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Abstract:

The main purpose of this article is to establish the CKN-type inequalities for all

a € R and to study the relating matters systematically. Roughly speaking, we shall discuss about
the characterizations of the CKN-type inequalities for all & € R as the variational problems, the
existence and nonexistence of the extremal solutions to these variational problems in proper
spaces, the exact values and the assymptotic behaviors of the best constants S(p,q,«) and

C(p,q).
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1. Introduction. We shall establish the
CKN-type inequalities for all « € R and study the
relating matters systematically.

In the noncritical case (a # 1 —7) the CKN-
type inequalities with best constants S(p,q,«) are
represented by

(1.1) / VP[] d
.

p/a
> 5.0 [ lultel*a )

for any u € Wig(R”) with Vu = (%ﬁ,gf} ,...,(%1).
Here n>1, 1 <p < 400 and ¢,a, are real num-
bers satisfying the noncritical relation (NCR) given
by Definition 2.6. On the other hand in the critical
case (a=1-— %), the CKN-type inequalities with

best constants C(p, q) become

(1.2) |Vull|z|P™" dz

By

Ju? p/q
> C(p,q) / — dx
Bi|z|" As(Jz|)" e

for any u € VVi:g(Bl). Here B is a unit ball having
its center at the origin, A;(t) = 10g§ for R>1 if
n > 2, and A(t) = log% if n =1, and the parame-
ters should obey the critical relation (CR) given by
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Definition 2.7. Roughly speaking, we shall discuss
about the characterizations of the CKN-type in-
equalities for all « € R as the variational problems,
the existence and nonexistence of the extremal
solutions to these variational problems in proper
spaces, the exact values and the assymptotic
behaviors of the best constants S(p,q,«) and
C(p,q), and so on. When p = 2 and o > 1 — &, these
topics were already treated by F. Catrina and Z.
Wang in [6] and they obtained interesting results
(See also [10], [7], [1] and [8]). In these problems,
the presence of weight functions in the both sides
prevents us from employing effectively the so-called
spherically symmetric rearrangement, and the in-
variance of R" by the group of dilatations creates
some possible loss of compactness. Instead of the
full proofs, the important remarks in the proofs are
given just after each theorems. The full proofs will
be given in the coming paper [11].

Before we go further into our main results on
the CKN-type inequalities involving critical and
supercritical cases, we give a brief historical review
here. The inequality (1.1) for a>1—2% is often
called the Caffarelli-Kohn-Nirenberg type (the
CKN-type inequalities). In fact in [5] they estab-
lished general multiplicative inequalities including
these types. In [9] we have also studied these
inequalities among more general imbedding theo-
rems on the weighted Sobolev spaces, where the
weights are powers of distance from a given closed
set F.

It was also very interesting for us to study
further the properties of the imbedding operators
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obtained there. But for a general F' it seemed not
easy to study these problems in a detailed way. By
this reason, in [10] we restricted ourselves on the
simplest case that F consists of a single point,
namely, the origin. In this particular case we have
studied the relating problems in a various aspect
and obtained interesting results such as the exact
values of the best constant S = S(p, ¢, @) in certain
cases, the existence and nonexistence of the ex-
tremals and so on.

Recently we have revisited the weighted
Hardy-Sobolev inequality in [4] and [3]. It is easy
to see that the classical CKN-type inequality
coincides with the weighted Hardy-Sobolev inequal-
ity if B=a—1, or equivalently p =¢q. To our
surprise it was shown that the weighted Hardy-
Sobolev inequalities themselves hold for all @ € R
with some modifications. In fact, even if « =1 — %
holds, the sharp inequality of the Hardy type
remains valid as long as the whole space R" is
replaced by a bounded domain containing the origin
and the weight functions in the right hand side are
replaced by the logarismic ones. Moreover we have
successfully improved those weighted Hardy-
Sobolev inequalities by finding out sharp missing
terms, as a result they turned out to be very useful
in many aspects. For the complete argument and
the related applications see [4].

On the other hand, the counterpart in the
CKN-type inequalities to the weighted Hardy-
Sobolev inequalities in [4] seems to be unknown so
far. But it seems reasonable for us to expect that the
CKN-type inequalities should remain valid for all
a € R with a similar modification as was performed
in the weighted Hardy-Sobolev inequalities. In this
spirit we shall establish the CKN type inequalities
for all & € R, and as the application we shall further
study the relating topics to the CKN type inequal-
ities for all a € R systematically in the present
paper.

2. Function spaces and related properties.

Definition 2.1. Let © be a domain of R".
For a nonnegative measurable function w on 2, let
LP(Q,w) denote the space of Lebesgue measurable
functions defined on 2, for which

1/p
2.1)  Nullprow = (/Q |u|pwdac> < +o00.

Definition 2.2. Let p and « satisfy 1<
p < +oo and a;«él—%. Let Q be a domain of R"
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such that 0 € Q. Then, by Wig(Q) we denote the
completion of C§°(2\ {0}) with respect to a norm
defined by

(2.2) Hu”w'i:g(g) = [|[Vul ||Lp(Q,\z|”") + ||u||LF(Q"w|p<"’l>)'

Definition 2.3. Let p and « satisfy 1<
p<+oocanda=1-— % Let © be a bounded domain
of R" such that 0 € Q and let R be a positive
number such that R > sup,cq |z|. Then, by W;{;(Q)
we denote the completion of C3°(£2) with respect to
a norm defined by

(2:3)  [ul

whh(Q)
= [ IVul | oo popey + 1l ogafai 4, (o)) -
Here A;(t) =log % When n =1, we also treat the
space Wif)’(Q) with R > sup,cq |7|.
Definition 2.4 (Definition of 5(p, ¢, @)).
any p,q > 1, a € Rand n > 1 we set

ﬁ(pqua) :n(l_l) +Oé—1.
P q

For

(2.4)

We shall classify the CKN-type inequalities
according to the range of the parameter « into the
three cases. Namely

Definition 2.5. The parameter « is said to
be subcritical, critical and supercritical if « satisfies
a> 1—%, a=1—2and a < 1—%respectively.

In the next we define the noncritical (i.e.
subcritical or supercritical) and the critical rela-
tions.

Definition 2.6 (The noncritical relation
(NCR)). The parameters p, ¢, n, « and § are said
to satisfy the noncritical relation (NCR) if they
satisfy

a#l—ﬁ,
P
B = B(p,q o),

q < +o0
a—1<pg<a.

(2.5)

Definition 2.7 (The critical relation (CR)).
The parameters p, q, n, « and (§ are said to satisfy
the critical relation (CR) if they satisfy

azl—ﬁ,

p

q 4
q < +oo
a—-1<p<a
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For given p and n, ¢ is the only living parameter in
the critical case. Further from the remaining
conditions we see that

Yep<i-t o peg<c ®
p p n—p
if 1 <p<mn,
(2.7) n
p
if p>n.

It is helpful for us to know in advance the existence
of the continuous imbedding operators among our
spaces. Namely from Theorem 4.1 and Theorem 5.1
we have the following proposition that is very
fundamental in the present work.
Proposition 2.1. Let p satisfy 1 < p < 400
and let n satisfy n > 1.
1. Assume that the parameters p, q, n, o and (3
satisfy the noncritical relation (NCR). Then we
have

W, h(R") C LY(R", |z|"9).

In addition C3°(R" \ {0}) is densely contained
in W (R).

2. Assumethata =1 — m (the critical case). Then
1t holds that

WiH(By) € LP(By, |z| " A (|z])77),

where By is a unit ball with a center being the
origin. Ai(t) = log§ for R>1 if n>2, and
Ai(t) =logt if n=1.
In addition, both C3°(B1) and C3°(B; \ {0}) are
densely contained in Wb (By).
Lastly we define a Banach space of radial functions.
Definition 2.8. For a wunit ball B; =
{zx eR" : |z| < 1}, we set
m{,“g(‘Bl)rad
(2.8) ={ue Wijg(Bl) : u is a radial function},

e, = lllwie,):

rad

3. Variational problems and some nota-
tions.
Definition 3.1. For the mnoncritical

(Oé 7é 1-— %) we set for ﬂ:ﬂ(p’q’a)

WWM:‘“Vwmmﬁm
(e " )
(u € WyH(R")\ {0})

For the critical case (@ =1 — %) we set

case

(3.1)
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Jp, [Vul’ |z dx
e g NP
(fBl A, (\L| q+17— dLL')
(v e Wo(B1) \ {0})
for R>1if n>2, and A(t) =

(32)  FP(u) =

Here A(t) =logZ

log% ifn=1.
Definition 3.2. Under the condition (NCR)
we set
Spga) = inf EP(u)  (P)
ueW, b (R")\{0}
Srad(P, 4, ) = inf EP(u)  (Praa)

ueW, §(R"),0\ {0}

Secondly we consider the critical case.
Definition 3.3. Under the condition (CR)
we set

Clp,g)=  inf  F"(u). (P
uweW . (B)\{0}
Crad (p, Q) = inf vaq(u)' (Pr(ad)

uEW, §(B1)a\{0}

We prepare the following notations.

Definition 3.4. For (o, B) with B =
B(p,q,a), let us set
_ 2n
a=2—-—a——,
p
(3.3) o
p=-6-2.
q

Under these notation we see that
(3.4) B = B(p,q,a).

Further we see immediately that (@, §) is symmetric
to (e, 3) with respect to a point (1 —2%, 1) in R?,
and that 1 —a+ f=1—a+ [ is satisfied.
Definition 3.5. Let p szxtisfy 1 < p. For any
subset A C R and @ C [p,+00), counsidering the

subset of R?
G={(a,}): B=B(p,q,0), 0 € A, € Q},
we set
(35)  G¥={(@p):8=0(pqq),acAqeqQ}

where (@, 3) is given by (3.3).

4. Main results in the noncritical case.
In this subsection we consider the noncritical case
(a#1—72). For the sake of self-containedness, we
shall state our results combining with some relating
known results.
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Theorem 4.1 (The imbedding results). Let
p satisfy 1 < p < +oo and letn satisfyn > 1. Assume
that the parameters p, q, n, a and B satisfy the non-
critical relation (NCR). Then we have S(p,q, ) > 0,
namely it holds that for any u € Wi:g(R“),

(4.1) / IVl || do
R71
) p/a
25(p,q,a)</ |u|q|x|dpdx> :
R®

Proof.

1. In the subcritical case the imbeding inequal-
ities are known as the classical CKN-type
inequalities. (See also the author’s paper [10].)

2. In the supercritical case we employ the iso-
metric transformation 7T from the spaces

lef;(R7l) and LI(R",|z|™)) to the spaces

«
Wé:g(R”) and LY(R”, |z|2)) respectively with
622—&—%and§:—ﬂ—%.
3. When p=1 and g > a — 1, these inequalities
remain valid, which are often called “the
weighted isoperimetric inequality”. O
Theorem 4.2 (The imbedding results in the
radial function space). Let p satisfy 1 <p < 400
and let n satisfy n > 1. Assume that the parameters
p, q, a, B and n satisfy the noncritical relation
(NCR) and o — 1 < 8 < ao. Then the best constant
Srad(D, ¢, @) in the radial function space is achieved.

Proof. When « = (=0, this was initially
shown in [15]. In the subcritical case, this was
already established in [10], and in the super-
critical case we employ again the isometric trans-
formation T O

Theorem 4.3 (The continuity of the best
constant). Let p satisfy 1 <p < +4oo and let n
satisfy n > 1. Assume that the parameters p, q, n, o
and B satisfy the noncritical relation (NCR). Then
we have the followings:

1. It holds that

(4.2) 5(p,q, @) = 5(p, ¢, ).
2. S(p,q, @) is continuous on q, . In particular we
have
(4.3) lim S(p,q,a) = Apa.
q—p+0

Here A, = |2 |P s the best constant for

the weighted Hardy-Sobolev inequality.

In the next we see that the best constant
S(p, q, @) is attained by some elements in VVi"O(R")

provided that « — 1 < 8 = 3(p, ¢, @) < «a is satisfied.
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Theorem 4.4 (Existence and Nonexistence of
extremals). Let p satisfy 1 <p < +oo and let n
satisfy n > 1. Assume that the parameters p, q, n, «
and [ satisfy the noncritical relation (NCR). Then
we have the followings:

1. Assume that a—1< < a. Then the best
constant S(p,q,«) is achieved by some u €
WLt (R").

2. For fB=a—1 or equivalently p=gq,
S(p,p, ) = A, holds, and S(p,p,a) is not
achieved.

3. Assume thatp =2 andn > 2. If either a > 0 or
a <2(1—12), then §(2,2%, ) = 5(2,27,0) holds
and S(2,2*, ) is not achieved. Here 2° = 2%
B8(2,2*, a) = a and 3(2,2*,0) = 0.

Proof.

1. When p=2 and a > 1 — g, these topics were
already treated by F. Catrina and Z. Wang
in [6]. They studied the CKN-type inequality
with p=2 and a>1-7% intensively and
obtained interesting results (See also [10], [7]
and [8]).

2. In the study of the existence and nonexistence
of extremals of the CKN-type inequalities, as
in the study of the Sobolev inequality, the
most of difficulty come from the lack of the
compactness of the imbedding operators. How-
ever, our aim is accomplished by using the
multiplicative inequality, the sophisticated
compactness lemma, the sharp Fatou’s lemma
and a modified concentration-compactness
lemma essentially due to P.L. Lions [14] (see
also [12,13]). When p = 2, in the present paper
the proof becomes rather simple without the
concentration-compactness argument.

3. In the assertion 3, it follows from Theorem 4.2
and Theorem 4.6 that S(2,2%,«) is achieved
if and only if 2(1 - 7) <@ <O with a #1 - 2.

O

Theorem 4.5 (The asymptotic behavior of
the best constant). Let p satisfy 1 <p<mn and
let n satisfy n > 1. Assume that the parameters p, q,
n, a and B satisfy the noncritical relation (NCR)
and assume that either @ > 0 or a < 2(1 — %) Then
we have the followings:

1. For a =, we have
(4.4)  Up,a,n)S(p,p",0) < S(p,p", @)
S(p,p*,0).

<
<

Here p* = n"—_i? and
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In —p+ ap| )”

45) o) = (
In —p+ap|+ |alp

2. There is a positive number m(p,a,n) such
that we have for any « and B satifying |a| >
m(pvavn) anda—1< 3= ﬂ(p7Q7a) < a,

(46)  S(p.g,0) > (A,0)" 'SPy @)

Proof.

1. By S(p,p*,0) we denote the usual Sobolev
best constant without weights. Here note that
B(p,p*,0) = 0.

2. We note that limjq_ [(p, o, n) = 2% O
Theorem 4.6 (The symmetricity of the ex-

tremals). Let p satisfy 1 <p<4oo and let n
satisfyn > 1.

1. Assume that p<n and n > 2. Let A be the

subset of R* given by

{(04,5) eR*%

n
:ﬁ(p,q704)71__ < OéSO,pS qu*}>
p
where p* = n”—f;). Then we have for any
(p,q,, B,n) satisfying (NCR) with (a,f) €
AU A<>7 S(p7 q, Oé) = Srad<p7 q, O[).
2. Assume that n > 2. Let B be the subset of R?

given by
n
{(avﬂ) € RQ;ﬁ = /B(pv q, a)vmax(oa 1- _>
p
ca<i-tp<q<? -”p_"_pa}
P p—1 n—-p+pa
Then we have for any (p,q,a,B,n) satisfying
(NCR) with (a,8) € BUB®, S(p,q,a)=
Srad(p, ¢, @).
Proof.

1. In the assertion 2, the condition a <1 —%
is needed to have a nonempty set B. Moreover
the condition on ¢ is equivalent to the con-
dition

a(n —p+ op)

a_lgﬁ(patba)é .
n—+ap—np

2. The proof of this assertion will be established
by the aid of the rearrangement argument
involving weight functions. (I
5. Main results in the critical case. In

the critical case, no imbedding inequality of Sobolev
type holds in the whole domain R". But we will
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have the following imbedding inequalities in a
ball B;.
Theorem 5.1 (The imbedding results). Let
p satisfy 1 < p < +oo. Assume the critical relation
(CR). Then we have the followings.
1. Ifn > 2, then there exist Ry > 1 and a positive
number C(p,q) such that we have for any
u€ W;:g(Bl),

(5.1) / IVl |2 da
By

fuf? P/
> C(pa q) / n g+1-4 dx '
B fa" Ax(fa)™ 7

Here Ai(t) =logZ for R>Ry>1 if n>2.
Moreover the weight function of the term in the
right-hand side is sharp.

2. Ifn =1, there exists a positive number C(p,q)
such that we have for any u € Wi:g(Bl),

(5.2)/ |VulP |z dx
By

|u|q p/q

> C(p,q) / ————— dx
21 Ja" (log 1)1

Moreover the weight function of the term in the
right-hand side is sharp.
Proof.

1. When n>2 and p# q, we can not replace
R>1by 1.

2. When p > n, we shall essentially exploit the
decreasing rearrangement method with respect
to a positive measure. By the techinical reason
we need to assume R > Ry for some Ry > 1
provided that n > 1. On the other hand, we
shall employ the nonlinear potential theory in
[2] when 1 < p < n, and R can be any number
> 1 in this case.

3. If B is replaced by the whole domain R", then
the inequality does not hold. This fact is seen
by the capacitary argument.

4. If the unit ball By is replaced by any bounded
domain €2 containing the origin, then the
inequality remains valid with some R > 1,
and the proof is done in a similar way. O
Theorem 5.2 (The imbedding results in the

radial function space). Let p satisfy 1 < p < 400
and let n satisfy n > 1. Assume the critical relation
(CR). Then Cyaa(p,q) is determined. Moreover
Craa(p, q) is achieved only if n = 1.
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Proof. The exact value of Cyqq.(p, q) is known.

O

Theorem 5.3 (The continuity of the best

constant). Let p satisfy 1 < p < +o00. Assume the

critical relation (CR). Whenp > 1, assume that R >

Ry>1ifn>2and R=1ifn=1, where Ry is the
same constant given in Theorem 5.1.

1. For p>1, C(p,q) is positive and continuous

on q for —%E[—%, —%] if l<p<mn, and

on q for —% € [—%,O) if p > n. In particular we

have
—_1\?
limo C(p,q) = (p_) .

q—p+ D

(5.3)

2. Ifp=1, then C(p,q) =0 for any R > 1.
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