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0. Introduction. The construction of sto-
chastic processes [rom a family of consistent
probability measures can be done by Kolmogor-
ov's extention theorem (see [1]).

But the construction of stochastic processes
from a family of nonconsistent probability mea-
sures can not always be done.

In this paper we propose the following prob-
lems and give the answers.

(P1). For any T > 0 and any family of Borel
probability measures {o(t, dx)}o<,<7 on R’
construct a R-valued Markov process {X(H}o<,<r
on a probability space (2, B, P) such that

(0.1) PX® € dx) = o(t, dx) for all t€ [0, T].
(P2). For any T > 0, any [(amily of Borel prob-
ability measures {0(¢, dx)},<, < on R’ and any
Borel probability measure p(dzdy) on R*® for

which f dﬂ(dxdy) = 0(0, dx) and for which
YER

f w(dzxdy) = p(T, dy), construct a R*-valued
reRr?

reciprocal process (see [5]) {X(®)}y<,<; on a
probability space (2, B, P) such that

(0.2) PX(@® € dx) = p(¢, dx) for all tE€ [0, T1,
(0.3) P(X(0) € dx, X(T) € dy) = u(dzxdy).

Main idea is that of copula in the multivari-
ate analysis (see [2,7.8]). We give the definition
of a copula field, extending the idea, directly, to
the path space.

We also give the applications to the stochas-
tic control. (P1) is related to the stochastic quan-
tizations (see [6] and references therein).

1. Copula fields and one dimensional case.
In this section we show how to construct a real
valued stochastic process from a [amily of Borel
probability measures on R, extending directly the
idea of copula, to the path space. We also give
the definition of the copula field. In this section
we denote by I the parameter space.

Let us give the definition of a copula for a
real valued stochastic process which is well de-
fined from [7], Theorems 6.2.4, 6.2.5.

Definition 1.1. For any real valued stochas-
tic process {X(H},.; on a probability. space (£,
B, P), the family (C) @y, ", %)} acisar<e Of
copulas which satisfies the following is called a
copula for {X(®},.,; for any A= {t,A, e,
tya) © Iand any I, ", Tyu, € R
(1.1) P(X(tiq) < Tyt 0y X(t#Am)) < x#(m) =

Ci(Fiax), -, Fiy (@),
where we put F)'(x) = P(X(t) < x1).

Before we give the deflinition of a copulas
field for a real valued stochastic process, let us
give some notations. Denote by DF(R) the set of
all continuous distribution functions on R. For
F € DF(R), we can define the functions F*(u)
(0 £ u £1) by the following; put
F*(0) =

[max{x; F(x) =0} if 0 € Range(F),

— o0 if 0 &€ Range(F),

(1.2) F*(u) = min{z ; F(x) = u} for 0 <u < 1,

F*1) = [min{x; F(x) =1} il 1 € Range(F),
Lo if 1 & Range(F)
(see [7], p. 49). Put DF(R)*={F*;Fe

DF(R)} ; DF(R), = ({F},.,; F, € DF(R)(t €
D}; DF(R)} = ({F"},.;; F, € DF(R)(t € D).
Definition 1.2. For any real valued stochas-
tic process {X(t; @)} ,c;wee on a probablhty
space (2, B, P), the copula field {C*(F*
©) (D} 1er,p* eorwtwea for (X (¢ w)},e,weg is de
fined as follows ; for all t € I, F* = (F. }ses €
DF(R)}, and P — a.a.w
(1.3) C*F*;0) O = FFF X E; o).
When there is no confusion, we simply denote the
copula field by C*(F™ (), omitting w.

Remark 1.1. The copula for a real valued
stochastic process {X(t)},e, is uniquely deter-
mined if and only if F(x) is continuous in x €
R for all t &€ I. Copula field for a real valued
stochastic process is unique. F* is a quasi-in-
verse of F (see [7], p. 49), and our choice in (1.2)
is convenient as we show in the next proposition
whose proof is omitted.
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Proposition 1.1. For any F € DF(R), F*
is strictly increasing, left continuous and has a
right hand side limits, and the following holds;
for any # € (0,1), and any ¥y € R,

(1.4) F*(u) <y ifand only if u < F(y).

The next theorem shows that a copula field
for a real valued stochastic process is a path
space version of the idea of copula.

Theorem 1.2. For any {F,},., € DF(R),,
and any real valued stochastic process {X(8},,;
on a probability space (2, B, P) for which
(F]},., € DF(R),, the stochastic process {Y(#)
= C*UF}},.) (D} ,o, satisfies the following; for
anyn 21, ¢, -, t, € I(t; # t;il ¢ # j), and y,,
cee yn = R'

(15) P(Y#) <y, -, Y(¢) <y,)=
Citpeeony Fo @), F, ().

In particular, for any y € R,

(1.6) P(Y(t) <y) =F,(y) foralltel.

Proof. Since (1.6) is a special case of (1.5)
(see [7]), we only prove (1.5).

Since P(0 < F(X(t)),- -+, F (X)) <1) =
1, we have
(1.7) PYt) <y, -, YQ) <y,

= P(F (F X)) <y,

F,:(F,i(X(t,,))) <vy,)
= P(F(X(t)) < F, (), ",

F,}:(X(t,,)) < F, (y,) (from Proposition 1.1)
= Chooot) (FX (), F(2)
= C()fl ----- t,,>(Ftl(yl)v. T Ft,,(yn))~
Here we put z; = supir; F,)f(x) S F,(y)} for 1
<i<
Q.E.D.

We get the following proposition easily.

Proposition 1.3. For any F* € DF(R)},
and any real valued stochastic process {X(},c,
on a probability space (2, B, P) for which
{F}},., € DF(R),, the following holds.

(1). If {X(®},.; is a Markov process, then so is
{C*F" D)o,

(2). If {X(®},c,; is a reciprocal process, then so
is {IC*F*) (D} ,er.

As an application of Theorem 1.2, let us
construct stochastic processes with special time
dependence.

Theorem 1.4. For any T > 0, any family of
distribution functions {F,},.;opy on R for which
F, € DF(R) for 0 < t < T, and any Borel prob-
ability measure g(dzdy) on R’ for which u((—
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o ,x] X (— o ,)) = Fy(x) and for which
p((— o0, 00) X (— o  y]) = F;(y), there ex-
ists a real valued reciprocal process {Y(O},<, <1
on a probability space (2, B, P) such that for
allx, y € R

(1.8) P(Y(H) <x) =F,(x) foral0<t<T,
(1.9) P(YO0) <z, Y(T) <y = pu((— o, x]

X (= oo, yD).

Proof. From Theorem 2.1 in [5], and the
first part of section 3 in [5], there exists a real
valued reciprocal process {X(H}o<,<r on a
probability space (2, B, P) such that for t €
0, D
(1.10) P(X(0) € dx, X(t) € dz, X(T) € dy)
= (T/@nt(T — D)) *exp(x — y /2T

— |z —zI7@t — |z — y /(T — 1))

dzu(dzdy) .
This is true from the following. Put for 0 < s
<t<u<T,x,y,zER,

(1.11) g, x;t,y) = Crt—s))”
exp(— |y — z|7@Q@¢ — 9))),
p(s,x;t,y;u, 2 =q(s,xz;t,Pqt,y;u, 2/
q(s, x ; u, 2).

Then p(s, x;t, y;u, 2) is a reciprocal transi-
tion probability density function (see [5], section
3). For u(dzxdy) and p(s, x;t, y;u, 2), there
exists a reciprocal process {X(H}y<,<r on a
probability space (2, B, P) such that (1.10)

holds (see [5], Theorem 2.1).

Putting

(1.12) Y = {C"({Fs*}se(o,,)) B if0<t<T,
X(@® ift=0or T,
the proof is over from Theorem 1.2 and Proposi-
tion 1.3.
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Q.ED.

The following Theorem can be obtained in
the same way as Theorem 1.4.

Theorem 1.5. For any T > 0, any family of
distribution functions {F,},coy on R for which
F, € DF(R) for 0 < t < T, there exists a real
valued Markov process {Y(¢)},<,<r on a prob-
ability space (2, B, P) such that
(1.13) P(Y®H <x) =F,@

forallx € Rand 0 <t< T

Proof. From Theorem 3.2 in [5], there exists
a real valued Markov process {X(f)},<,<r on a
probability space (2, B, P) such that (1.10)
holds and that
(1.14) P(X(0) € dx) = dF,(2),

P(X(T) € dx) = dF,;(x).
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Putting

(1.15) Y() = {CX({FS*}sm,T))(t) if0<t<T,

X@® ift=0or T,
the proof is over from Theorem 1.2 and Proposi-

tion 1.3.
Q.E.D.

We close this section by giving the applica-
tion to the stochastic control (see [3]).

Fix T > 0 and a probability space (2, B,
P). Let h(t,2):[0, Tl X R~ R, G,(x) : R+
R, and G,(z, y) : R*— R be bounded measur-
able, and put for a real valued stochastic process
X®Oo<i<1,

T
(1.16) J,(X) = E[f0 k(t, XW)dt + G,(X(D)],
T
1O = E[ [ ktt, X®)dt + 6,(X(©), XD

The following theorem can be obtained from
Theorems 1.4 and 1.5 and the proof is omitted.

Theorem 1.6. (O) For any A € DF(R),p
and subset B, of the set of all distribution func-
tions on R,

(1.17) inf{J,(X) ; {th}te(o,n € A, F;" € By}

= inf(/,X) ; (F}cor €A, Fr € B,

{X(}y<,<r is a Markov process}.
(I) For any A € DF(R) 4,1, and subset B, of the
set of all Borel probability measures on R?,
(1.18)  inf{J,(X) ; {F},co.ry € A, P((X(0),
X(D)) € dxdy) € B,}
= inf(/,(X) ; {(F},co.y € 4, PU(X(0),
X(D)) € dxdy) € B,,
{X(@®}o<,<r is a reciprocal process}| .

2. Multidimensional case. In this section
we consider (P1) when d > 1 and give the ap-
plication to the stochastic control theory.

Theorem 2.1. Let {p(t, 2)},5, be a family of
probability density functions on R®. Then there ex-
ists a R®-valued Markov process {X(D},=, on a
probability space (2, B, P) such that
(2.1)

PX(H) € dx) = p(t, x)dx for all t € [0, o).

Outline of Proof. Put for t = 0 and x,,* " *,
x, € R,

@2 R o= [ dn [, s G, dy,

F. (, Xy | Tyttt xk—l)

= j::kdyk ,/;d—kp(t’ (x,, -

e[, 0, @, 2y, D))

) xk—l’ yln Z))
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if the denominator is positive,

0 otherwise,
for k=2,---d. Then for t 2 0, k = 2,---d, and
x, ", %, €ER,F( ) and F,(¢t, x|z, - -,
x,_,) are continuous in X.

For the standard Wiener process {W(8)},-,
(see [4]), put for k = 2,---d,
(2.3) X,(® = C""UF (4, )™ reiom) (D,
X, =

CWk(1+-)({Fk({t, '|X1(t), e Xk—l(t))*}te[o,m)) )
if J;,,_Mp(t, X, @, -, X,_,(D, 2)dz # 0,

w1+ otherwise
(see (1.3) for notation). Then it is easy to see that
{(Xx,@®, - -, X,®)},~, is a Markov process

which satisfies (2.1), inductively in k, since W,
and W, (i # j) are independent of each other,
and since W(-) is a Markov process (see [4]).
Q.E.D.
Next we give the application to the stochas-
tic control (see [3]).
Fix T > 0 and a probability space (2, B,
P). Let k(¢, 2) : [0, T] X R* = R and G(z) : R*
— R be bounded measurable, and put for a

R’-valued stochastic process {X(H}Y,<,<r on
L, B, P),

T
2.4) JX) = E[fo k(t, X(D)dt + GX(D)).

The following theorem can be easily
obtained from Theorem 2.1, and the proof is
omitted.

Theorem 2.2. For any subset A of the set of
all familes of {F,},c(o 7 of continuous distribution
functions on Rd,

(2.5) inf{J(X) ; {F},crom € A}
= inf{J(X) ; {F}co;y €A, (XD} oeycr is a
Markov process} .
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