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Abstract:

For an integer m > 1, it is shown that each congruence class modulo m contains

infinitely many congruent numbers whose associated elliptic curves have rank at least two.
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1. Introduction. A positive integer n is a
congruent number if it is equal to the area of a right
triangle with rational sides. Equivalently the asso-

ciated congruent number elliptic curve
(1) v = (2’ —n?)

has positive rank. Congruent numbers, scaled by
squares of integers, retain the property of being
congruent and their associated scaled elliptic
curves have the same rank. Tables of congruent
numbers can be found in the papers of Noda
and Wada [8] and Nemenzo [7]. Chahal [4] has
proved that there exist infinitely many congruent
numbers in each congruence class modulo 8. In
other words, there exist infinitely many positive
integers m in each congruence class modulo 8
such that the curve given in (1) has rank at
least 1. Bennett [2] showed that there exist infin-
itely many congruent numbers in any congruence
class modulo the integer m > 1. The purpose of
this paper is to prove a related result where
the ranks of the congruent number curves are
shown to be at least 2. We prove the following
theorem.

Theorem 1. Ifm > 1 is an integer then any
congruence class modulo m contains infinitely many
congruent numbers n, inequivalent modulo squares,
such that the rank of y* = x(x* — n?) is greater than
or equal to 2.
In Section 2 we outline the computational method
we will use and give a lemma which is necessary for
the proof of our theorem. In Section 3 we prove our
theorem.

2. Preliminary Results. The proof of the
lemma in this section utilizes Silverman’s special-
ization theorem [9, Theorem 11.4, p. 271] in the
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following form. If Py(t), Ps(t),..., P (t) are in-
dependent points on the elliptic curve

v =2 + A(t)x + B(t)

over Q(t) then these points remain independent
over Q for all but finitely many values of ¢. For our
purpose, we require a suitable formula for congru-
ent numbers. We began with the form n = a* — b*
given by Alter and 2Curtz [1] a2nd specialized
variables (a,b) = <3t +26t ks 1, 5t +22t * 1) SO
that the elliptic curve (1) has at least two in-
dependent points. We were led to this specialization
by formally carrying out a 2 descent on the
congruent number curve with n = a* — b*. We state
this in a lemma.

Lemma 1. Lett#0,—1,—1/3 be a rational
number and define f(t) by

(2) f(t) = t(t+ 1)(3t + 1)(9t* + 241> 4 26> + 8t + 1).

Then the elliptic curve

(3) v = (2 - f(1)?)

has rank greater than or equal to 2, for all but finitely
many values of t.

Proof. The elliptic curve 3% = z(2? — f(t)*)
has the nontorsion points (z1,y1) and (x2,ys)
where

482 (t + 1)2(3t 4 1)%(9t* + 2463 4 2612 + 8t + 1)
(4) o=~ 2 )
(32 +2t+1)
262(t + 1)%(3t 4 1)%(3t2 — 1)(9t* + 2413 + 2612 + 8t + 1)*
(142t + 32)° ’

v =

(5) (9t* 4 241% + 2612 + 8t + 1)°
Ty =
2 4 s
(9t + 2483 + 262 + 8t + 1)*(31% + 2 + 1)(3¢2 + 6t + 1)
= S .

Y2
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We claim that in Q(t) these two points are
independent. By Silverman’s specialization theo-
rem, it suffices to demonstrate this with a single
rational value of ¢ since any dependence relation
between these two points in Q(¢) would remain a
dependence relation under a specialization to Q.
If we choose t =1, then (3), (4) and (5) give the
elliptic curve

y? = x(z® — 544%)

together with the points on this curve

( ) —4352 147968
€T =
LYl 9 ) 27

and
(22,y2) = (1156, 34680).

We can use the canonical height regulator as
described by Cohen [5] to show that these points
are independent. A procedure for this calculation is
available in mwrank, PARI or Magma [3]. This
regulator is equal to 7.099..., which is nonzero,
confirming that these points are independent and
thereby proving the lemma. O

3. Proof of Theorem.

Proof. Let m > 1 be an integer and the integer
a €{1,2,...,m} be a representative of a congru-
ence class modulo m. For x =1,2,... define the
integer n by

2,2
(6) n=n(x,m,a) = LWZ f )
m2x

We can easily determine from (2) and (6) that
n > 0, and from Lemma 1 followed by scaling, that
n is a congruent number whose associated elliptic
curve has rank at least 2 with at most finitely many
exceptions. Furthermore this congruent number n
satisfies n = a(modm). Moreover we can find an
infinite subset of these numbers n which are
inequivalent modulo squares. Otherwise there
would exist a finite set of nonzero rational numbers
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{d;;i=1,...,k} which are inequivalent modulo
squares, such that for each value of x in (6) we
would have,

flam?z?) g
T
for some rational numbers y, d; depending on x. Our
infinitely many distinct values of x would give rise
to an infinite set of distinct points on the set of

algebraic curves

flam®X?)
m2X?2

However this is impossible since we have finitely

many curves of genus 5, each of which has only

finitely many points from Faltings’ theorem [6].

This completes the proof. (I
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