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Introduction. Recently S. Iitaka has developed a theory of
logarithmic forms for algebraic varieties from proper birational
geometric viewpoint and as an application he classified varieties of
the form V=(P"—a union of hyperplanes) by means of logarithmic
Kodaira dimension % [1]. The present note is based on these results.
We study closed subvarieties I’s of V with #(I")=0 for V with &#(V)=mn.
Recall that I'~G7,, where G7, denotes the r-dimensional algebraic torus.
For our purpose, the maximal ones among V’s are useful.

1. Maximality, Let V*=P%(C)—L,U...-UL, where L,’s are
distinct hyperplanes in P*(C). The conditions in terms of coordinates
for V* with £#(V*)=n can be described as follows. We may assume L,
is defined by X,=0, 0<j<n. For the other equations, putting s=q—n,
define I, - --,1,c{0,1, - - -, n} by I,={¢|coef. of X, of L,,, is not zero.}
Then renumbering j if necessary, the following conditions 0) and 1)
are satisfied.

o LU...-ul,={0,1,-.-.,n}

1) LU..-Ul,_ is not disjoint to I, for 2<j<n.

Proposition 1. Let Ca, be the one dimensional subspace of A+
corresponding dually to L,, 0<j=<q. Let (4,4 denote a pair of
proper subspaces of A with AN AL={0}. Then V" satisfies the above
conditions 0) and 1), if and only if the following (C) holds.

(C) AU A dose not contain all of Ca,’s for any (47, A).

Proposition 2. If V* with #(V")=n is maximal, we can impose
on V" the following additional conditions 2) and 3):

2) There are s numbers, 2<i(1)<. .. <i(s)=n, such that

L={i[0=<4<i(D)
I,—LU-- UL ={i|i(—-D<i<i()}, 2<j <s.

3) Any two of 1,’s never have only one common element.

Proof of Proposition 2. 2) is obvious. Assume that I,,N1;,={k}.
Let Ce,,- - -, Ce,, Ca,,- - -,Ca, be corresponding dually to Ly, - - -, Ly, L, 1,

-y L,.,. Let 4, be the subspace of A”*! spanned by {e;|7 € I; UI,}.
Since we are assuming that V” is maximal, there is, by Proposition 1,
(41, 4 such that {ey,---,&;, -, €40, --,0)CAUAL. This also
induces a splitting (4,0 47, 4,N 4°) for {e;|i € I;,Ul,,, i#=k}U{ay, a0} in
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A,. This is impossible.

Lemma. If V" is of maximally hyperbolic type under 0), ---,3)

and moreover if i(s—1)=n—1, then
an:Pn—l(C)—LoU te ULn-—l ULn+1U e ULn+s-1
18 also of maximally hyperbolic type.

Proposition 3. If V" is of maximally hyperbolic type, then 1+q
<2n holds. When the equality holds, V™ is uniquely determined by
the equations, L, ;: X+ X, +X,,,=0, 1=7<n—1.

Proof. By the condition 2), we obtain the inequality. When
s=n—1, we may assume L, , is as in the above for 1<j<n—2, by the
lemma. By the condition 3), we deduce I,_,={0,1,n}, that is L, ,:
X,+cX,+X,=0, ¢c#0. But unless ¢c=1, V" is not maximal.

Remark. Maximal V*’s do not have a parameter for n<4. But
when n=>5, s=2, V" is determined by L,: X,+ X, + X,+ X,+ X,=0, L,:
X0+ X, +cX,+cX,+ X;=0, where ¢ is a complex parameter.

2. I of codimension 1 with #(I")=0.

Proposition 4. V* (n=8) with #(V*)=n has at most one closed
subvariety I' of codimension 1 with #(I")=0. When V" has I" as in
the above, V" is uniquely determined as the V" in Proposition 3, if it
18 maximal.

Lemma. If V* (n=3) is of maximally hyperbolic type described
under 0), - --,3) and if $1,=4 for some j, 1<j<s, then V" hasno I" as
in Proposition 4.

Proof of Lemma. Recall that I' is a closed subvariety of G?,
=P C)—L,U---UL,=Spec CIX,/X,, -+, X,/ Xy, Xo/X,, - -+, Xo/X,,]
defined by %,=1 for some new variables u,, - - -, %, of the G2, such that
X,/ Xo=au;Pus™® .« o) @,#0, 1<i<n, with the matrix £ of ex-
ponents in GL(n,Z). We may assume L, : X,+X,+---+X,=0,
k=3. Since I lies on G",—L,_,, the following indeterminate equation
must hold with a unit of Clu,, - - -, %,, 1/4, - --,1/u,] in the right hand
side:

14+ aus™® .o oqetm ... +aus®? . U = ey . ya ™,
But, since K € GL(n, Z), #{(¢(2), - - -,e(tn)) |1<i<k}=k or k—1. Thus
the equation has no solution £ and a,’s, if £=3.

Proof of Proposition 4. We may assume that V* is maximal and
satisfies 0), ---,3). Then #I,>2 for all j. On the other hand, if V»
has I" as in the statement, then by the lemma, #7,<4 for all j. Thus
#I,=3 for all j. By this we deduce s=n—1, because V" is maximal.
Thus V* is uniquely determined by Proposition 3. The V* in Propo-
sition 3 has actually only one I" defined by X,+ X,=0.

3. Example. We obtain a list of I’s for n=4, solving the inde-
terminate equations as in the lemma for Proposition 4. There are
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only 3 maximal figures in this case.
s=1, Lj: X,+ X, + X,+ X, + X,=0.
r Agpectin V
G}, none
G2 15 pieces
G:(&XGEL) | A fibre of 25 fibred spaces
s=2, L;: X+ X, +X,+X,=0, L;: X,+ X, + X,=0.

G, none

G}, A fibre of one fibred space
GL(&G:)| 1) A fibre of 3 fibred spaces
ii) A fibre of 12 fibred planes

8=3, L5: X0+X1+X2:0’ Lﬁ: X0+X1"|‘X3=0’ L7: X0+X1+X4=0-

G:, only one
Gi(&GE)| none
GL(&XGE) | 8 pieces
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