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1. Introduction. Let R be a commutative integral domain with
identity, and let « be an indeterminate. By ¢(f) we denote the ideal
of R generated by the coefficients of f for an element f of R[x] (the
‘content’ of f). Let K be the quotient field of R. We denote the R-
submodule {b € K; bUCR} of K for an ideal A of R by UA~'. We set
S={f e R[z]; ¢(f)=R} and U={f € R[x]; ¢(f)'=R}. These are multi-
plicative systems of R[x]. Hence we can define subrings R[z]; and
R[x], of K(x); RlxlsC R[x],. If wehave AU -'=R for each finitely gene-
rated ideal ¥ of R, R is said to be a Priifer ring. If each finitely gene-
rated ideal of R is a principal ideal, R is said to be a Bezout ring. If
R is a Bezout ring, then it is a Priifer ring. Huckaba-Papick studied
in [2], the following problems: When does R[xz];=R[x], hold? and
when is R[x], a Priifer ring? And they posed the open question :

Question ([2, Remark (3.4), (¢)]). If R[x], is a Priifer ring, is
it a Bezout ring?

The main purpose of this paper is to give an affirmative answer
to this question. We prove the following result:

Theorem 1. If R[x], is a Priifer ring, it is a Bezout ring.

Among other things, Huckaba-Papick prove the following result
in [2, Theorem (3.1), (¢)]: If R is a Krull ring, then R[x], is a Bezout
ring. But their proof does not seem to be complete. So we prove
the following result for the sake of completeness.

Theorem 2. If R is a Krull ring, then Rl[xl, is a principal ideal
ring. Conversely, if R[x], is a Krull ring, then R is also a Krull ring.

2. Proofs of Theorems 1 and 2. We denote the ideal {reR;
rb € (a)} of R for two elements a, b of R by (a:b) as in[2]. Let P(R)
be the set of prime ideals of R which are minimal prime ideals over
(a: b) for some elements a, b of R.

Lemma 3 ([3, Theorem E]).

(1) U=RIz]l—- U PRIlx];

PeP(R)
(2) R= N R,

PeP(R)
Lemma 4 ([1, § 18, Exercise 12]). Let V be a valuation ring of
K(x) of the form Rlx], for a prime ideal Q of Rlx]. Then we have
either (1) or () of the following :
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(1) There exists an irreducible polynomial f of Klx] such that
V=K[x]f1‘{[.t] ’

(2) there exists a prime ideal P of R such that R, is a valuation
ring of K and such that V=R[x]pa,,.

Lemma 5 ([1, (34.9) Corollary]). Let R be an integrally closed ring
(in K). Then we have

FK[zINR[x]=fe(f)'Rlx]
for a nonzero element f of R[x].

Lemma 6. Let A be a finitely generated ideal of R. Then we
have A~ 'Rlx]l, =& Rlx],)"! as Rlx],~ideals.

Proof. There exist a finite number of elements a,, ---, a, of B
such that A=(a,, --+, a,). Let &e (AR[x],)"'. There exist elements
ueU and f,eR[x] for 1<i<n such that gua,=f,. It follows &u
e A 'R[x], hence (UAR[x],) 'CU'R[x],. The opposite inclusion relation
QAR[2]y) ' DU R[x], is immediate.

Lemma 7 ([1, a part of (19.15) Theorem]). Let R be an integrally
closed ring, and let P be a prime ideal of R. Then the following (1)
and (2) are equivalent :

(1) R;is a valuation ring of K.

(2) Each prime ideal of R[x] contained in PR[x] is the extension
of a prime ideal of R.

Lemma 8 ([2, Lemma 3.0]). Let R be an integrally closed ring,
and let W be o multiplicative system of R[x]. If each prime ideal of
Rlx],, is the extension of a prime ideal of R, then R[x], is a Bezout
ring.

Proof of Theorem 1. Let P be an element of °(R). We have
PR[x1N U=¢ by Lemma 3(1). Since R[x], is a Priifer ring, (R[*],)rz.1,
is a valuation ring of K(x). Since (R[x]y)pzry N K=R5, Rp is a valu-
ation ring of K. Hence R is an integrally closed ring by Lemma 3(2).
Let p be a proper prime ideal of R[x],: Rlx],2p=2(0). There exists
a prime ideal @ of R[x] such that @ N U=¢ and such that QR[x],=p.
If QN R=P is not a zero ideal of R, we have (R[x]l,),=R[x]pz.; by
Lemma 4, and hence p=PR[x],. Therefore p is the extension of a
prime ideal of R. Next we suppose that QN E=(0), and we will
derive a contradiction. We have (R[x],),=KI[x],,; for an irreducible
polynomial f of K[x] by Lemma 4. We can take f in R[x]. We have
Q=rsc(f)'R[x] by Lemma 5. We have p=f(c(f)R[x],)"' by Lemma
6. Since ¢(f)R[x], is a finitely generated ideal, hence an invertible
ideal of R[x],, we have 1=>7,F,G, for F,e c(f)R[x], and for G,
e (c(NHRIx],) " A<Li<n). It follows that (c(NHRI[x])'=(G,, - -, G,)
X R[z]y. Therefore p is a finitely generated ideal of R[x],. We can
find elements f,, - --, f, of R[x] such that p=(f,, ---, fLRIx]l,. We



No. 1] Question Posed by Huckaba-Papick 23

set h=f,+foxt 4 fox?rdrrdaf .o f g®-Drdivtrdnor s where d, is the
degree of f,. Since & is an element in p N R[x]=Q, it is also in PR[x]
for some Pe P(R) by Lemma 3(1). Since c¢(f,)Cc(h)C P, we have
fi€ PR[x], for 1<i<n. It follows that pcCPR[x],, and hence Q
CPR[z]. We have Q=(Q N R)R[x]=(0) by Lemma 7: a contradiction.
Therefore each prime ideal of R[x], is the extension of a prime ideal
of R. Accordingly R[x], is a Bezout ring by Lemma 8. This com-
pletes the proof of Theorem 1.

We prepare one more lemma for the proof of Theorem 2.

Lemma 9. We have Rlz],N K=R.

Proof. Let b be a nonzero element of K contained in R[x],. We
have b=f/u with f ¢ R[x]andu e U. Since ¢(w)"'=R and bu=f ¢ R[x],
we have b ¢ R.

Proof of Theorem 2. Let R be a Krull ring, and let {P,; 1€ 4}
be the set prime ideals of R of height 1. We have P(R)={P,; 1€ 4}
U{(0)} as in the proof of [2, Theorem (3.1)(c)]. Let @ be a nonzero
prime ideal of R[x] such that QN U=¢. We take a nonzero element
h of Q. There are only finitely many P, e (R) such that ke P,R[x]
a<i<t). If QUi P,Rlx], we choose ke Q—J:_, P,R[x]. We set
s=degh. Since h+kx'*'e @, we have h+Fkx**'e P’R[x] for some
P’ ¢ P(R) by Lemma 3(1). Since & € P'R[x], we have P'=P, for some
7. It follows that ke P,R[x]: a contradiction. Therefore we have
Qc Ui, P,Rlxz], and hence Q C P,R[x] for some j. Since R,, is a valu-
ation ring of K, we have Q =(Q N R)R[x]=P,R[x] by Lemma 7. Hence
each nonzero prime ideal of R[x], is the extension of some P, e P(R).
It follows that R[x], is a Bezout ring by Lemma 8 and that dim R[],
<1. Since R[z], hence also R[x], are Krull rings, R[X], is a principal
ideal ring. Conversely, let R[x], be a Krull ring. Then we see that
R is a Krull ring by Lemma 9. We have completed the proof of
Theorem 2.

Finally, a similar argument to the proof of Theorem 2 shows the
following.

Proposition 10. If R is a generalized Krull ring, then R[x], is a
Bezout ring which is a generalized Krull ring of dim<(1. Conversely,
if R[x], is a generalized Krull ring, then R is also a generalized Krull
ring.
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