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29. Functional Equations and Hypoellipticity

By Akira TsuTsuMIi*) and Shigeru HARUKI**)

(Communicated by Kosaku Yo0sipa, M. J. A., March 12, 1982)

1. In this note we investigate the problem whether all the con-
tinuous or all the locally integrable solutions of certain functional
equations are C~ or not. An affirmative answer to this problem under
weak regularity assumptions on the equations enables one to make
easier to find all the continuous or sometimes all the locally integrable
solutions of the equations. Because we can use a powerful means-
differentiation (see [1], [2]). The aim of this note is to give a general
method for this problem. We consider the functional equation of the
unknown f(x):

(1.1) 2 ay(x, ) f(hy(, D)=F(x, f((2), - - -, fI(x)))+b(x, t)
where z € R™ and ¢ € R", with the assumptions followed.

(A1) afz,t), b(x,t) e C>(R") for every fixed t from an open set
wCR", j=1, ---, k,

(A.Z) a’j(w, 1), b(x’ t) € Cm(Ran)’ j=1’ ) k,

(A.3) the mappings x—y=~h/(z,t) are diffeomorphisms in R" for
every fixed tew, j=1, -- -, k,

(A.4) hyx,t)e C(R"Xw) and its inverse h;'e C™, j=1, ---, k,

(A.5) F(a,z, ---,2,) e CER"™),

(A.6) l(x)eCR™,j=1, - --,s.

A locally integrable function f(x), « ¢ R*, is said to be a solution of
(1.1) in the sense of distribution (or a distribution solution) if

2 [ e 050y, @)

= Im F(x, f((x), - - -, fAL))(x)dx+ jm b(z, t)gp(x)dx

for each ¢ € 9 and every fixed t e . We can write it briefly
(1.3) o (g, D f(hy, 1), ¢(2)),

=(F(.’B, f(ll(x)’ ] f(ls(x))’ ¢(x))$+(b(x, t)’ ¢(x))x-
Let be

ax=<ir""i>’ at':(—a““,"" 9 )’ a=(ay, « -, @)
axl axn atl at,

(2 ) w) ()
ox, o, at, ot,
Di=(—i)2s,
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la|=a,+ -, |2|=C05 2

For a linear partial differential operator of order m
P(@,D,)=72u<n a(2)D;
we set
P(2,8)=2a1<m @ (®)E*, PG(x,8)=0;DiP(x,8), &eR".

P=P(x,D,) defined in an open set QS R" with C~ coefficients is said
to be hypoelliptic in 2 if for u e 9'(2) and any open subset 2’ of Pu
e C=(82) leads to u € C*(£’). The notion of hypoellipticity comes from
the problem whether a distribution solution of the partial differential
equation Pu=j is a classical solution or not (see [7]). Since then
many sufficient conditions for hypoellipticity have been obtained (see
for example [4]-[6], [9]). We cite here one of the most general cri-
terion for hypoellipticity which will be applied in § 3.

2. Composing the results in [4] and [6] the following criterion
for hypoellipticity is obtained. Let be
m=(my, ---,Mm,), M=max(m,), |a:m|=2"a,/m,
x___(xl’ x//)’ $=($/’ SH) e vaRn-v, x=(x/, CTI//, 5//) e RVXRV' XR"-—(u+v')’
(ISDS”'S”), T=(Tu AREY M2) Oy ) O)’ (x,9 5‘3’/)r=x£1, KR

Consider the partial differential operator of the form
2.1) P(z,D,)=3 a,(x)(a’, ') D;
where a,(x) € C*(2) and the summation 3 is done for {«, y} such that
la:m|=1and (p, @) < (o, ) <(p, ®) — 7 are satisfied for some fixed indices
poand ¢. And we define from (2.1)
2.2) P’ 8", D)=73" a.(0)(, &) D;
where the summation ), is done for {«, y} such that (o, ®) =(c, y)—m is
satisfied.

Consider the following conditions:

(C.1) There exist two multi-indices p=(p,, - - -, 0,) and o=(o,, - - -,
g,) such that

(i) py=0,=m/m, for j>v,

(ii) p;>0,20, mp;>m forv<j<m,

(iii) o¢;,=0 for j>v +1,

(C.2) PG (a,&"), #8)=2"P(x',2",8), (1>0)

where 2-°(2/, ) =(""%,, - - -, A" 7x,) and 1°&=(A"E,, - - -, A*"E,).
We define from (2.2)
(2.3) P, &7, D) =73 aimi =1 00N, &) D5

(C.8) Pfx',x",8)=0 for («’,3)+0 and ¢&=+0:
that is Py(a/, ¥, D,) is semi-elliptic at (x, &) +0.

(C.4) For any & and &”"=(&,,,, -+ -, &,) With |§”/|=1 the equation
Pz, &, D,., &")v=0 does not have any non-trivial solution in S(R%).
A gufficient condition for hypoellipticity which we use is the follow-
ing. If the operator (2.1) satisfies (C.1)~(C.4) and max,.;.,{s;}
=min,; ., {m,p,/m,} is satisfied, then the operator (2.1) is hypoelliptic.
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The following examples illustrate this criterion.

Example. (i) Let be the operator P=(—4,.)'+ |2/ [*(—4,.)™, in
£ containing the origin. When we take p,=--.-=p,=0,=- .- =0,=Mm/],
for m=max{m,l}and p,,,= - - - =p,=k/l+1)W/m, 0,,,= - - -0,=0, this
operator satisfies the criterion. Thus P is hypoelliptic in 2.

(ii) Consider the operater P.=D, +ixfD., in R*. Let be p,=0,
=1, p,=k+1, 0,=0. If “kis even” or “k is odd and [ is even”, then
P, ig hypoelliptic. If k is even, then P_ is hypoelliptic.

3. Theorem. Suppose that the equation (1.1) satisfies (A.1)-
(A.6). And suppose there exist a t°cw such that h x,t)=2x for
=1, - -, k, and a multi-index q (|q|<m) such that the partial diff eren-
tial equation
(3.1) 04 (5 -1a (@, t) f(h (2, £)))|,=ro=0
where d¢ operates formally, is hypoelliptic in R".

Then every continuous solution of (1.1) is C=(R"), and every locally
integrable solution is equal to a function of C=(R™) almost everywhere.
It is known that there are examples in which the resulting equation
(8.1) is elliptic or hypoelliptic with constant coefficients (see [3], [8]).
Therefore we show examples in which (3.1) are degenerate hypoelliptic
as new results.

Example. (i) The equation

S, —t, )+ (@, +-t, 2) + 21 f (2, 2, — ) + 2} [, 2.+ 1)

=2f(x1, xz)+2x§f(xu xz) "|’2[f(xu xz)]z + [f(x1+xz’ Xy “‘xz)]z
—[f (@, )P —L[f (2 2]
satisfies the assumptions of Theorem. Differentiating twice in ¢ and
setting t=0 we obtain
0%, S (@, ;) + 105, f (%, 2,)=0.
By the example (i) of § 2 this is hypoelliptic.
(ii) Differentiating the equation
f(x1+ t: xz) +ix%f($1, Lo+ tz) —2f($61, xz) =0
in ¢ and setting ¢=0 we obtain
ax;f(xu xz)+ixfa;zf(xu .’1;2):'— 09
which is hypoelliptic by the example (ii) of § 2.

As the both resulting partial differential equations in the above
are elliptic outside of the origin, we remark that the criterion for
hypoellipticity works essentially in the neighborhood of the origin.
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