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1. Introduction. Let a(z)={a;;(®); 1<, j<d} and a(x) = {e;,(x) ;
2<4, 7<d} be two systems of nonnegative definite C(R?) functions
such that a,,(x)=c for some positive constant ¢, where C%(R?) denotes
the class of all functions with bounded continuous derivatives up to
the k-th order. Let p be a bounded measure on R' singular with re-
spect to Lebesgue measure and £(f, g), the symmetric form defined by

(1) &G D=3 33 [ au@d s @i

L5 an@p @i

2 i,7=2J Ra

for f, g € C7(R%), where 0,=0d/0x,, n(dx)= p(dx,)dx, - -dz, and Cy(R?) is
the class of all C*(R?) functions with compact support.

The purpose of this paper is to describe the stochastic differential
equation (SDE in abbreviation) characterizing the minimal diffusion
process (X°(t), P) associated with the symmetric form (&, C3(R9)).
All the proofs are only sketched or omitted here, they will be published
elsewhere.

2. Existence of (X°(?), P}). Let u(dx)=dx+y(dx) and let 4 be
a Borel set in R' with full Lebesgue measure satisfying u(4)=0. Set
I'=R'—/A. Then the form &, considered as a form on L*dy), is ex-
pressed as

&, 9=—+ [1@{L@) 3 26a.0,0@)
2 ihj=1
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for f, g € C;(R?). Hence it is closable on L*(dv) (see [1, Problem 1.1.2]).
Therefore, by the results of Fukushima [1, Theorems 2.1.1 and 2.1.2],
its smallest closed extension is a regular Dirichlet form on L*dy) with
local property. By another result of Fukushima [1, Chapter 6], there
exists a y-symmetric diffusion process associated with the smallest
closed extension. Changing the time, we have the following

Theorem 1. There exists a symmetric (with respect to Lebesgue
measure) diffusion process (X°(t), P’) the Dirichlet form of which is
the smallest closed extension of (£, Co(R%)) on L (dx).
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If a=« and if a is locally uniformly positive definite and belongs
to Ccle-v21+1(Re) this result was proved by Tomisaki [4] by an analytic
method. Moreover she discussed the regularity properties of the re-
solvent. The problem constructing probabilistically singular diffusion
processes such as (X%(t), P%) was first treated by Ikeda and Watanabe
[2].

3. The SDE determining the diffusion process (X°(t), P)). We
shall start with a slightly more general setting. Let a and « be those
given in §1. There exist C}(R%) functions ¢(x)={o,;(®); 1<4, j<d}
and =(x)={r;,(x) ; 2<%, j<d} such that a=¢ s and a/a,,=7-‘z. Trans-
forming ¢ by an orthogonal matrix, we can always assume that g,,(x)
=+a,(®)3,,. For arbitrary C)}(R?) functions b(x)={b,(z); 1<i<d} and
B(x)={Bx) ; 2<i<d}, consider the following SDE.

(2) dX (t)= ioixX(t))dB,(t)Jrbi(X(t))dt
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(t=1, .- -, d), where we set r,,=7,,=p,=0 for all k=1, -, d.

Similar to S. Watanabe [5], the solution of the SDE (2) is defined
as follows.

Definition. The solution of the SDE (2) is a system of stochastic
processes {X(¢), B(t), M(t), L(t)} on a probability space (2, F,, P) which
satisfies the following conditions.

(i) They are &,-adapted.

(ii) B(@)=(B(1));-1,.... is a d-dimensional ¥ ,-Brownian motion.

(iii)) L@&)={lt, x); x, € R'} is a family of (¢, x,)-continuous non-
negative increasing processes satisfying

13
Jo I€X1(8)=x1}l(ds’ x)=IUt, x,)
for all #, € R* and =0, and
13
[ rxnauxeds={ it ) r@da,

for all t=0 and f € C3(RY).
(iv) M@t)=M(t)),-,,... s is a family of continuous & -local martin-
gales satisfying (M,, M ,;»(t)=4,,1,(t) and {B,, M;>(£)=0, where

zﬂ(t)=j I(t, x)p(da,).

(v) X=(X, B, M, L) satisfies (2).

If the distribution of X(¢) is uniquely determined by that of X(0),
then we shall say that the uniqueness of the solution of (2) holds.

Similar to [5], for any probability measure & on R?, there exists a
unique solution of (2) having & as its initial distribution. Denote P,
the measure which defines the solution of (2) with initial condition
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X(0)=2, then we have the following two lemmas.
Lemma 1. Forall f, g € C3(R?)
1

(3) lim= j f@E, [ j g(X(s))J,,(ds)] dx=j F@g@a@(da).

Roughly speaking, this result says that [,(t) is the continuous
additive functional of X(¢) associated with the smooth (or Revuz)
measure 7(dx) (see [1], [3]). By using Ito’s formula and Lemma 1, we
have

Lemma 2. If we denote P, the transition function of the diffusion
process (X(t), P,), then, for all f, g € C7(RY),

(4) 1339%jf(x)(I—Pt)g(x)dx=(f, —Ag)+(f, —Lg),,

where (,) and (,), are the inner products relative to the measures dx

and yp(dx) respectively, and A and L are the differential operators de-
fined by

Aga)=1 z

= a“(x)aiajg(mg b(@)3,9(),

Ly(@) =+ 35 a(@00,0(0)+au(®) 33 b9 @.

Lemma 2 implies that Cy(R?) is contained in the domain of the
(not necessarily symmetric) Dirichlet form on L*(dx) associated with
the diffusion process (X(t), P,) and that the form & is given by

&1, 9=, )+ [ 1@ 3 {b0)— 2 3 0,0, jog(@)da

d d
+| f(@) Zz {au(x)ﬁi(x)—% ]ij ajozﬁ(x)}aig(x)n(dw).
In particular, if we take
d d
(5) bi(x)z';— j?‘_‘:l aja’ji(x) and ﬁi(x)zé(]q%?j jZ=:2 ajaji(x),
then the Dirichlet form of (X(¢), P,) becomes an extension of (&,
“(R%) on L*dx).
Conversely, suppose that the process X°(t) in §2 is a process on
(2°, P°). A probability space (2°, 133) is called an enlargement of (£2°,
PY) if there exists a mapping ¢ of J° onto 2° such that P£=f’§o¢“.
In this case we write X°(¢) for X°(¢, o@). We can show that, for q.e.
x, there exists an enlargement (£°, P of (2°, PY) and stochastic pro-
cesses (BYH), M°(t), L°(t)) over (2°, P9 such that (X°, B°, M°, L°) is a
solution of (2).
Thus we have the following
Theorem 2. Suppose that the coefficients b and g of SDE (2) are
those given by (5). Then the diffusion process (X(t), P,) is equivalent
to (X°(t), PY), where the equivalence means that the distributions of
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X(t) under P, and X°(t) under P! are the same for every x outside a
set of properly exceptional set (see [1, § 4.3]).
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