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Multi-specialization and multi-asymptotic expansions

By Naofumi HONDA® and Luca PRELLI™

(Communicated by Masaki KASHIWARA, M.J.A., April 12, 2011)

Abstract:

We extend the notion of specialization functor to the case of several closed

submanifolds satisfying some suitable conditions. Applying this functor to the sheaf of Whitney
holomorphic functions we construct different kinds of sheaves of multi-asymptotically devel-
opable functions, whose definitions are natural extensions of the definition of strongly
asymptotically developable functions introduced by Majima.
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1. Multi-normal deformation. Let X be a
real analytic manifold with dim X = n, and let x =
{My,..., My} be a family of closed real analytic
submanifolds in X (£ >1). We set, for N € y and
pEN,

NR,(N):={M; € x;p€ M;, N¢ M; and M; ¢ N}.

Let us consider the following conditions for Y.
H1 Each M; € x is connected and the submanifolds
are mutually distinct, i.e. M; # My for j # j'.
H2 For any N € x and p € N with NR,(N) # 0,
we have

(1.1) ( N TpMj> +T,N =T,X.
M;eNR,(N)

Note that, if y satisfies the condition H2, the
configuration of two submanifolds must be either
(a) or (b) below.

(a) Both submanifolds intersect transversely.

(b) One of them contains the other.

To better understand the situation let us give some
examples. Let X = R? with coordinates (1, 23).

(i) Let x ={M;, My} with M, = {z; =0}, i=
1,2. Then clearly x satisfies H1 and TyM; +
ToMs; = Ty X. Hence x satisfies H2.

(11) Let X = {Ml,MQ} with M1 = {xl = Ty = 0},
My = {x9 = 0}. Then clearly x satisfies H1
and NRyo(M;) =0 for i =1,2. Hence x sat-
isfies H2.
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(iii) Let x = {MI,MQ,Mg} with M; = {3?1 =1y =
0}, My = {z1 =0}, M5 = {x2 = 0}. Then clear-
ly x satisfies H1. We have NRy(M;) = 0 and
ToMy + TyMs = Ty X. Hence x satisfies H2.
Let X = {Ml, M27 Mg} with M1 = {$1 = .Iz},
M2 = {1‘1 = O}, M3 = {IQ = O} Then clear-
ly x satisfies H1. We have (), ; ToM; = {0}
for i = 1,2,3. Then x does not satisfy H2.
(v) Let x = {My, My, M3} with M; = {z; = 23},
My = {z1 =0}, M3 = {x3 = 0}. Then clearly
x satisfies H1. We have [, ToM; = {0}.
Then x does not satisfy H2 (even if
Nsz; ToM; + ToM3 = Ty Ms + Ty M3 = Ty X).
We set, for N €y, ¢,(N) =X if there exists no
M; € x with N & M; and +,(N) = (\nga, M; other-
wise. The set ¢, (N) is often denoted by ¢(NN) for
simplicity. We assume for simplicity that M; #
t(M;) for any j e {1,2,...,¢}.

We define recursively the multi-normal defor-
mation of X. When fiy = 1 it is the classical normal
deformation of [5]: it is given by an analytic
manifold )Z'Ml, an application (pay,t) :)ZM1 — X x
R, and an action of R\ {0} on )Z'Ml (Z,r)—z-r
such that  py (X \ My) ~ (X \ M) x (R\ {0),
t7'(c) ~ X for each ¢ # 0 and ¢t71(0) ~ Ty, X.

Set Q= {(z,t1); t1 # 0} and define M :=
(Par, |5” )"1(My). Then M, is a closed smooth

submanifold of X M, - Now we can~deﬁne the normal
deformation along M, My as X, i= (XM])N&.

2
Then we can define recursively the normal defor-

mation along x as

(iv)

M

Set S ={t1,...,ty =0}, M:ﬂleMi and Q=
{t1,...,t¢ > 0}. Then we have the commutative
diagram
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g s )Z' iQ

(1'2) lT lp/
. p
M= X

To better understand the situation, let us choose
local coordinates (z1,...,2,) and let Ij,...I; C
{1,...,n} be subsets such that M; = {x;=0;
ke L} Set Ji={ke{l,....f};iecl}, t;=
er]i tr, where t1,...,t, € R and ty, = 1if J; = 0.
Then p : X — X is defined by

(X1, oy Ty try ey te) = (B 21yt T).
The zero section S={t;=...=t;=0}C X is
isomorphic to
X,léjngj\I’L(Mj) = T]\JIL(Ml);(( HE })E_T]\,[[L(Mg).

Let g€ ﬂ M; and p;=(g; ) be a point in

1<y<e
Ty(M;) (j=1,2,...,0). We set p =Pi%e%
Pe € X.1><<j<£TJ\17L(Mj)’ and i)j = (q; fj) S T]\ij de-
notes the image of the point p; by the canonical
embedding Ty;t(M;) — Ty, X. We denote by
Coney j(p) (j=1,2,...,¢) the set of open conic
cones in (T, X), ~ R 4mM; that contain the point
é.j c (TJ\JJX)Q ~ RnfdimJ\I,'

Definition 1.1. We say that an open set
G C (TX)q is a multi-cone along x with direction to

if G is written in the form

Pe (X<,1><<j<éTMjL(Mj))q

G= ﬂ w0 (G))

1<j<t

Gj S COHGXJ (p)

where 7; , : (I'X), — (Ty,X), is the canonical pro-
jection. We denote by Cone,(p) the set of multi-
cones along x with direction to p.

Definition 1.2. Let Z be a subset of X. The
multi-normal cone to Z along x is the set C\(Z) =
pH(Z)nS.

For any ¢ € X, there exists an isomorphism  :
X ~(TX), near g and (q) = (¢; 0) that satisfies
Y(Mj) = (TM;), for any j=1,...,0. Let Z be a
subset of X. We have the following equivalence:
p¢ Cy(Z) if and only if there exist an open subset
¥(q) € U C (TX), and a multi-cone G € Cone,(p)
such that ¢/(Z) NG NU = 0 holds.

This definition is also compatible with the
restriction to a subfamily of y. Namely, let £ < /¢
and {j1,...,Jx} be asubset of {1,2,...,£}. Set x; =
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{Mju"'v Jk i i
. ;((T]\,[“LX(MM) % M. Let Z be a subset of X.

Then we have

Mﬁk} and ’>< TM]" LX(M]') = TM]] LX(M]' ) X
M Xk X

C(Z2) N X Ty i (M) = Oy (Z2) N X Ty, 1y (Mj,).
M, xk M X

In the following we will denote with the same
symbol C,,(Z) the normal cone with respect to xj
and its inverse image via the map X — XM],,M,M]'A-

2. Multi-specialization. Let k& be a field
and denote by Mod(ky,) (resp. D’(kx,)) the cat-
egory (resp. bounded derived category) of sheaves on
the subanalytic site X,. For the theory of sheaves on
subanalytic sites we refer to [6,8]. For the classical
construction of the specialization we refer to [5].

Definition 2.1. The multi-specialization
along x is the functor

vy D(kx,) — D'(ks,,),
F i s 'RTgp 'F.
We can give a description of the sections of

the multi-specialization of F' € D’(ky,_): let V be a
conic subanalytic open subset of S. Then:

H/(V;v39F) ~ limHY(U; F),
U

where U ranges through the family of open subanalytic
subsets of X such that C\(X\U)NV =0. Let p=

(g,¢) € X,éjngM"L(Mj)’ let B, C (TX), be an open

ball of radius € > 0 with its center at the origin and set
Coney(p, €) := {G N B,; G € Cone,(p)}.

Applying the functor p=! : D¥(ks.) — D’(ks) (see[8]
for details) we can calculate the fibers at p € . 1><< —
Ty;0(Mj) which are given by T

(0 'HV'F), ~ 1£nHj(W; F),
w

where W ranges through the family Cone, (p, €) for
e> 0.

Let f: X — Y be a morphism of real analytic
manifolds, x™ = {My,..., M}, xN = {Ny,..., Ny}
two families of closed analytic submanifolds of X
and Y respectively satisfying the conditions H1 and
H2. Suppose that f(M;)C N;, i=1,...,¢. Then
f naturally extends to a morphism f: X —>Y of
multi-normal deformations. We call T, f the in-
duced map on the zero section. Let J C {1,...,¢}
and set x5 = {M;,,..., M}, jx € J. The map T\, f
denotes the restriction of f to {t; =0, jy € J}.
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Let Fe Db(kx,),

sa

Proposition 2.2. Ge
D' (ky,)-
(i) There exists a commutative diagram of can-

onical morphisms

R(T )i F —— 3% RfuF

| l

R(Txf)*V;(Ile -~ V;(JZVRJC*F

Moreover if f:suppF —Y and T, f:
Cy,(suppF) — {t; =---=t;,, =0} for each
J={j1,...,Jr} are proper, and if suppF N
YN C M, je{L,...,L}, then the above
morphisms are isomorphisms.
(ii) There exists a commutative diagram of can-
onical morphisms

Wsx /Sy @ (Txf)*lu;‘ﬁ,G — Vi (wx/y ® [1G)

l l

! !
TXf‘uiﬂi,G Vi fG.

The above morphisms are isomorphisms
on the open sets where Ty, f is smooth for each
JCA{L,...,¢}.

3. Multi-specialization and Majima’s
expansions. Let X = C" with coordinates (2,
zo...,2,) and let Z;={z,=0}, j=1,...,m,
m<n. Weset Z=JZ;,={z2- 2, =0}

As usual, we denote by Ax, AY, AY" the
sheaves of strongly asymptotically developable
holomorphic functions, flat asymptotic functions
and consistent families of coefficients respectively
of [7]. Let OY, OY x\ 7z Oz denote the sheaves on
the subanalytic site X, of Whitney holomorphic
functions, flat Whitney holomorphic functions and
Whitney holomorphic functions on Z respectively
of [6]. Using the fact that (see [2,3]) strongly
asymptotically developable holomorphic functions
on a polysector S are Whitney functions on each
polysector properly contained in S and the stalk
formula we have the isomorphisms (outside the zero
section)

Ax — pflug’;”’(’)‘;’(,
<0 ~ -1 samyw
Ax" = 7 Oxix 25
CF ~  —1. samw
Ax = p Oy

4. Sheaves of multi-asymptotically de-
velopable functions and their relations. If
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we apply multi-specialization functor with respect
to an arbitrary family x of closed complex sub-
manifolds satisfying the conditions H1 and H2 to
Whitney holomorphic functions, we can obtain not
only the sheaf of strongly asymptotically develop-
able functions but also several kinds of sheaves of
multi-asymptotically developable functions.
Theorem 4.1. Let X be a complex manifold,
and let x ={Z1,...,Z;} be a family of closed
complex submanifolds satisfying the conditions H1
and H2. Then, outside the zero section, the com-
plexes p~' v O%, p~ v Yix\z and p s Yz are
concentrated in degree zero, and we have the Borel-
Ritt exact sequence for multi-asymptotic expansions

0— AP — Ay — AL — 0.

These sheaves Ax, A3’ and A" can be also
defined in a similar way to that of strongly
asymptotically developable functions in [7]. We
explain these multi-asymptotic expansions with
examples, for the precise definitions we refer to [4].
Let us see two typical examples of multi-normal
deformations in C? with coordinates (21, 27).

(Majima). Let x = {71, Zy} with Z; = {z =
0} and Zy = {22 = 0}. We have I, = {1}, I, = {2},
Ji = {1}, Jo = {2}. The map p: X — X is defined
by (21,22, t1,t2) — (t121,8222). We have (7)) =
U(Zy) = X and then the zero section of X is
isomorphic to Tz X X Tz, X. Let p=(0,0; 1,1), so
g=m(p) =0. Then a cofinal set of Cone,(p,€) is
nothing but the set of polysectors S; x Sy (51,52
sectors in C~T, X, i=1,2) along Z; UZ, with
their direction to (1,1).

For N = (n;,ny) € N, an asymptotic expan-
sion App~Y(F; 2) is

> fuyr(z2) i > feyr(z) T
k<ny k<ny
21 257
0/,12;1,] f{LQ}’a aplas!
ap<ngy

where fr1y (resp. fro)r and f{12},4) is a holomor-
phic function on S; (resp. holomorphic on Sy, resp.
constant). A holomorphic function f is strongly
asymptotically developable to F = (fi1yx, fi2)h:
f12). (k1 ) i, I0 the sense of [7] if, for any poly-
sector 8" properly contained in S and for any
N = (n1,n9) € N?, there exists a positive constant
Cy y such that
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|f(z) — App™N(F; Z)| < Cy n|z1|" 22| ™

with z€ 8. Since [ is strongly asymptotically
developable if and only if its restriction to any
polysector S’ properly contained in S has bounded
derivatives, we have (Ax), ~ (p‘ly‘;a(’)‘;’()p. This
follows from the fact that f is Whitney on a sector
if and only if it has bounded derivatives.

(Takeuchi). Let x ={M;, My} with M; =
{O}, MQ = {22 = 0} We have Il = {172}, IQ = {2},

Ji = {1}, Jo = {1,2}. The map p : X — X is defined
by (z1,22,t1,t9) — (t121,t1t222). We have (M) =
M, (M) = X and then the zero section of X is

isomorphic to Ty, Mo X Tu,X. For p=(0,0; 1,1)
and g = 7(p) = 0, a cofinal set of Cone, (p, €) is given
by the family of the sets

{(21,22) € S1 X Sy; |22] < €f2], }SleQQ(l_l),€>0a

where 51, Sy are sectors in C ~ Ty e(M;), i =1,2.
For N = (n;,ny) € N, an asymptotic expan-
sion App~"(F;2) is

> faya S 7oy

) t+aa<ng

(Yl (12

Z f{?}k Zl k'

k<ng
011 ()Q

Z f{12}0¢ 'Oz'

apta<ng
<Ny

where fioy ) (resp. fiy.. and fi12,.4) is a holomor-
phic function on S; (resp. constant). A holomorphic
function f is strongly asymptotically developable
to F = (1} k) S120 00 F(1.2), 01 0) Iy ey 1> fOr amy
proper convex multi-cone S’ properly contained
in S and for any N = (nj,ny) € N?, there exists a
positive constant C's' y such that

|f(2) = App="(F; 2)| < Csn(|za] + |22)

with z € 5.

We finally explain a relation between the
two sheaves appearing in the above examples. Set
Y =C? let X ={(21,2,&,6) € C* x P, &z =
&2} and let 7: X — C?, (z1,29,&1,&) — (21,22)
be the desingularization map. Let M; = {0},
My = {ZQ = 0}, Z) = 7T_1(0), Ly = {62 = O} LOCELHy
&

nyp—ng 2
|22]

on X, for example on U := {& # 0}, set A =
1

—21 and we have an homeomorphism

&
’(/J:C2:>U1, ()\,Zl)’—>

Then zy =

(z1,Az1,1,A). We have
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v 1(Z)) = {z1 = 0} and ¥~ 1(Z) = {\ = 0}. We still
denote them by Zi,Zs. The map f:=m[y o is
given by (A, z1) — (Az1,21). Let us consider f. On
the zero section, let (wy,ws) be the coordinates of
C?, which is homeomorphic to the zero section of
Y. We have J!' = J¥ = {1}, J) = {1,2} = J¥ U J*
and it is easy to check that the restriction of f to
the zero section is given by

of O f

wy = 721 = 21, wQ:a)\@z
1

021

This map is not a bundle map, but preserves the
natural actions of (R*)? induced by the multi-
normal deformations. Moreover f satisfies the
hypothesis of Proposition 2.2 (i). Hence desingula-
rization maps give a link between two different
kinds (Majima and Takeuchi) of multi-specializa-
tions.

/\21 = )\2’1
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