairs of prime
numbers (p, q) such that

. Zx7/2Z < E,(Q), wg, =+1,
(1) Z xZ/3Z < A,(Q), wy,, = +1.
To do so, we use following lemma:
Lemma 1.2 ([BJ17, Lemma 2.2]). Let

f(z) € Z]z] be a polynomial of degree k with positive
leading coefficient. Let A, B be relatively prime odd
integers, g be an integer, and i, j be positive integers
with 0 < 4,5 < g and (i,9) = (j,9) =1. We assume
that there is at least one integer m such that

2f(m) = Ai+ Bj (mod g) and (AB,2f(m)) = 1.
Then, there are infinitely many integers n such that

2f(n) = Ap1 + Bp,

for some primes p1 =1 and p2 = j (mod g).

Subsequently, the upper bound of size of
Selmer groups of E,, and A,, will be calculated.
The size of the Selmer groups of E_, and A, is
determined by the residue class of p modulo 16
and 9, respectively (see [Sil09, Proposition X.6.2],
and [CP09, Corollary 7.7]). In the case of E,, and
Apq, the Selmer groups are not determined only by
the residue classes of p and ¢ modulo 16 and 9.
However it will be shown that the upper bound of
the size of Selmer groups can be calculated in
certain cases (see Proposition 2.2, 3.4). Combining
these with (1), we have Theorem 1.1.

2. 2-Torsion case. We recall that an ellip-
tic curve FE,, is defined by the equation g° =
23 —max, where m € Z. The torsion subgroup of
E,.(Q) is Z/2Z when m # —4 and m is not square
[Sil09, Proposition X.6.1].

Lemma 2.1. (i) If m is not divisible by any
square of integers, then
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WEg, = WoWsz,

where wy, = sgn(—m), whereas wy =—1 if m=
1,3,11,13 (mod 16), and wy = +1 otherwise.
(ii) Let a,b be integers satisfying b*(b*> —a®) # 0.
Then, the elliptic curve Eypgp_q2) =3 - (b -
a®)x has an integral point (b*, +ab?).

Proof. (i) It follows from [BS66, (10), (13)],
and (ii) can be verified by a direct calculation. O

We recall the method of descent via two-
isogeny [Sil09, Theorem X.4.9]. Let MY and M¥ be
the set of finite places and infinite places of a
number field K, E] be an elliptic curve defined by
the equation y* = 23 +4mx, ¢: E,, — E/ be a 2-
isogeny defined by

2 2
P(z,y) — (‘%M)
x T

and ¢ be its dual isogeny. Then, for S= Mg U
{ve M% :v | 2m}, we have

Sely(E,/Q) C H(Q, E,[¢],9),

where H'(Q, E,[¢], S) C H'(Q, E,,[¢]) is the set of
cocycles unramified outside S. For

X
Q(S,2) := {x € % sordy(xz) =0 for all v ¢ S},
Q")
there is an isomorphism t:Q(S,2) —
HY(Q, E,[¢],S) defined by «(d)(c) :=d°/d for all
o€ Gal(Q/Q). We note that E,[¢] = Z/2Z as a
Gq-module. Let WC(E/Q) be the Weil-Chatelet
group of the elliptic curve E/Q. Then there is a map

Q(S,2) = H'(Q, Eulg], $) = WC(E/Q),
d — Cy(w, 2) : dw’® = d*> 4+ 4mz2*,
and for d € Q(S,2), ¢(d) € Sely(E,,/Q) if and only if

the homogeneous space Cj is locally trivial for all
p € S. That is,

{de€Q(S,2): Cy4(Q,) # @ for all p € S}

L

=~ Sel,(E,,/Q).
We simply write d € Sely(E,/Q) for u(d)e
Sely,(En/Q), and denote by C! the homogeneous
space of E/ for d € Q(S,2).

Proposition 2.2. Let E= E, and ' = E

for some primes p and q.
(i) If pq # £1 (mod 8), then Z/2Z < Sely,(E/Q) <
(Z/2Z)*.
(ii) If one of p and q is not equivalent to 1 modulo 4,
then Z./27 < Sely, (E'/Q) < (Z/2Z)*.
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Proof. (i) By previous arguments, we know
that

Q(S,2) = {£1,£2, +p, +q, £2p, +2q, £pq, +2pq},

and Cy:dw? = d? + 4pgz*. By [Sil09, Proposition
X.4.9], we have pq € Sel;(E/Q). The negative d €
Q(S,2) is not in Sel, (E/Q) because Cy(R) is empty.

Let (W,Z) be a Q,-point of Cy:w?=2+
2pqz'. We may assume that W € 2Zy and Z € Z,.
If pg # +£1 (mod 8), then W? =24 2pgZ* (mod 8)
does not have a solution. Hence, if pq#
+1 (mod 8), then 2 ¢ Sels(E/Q). Consequently,
(pg) < Sely(£/Q) < {1,p,q,pq, 2p, 2q} which proves
(i).

(ii) We note that the homogeneous space C/, of
E' is defined by the equation dw? = d> — pgz*. As
in (i), we have —pq € Sely (£}, /Q). We consider
C", :w? +1=pgz*, and let (W, Z) be a Z,-point of
C',. As W? +1=0 (mod p), there is no Q,-point
in C', when p#1 (mod4). Similarly, if ¢#
1 (mod 4), then C’,(Q,) =@. Hence, —1¢
Sely (E'/Q) if one of p,q is not equivalent to 1
modulo 4.

We consider €', :2w? +4=pgz'. We may
assume that a Q,-point (Z,W) of C’, satisfies
W € Zy and Z € 2Z,. As the equation 2W? +4 =
0 (mod 16) does not have a solution, —2 ¢
Sely (E'/Q). Similarly, C}(Q,) does not have a
solution because 2W? —4 #£ 0 (mod 16). Therefore,
2 ¢ Sel,(F'/Q).

Consequently, if one of p and ¢ is not equivalent
to 1 modulo 4,

(—pg) < Sely(E'/Q)
< {1,=£p, £q, —pq, +2p, £2q, £2pq}.

Let A = {1, +p, +q, —pq, £2p, £2q, £2pq}. Then, all
the possible groups between A and {1, —pq} as sets
have order bounded by 4. (I

Theorem 2.3. There are infinitely many
elliptic curves E such that wg = +1 and

ZxZ/2Z < E(Q) < Z x Z x Z/2Z.

That s, under the parity conjecture, there are
infinitely many elliptic curves whose Mordell-Weil
groups are exactly Z x Z x Z/27Z.

Proof. There is a natural Q-isomorphism be-
tween Eu, = E, for t,s € Q, which is defined by
(z,y) = (%,%). When b*(b* —a®) #0, Eppi_q) =
Ei_q2) has a rational point of infinite order by
Lemma 2.1 (ii). We use Lemma 1.2 with A =B =
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1, g=16,i=15, j=3, and f(n) =2n% As m=1
satisfies 2m? =i+ j (mod 16), there are infinitely
many integers b such that 202 =p+¢ and
p=15,¢=3 (mod 16). Then for a = &4,

bt —a? = (0* + a)(b* — a) = pq.

The torsion subgroup of E,, is Z/2Z. As pq#
+1 (mod 8) and p,q =3 (mod 4),

2 + ranky (E,,(Q))
S dlsz (SEI¢(EPQ/Q)) + dlsz (Selo’( pq/Q))
<4,

by [Sil09, Proposition X.4.2, X.4.7] and Proposition
2.2. Finally wg, = +1, by Lemma 2.1 (i). O

3. 3-Torsion case. In this section we con-
sider elliptic curves A, : 3> = 2® +m?. We recall
that if m # 1 is a cube-free integer, then the torsion
subgroup of A4,,(Q) is Z/3Z (see [Sil09, Exercise
10.19]). As in Section 2, we have the following
lemma.

Lemma 3.1. (i) If m is square-free and

prime to 6, then wy, = ws Hp‘m wp, where

{ wy=—1 if m®>=-2 (mod 9),
w3 = +1 otherwise.
{ wp:fl if plm, and p=2 (mod 3),

otherwise.

(ii) Let a,b be nonzero integers satzsfymg a(a® —

b%) # 0. Then the elliptic curve Ag(a2 syt =2t +

a2(a® —b%)* has an integral pomt (—a® + b2,

+(a’ —b%)).

Proof. The first part can be easily deduced
from [Liv95, §9, Theorem]. The second part can be
verified by a direct calculation. (I

We recall the method of descent via 3-isogeny
[CP09, Definition 1.3]. Let K = Q(v/-3), A/ be
the elliptic curve defined by the equation 3? =

—2Tm?, ¢ : A, — A, be an isogeny defined by

s o) — ( ),

and ¢’ be its dual isogeny. There are 3-descent maps

3 +4m? y(ad
2 )

T

Am(Q) Arlm(Q) o
S,3 d ————K(S5,3
aiq) U md  gy S )
where S= M U{ve M, :v|6m} for () =K or

Q. The map « is defined by
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1

=—, and a(z,y) =y —m.
2m

We note that o is defined by o/ (z,y) = y — 3mv/—3,
and the images of o« are in Ky(S,3)={ue
K(S,3) : Nmg/q(u) € (Q*)*}. By [CP09, Propo-
sition 2.2], we have |im a[im o/| = 3"kAn(Q)+1 For
all d € Q(S5,3), d is in the image of « if and only if
Cq4(Q) # @, however, we do not calculate homoge-
neous spaces Cy directly. Instead, we will find
cubics C satisfying d € im « if and only if C(Q) # 2.
After that, we will show that the cubic C does not
have Q,-points in certain cases, which gives an
upper bound of |im «. Similarly, we will obtain an
upper bound of |im ¢/|.

Lemma 3.2. Let p,q>5 be primes,
Apy 1P = 2% + p*¢® be elliptic curves.
(i) For any d € Q(S,3), let d be the unique cube-free
representative of d, and d= d?dy be the unique
representation such that d; are square-free and
coprime. Then, d is in the image of a if and only if
the cubic

a(0) =1, a(0,m)

and

. . 2pq

) 3 3 3 _

(2) Odl,dzv;][gzz ’ le +d2Y * dldg 7= 07

has a nontrivial rational point. We will denote

Cd a2 by (dy, do, 2’”") Moreover, we have im o <
d1 9

(2,p,9).
(ii) Let uy,us,u3t3. The cubic C:uy X> + upY? +
uzZ® =0, which is denoted by (uy,us,u3), has a
Qs-point if and only if u; = £u; (mod 9) for some
i # 7. B

Proof. By [CP09, Theorem 3.1.(1)], d € im« if
and only if the cubic

.1
ax? +aY3+2qu3 =0

has a nontrivial rational solution. Replacing Y by
d1dyY, this cubic has a nontrivial rational solution
if and only if (2) has. If d € im«a, then d;dy should
divide 2pg, by [CP09, Theorem 3.1.(3)]. Hence, (i)
follows, whereas (ii) is exactly [CP09, Lemma
5.9.(1)]. O
Lemma 3.3. Let p,g>5 be primes, A;q

y? = x3 — 27p*¢? be elliptic curves, and T be a unique
nontrivial element in Gal(K/Q).

(i) Ford € Kx(S,3), there is av = vy + vo\/—3 such
that v; € Q and d = v*7(v). Then, d € ima’ if and
only if the cubic
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bpg 3
v? + 303
+ 60, X%Y — 181, XY? =0,

has a nontrivial rational solution.
(ii) For d € imd/, there erists an ideal a,q of O
such that dOg = a’7(a)q® and Nmg q(a) is a cube-
free divisor of 2pq divisible only by primes that are
split in K/Q.
(iii) The cubic defined by (3) has a Qy-point if and
only if the class T7(v) /v is a cube in Fy.
Proof. [CP09, Proposition 4.1.(1), Corollary
4.3, Lemma 6.5], respectively. O
Proposition 3.4. Letp,q > 5 be primes, and
Apy 1P = 2%+ p*¢® be elliptic curves.
(i) If p,gq=+£2 (mod9), then Z/3Z <ima <

(3) 20, X3 — 60, Y +

(Z/3Z)*.
(ii) If p=2 (mod 3) and g=1 (mod 3), then 0 <
imo' < Z/3Z.

Proof. (i) By Lemma 3.2 (i),

2
ima = {d € Q(S,3) : didy | 2pq and <d1,d2, pq)
dyds

has a nontrivial rational solution}.

As ima is a group, the cubic (dl,dg,d ) hab a
nontrivial rational solution if and only if (dg, d1, P 1)
is. There are 14 cubics (dy, dy, 22 it =PL) "up to exchange
of d; and dy. Among them, (1,1, 2pq) and (1,2pg, 1)
have a nontrivial rational solution, namely,
[1,—1,0] and [1,0, —1], respectively. Hence, 1,2pq €
im . There are 4-sets of cubics, namely,

{(2.1,pq), (1,pq,2), (pg, 2,1)},

{(¢,1,2p), (1,2p,q), (2p, ¢, 1)},

{(r.2,0),(2,4,p), (¢,;p,2)},

{(1%1,261) (1,2¢,p), (2¢,p, 1)}
One cubic of the set is in im « if and only if all cubics
in the set are in imc, because 2pq € im . Hence,
it suffices to check the solubility of one cubic for
each set.

By Lemma 3.2 (ii), the cubic (2,1,pq) has a
Qg-solution if and only if pg=+1,42 (mod 9).
Hence, 4 ¢ ima if pg # £1,£2 (mod 9). Similarly,
we can show the following, by considering cubics
(¢:1,2p), (p,2,q), and (p,1,2q):

e ¢2? does not lie in ima when ¢ # +1, p #Z £5,

and ¢ # +2p (mod 9),

e 2p? does not lie in ima when p # +2, q # +2,

and p £ +¢ (mod 9),
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e p? does not lie in ima when p # +1, ¢ # +5,

and p # £2¢ (mod 9).

If p,g = £2 (mod 9), then 4, p2, ¢ do not lie in im a.
Therefore, Z/3Z < im o < (Z/3Z)°.

(ii) By Lemma 3.3 (ii), if d € im«/, then there
exists a such that d = (a®7(a) and Nmg q(a) | 2pq
is divisible only by primes that split in K/Q. In this
case, Nmg q(a)|q. Therefore, ima’ < ((3,¢%¢),
where ¢ is a prime element of K satisfying
Nmyg/q(d) = ¢

We consider d = (3. For v = (3, we have (5 =
v’7(v) and 7(v)/v # 1 in Fy. Therefore, the cubic
(3) for v =3 does not have a solution in Q, by
Lemma 3.3 (iii). Consequently, when p =1 and ¢ =
2 (mod 3), imo/ < Z/37Z. O

Theorem 3.5. There are infinitely many
elliptic curves E such that wg = +1 and

ZxZ/3Z < E(Q)<ZxZxZ/3Z.

That is, under the parity conjecture, there are
infinitely many elliptic curves whose Mordell-Weil
groups are exactly Z x Z x Z/37Z.

Proof. When a?®(a® — b?) # 0, the elliptic curve
Ags(as—z) has an integral point of infinite order by
Lemma 3.1. We use Lemma 1.2 with A =27, B=1,
i=2,j="7 and f(n)=2n3 As 2md=27i+
j (mod 9) has a solution m = —1, there are in-
ﬁnltely many integers a such that a® 27p+q, and

=2,and ¢=7 (mod 9). Then for b = 27” 4
(a5 — b?) = (a® + b)(a® — b) = 27pq.

Therefore, there are infinitely many elliptic curves
Agpgipg = Apg whose rank is at least 1, and
Ap(Q),o; = Z/3Z. By Proposition 3.4, |imal < 3?
and |ima/| <3 since p=2 and ¢=7 (mod9).
By [CP09, Proposition 2.2], lim «f|im o/| =
3rankz An(Q+1 - Hence, 1 < rank(A4,,(Q)) <2, and
wa, = +1 by Lemma 3.1. (]
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