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1. Introduction. Let R" be divided into an infinitely many number
of cubes C! ie N, with volume of (2¢)Y. Let B‘(r,) be a closed ball of
radius 7.(<e) set in the center of C¢ here N=3. Let 2 be a bounded
domain with smooth boundary I'. We denote by F', the union of all balls
Bi(r,) (C9) such that dist (Bi(r,), [)=e. Let 2,.=02\F.. Letyv be the outer
unit normal of 92,. For a positive number L, and a non-negative number
¢. we consider a monotone function 8. defined by (i) p.(*)=(r+c.)/L for
r<—c,, (i) (=0 for |r|<c,, (i) B.(r)=@—c)/L for r=c.. In this
paper we regard functions of L*(2.) as functions of L*£2) vanishing outside
.. For fe L*(92) we consider the boundary value problem :

(1) —du,=f a.e.in 2,
(2) a:, +B.(u)=0 a.e. on af..

v
The problem admits a unique solution u, e H*(2,) (cf. [2]). We consider
the behavior of u#. under the condition
(3) sup L, <oo, ¢,—~0,7.~0 and n,—>ow
where 7, is the number of holes of £.. Let |2 be the measure of 2. In
this paper the relation n.~|2|/(2¢)" as e—0 is very often used. Let b be a
multivalued monotone function defined by (iv) the domain D(b)={0}, (V)
b(0)=R. Replacing (2) by du./ov+b(u.,) >0 we obtain the Dirichlet bound-
ary value problem.

The behavior of the Laplacian on domains with many tiny spherical
holes, concerning the Dirichlet boundary condition, has been studied by
M. Kac [3], J. Rauch and M. Taylor [6], S. Ozawa [5], D. Cioranescu and
F. Murat [1] and other authors. Among them we shall extend the result
of Cioranescu and Murat to the direction of the monotone boundary con-
dition (2). Intuitively we have p,—b as L.—0 and ¢.—~0. Thus the above
idea may be natural. For another extension see S. Kaizu [4].

Theorem. Let u, be the solution of (1), (2) and let 7. H'(2) be an
extension of u, to be harmonic in F.. Take constants p, ¢ such that 0<
p<oo and 0Lqg< 0. We assume that the parameters r,, n,, c. and L, vary
with (3) and
(4) sup ¢./r.<oo, nr N *—>p and L./r.—q.

Then i, converges weakly in H'(2) to the solution of
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(N=2)p|Sy|lu _ :
A+ N —20€] I a.e. in 0,
u=0 a.e.on I,
where Sy is the unit sphere of RY and|Sy|is the N—1 dimensional measure
of Sy. Here we use the convention oo~'=0,

2. Proof of Theorem. We assume that the parameters ¢, 7,, %m, Cn
and L, satisfy (3), (4). We denote u,, 2. and F, by u,, 2, and F,,, respec-
tively. Let B,= U{Bi(e,):1<i<n,}. We denote by M, M, --. generic
constants independent of ¢,,, 7,,, ¢,, and L,,. We use the following property
of B,.

(5) [LnBn(M) S Ly Bn(r)r <1,

We denote by o € H'(2) the extension of v € H'(2,,) to be harmonic in F,.
By an inequality in Example 1 of [6] we can see that there exists a con-
stant M, such that

(6) 17 ||zacorw E Mo [PV ||z myw

for all v e H'(2,) and all m. The variational formulation of (1), (2) is
written as follows:

) Lm ru,V 'vdx—i—Lgm ,Bm(um)vda=jam Sfodx

for all v e H'(2,), where B,=f.,. Putting v=u, into (7), using (5) we
obtain
(8) NVt [2acomyn + L (| Un [Zao0m | Vil 22 20m) = My || B |l 2202
with a certain constant M,, where U,,=0V (4,—c¢,) and V,=0V (—u,,—¢,) ;
here U,, V,e H'(2,). We write |[v|}a=|Vv[ixar+|?|}ew. Using (6),
(8) and the Poincaré inequality in H'(2) we obtain
(9 ) Squ“am”H1(0)<°°’
(10) SUPy (| UnllZ2o0m 1| Vi lZao0m) [ Ln < 00
Choose a subsequence still denoted by u,, such that ¢,+#0 for all m and
il,—u weakly in H'(2). Then u e Hy$2) follows from (10). For the proof
it suffices to show that u satisfies
(N—=2)p|Sy|ug ] =j
an L [VuVC+ o iarlae=], rea
for all £ e C3(2). We shall modify Cioranescu and Murat’s method appli-
cable to our problem. We introduce {&,, € W"=(2,)},, defined by (i) 2,=1o0n
0Q\B,, (ii) 4k, =0 on B,\F,, (iii) oh,,/0v+ B,(h,)=0 on F,. By direct calcu-
lations we see the concrete form of #,, on B,\F,, (see Appendix). By this
concrete form we see sup,, || 2, ||z <oo. By the same way asin [1] we have
h,—251  in H'@)

az) hp s 8 (N—2)p|Syl

ar " 1+WN-2)q)|92|

where {d,, v>=j ; vde for v e WE'(2) and 9/or is the outer normal deriva-
9Fm

—Adu+

in W-=(@),

tive on the boundary oB,, of B,. Set Im(v)=jaF [Br(Un)y—UnBr(h)]vd for
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ve H'(2). For we H'(Q), putting v="h,w into (7) we obtain
I,n(w)=j e f20 —V i, P W)+, T wh i, ] dx—f 0 P g
2 9Bm or

(13)
——L Brn(u)wdo.

Let k=, —c)0F,. Let G; and G, be the characteristic function of the

sets {x e oF,,: U,, >0} and {x € oF,, : V,,>0}, respectively. By the definition

of B, I.,({) takes another form:

L@=caLi | (Un—knGi+(ky—V.)G5ldo

14
—k. L7t | u,(1—G—Gr)do.
Fm

The relation

(15) L.©O—0 asm—oo

follows from next two kinds of inequalities.

16) k.L'<M,/r, and |u,1—G;—G)|<Cn.

an SUp,, (€, /7n)"*Ly! max { U,do, dea} < oo.
AF m Fm

We show the first half of (17). By (3) and (9) we have sup,, || Unllzia<oo.
Thus, by (6), (10), (12), (13) we have sup,, [,.(U,) <. After replacing ¢ by
U, in (14), using the Schwarz inequality to the first term of the right
hand side of (14) and using the estimate [oF,|<r,/M, k,L,'<M,/r,,
dividing both sides by L,, further, we get

A8 MJLuz|Calr)” [ UnLiide| —(en/rar® | UnLyde
Fn 9Fm
with a certain constant M,. By (4), (10), the estimate on |3F,,| and apply-

ing the Schwarz inequality o‘nj U,.do, we see that, if L,—0 with (4),
OFm
then the value of the left hand side of (17) behaves similarly to the value
of the second term of the right hand side of (18). Thus, the first half of
17) follows from (18). Similarly we obtain the remaining half of (17).
Lemma. For {v,, € H(2,)}. such that sup,, |||z or,, <o we have
D V>0 im LA(0).
The sketch of the proof of Lemma is shown in [4]. By (10) and the
concrete form of £, Lemma is applicable to {k,}, {,}. Then
(19) fip—Up——>0 and Fip—h,—>0  in L¥Q).
Using (12), (13) and (19) the proof of
N—2)p|Sy|ug
(20) Im(c)—>j [ —rurg—_ ]dx as m—» oo
217 T+ N —20)9]
is done by the same way as in [4]. (11) follows from (15) and (20). q.e.d.
Appendix.

he=

LN =2 4 (3" ) — (L= )(r* ¥ —&¥)
L(N—2)r " 1" —e? :
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